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ABSTRACTS OF PAPERS
SUBMITTED FOR PRESENTATION TO THE SOCIETY

The following papers have been submitted to the Secretary
and the Associate Secretaries of the Society for presentation at
meetings of the Society. They are numbered serially throughout
this volume. Cross-references to them in the reports of the
meetings will give the number of this volume, the number of
this issue, and the serial number of the abstract.

103. Dr. E. W. Titt: (n—1)-dimensional characteristic strips
and Cauchy’s problem for partial differential equations.

In the present paper the author obtains a Cauchy-Kowalewsky system of
first-order partial differential equations equivalent to a second-order partial
differential equation in # independent variables. In the case of an analytic
equation with analytic data this system of first-order equations solves Cauchy’s
problem for the second-order equation without the usual transformation of
coordinates. The key to the Cauchy-Kowalewsky system is the conception of
an (n —1)-dimensional characteristic strip. Thus in the case of two independent
variables these characteristic strips are one-dimensional. They are in fact the
strips of second order found by Goursat, Le¢ons sur I’ Intégration des Equations
aux Dérivées Partielles du Second Ordre, Hermann, 1896. The idea of an (n—1)-
dimensional characteristic strip is common to both the first and the second
order non-linear partial differential equation. In both cases these strips find
application in the problem of determining manifolds for which Cauchy'’s
problem is indeterminate. (Received January 26, 1935.)

104. Mr. Garrett Birkhoff: Non-commutative integration.

A constructive theory of integration for functions of a line to a (generally
non-commutative) “complete normed vector ring” V is developed, entirely
analogous to the author’s theory of integration of functions of a space with a
Borel ring of measurable sets to a Banach space. The integral is immensely
more powerful than the usual product integrals, and specializes to the Denjoy
integral (without use of derivatives) in the case V is the real number system.
(Received January 19, 1935.)

105. Dr. R. H. Cameron (National Research Fellow): Linear
differential equations with almost periodic coefficients.

This paper gives new necessary and sufficient conditions that all of the
solutions of a system of linear differential equations with almost periodic co-
efficients should be almost periodic. It also gives new sufficient conditions that
a particular solution should be almost periodic. (Received January 24, 1935.)
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106. Mr. F. J. Murray (National Research Fellow): On linear
transformations in Ly, p>1.

In this paper we study closed linear transformations (not necessarily
limited) in,C_,,, by the device exploited by J. von Neumann, for..Cz, of considet-
ing them as defined by a closed linear manifold in the product space,cp X.Cp,
with certain obvious properties. The relationships between the operations of
forming an adjoint, closure in a space with lower index, and intersection with
a space of higher index, are obtained. It is possible to define a symmetric rela-
tionship like the one which holds for Hermitian operators in .,Cz. This is dis-
cussed in terms of the above results. Finally, we consider the closure in ,C_,,,
1<p <2, of transformations in,Cz. General results are obtained in terms of the
adjoint. We then consider projections and more specific results are obtained
in terms of the closure of the ranges. Examples are given to illustrate how these
results may be applied to the study of a particular transformation and to show
that certain results are the best obtainable. (Received January 26, 1935.)

107. Dr. W. T. Martin (National Research Fellow): Linear
difference equations with arbitrary real spans.

In the first part of this paper we consider difference equations of the form
(1) Z:”_o ¢:(2) F(z+438,) =G(2), in which the §, are any positive numbers and
the ¢,(z) are analytic functions, asymptotically constant in a given sector. The
methods developed by Bochner (Mathematische Zeitschrift, vol. 33 (1931),
pp. 426-450) in his treatment of equations of the form (1), where the func-
tions are functions of a real variable x, are applicable to the case where the
functions are analytic. We first study the equation (1) with constant co-
efficients and, using the results thus obtained, we next treat by successive ap-
proximations the equation (1) with asymptotically constant coefficients. In
the second part of the paper we study systems of the form (2) Z:_l ik
@) Fu(z48)=Gi(z), j=1,---, p. A symbolic method of the sort de-
veloped by Bochner (Mathematische Annalen, vol. 104 (1931), pp. 579-587)
and Carmichael (Transactions of this Society, vol. 35, (1933), pp. 1-28) is
used in the treatment of the system (2) with constant coefficients. Again, a
method of successive approximations is used to treat the system (2) with
asymptotically constant coefficients. (Received January 26, 1935.)

