SOME NEW COMPLETE SETS OF IDENTITIES
FOR AFFINE AND METRIC SPACES

BY JACK LEVINE

1. Introduction. Complete sets of identities have been ob-
tained for the components of the affine and metric normal ten-
sors and also for the components of the affine, metric, and pro-
jective curvature tensors. In addition to these identities, a com-
plete set is known for the components of the first covariant de-
rivative of the affine curvature tensor.*

In this paper a complete set of identities is obtained for the
components of the second covariant derivative of the affine
curvature tensor, and also a complete set for the first and second
covariant derivatives of the metric curvature tensor.

2. The First Covariant Derivative. We shall now obtain a com-
plete set of identities for the componentst Bijii,» of the first
covariant derivative of the metric curvature tensor with com-
ponents Bj;x. In terms of the g;; and their derivatives, we have
1 ( 9%ir 9% g in %t )

B = —

1) 2

Ox70xt dxigxk dxidxt dxigxk

a_ b a_b
+ gas(Tarl'js — Til'jr).

By expressing (1) in metric normal coordinates, differentiating
and evaluating at the origin, we obtain

(2) Bijriom = (i, jim + git,ibm — it jkm — Likitm)/2.

The quantities g;;,x1» are the components of the third extension
of the g;;. The following identities form a complete set for these
components:

(3) 8ij klm = &jiklm = 8if,pars
giikim + &ik,jtm + it jkm T+ Gim,iw1 = 0,

* T. Y. Thomas, Differential Invariants of Generalized Spaces, Cambridge
University Press, 1934, pp. 81, 114, 132, 138.
t In this section and the next small Latin indices have the range 1, 2, - -, #.

497



498 JACK LEVINE [August,

where pgr is any permutation of klm. From (2) and (3), it is not
difficult to show that

Bijki,m = — Bjiki,m = — Bijikm,
4@ Bijtim + Bijims + Bijmia = 0,
Biiki,m + Birijm + Bajr,m = 0.

The equation (2) can be solved for the gi;,xim, the solutions

being
) 6gij,kim = Bikji,m + Bikim,1 + Bitimx + Bjkit,m

+ Bikim,1 + Bijtim, k.
In obtaining (5) we use the identities (3) and also
(6) giktiim = Zijkim T+ Gim.kts T Gmi ki,

this latter identity being a consequence of (3). Starting with (5)
and (4), it is possible to obtain (2) and (3), and hence we have
the following theorem.

THEOREM 1. The identities (4) constitute a complete set of identi-
ties for the components Bijui,m of the covariant form of the first
covariant derivative of the curvature tensor of a metric space.

3. The Second Covariant Derivative. We now consider the com-
plete sets of identities for the components of the second covari-
ant derivatives of the affine and metric curvature tensors. The
affine case is first discussed. In terms of the components of the
affine normal tensors, we have

: i ‘ ‘
(7) Bitimp = Ajrimp — Ajikmp + ¥ikimp,

where
Vit = Aund jip + AutsAiin + Aumpd 11 + Aatid s
(8) + A;’laAZmp + A:zjkA?mp - (A:lkpA‘;:lm + A;kmA;ly

+ A:mpA ?lk + A;kl“l?mp + A;amgmp + A;‘kaA:mp) .

A complete set of identities for the components A}klm,, is given
by the formulas

(9)  Ajtimp = Axjimp = Ajurst, (rst is any permutation of lmp).
i ; ! : . ;
Ag‘klmp "I" Ajlkm(p + A;mlkp + A:'plmk + A;clmpj + A;cmlpi

(10) i i i i
+ Aipmi; + Aimpir + Aipmix + Ampizs = 0.
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By differentiating covariantly the components Bl ,, in a com-
plete set of identities which these components satisfy, we obtain

7 [ i 1 %
itlmp = — Bjkmp, Bikimp + Briimp + Biikmp =0,

T i b
Bz'kl,m,p + lem,k,p + Bimk,l,p = 0.

