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DIFFERENTIATION OF SEQUENCES*
BY ORRIN FRINK, JR.

Conditions under which one may differentiate term by term
a convergent sequence of functions are to be found in the
literature.t Some of these conditions are obtained as corollaries
of theorems about termwise integration, and consequently con-
tain in the hypothesis the assumption that the derived se-
quence converges. Without this assumption, sufficient con-
ditions for termwise differentiability may be obtained from the
fundamental theorem on reversing the order of iterated limits.
This possibility is mentioned by Hobson (vol. 2, p. 336), but
he does not obtain the theorems of the present paper.

By this means it may be shown that the equicontinuity of the
functions of the derived sequence is sufficient for termwise dif-
ferentiability, but the condition of equicontinuity is stronger
than necessary for mere convergence, since it implies also that
the derivatives are continuous and converge uniformly to a con-
tinuous function. This paper is concerned with weaker condi-
tions, for which the names normal, uniform, almost normal, al-
most uniform are used. These conditions, like that of equicon-
tinuity, are related also to the question of the compactness of
sets of functions for different types of convergence. The pro-
cedure that will be followed is to state the principal lemma, de-
fine the different conditions, and then show their relations, first
to compactness, and then to termwise differentiation.

LEMMA. If the sequence of functions (i) { fu(x)} converges to
f(x) on the closed interval [a, b], and the derivatives f.! (x) exist
at the point %, of [a, b), then a necessary and sufficient condition
that the derivative f'(xo) exist at xo and be the limit of the sequence
of derivatives (ii) {f. (x0) } 1s that for every € >0 there exists a 6 >0
such that if |x—xo| <38, then

¢)) M _f"' (x9) | < €

X — Xo

* Presented to the Society, December 27, 1934.
t Hobson, The Theory of Functions of a Real Variable, 2nd ed., vol. 2, pp.
332-338.
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for almost all n (that is, for all except a finite number of values
of n).

This is a special case of a general theorem on reversing the
order of iterated limits,* which may be stated as follows:

If lim, o Fu(x)=F,, and lim,.F.(x)=F(x) for xs£x, then
limg.oJiMma.oFn(x) =lima.olim, .. Fa(x) if and only if for every
€>0 there exists ¢ 6 >0 such that if | x—xgl <0, then ] F.(x)— F,,!
< e for almost all n.

The lemma follows from this if we let

Fu(x) = 2E =10 4 Fa= £ (x0).

X —Xy

DeriNiTIONS. The sequence (i) { fa(x)} is said to be normalt
at the point x, of [a, b] if for every ¢>0 there exists a §>0 and
an N such that if Ix—xo| < dand n> N, then |f,,(x) -—f,,(xo)l <e.

The sequence (i) is said to be almost normal at xo if for
every €>0 there exists a §>0 such that if |x—ux,| <3, then
'f,,(x) —f,,(xo)| <€ for almost all #.

The sequence (i) is said to be uniform at x, if for every ¢ >0
there exists a >0 and an N such that if |x—x,| <& and m >N
and »> N, then [fm(x) — Fm(20) = fa(2) +Falx0) | <e.

The sequence (i) is said to be almost uniform at x, if for
every €>0, there exists a 6 >0 such that if |x—-xo| <4, then
Ifm(x) —fm(x0) —fulx) -I-f,,(xo)( <e for all m, n sufficiently large.

Note that in the definitions of normal and uniform the value
of N is selected in advance of the value of x. Note also these
relationships: if a sequence is equicontinuous, it is normal, and
if it is normal, it is both uniform and almost normal, and if it is
either uniform or almost normal, it is almost uniform. Note also
that (i) is uniform if and only if the double sequence (ii)
{ fm(x)— fn(x)} is normal, and (i) is almost uniform if and only
if (ii) is almost normal, when the definitions are extended to
double sequences.

