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be solved for s.* This completes the proof of the theorem. 
If f(x) =0 is of degree 7 or 8,f there exist three #-functions 

having the properties of Brioschi's theorem. We then set 
up a transformation similar to (1), and the equations 

are homogeneous equations in three 
parameters. The determination of c%, c^ cz will, in general, 
lead to an equation of the 12th degree, as was pointed out 
above. 

If f(x) = 0 is of degree 6 it does not seem possible to lower 
materially the maximum 24 which was obtained in the second 
paragraph. 

THE UNIVERSITY OF CALIFORNIA AT LOS ANGELES 

SOME PROPERTIES OF MULTI-COHERENT 
CONTINUA* 

BY W. A. WILSON 

1. In a recent paper§ C. Kuratowski gives the following 
definitions : 

A continuum C is called uni-coherent (or n-coherent) if for 
every decomposition of C into two continua K and L, where 
Cy^Ky^Ly KL has one (or n) components. A continuum C 
is called tnulti-coherent, if KL is not connected. 

The properties of such continua are later developed in 
some detail. Among the theorems proved are the following. 

* The very exceptional case in which the coefficients of si, s*, s2, s all 
vanish, while the term free of s does not vanish, may be handled by intro­
ducing homogeneous parameters in (3), that is, by putting M**s+t, 
Mi^OiS+bitt etc. For the present case, / must be zero. 

t Although Brioschi's theorem does not mention equations of even de­
gree, (w—l)/2 0-functions can be set up for an equation of even degree 
» + l just as they can for an equation of odd degree n, and in different ways 
as well. 

Î Presented to the Society, October 27, 1928. 
§ C. Kuratowski, Sur la structure des frontières communes à deux ré* 

gions, Fundamenta Mathematicae, vol. 12, pp. 20-42. 
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(I) For a continuum C to be multi-coherent it is necessary 
and sufficient that, for every sub-continuum Q of C, C—Q is 
connected. 

(II) If C is a bounded plane set which is the common frontier 
of two regions. Cis a multi-coherent continuum. 

(III) A bounded plane continuum which is decomposable 
and bi-coherent is the common frontier of two regions. 

A careless reading of the above definitions may give the 
erroneous impression that a multi-coherent continuum is 
w-coherent for some value of n. The continuum given in 
Ex. 4(a) (loc. cit., p. 23) is multi-coherent, but not n-
coherent, since K • L may have either two or three components 
according to the manner of decomposition of C. Furthermore, 
as Kuratowski points out, the continuum just cited shows 
that the converse of Theorem III. is not true. The converse 
of Theorem II also is not valid, and hence the class of multi-
coherent plane continua is larger than that of regular 
frontiers.* Although the problem of finding necessary and 
sufficient intrinsic conditions for a bounded decomposable 
continuum to be a regular frontier has been solved,f less 
general conditions may at times be more convenient to use 
and the close relationship between multi-coherent continua 
and regular frontiers seems to the author to make it of interest 
to determine additional conditions under which the former 
class of continua have the same intrinsic properties as the 
latter. 

Certain properties follow at once from the equivalent 
definition of multi-coherent continua given in Theorem I 
above. We first note that, if the bounded multi-coherent 
continuum M is the union of two proper sub-continua H 
and K, both H and K are irreducible about the set H-K. 

* A set is called a regular frontier if it is the frontier of at least two com­
ponents of its complement. 

t See C. Kuratowski, Sur la séparation d'ensembles situés sur le plan, 
Fundamenta Mathematicae, vol. 12, p. 235; and W. A. Wilson, On bounded 
regular frontiers in the plane, this Bulletin, vol. 34 (1928), p. 86. 
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For otherwise either H or K would contain a sub-continuum 
disconnecting M. (A continuum M is said to be disconnected 
by the set C if M—C is non-void and is not connected.) 
Furthermore, if M is a bounded decomposable multi-coherent 
continuum, there is always an irreducible decomposition of 
M into two proper sub-continua H and K* In this case no 
proper sub-set of HK disconnects M and we may say that 
H-K irreducibly disconnects M. 

2. THEOREM. Let M be a bounded multi-coherent continuum. 
Let A and B be proper sub-continua of M which are not continua 
of condensation and let AB — 0. Then A+B disconnects M. 