If in (7) the indices m and p be interchanged and the resulting
equation be subtracted from (7), there results

B
(11)

< ) a t T a
(12) Bikl,m.p - Bjkl,p,m = -Bileamp - -Balejmp
0 a T a
- -BjalBlcmp - BikaBlmp~

This latter identity, (12), is one of Ricci’s identities. Use is made
of the relations
‘ P ¢
(13) B = Aju — A
in obtaining it. The A;:kz,,.p can be obtained in terms of the B’'s
by use of (7), (9), (10), the result being
4 4 T % % [
104 jrimp = 2N jrimp + Njkmip + Njgpim + Mejimp + Meimip
(14) + )\;cjpml + )\'ljmkp + )‘;ipmk + >\;'klpm
+ Mmipkt + Nikmot,

where we have put
(15) Njtimp = Biktmp — Yikimpe
In (15) the ¢ are to be thought of as being expressed in terms of
the Bi., this being done with the aid of the formula
(16) Apea = (B:cd + B:bd)/3-

The components Bj,; satisfy the following identities which
form a complete set:

(17) Byea = — Byac, Buea + Beas + Bape = 0.

From (11), (12), (17), and (14) it can be shown after rather
lengthy calculations that the complete set of identities (9), (10)
is satisfied, and also the equations (7) can be obtained. Hence
we have the following theorem.

THEOREM 2. The identities (11), (12), (17) constitute a complete
set of identities for the components Bjri,m,p and Bjyi.
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The identities for the components B;jxi,m,, of the second co-
variant derivative of the metric curvature tensor with com-
ponents B;;;; will now be considered. In terms of the com-
ponents of the metric normal tensors and the g;; and their ex-
tensions it is found that

(18)  Bismtmp = gia(Airimp — Ajikmp) + hijiimp,
where

Wiskimo = gia(Aiepdsim + Apipim — Aj1pA ok
(19) — AppAim + Bid omy)

— BisktAjmp — BissiBimp — BijisBims.

Also
(20) Babea = Zac,bd — Zbe,ad,
and A}y can be obtained in terms of the g’s by means of (16)

and (20). We find that

k k
(21) gdk(Aijlmp - Ailimp)
= (1/2)(gaj,itmp + Zit.djimp — Lat,iimp — Lii,dimp) + Cdijimps

where

b b b
Qaijimp = Aumgod,ip — Aijmgod,1p + As1pgvd,im

(22) b

b
— Aijpgra,im — Rijigva,mp,

and gij,ximp are the components of the fourth extension of the
g:;. If we place

(23) Cijkimp = Gijhimp + Rijhimp,

then (18) can be rewritten, by means of (21),

(24) Bijki,m,p = (1/2)(gik,itmp + gitsikmp — git,ikmp — &ik,itmp)
+ Ciiklmp'

It is evident that Cijrimp can be expressed in terms of the g's.

The gi;, ximp satisfy the complete set of identities

(25) Ziikimp = Liikimp = ij,qrst, (qrstis any permutation of klmp),
Ziikimp + Zik,jimp T &il,ikmp T Lim,ikip T Lip,ikim = 0.
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From (4) and (12) we can obtain the identities
Bijki,mp = — Bjikimp = — Bijikm,p,
Biikl,m,p + Bikli,m,p + Biljk,m,p = O;
(26) Bijki,m,p + Bijimk,p + Bijmk1,p =0,
Bijki,mp — Bijkl,pom = BiampB?kl - Biale‘;mp
- BiialB';cmp - BiikaB;mp~

It is found that we can solve for the components g;; rimp by the
use of (24) and (25), obtaining

10gij,kimp = Eivjimp + Ejritmp + Eikjmip + Ejkimip
(27) + Eirjpmt + Ejripmi + Eitjmip + Ejtimkp
+ Eitjipme + Ejiipme + Eimiptt + Ejmipr,
and
(28)  Eijkimp = Bijri,m,p — Cijkimp.
The following identities are useful in obtaining (27)
(29) gmp.iikt = Gijkimp T Gik,itmp T &it,jkmp T+ Lik,itmp
+ gitikmp t gk iimp,

these being derivable from (25). The quantities E are expressed
in terms of the g;;, Bijri, Bijri,m,». NOow we can obtain (25) and
(24) by means of (27) and (26), and as the B;j;; have the com-
plete set of identities

(30) Bijti = — Bjisi = — Bijie; Bijwi + Biriy + Bag = 0,
we have the following theorem.

THEOREM 3. The identities (26), (30) and g;;j=g;; constitute a
complete set of identities for the components gi;, Bijxi, and Bijxi,m, p-

The components g;; have to be included since they appear ex-
plicitly in the right member of (27).
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