The following results concerning normal sequences will be re-
stated from Hahn and Carathéodory:

* Hobson, vol. 1, p. 385; Hahn, Theorie der Reellen Funktionen, 1st ed.,
pp. 288, 294.

t Hahn, 2nd ed., p. 229; Carathéodory, Mathematische Annalen, vol. 101
(1929), p. 515.
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A necessary and sufficient condition that every subsequence of
@ { f,,(x)} contain in turn o subsequence which converges con-
tinuously (that is, uniformly to a continuous function) on |[a, b]
is that (i) be normal at every point of [a, b] and bounded in n for
every x. If (1) converges at x,, it converges continuously at x, if
and only if it is normal at x,.

We shall prove analogous results for the other conditions.

TuEOREM 1. If the sequence (i) { fn(x)} converges to f(x) on
la, b], it is almost uniform at every point of [a, b]. Furthermore,
it converges uniformly on [a, b) if and only if it is uniform at every
point of [a, b]; and the limit function f(x) is continuous at a point
%o of [a, b] if and only if the sequence (i) is almost normal at x,.

Since (i) converges on [a, b], given €>0 and two points x
and x, of [a, b], there exists an N such that for all m >N, n>N

2) | fu(®) = fn(m0) = fu(®) + fulxo) | < e.

Hence (i) is almost uniform at every point x, of [a, b].

Now if (i) is uniform at x,, given € >0 select § >0 and N’ such
that if Ix—xol <déand m>N’, n>N’, then (2) holds. Since (i)
converges at Xy, select N> N’ such that if m >N, n> N, then

3) lfm(xo) — fo(®0) | < e
Adding (2) and (3), we have for lx—xol <8, m>N,n>N,
(4) | fn(®) = fa(®) | < 2e.

Hence the convergence is locally uniform* at every point x, of
[a, 8]. Since [a, 5] is a closed interval, the convergence is uni-
form on [a, b].

Conversely, if (1) converges uniformly on [a, b] then for
every €>0 an N exists such that for any two points x and x, of
la, b], we have, for m>N, n> N,

() | f(®) = fu(0) = fu(®) + fu(xo) | < e.

Hence the sequence is uniform at every point x, of [a, b].
Next, if (1) is almost normal at x,, given € >0 select § >0 such
that if |x—xo| <8, then for almost all

(6) | fa(®) = fulao) | < e.

* Hahn, 2nd ed., pp. 214, 216.
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Since (1) converges at x and x,, we have for almost all »
(7) | fa(wo) = f(x) | <&, | fal®) = f(2) | <ee.
Adding (6) and (7), we have, if Ix—xol <4,

®) | () = fxo) | < 3e.

Hence f(x) is continuous at x,. Conversely, if f(x) is continuous
at x, given € >0 select 6 >0 such that if [ x—xo| <4, we have

9) | f(x0) — f(x)] < e.

Since (1) converges at x and x,, then (7) holds for almost all #.
Adding (7) and (9) we have, if Ix—xol <8, for almost all »

(10) | fa(m0) = fu(®) | < 3e.

Hence (1) is almost normal at x.

THEOREM 2. If the sequence (i) { fn(x)} is almost uniform at
every point of [a, b] and bounded in n for every x, then every sub-
sequence of (i) contains in turn a subsequence (ii) {f.,(x)} which
converges on [a, b] to some function f(x). Furthermore, if (i) is
uniform at every point of [a,b), the convergence of (ii) is uniform
on [a, b), and if (i) is almost normal at every point of [a, b], the
limit function f(x) of (ii) is continuous on [a, b].

Since (i) is bounded in # for every x, from every subsequence
of (i) a subsequence (ii) { fu(x)} may be chosen* which con-
verges at every rational point of [a, b]. Now let x, be any irra-
tional point of [a, 5]. Since (i) is almost uniform at xo, for every
€>0 there exists a § >0 such that if |x—x,| <9, then

(11) | far(®) = far(0) = fur(2) + fu(50) | < e

for all k, I sufficiently large. Choose x rational. Then (ii) con-
verges at x, and for k and ! sufficiently large we have

(12) | fan(2) = far(®) | < e
From (11) and (12), we get
(13) | Fue(®0) = f(@o) | < 2e.