PROOF. Set K = M—(A+B). If K is connected, Z is a 
continuum. Now A'=A— AK and B' = B — BK are not 
void and AB = 0, by hypothesis. Hence Ar+B' is not 
connected. But A'+B' = M— jfiT. Hence we have the 
contradiction that the continuum Z disconnects M. There­
fore K is not connected. 

3. THEOREM. Let M be a bounded multi-coherent continuum. 
Let A and B be proper sub-continua of M, let AB — 0, and let 
A+B disconnect M. Then K = M—(A+B) has precisely 
two components. 

PROOF. Let C be a sub-continuum of M irreducible be­
tween A and B.f Then C— C-(A+B) is connected and has 
limiting points on both A and B. Hence at least one com­
ponent k of K has limiting points on both A and B and 
k+A+B is a continuum. 

Since A+B disconnects M, K — k~M— (k+A+B) is not 
void. Since M is disconnected by no sub-continuum, K — k 
is connected. The theorem is proved. 

4. THEOREM. Let M be a bounded multi-coherent continuum. 
Let A and B be proper sub-continua of M which are not continua 

* This is shown in the reference at the beginning of this section, p. 25, 
Theorem (rj). 

t This does not imply that C contains either A or B, but merely that 
C'A ^OT^C'JS and that there is no proper sub-continuum of C having 
this property. 
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of condensation and let AB = 0. Let K = M—(A+B). Then 
2T is the sum of two continua which are irreducible between A 
and B and have no common points. 

PROOF. By §§2 and 3, K has two components, K' and K", 
one of which, say K', has limiting points on both A and B. 
If K" had limiting points on A only, we would have the 
contradiction that A disconnects M. Hence TL' and ~K" are 
continua joining A and B and l£' - K" = 0, since otherwise 
"K' + TE" would disconnect M. 

Let C and D be sub-continua of K' and 2T", respectively, 
irreducible between A and B. Then CDK', for otherwise 
C+A+B would disconnect M. Thus C = K' and in like 
manner 2) = ST", whidi proves the theorem. 

COROLLARY 1. Let M be a bounded multi-coherent continuum. 
Let M contain two proper sub-continua which are not continua 
of condensation and have no common points. Then M is the 
union of four continua A, B, C, and D, such that AB = 0 
— CD, A and B are irreducible between C and D, and C and D 
are irreducible between, A and B. 

PROOF. Let A ' and B1 be proper sub-continua of M which 
are not continua of condensation and have no common 
points, and let K = M—{A'+B'). Then K is the sum of 
two continua C and D which are irreducible between A ' and 
B' and have no common points. Let L = M— (C+D). Then 
L is the sum of two continua A and B which are irreducible 
between C and D and have no common points. I t is evident 
that Ac A', BcB', and C and D are irreducible between 
A and B. 

COROLLARY 2. If M satisfies the hypotheses of Corollary 1, 
it is the union of two continua H and K such that HK is the 
sum of two closed sets between which both H and K are ir­
reducible. 

To see this set H*=A + C and K — B+D in the above 
corollary. 

COROLLARY 3. If M satisfies the hypotheses of Corollary 1 
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and is a plane continuum,, it cuts the plane and is the frontier 
of exactly two components of its complement. 

This conclusion follows from Corollary 2 and a theorem 
proved elsewhere.* 

5. THEOREM. Let M be a bounded multi-coherent continuum. 
Let A and B be proper sub-continua of M, let AB= 0, and let 
A+B disconnect M. Let L = M—(A+B). Then L is the 
union of two continua, which are irreducible between A and B 
and whose only common points lie on A+B. 

PROOF. Let h and k be the two components of L. Obviously 
L ~h+fc. Set H~h and K — H. As in the proof of §4 it can 
be shown that H and K are irreducible between A and B. 
Sinceh~H-H (A+B) and k~K~K(A+B),andhk~0, 
it follows that HKcA+B. 

COROLLARY 1. Let M be a bounded multi<oherent con­
tinuum. Let A and B be continua of condensation of M, let 
A - 3 = 0, and let A +B disconnect M. Then M is the union 
of two continua H and Kt HK~a+(3, where a and j8 are 
closed subsets of A and B respectively, and both H and K 
are irreducible between a and /3. 

