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PERIODIC SOLUTIONS OF LINEAR
DIFFERENTIAL EQUATIONS

BY W. B. FITE

The present article contains a generalization and a correction
of certain results given by the writer in an earlier article under
the same title.* Consider the equation

(1) LO) = 0y + py D - pay = 0,
in which the coefficients are one-valued and of period /, and
po#=0 for any real value of x. If y1, s, ¥3, - + -, 9, form a funda

mental system of solutions, then
yl yl' o e yl(ﬂ“l)
y2 y2’ .. y2(7l"'1)

D= = Dyel @)
yn y"’ P y"‘(n—l)
where
I(a, x) = — —’ldx,
a ?0
and where Dy(0) is the value of D for x=a. Since the coef-
ficients of (1) are of period I, v;(x+1), (¢=1, 2, - - -, n), form
a fundamental system of solutions, and therefore
(2) yi(x +0) = Daisy;.
=1
The characteristic equation of the substitution (2) is
a1 — W a1z cee Q1n
a1 dg2 — W=« daon
@ e e .. =0.
An1 An2 ct Opn — W

* Fite, Annals of Mathematics, (2), vol. 28 (1926), pp. 59-64.
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If

(“”’ - wl)uly (w - w2)uz’ ) (""’ - wk)uk)
where p;+u2+ - - - +ur=mn, are the elementary divisors of the
left member of (3), there is a canonical fundamental system of
solutions ¥;,;, (¢=1,2, - - -, k;j=1,2,- - -, u;), such that*

ym(x + l) = w;Yi,1,
violx + 1) = yi1 + wiyi,e,

Yiui(® + ) = Viu—1 T @iYiu;

In terms of these solutions

D(x+1)=
’ (n—1)
w1Y11 wi1Y11 o wiYu
(n—1) (n—1)

Yu + wiy1s y1; + w1y1; N 4 ¥ + wiyie

(n—1) (n—1)

’ !’
Vw1 T @01V Vg1 + @114, 0 Vi1 + 01914,

The first u; rows are here indicated in detail. The remaining
rows are formed similarly in sets of us, ms, - + -, ur each cor-
responding to the respective elementary divisors. It readily
follows that

D(x+1) = Wi we - - w‘;ckD(x).
But on the other hand

D(x + 1) = Doel‘@:#+0 = Dyel @, DH @, 2+ = gI@, 24D
where, as above,

I(u,v) = — —j—)idx.
0

u

* See, for example, Horn, Gewihnliche Differentialgleichungen beliebiger
Ordnung, p. 85.
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Hence
4) wiwg - wp = el@ kD,

If there is a solution of (1) of period /, at least one of the w’s
is 1; and conversely if at least one of the w’s is 1 there is a solu-

tion of (1) of period /. If all of the solutions of (1) are of period /,
every w=1 and therefore

z+l pl
@D = 1 or f —dx = 0.
x

po

But if every w=1 not every solution is necessarily of period /.
For example, for certain values of @ the Mathieu equation

¥ 4+ (e — 2bcos2x)y =0
has a solution of period w. We can take I=m. Moreover po=1
and p,=0. Hence
a1
f —gl-dx = 0.

z PO

That is, the product of the w’s is 1 and one of them is 1. Hence
the other one is also 1. But not every solution is of period* .
Consider now the adjoint of (1); namely

(5) L(z) = 0.
The functions

1 alogD
(6) i = —
po ay”(’n 1)

form a fundamental set of solutions of f (5). It follows from re-
lations (6) that when x is changed to x+! the z's are transformed
contravariantly to the y's. The determinant of this transforma-
tion is made up as follows.

Corresponding to the ith elementary divisor of (3) there is a
minor of this determinant of the form

* Ince, Ordinary Differential Equations, p. 177.
t Darboux, Théorie des Surfaces, vol. 2, p. 102.
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1 1 1 1
—_— —— _.._...(._1)#£—1—-
Wi w2 w;® Pl
0 1 1 \
(= 1)si—
w3 wd ( 1) wH1
1
0 0 —_— .. (_ 1)“—3
w; wHi2
1
0 0 0 ... —
wg

The principal diagonal of this minor lies on the principal diag-
onal of the determinant, and every element of the determinant
that does not belong to one of these minors is zero.

The roots of the characteristic equation of this transformation
on the z’s are the reciprocals of the roots of the corresponding
equation for the y’s. Moreover, the elementary divisors of the
left member of the characteristic equation relating to the z’s
are the same as those for the left member of (3) with the ex-
ception that w —1/w; takes the place of w—w;. Hence (1) and its
adjoint (5) have the same number of linearly independent solu-
tions of period* I. It follows that if L(y) is an exact derivative,
the equation L(y) =0 has a solution of period /, since L(z) =0
has a constant for a solution, and this is of period /.

If now (1) is self-adjoint the equation (3) is a reciprocal equa-
tion, and if # is odd there must be an odd number of roots that
are their own reciprocals; that is, an odd number of roots must
be +1. But if an odd number of these were equal to —1, the
product of all the roots would be —1, since the other roots that
are different from 1 occur in pairs of reciprocals. On the other
hand, since (1) is by supposition self-adjoint, p1=np¢ /2, and

z+1 n z+1 ! n 241
— f %dx = — —2‘ %ldx = — ‘5‘ 10g Po] = 0.
z 0 z 0

That is, by (4), the product of the roots of the characteristic
equation (3) must be +1. Hence an odd number of these roots

z

* See Fite, loc. cit., p. 61.
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are equal to 1 and equation (1) has at least one solution of
period Z.