108. Professor Cornelius Lanczos: A new approximation
method in solving linear differential equations with non-oscillating
coefficients.

The method presented is based on the following principles. (1) The Hamil-
tonian canonical form of a linear differential equation in connection with the
canonical transformations permits us to separate the periodic or exponential
part of the solution, reducing the problem to the determination of a mere
amplitude factor (see Annalen der Physik, vol. 20 (1934), pp. 635-688). (2)
This amplitude factor is a slowly changing function which can be efficiently
approximated by a small number of powers of x, either ascending or descend-
ing, according to the given range. (3) The powers of x in the real domain
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x=0 to x=1 are highly non-orthogonal, that is, ! can be practically re-
placed by a linear combination of the lower powers. The Taylor series and the
ordinary semi-convergent power series expansions approximate efficiently only
in the neighborhood of a point. The method here developed distributes the
error evenly over a large range and allows us to approximate by a small num-
ber of powers much more efficiently, in accordance with the ordinary approxi-
mations by means of orthogonal function systems. The coefficients of the
expansion, however, are here determined by simple recurrence formulas. (Re-
ceived January 26, 1935.)

109. Dr. S. E. Warschawski: On the angular derivatives of
univalent functions.

Let R be a simply connected region in the w-plane, w =u-4v, whose bound-
ary contains w=0. For Ivléa, a>0, let #=f(v), with f(0) =f'(0) =0, repre-
sent an analytic arc, and 3(v) 20 be a continuous function such that (i) 8" (v)
is bounded, (ii) f_, 8(v) dv/v"*, n2 1, exists, and (iii) the boundary of Rin a
neighborhood of w=0 is between the curves #=f(v) —§(v) and u=f(v)+3(v),
the latter being inside R. We prove that if 2=2z(w) maps R conformally on |z|
<1, limy., 2™ (w) =2"(0) exists for 1 <»<# in any angle (*) [arg w | Sa<w/2
within R, and also (}) z(w) =2'(0) w-+(1/2)2"(0) w2+ - - + + (1/5!)z™(0) w
+7.(w)w", where limy.o7.(w) =0 in (*). If (i) is replaced by the hypothesis that
8(v) increases monotonically with |v |, the expansion (;) holds in a wider region
than (*). For n=1 the latter result extends a theorem of C. Carathéodory and
its generalizations by C. Visser, J. G. van der Corput, and the author. (Re-
ceived January 26, 1935.)

110. Mr. D. L. Netzorg: On positive Cotes’ numbers.

For given x1, + + +, %, (01 < + + + <x), there is a mechanical quadrature
formula f 1_1 f(x) dx=c1f(x)+ « -+ + caf(xa), valid for all polynomials of de-
gree less than n. We assume that the ¢’s (which are the Cotes’ numbers cor-
responding to the x’s) are all positive. This entails that one, at least, of the
x's lie between any two successive roots of Q(x)=P,(x)+aPn,_(x), where
2m=n+1, P,(x) is the mth Legendre polynomial, and a is real. Furthermore
%y is less than ¢y, the smallest root of P,,_i(x), while %, is greater than its largest
root. As to the Cotes’ numbers themselves we find that if 7; <wx; <rija <ty
then 147, <Hy+ « -+ +H;<e+ + + » +¢;<Hi+ + + + +Hia <1474, where
the 7's are roots of Q(x), and the H’s are the Cotes’ numbers corre-
sponding to the 7’s. Furthermore, if x;<gi, then ¢;+ * - + +¢; <Gi, where the
G’s are Cotes’ numbers corresponding to the roots of P,_i(x). From these
facts it is easy to prove a result due to Fejér, obtained by him in a different
fashion (Mathematische Zeitschrift, vol. 37 (1933), pp. 287-309). For any
positive weight function similar results hold. (Received January 28, 1935.)

111. Dr. A. C. Offord: On Fourier transforms, 111.

This paper is a continuation of an earlier investigation (London Mathe-
matical Society Proceedings, (2), vol. 38 (1934), pp. 197-216). A condition for
a function f(x) to have a Fourier transform F(x) in the class L?(1Sp=<«) is
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given and an expression for f(x) in terms of F(x) is found. Conversely, a con-
dition is obtained for a function F(x) of L?(p>2) to be the Fourier transform
in L? of some function f(x). (Received January 30, 1935.)