COROLLARY 2. In addition to the hypotheses of Corollary 1 
let M be a plane continuum. Then M cuts the plane and is the 
frontier of exactly two components of its complement. 

This follows from the reference under §4, p. 736, Lemma 
IV. 

6. Summary and General Discussion. The theorems and 
corollaries of §§4 and 5 show that, if M is a bounded multi-
coherent continuum which can be disconnected by the sum 
of two sub-continua, there are three possible cases: (1) 
when M can be disconnected by the sum of two continua of 
condensation; (2) when M can be disconnected by the sum 
of two sub-continua which are not continua of condensation ; 

* W. A. Wilson, On the separation of the plane by irreducible continua, 
this Bulletin, vol. 33, p. 739. 
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(3) when of any two sub-continua disconnecting M9 one is a 
continuum of condensation, but not the other. Cases (1) 
and (2) are not mutually exclusive; they have been treated 
in §§4 and 5 and the results there obtained may be sum­
marized as follows. 

THEOREM. Let M be a bounded multi-coherent continuum 
which can be disconnected by the sum of two sub-continua, 
both or neither of which are continua of condensation. Then 
M is the union of two continua whose divisor is the sum of two 
closed sets between which both continua are irreducible. 

COROLLARY. Let M satisfy the hypotheses of the above theorem 
and lie in a plane. Then M is the common frontier of exactly 
two of its complementary domains. 

To make the third case definite, let A, but not J5, be a 
continuum of condensation of M. If we use the notation of 
§5, this means that AcH+K and B-B(H+K)?*0. 
Also both H and K are indecomposable, for otherwise we 
would have Case (2). There are two possibilities :H'KB = 0 
and H'KByéO. If HKB = 0, B contains a sub-continuum 
C which is irreducible between H and K and may contain 
B-B(H+K). If so, M=C+H+K, C is indecomposable, 
and C+H and K are both irreducible between C-K and H-K. 
On the other hand, this is not the only possibility, as the 
following example shows. Let a> J, c, d, e, and ƒ be six points. 
Let H be irreducible between each pair of the points a, 6, 
and c; let K be irreducible between each pair of the points 
a, d, and e; let C be irreducible between each pair of the points 
ft, dy and ƒ; let D be irreducible between each pair of the 
points c, e, and ƒ; let B = C+D\ let H>K = a, C-D=/ , 
HB^b+c, and KB = d+e\ and let M=H+K+B. Then 
M is multi-coherent and can be disconnected by the sum 
of the continua a and B, but M cannot be expressed as the 
union of two continua having two closed sets in common, 
between which both are irreducible. 

Now suppose that HKB^O. Set L=B-B- (H+K); 
then L = ikf— (H+K) and is connected. Let C be a sub-
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continuum of B irreducible about H-KB. Then CoL, as 
otherwise C would disconnect M. Thus M is the union of 
three continua, H, K, and C, where H and K are indecom­
posable and irreducible between H-KA and H KB, and 
C is irreducible about H KB and contained in B, but it can 
be proved that M is not the union of two continua P and Q 
such that PQ = a+l3y where a / 3 = 0 and a and /3 are closed 
sets between which P and Q are irreducible. 

That this case may exist is seen from the following example. 
Let a, b, c, and d be four points in the XF-plane in three-
space; let H be a continuum irreducible between each pair 
of the points a, b, and c; let K be a continuum irreducible be­
tween each pair of the points a, b, and d; let H and if lie 
on opposite sides of the XF-plane except for these four 
points; and let C be a continuum lying in the XT-plane 
and irreducible between each pair of the points b, cy and d, 
but not containing a. Then M = H+K+C is multi-coherent 
and can be disconnected by the sum of the two continua a 
and C; but it is not the union of two continua P and Q having 
the properties given in the last two lines of the previous 
paragraph. 

7. Generalization of Previous Theorems. The properties of 
multi-coherent continua thus far obtained are readily ex­
tended. The following is the analog of §3. 