Hence (ii) converges also at xo, and therefore at every point of
[, 8]. The second part of the theorem follows from Theorem 1.

* Hahn, 2nd ed., p. 230.




1935.] DIFFERENTIATION OF SEQUENCES 557

THEOREM 3. If the sequence (i) { fn(x)} converges to f(x) on
the closed interval [a, b], and the derivatives f.! (x) exist on [a, b]
and the sequence of derivatives (ii) {f. (x)} is uniform at a point
%o of [a, b], then the derivative f'(xo) exists at xo, and the derived
sequence (i) converges to f'(xo) at xo.

Given €¢>0, select § >0 and N in accordance with the condi-
tion that (ii) is uniform at x,, and let |x—x,| < 8. Then by the
mean value theorem, applied to thefunction f.(x) —f.(x),and the
condition that (ii) is uniform at x¢, we have, for m >N, n> N,

fm(x) - fm(xﬂ) , fn(x) - fn(xo)
———— — fum (%) ——————
(14) x — Zo x — %o

= | ful (&)= ful (m0) — fi (') + fi (%) | <,

where ¥’ may vary with m and %, but always lies between x,
and x.

Now by the definition of derivative, for any fixed n > N there
exists a positive 8’ <8 such that for |x—x,| <8’ we have

(15) M = fa (%) | <e.
X — Xg

=+ fa (%0)

Adding (14) and (15), we have, if }x—x0| <é6’and m >N,

(16) In®) = Iy | < 2e.
X — %o

Hence the condition of the lemma is fulfilled, and the conclusion
of the theorem follows.

COROLLARY A. If (i) {fa(x)} converges to f(x) on [a, b], then
a necessary and sufficient condition that the derivative f'(x) exist
on [a, b] and that the derived sequence (ii) {f. (x)} converge uni-
formly to f'(x) on [a, b], is that (ii) be uniform at every point of
[a, B].

CoroLLARY B. If (i) {fu(x)} comverges to f(x) on [a, b], then
a necessary and sufficient condition that f'(x) exist and be con-
tinuous on [a, b), and that the derived sequence (ii) {f. (x)} con-
verge uniformly to f'(x) on [a, b, is that (ii) be normal at every
point of [a, b].
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CoroLLaRY C. If (i) {fa(x)} comverges to f(x) on [a, b], and
the funciions of the derived sequence (ii) { S (x)} are Continuous
on |a, b], then a necessary and sufficient condition that the deriva-
tive f'(x) exist, and that the sequence (ii) comverge uniformly io
f'(x) on [a, b), is that the derivatives f,! (x) be equicontinuous at
every point of [a, b].

CoROLLARY D. If (i) {fu(x)} converges to f(x) on [a, b] and
the second derivatives f,}’ (x) exist and are uniformly bounded on
la, b], then f'(x) exists and the derived sequence (ii) {f. (x)} con-
verges uniformly to f'(x) on [a, b].

Corollary D follows from Corollary C, since the first deriva-
tives are equicontinuous if the second derivatives are uniformly
bounded. The others follow from Theorems 1 and 3, the rela-
tions mentioned above between the different conditions, and the
properties of equicontinuous and normal sequences.

THEOREM 4. If the sequence (i) {f.(x)} converges to f(x) on
la, b], and the derivatives fn (x) exist and are summable on la, b],
and the derived sequence (ii) {f. (x)} converges in the mean on
la, 8], thatis, ['|fs (x) —F (x)| dx—0, then a necessary and suffi-
cient condition that the derivative f'(x) exist and be continuous on
la, b] and that the sequence (ii) converge to f'(x) on [a, b] is that
(ii) be almost normal at every point of a, b].