112. Professor Otto Szédsz: Converse theorems of summability
for Dirichlet series.

This paper contains simplifications and generallzatlons of some “Tauberian”
theorems for Dirichlet series. Let F(¢) Z ~Mt converge for ¢>0 and let
the limit lim.,oF(¢) =s exist. We derive varlous sufficient conditions for the
convergence (to the value s) of the series Z ¢,. These conditions are more
general than those known before. An essential feature of our conditions is that

the customary hypothesis N, 41/M,—1 is entirely eliminated. (Received Febru-
ary 19, 1935.)

113. Professor C. R. Adams and Dr. Hans Lewy: On conver-
gence in length.

Let fu(x) (=1, 2,3, -+ ) be a sequence of functions of bounded varia-
tion converging on a £x=b to a limit function fo(x) of bounded variation; let
the length in the sense of Peano [total variation] of f, on @ Sx=<b be denoted
by L) [T(f2)] (r=0, 1,2, - - - ); then f, is said to converge in length [varia-
tion] to fo on (a, b) when and only when we have L(f.)—L(fo) [T(fa)—=T(fo)].
Concerning convergence in variation see Adams and Clarkson, this Bulletin, vol.
40 (1934), pp. 413-417. The present paper (i) shows that convergence in length
implies convergence in variation (the converse is not true even when fy,
(n=0, 1, 2, - - ), is assumed absolutely continuous); (ii) examines the rela-
tionship between convergence in length and uniform convergence; (iii) shows
that convergence in length, when f, is absolutely continuous, implies T'(f» —fo)
—0; (iv) proves that convergence in length is invariant under addition and
multiplication of sequences when the limit functions are absolutely continu-
ous; and (v) shows that convergence in length need not be invariant under
addition of two sequences when both limit functions are merely continuous

even though all approximating functions are absolutely continuous. (Re-
ceived February 14, 1935.)

114. Professor J. L. Walsh: Orthogonal polynomials and func-
tions of the second kind.

Let #n(z) be positive and continuous on the rectifiable Jordan curve C, let
{pk(z)} be the polynomials normal and orthogonal on C with respect to z(z),
and let {gu(f)} denote the corresponding functions of the second kind: gx(t)
= [¢[n(2)pr(2) |dz|]/(t—2), t exterior to C. Let f(z) be analytic in the closed
annulus 4 bounded by C and Cr (Kreisbild for the mapping of the exterior of
C). We have, 1nter10r to A, uniformly on any closed set interior to 4, f(2)
=(1/(27)) 2o\, Dr(2) frf(t) gx(t) dt—(1/(2mi)) ZH qu(z) [rf(t) pu(®) a2,
where T is an arbitrary contour in 4 containing C in its interior. (Received
February 11, 1935.)

115. Professor M. Fekete: Some generalizations of Paley's
theorems on Fourier series with positive coefficients.
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This paper contains various generalizations of recent theorems of Paley,
where the conditions of positiveness of the coefficients is replaced by condi-
tions of the type @n+a.=0, b,+8,=0 where an, B. are terms of series which
are “slowly oscillating” in a certain sense. Necessary and sufficient conditions
are obtained for uniform convergence of the Fourier series of a continuous
function, or for uniform boundedness of partial sums of the Fourier series of a
bounded function. (Received February 23, 1935.)

116. Professor Malcolm Foster: Congruences with a common
middle envelope.

Relative to the moving trihedral on the unit sphere .S, let (a, b) and (g, )
be two points in the tangent plane through which two lines ! and 7 are drawn
parallel to the normal to S. The necessary and sufficient condition that the
congruences formed by the lines 7 and 7 have a common middle envelope is
that the congruence (¢ —d, b—b) has the center of .S for its middle envelope.
The paper considers the case of a common middle envelope for two normal
congruences, and for the congruences defined by the points (e, b) and (—b, a).
(Received January 25, 1935.)

117. Miss Jeanette Fox: Finiteness of the number of quadratic
fields with even discriminant and Euclid algorithm. Preliminary
report.

The only quadratic fields R(m!2), m even, which have a Euclid algorithm
are R(2Y2) and R(6Y2). For quadratic fields R(m'?), m=3 (mod 4), there are
at most four fields with Euclid algorithm. Additional results have been ob-
tained for fields with odd discriminant. (Received January 26, 1935.)