A similar analysis applies if we pass to the complex plane and
require merely that the coefficients be one-valued in the neigh-
borhood of z =2, and that p, have a pole of order j at this point
(7z0). If (1) is self-adjoint the product of the roots of the
characteristic equation of the transformation on a fundamental
system of solutions due to a circuit around z =2, is equal to

’
elo = gniti = + 1, I¢ = — _n_ —@-dx,
2 Jec po
according as #j is even or odd. If # is odd and j is even, #j is
even and an odd number of the roots of the characteristic equa-
tion are equal to 1. Hence there is at least one solution that is
one-valued in the neighborhood of z=2,. But if # and j are both
odd, an odd number of the roots of the characteristic equation
are equal to —1, and there is at least one solution that is two-
valued in the neighborhood of z=z,.

If in (1) we again assume that the coefficients are real and of

period / and put y =e™, ¢ will be a solution of the equation

(7)  pot™ + (nmpo + p1)t=0 + - -
+ (mnpo + w7+ -+ mpasa + pa)t = 0.

If now ¢ is a solution of (7) of period Z, y is a solution of (1) such
that
v+ 1) = emy(x).

Hence (7) cannot have solutions of period / for more than 7 real
values of m, where 7 is the number of distinct positive roots of
(3). Nor can it have semi-periodic solutions with a given real
multiplier ¢ for more than 7 real values of m, where 7 is the num-
ber of distinct roots of this characteristic equation that have the
same sign as o.

Suppose that

(8) L(y) = ¢(x),

where ¢(x) is not identically zero and is of period /, has a solution
v of period /. This assumption is certainly realized if (1) has no
solution of period / other than* y=0. If (1) has 7 (»>0) linearly

* Fite, loc. cit., p. 60, Theorem I.
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independent solutions of period /, equation (5) has the same
number. We represent them by 2, 25, - - -, 2. If now in the
Lagrange identity

f [sL(y) — yL(z)]dx = ¥(y, 5)

we put for y a solution of (8) of period / and z; for z, we get

f sib(2)dx = Y(y, 3).

Now ¢/(y, 2;) is a polynomial in y and z; and their derivatives
together with the coefficients of L(y) and their derivatives. It
is therefore of period / and z;¢(x) is the derivative of a func-
tion of this period. This means that in order that (8) have a
solution of period / it is necessary that z¢(x) be the derivative
of a function of this period in case z is any solution of (5) of this
period.

We consider now whether this condition is sufficient. If ¢ is a
solution of the adjoint of the equation L’(y) =0, tL’(y) is an
exact derivative, as is also ¢L’(y)+¢'L(y). Hence t'L(y) is an
exact derivative and ¢’ is a solution of L(y) =0. Moreover, if ¢
is a function such that #'L(y) is an exact derivative, then ¢L’(y)
is an exact derivative and ¢ is a solution of the adjoint of L’(y)
=0. Hence this adjoint is Z(¢’) =0.

The solutions of L(y) =0 and L(y) =c¢, where ¢ is any constant
#0, are solutions of L’(y) =0 and every solution of this last
equation is a solution of one or the other of the two preceding
ones. If, then, L(y) =0 has r(r>0) linearly independent solu-
tions of period /, and no more, and L(y) =c has no such solution,
L’(y) =0 has only 7 linearly independent solutions of this kind,
and its adjoint has the same number. If now every one of the 7
linearly independent solutions 2;, 25, - - -, 2 of L(y)=0 of
period / were the derivative of a function of this period, that is,
if ¢;=[z;dx, (i=1,2, - - -, r), were of period I, then the t;’s to-
gether with f,11=1 would form a system of 741 linearly inde-
pendent solutions of the adjoint of L/(y) =0 of period /. But we
have just seen that this adjoint has only 7 linearly independent
solutions of this period in case L(y) =0 has only 7 linearly inde-
pendent solutions of this kind and L(y) =c¢ has none. If L(y) =0
has no solution of period / other than y=0, the condition in
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question is obviously satisfied and, as we have seen, L(y) =c¢
has a solution of this period. The condition is therefore sufficient
in case ¢(x) is a constant.

Suppose now that ¢(x) is a non-constant function of period
J. The solutions of (8) are also solutions of the equation

) I;(XZ =1,
¢(x)

for all values of x for which ¢(x) 50, and the coefficients of (9) are
of period I. Moreover, z;¢(x), (¢=1,2, - - -, n), form a linearly
independent set of solutions of the adjoint of the equation
L(y)/éd(x) =0, and z1(x), 226(x), - - -, 2.¢(x) are all of these
that are of period I. Therefore a sufficient condition that (8) have
a solution of period / is that z;¢(x), (¢=1, 2, -, 7), be the
derivatives of functions of period /, and thlS condltlon is neces-
sary. This is equivalent to the condition f z:0(x)dx =0, (1=1,
2, - - -, 7). We have therefore the following theorem.

THEOREM. If po(x) %0 and ¢(x)#0, while ¢(x) and the coeffi-
cients of L(y) are of period 1, a necessary and sufficient condition
that L(y) = ¢(x) have a solution of period I is that f:quS(x)dx =0
when z is any solution of L(y) =0 of period .

The sufficient condition given in Theorem 2 of the article re-
ferred to in the first paragraph is obviously incorrect, as may be
seen by considering the equation

yiv + yll —
The right member and the coefficients in the left member are of
period 2w. Moreover y=sin x is a solution of period 27 of the
correspondmg homogeneous equation, which is self-adjoint, and
I; "™ sin xdx =0, while not every solution of the homogeneous
equation is of period 27. And yet the original equation has no
periodic solution, since if y were such a solution we should have
""" 44" =x-+c. But this is impossible since the left member
would be periodic while the right member is not. This is in con-
formity with the conditions of the present theorem since z=1

is a solution of period 27 of the adjoint of the homogeneous
equation and JT""dx 0.
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