THEOREM. Let n be an integer greater than 1 and let M be a 
bounded multi-coherent continuum which cannot be disconnected 
by any set of n — 1 or fewer sub-continua. Let A\y A<L, • • • , An 

be proper sub-continua of M and let^ïA » disconnect M. Then 
K~M—^JlAi has exactly two components. 

PROOF. The theorem has already been proved for n = 2\ 
let n^3. Now M cannot be irreducible between each pair 
of the sets {^4*}, for then K would be connected.* Let P 
be a proper sub-continuum of M irreducible between, say, 
Ai and A2; then P—P- (A1+A2) is connected and has 

* For M is irreducible between Ai and SjM» and the assumption that 
K is not connected leads at once to a contradiction. 
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limiting points on both Ai and A^ Thus for at least one 
component k of K, k-Ai^O^k-Az. 

Suppose first that k Ai?*0 for r values of i, say for i^r<n, 
and that kAi=>0 for r <i^n. Then k+%2[Ai is a continuum 
not meeting ^?+i-4», and 

is not void and is connected by hypothesis, since the set in 
the brackets is the sum of n — r+1 continua. Let 

k ' = K — k +22r+iA i. 
Now 

M = k+k'+£[Ai; k-k'^k-iK-V+k^+iAi^O; 
and 

k-b' = k'(K-k)+k-JZnT+iAi = 0. 
Hence%2\Ai disconnects M, which is contrary to the hypo 
thesis. 

Now let k -A i,9*0 for every i. Then k +]CM% is a continuum 
and, as before, K — k = M — (&+]Cï<4*) is connected. This 
proves the theorem. 

8. THEOREM. Let net3 and let M be a bounded multi-
coherent continuum which cannot be disconnected by any set 
of n — 1 or f ewer sub-continua. Let A\> At, • • • , An be proper 
sub-continua of M and let ^*A »• disconnect M. Then M is the 
union of ^jTjlAi and two indecomposable continua H and K 
such that HKc^JlAi and both H and K are irreducible 
between each pair of the continua {Ai}. 

PROOF. By §7 there are two components h and k of 
M-J2Ui- Set H=h and K = k. Then H-Ai and K-Ai are 
not void for any value of i. 

Let P be a sub-continuum of H irreducible between Ax 

and A2, for example. If P Ai = 0 for any i> say i = 3, we have 
a contradiction, for then (Ai+P+A^+Az+^AAi dis­
connects M and contains not more than n — 1 components, 
unless P = H, in which case M is disconnected by A1+A2 
+^2lAit again a contradiction. 

Thus PAiT^O for every i. Now let P ' c P and be irre-
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ducible between Ai and A3. By the above reasoning 
P ' -^ j^O. Hence Pr — P. Hence P is irreducible between 
each pair of the continua {Ai} and so is indecomposable. 

Finally Pah, as otherwise -P+]CM» would disconnect 
M. Hence P — H and the theorem is proved. 

COROLLARY. An n-coherent bounded continuum can be 
disconnected by n sub-continua f but not by fewer. 

9. THEOREM. Let net3 and let M be a bounded multi-
coherent continuum which cannot be disconnected by any set 
of n — 1 or f ewer sub-continua. Let Ai, A^ • • • , An be proper 
sub-continua of M, let ^J[A i disconnect Mf and let H and K be 
the two indecomposable sub-continua of M which are irre­
ducible between each pair of the continua {Ai}. If every Ai is 
a continuum of condensation, M—H+K and HK — ^loti, 
where each a» is a closed sub-set of Ai. Otherwise there is but 
one continuum Ai which is not a continuum of condensation 
and M may not be the union of two continua whose divisor is 
the sum of two closed sets between which both continua are 
irreducible. 

PROOF. If two of the continua {-4t}, say Ai and -42, were 
not continua of condensation of M, we would have a contra­
diction, since H+K+JjlAt would disconnect M. If every 
Ai is a continuum of condensation, M has the properties 
stated above by §8. If one of the continua {-4*} is not a 
continuum of condensation, an example similar to that of 
§6 shows the truth of the last statement of the theorem. 

COROLLARY. Let M satisfy the hypotheses of the above theorem 
and lie in a plane. If every Ai is a continuum of condensation, 
M is the common frontier of exactly n components of its 
complement. 
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