118. Dr. D. H. Lehmer: On Lucas's test for the primality of
Mersenne’'s numbers.

In 1930 the writer proved as a by-product of a long discussion that the
sufficient condition of Lucas for the primality of 24%*1—1 is also necessary and
equally applicable to 24~1—1, In fact, we may state that a necessary and
sufficient condition for the primality of N=2*—1 (x is odd) is that N divide
the (z—1)st term of the sequence 4, 14, 194, - - - in which each term is the
square of its predecessor minus 2. In 1932 A. E. Western proved this theorem
by means of the theory of algebraic numbers. In this paper the writer presents
a very elementary yet self-contained proof of this test for primality. (Received
January 25, 1935.)

119. Professor 1. J. Schoenberg: Note on metric geometry.

The problem of constructing simplexes with assigned lengths for the edges
in (definite or indefinite) euclidean spaces and in spherical spaces, studied
recently by Menger, Blumenthal, Wald, Coxeter, Todd, and Klanfer, is very
simply solved by means of quadratic forms. Thus for the sphere Sf :x2+4x:2
R +:’cf+1=p2 we have the following theorem. Let sz, (65%k; 4, k=1, - - -,
n; ass=a;), be n(n—1)/2 given positive quantities. A necessary and sufficient
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condition that there be, on some spherical space of radius p, # points 4,
As, ¢+ -, An of mutual (shortest) spherical distances A:dr=a;r, ((5%k), is
that the quadratic form F=) 3 4. cos (air/p) %:xx, (cui=0), be always =0.
If 7 is the rank of F, then we can find such points in S?_; but not in S°_,,
(Received January 28, 1935.)

120. Professor Oscar Zariski: On the Poincaré group of plane
algebraic curves. First communication.

The paper deals with the Poincaré group G of the residual space of the dual
C of any plane algebraic curve I' with ordinary double points and of any other
curve of which C is a limiting case. Use is made of the following lemma: the
Poincaré group of an algebraic hypersurface V in S, with respect to its carrying
Sy coincides with the Poincaré group of a generic plane section of V with respect
to its carrying plane. In the present communication the case where T is rational
is considered. If T is of order #, C is the plane section of the discriminant hyper-
surface in an S,. It is found that G possesses »—1 generators gi, g, * * *,
gn1 (Hurwitz) and the generating relations are : (a) gigi=g;g, if 1—j=+1;
(b) gigingi=gingigiv; (C) H:;: gi][i-n—1 gi=1. It is then proved that any
plane curve C which has C as a limiting case but has less or simpler singu-
larities than C possesses a cyclic Poincaré group. In particular, the Poincaré
group of any rational curve of even order, other than C, is cyclic. The case where
Cis a sextic is an exception. (Received February 23, 1935.)

121. Dr. C. C. Grove: A note on the word mantissa.

The statements in most dictionaries on this word led me to original sources
and uses because there were some manifest misstatements. The word first ap-
peared in mathematics in its true etymological sense in the Latin edition of the
Algebra of Johannis Wallis, 1693, p. 41: Ejusque partes decimales abscissas,
0.12003416, Appendicem voco, sive Mantissam fractionis primae, seu Mantis-
sam primum. This arose in writing out the successive convergents of the con-
tinued fraction for 2684769/837.6571 =1/3.12003416+. Two chapters farther
on he does not use the word in writing on logarithms. Leonardus Euler in his
Introductio in Analysin Infinitorum, 1748, may conceivably have etymologised
mantissa popularly as a Greek feminine of pévris “prophet” in saying “Sola
ergo Mantissa indicabit figuras numerum componentes.” He thus introduced
the use of the word in logarithms. Finally, C. F. Gauss in Disquisitiones Arith-
meticae, 1801, goes back somewhat towards its original use, in Art. 312, p. 543:
“Definitio. Si fractio communis in decimalem convertitus, seriem figurarum
decimalium fractionis mantissam vocamus, . . . . Ita e.g. fractionis 1/8 man-
tissa est 125, mantissa fractionis 35/16, 1875, fractionis 2/37 mantissa
054054 - - - ininf.” (Received February 14, 1935.)

122. Professor H. A. Simmons: The classification and general
solution of certain diophantine problems which involve special
systems of equations of the second degree.