If (ii) is almost normal at x,, given € >0 select 6 >0 in accord-
ance with the definition of almost normal, and let |x—x,| <.
Let E; denote the set of values of ¢ between x4 and x such that
for some n >k,

(17) |7 @) = fd (x0)| = ¢,

and let Cy, be the complement of E; with respect to the interval
[0, x]. Since |t——x0| <46, and (ii) is almost normal at x,, no
value of ¢ is a member of more than a finite number of the sets
E. Hence the measure of E; approaches zero. Now

[ @ = st la

o

gflﬂm—ﬁumﬂ
Cy
(18)

+ [ rola+ [ |nela
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If n>k, the first integral on the right of (18) is less than
eI x—xo|, since on Cy the integrand is <e. By the convergence
in the mean, we may select m such that, for n>m,

(19) b[ Il (0) — £ (1) | dt < i{ x — %ol .
2

Since the measure of E; approaches zero, k>m can be selected
such that

(20) f [fm’(t)ldt<%|x-xg|,
Ey

since m is now fixed,and the integral in (20) is absolutely continu-
ous. Hence from (19) and (20), for n >k,

(21) | 1) dt < €] & — wol.
By

But this is the second integral on the right of (18). Now the se-
quence {f,! (xo)} is bounded, for if it were not, there would exist
a subsequence of (ii) which diverged to infinity at every point
of some neighborhood of x,, since (ii) is almost normal at x,. But
this is impossible, since (ii) converges in the mean, and every
subsequence contains in turn a subsequence which converges al-
most everywhere. Because of the boundedness, a k exists such
that for >k the third integral on the right of (18) is less than
€|x—ux,|. Combining these results, we see that a k exists such
that for n >k,

< 3e| & — xol.

22) | [ - s

Since f. (x) is summable, there results on dividing (22) by
| x—x0|, for n>k,

. fn(x) fn(xﬂ)

X — Xy

(23) _fn’ (x0) | < 3e.

This is the condition of the lemma; therefore f, (x) exists, and
(ii) converges to it at x,, and hence at every point of [a, b]. By
Theorem 1, f'(x) is continuous on [a, b]. Conversely, if f'(x)
is continuous on [a, b] and (ii) converges to it, by Theorem 1
the sequence (ii) is almost normal at every point of [a, b].
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THEOREM 5. If (i) {fu(x)} converges to f(x) on [a, b], and the
derivatives f.! (x) exist and are summable on [a, b], and the de-
rived sequence (ii) {f. (x)} converges in the mean on [a, b), then
a necessary and sufficient condition that the sequence (ii) converge
on [a, b] to some function g(x) (not necessarily equal to f'(x)) is
that (ii) be almost uniform at every point of [a, b].

If (ii) is almost uniform at x, given €>0, let us select 6 >0
in accordance with the definition of almost uniform, and let
| x —2x0| <8. By the same method of proof that was used in Theo-
rem 4, we may show that a & exists, such that if m >k, n >k,

(24)

[T 10 = 2w = g @) + g2 o b l < 3e| % — o).

In fact, since (ii) is almost uniform, the double sequence

{ful (%) —fd (x)} is almost normal, and (24) corresponds to

formula (22) in the proof of Theorem 4, applied to this double

sequence. Dividing (24) by Ix—xgl, we have, for m>k, n>k,

Jm(®) = fm(0) Ja(®) — fa(0)
X — %o

(25) — fu (20) —

+ 1 (%) ‘ < 3e.

X — Xy

Since (i) converges at ¥ and x,, an N>k exists such that if
m>N,n>N,

Jo#) = Jal50)  ful) = fm(50)

X — Xo X — Xy

(26)

<e

Adding (25) and (26), we have, for m >N, n> N,
27 | ful (m0) = f (%) | < 4e.

Therefore (ii) converges at xo, and hence at every point of [a, b].
Conversely, if (ii) converges on [a, b], by Theorem 1 it is almost
uniform at every point of [a, b]. That the limit function of (ii)
need not be f’(x) can be seen from an example. Let (i) be the
sequence {x"/n} on the interval [0, 1]. Then the derived se-
quence converges on [0, 1], but not to the derivative of the limit
function when x=1.
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