The main result of the paper, expressed in Theorems 2 and 6, is essentially
as follows: consider the mixed system of diophantine equations and inequali-
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ties T: ai(n)xi—a;(n)x;+b;(n)=0, (j=2,::+, m), x12x%= * + + 2%, >0,
n>0, ai(n) Za;(n) = « - - 2aw(n), where the as(n), G=1, - - -, m), b;(n) are
functions of » that take only positive integral values for positive integral values
of n and the inequality sign holds between at least one pair of the a’s (for every
positive integer #). Suppose T is solvable when # is assigned a particular pos-
itive integral value, #o, and let T be the system gotten by setting n=mn,in T.
System T has only a finite number of solutions. If also there is only a finite
number of values of # for which T has a solution (as is the case in §3 of the
paper), then T, considered as a system with # and the x’s as unknowns, has
only a finite number of solutions. Let T’ be the system that is obtained from
T by merely reversing the inequality signs between the a’s. Then if #, is a value
of »n for which T” is solvable, T’ has infinitely many solutions associated with
no (as is the case in certain examples of §4 of the paper). (Received February
6,1935.)

123. Professor Raymond Garver: On Bieberbach's theory of
cubic constructions.

In vol. 167 of the Journal fiir Mathematik, Bieberbach solves the prob-
lem of cubic constructions with the aid of a very simple use of a movable right
angle. Constructions of this sort are, of course, known. The present paper
studies Bieberbach’s method of trisection, proves it equivalent to trisection
with the aid of a limagon, gives an alternate form not using a right angle but a
different type of motion, and applies the method to certain particular con-
structions. (Received January 28, 1935.)

124. Professor C. N. Moore: On convergence factors in muliiple
series summable by N orlund means.

The purpose of the present paper is to generalize to multiple series the
theorem concerning convergence factors in simple series given in a paper
presented at the annual meeting in Pittsburgh (see this Bulletin, abstract
41-1-56). The conditions obtained include the analogues of those obtained
in the previous paper and certain supplementary conditions, such as usually
arise in extending convergence factor theorems to multiple series. (Received
January 26, 1935.)

125. Professor Edward Kasner: 4 new tnversive invariant.

If we consider two curves touching each other (horn angle), a simple pro-
jective invariant is the ratio of the two curvatures v: and v: at the point of
contact (Mehmke's theorem). The present author obtains a differential in-
variant for the inversion group, namely I3=(dvi/dsi—dy2/dsz)/(v1—72)2.
This is a combination of the curvatures and the deviations (or rates of change
of curvature with respect to arc length). This fundamental quantity I; is not
only an inversive invariant, it is also a conformal invariant. (See Kasner, Con-
formal geometry, Cambridge International Mathematical Congress Proceed-
ings, 1912, vol. 2, p. 84.) (Received January 15, 1935.)

126. Professor J. A. Shohat: On mechanical quadratures.
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The author trles to approximate F(h)=[2* f(x)dx by an expression of
the type ¥ (k) = hZ b.f(a +nih), 0 <n; <1, where the constants b; (independ-
ent of k) and #n; are so chosen that F(h) —¥(h) =0(h%*+3), There is thus ob-
tained a mechanical quadratures formula either of ordinary Gauss type or with
one or both end abscissas fixed at the end points of the interval of integration.
The interior points turn out to coincide with the zeros of a certain class of Jacobi
polynomials. It is shown that the classical trapezoidal and Simpson formulas
of mechanical quadratures are a special case, and thus their remainder is im-
mediately derived. Some general properties of mechanical quadratures formu-
las with fixed abscissas are then discussed, and the asymptotic behavior of
some of their coefficients for #— » is described. (Received January 17, 1935.)

127. Professor A. D. Campbell: Pseudo-covariants in a Galois
field and their algebraic and geometric applications.

In this Bulletin for April, 1933, the author discussed briefly certain col-
lections of terms from #-ics in m variables in a Galois field that have the
peculiarity of being irreplaceable by any linear transformation if they are miss-
ing from the original n-ic. These sets of terms were called pseudo-covariants
The present paper contains a more precise and thorough discussion of these
pseudo-covariants as to their number for any #-ic, their exact definition, their
order of disappearance. Also a study is made of the algebraic and geometrical
meanings for the #-ic of the identical vanishing of these pseudo-covariants.
(Received January 24, 1935.)

128. Mr. Max Astrachan: Studies in the summability of
Fourier series by Nirlund means.

The author gives sets of sufficient conditions on the generating sequence
{#,} in order that (I) the Fourier series and the conjugate Fourier series of
f(x) € L be summable by the Nérlund method (X, p,) to the correct value at
all points where ¢1(t) =/y' [f(x+s)+f(x—s) —2f(x)] ds=0(t), and f,'[f(x+s)
—f(x—s)] ds=o(t), respectively; (II) the rth derived Fourier series be sum-
mable to the rth generalized derivative of f(x) (in the sense of de la Vallée-
Poussin) whenever this derivative exists; (III) the rth derived conjugate
Fourier series of f(x) be summable. The conditions, when (N, p,) is specialized
to be (C, @), imply the restrictions that for (I) a>1, (II) a>r, (III) a>7r+1.
If the method (N, p,) be superimposed on (C, 1) the Fourier series is summable
to f(x) at all points where ¢1(t) =0(f) provided the generating sequence {p,}
satisfies the Fourier-effective conditions of Hille-Tamarkin. (Received Janu-
ary 16, 1935.)

129. Mr. Garrett Birkhoff: Abstract continuous groups.

An axiomatic treatment of abstract continuous groups is given, based on
properties of linear deformations of Banach space. The definition specializes
to that of abstract Lie groups in case the infinitesimal generators have a finite
basis, and to that of Banach spaces in case the groups are Abelian. The theory
is then used as a tool in a general investigation into the structure of groups of
deformations. (Received January 19, 1935.)
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130. Dr. L. A. Dye: Involutorial transformations associated
with a rational ruled surface. Part 1.

In this part of the paper a (1, 1) correspondence is established between a
pencil of quadric surfaces and the generators of a ruled surface R,.1 of order
n+1 with an n-fold line J. A point P in space determines a quadric of the pencil
and a generator 7 of R,41. The plane determined by P and r is tangent to Ray1
at a point Q. The line PQ meets the quadric in a residual point P’ which is the
image of P in an involutorial space transformation. Two cases are considered
here: (1) the pencil of quadrics have a quartic space curve of the first species
in common; (2) the pencil of quadrics have the line / and a space cubic as a
basis curve. Some interesting contact conditions are involved in the homaloidal
webs of surfaces arising from these transformations. (Received January 23,
1935.)

131. Professor Edward Kasner: The dual of Lie's contact
transformation of dynamics.

The infinitesimal contact transformations of dynamics, first studied by
Lie, have a characteristic function of the form W=Q(x, y) (1422, They
may be characterized by the fact that the path of any element (x, ¥, p) is an
orthogonal series of elements. A generalization introduced by the author arises
by requiring the path series to be ¢sogonal series. The «?2 path curves form a
generalization of natural families. A dual type of infinitesimal contact trans-
formation is obtained by demanding that the path series shall be equitangential.
The characteristic function W(u, v, w), where w is dv/du, is obtained in ex-
plicit form: W=e¢~v/c Q(u, v). The «?2 paths are studied; the «?2 envelope
curves form a new type of family which may be regarded as the dual of the
natural family. A further generalization is obtained by replacing the constant
¢ by any function of the line coordinates («, v). (Received January 15, 1935.)

132. Professor Edward Kasner: Osculating turbines.

The concept of geometric turbine was introduced by the author in a paper
in the American Journal of Mathematics, 1911. A turbine consists of ! lineal
elements whose points are on a circle and whose directions are equally inclined
to the circle. In the present paper general series of «! elements are studied.
At each element there is a definite osculating turbine. The set of «! osculating
turbines defines a field, that is, a specific new type of differential equation of
first order. The integral curves are termed the related curves of the given series.
If a set of «! turbines is given, we obtain a criterion as to when it may be
considered as an osculating set. The whole theory is a wide extension of the
standard theory of osculating circles of curves. (Received January 16, 1935.)

133. Dr. Solomon Kullback: A note on the analysis of variance.

In a paper in this Bulletin, vol. 38 (1932), pp. 731-735, H. L. Rietz con-
siders a set of independent items classified in some relevant manner into N
sets of .S items each. By making use of a dispersion theorem of Coolidge (this
Bulletin, vol. 27 (1921), p. 439), Rietz arrives at estimates of variance used by






