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where p is any point within S.
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(Read before the American Mathematical Society April 2, 1915.)

The method of proof which is here used depends upon the
properties of continued fractions. Any irrational number v
can be expanded as a simple continued fraction

Cgp L1 1
L as + a3+ as +
Let p./gn be the nth principal convergent,* and P/ be any

intermediate convergent lying between p,—2/qn—s and p,/gn.
Then

P n n—
Pz 2 < i "<y < Boit o P
q”—2 Q Qn+1 Qn—

if n is odd, and

* The notation used here agrees with that of Chrystal’s Algebra,
Vol. II, Chap. XXXII.
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if n is even.
For n either even or odd

P_ s |B_p =IM_’@_@_&»
Q L4 Q Qn Qn—2+kqn-—1 dn

léké (an— 1),

from which is derived
—k

R
Since ¢ = @n-2 + @nGn1 and Q = ¢u_s + kg,_1, we have

= Q+ (@ — B)gn1 < Q@ + angn1 < (an + 1)Q.

Hence
£_ >a”_k>__1._>._____1_____
Q"7 Tt Tl @t2)’
and likewise
Pn 1 1
—— > .
w7 > @(Gntr + @) 7 @i’ (@ntr + 2)
We have then
1
® l P — Qv l > W_i'_—z-)
and
1

| D1 = o1y | > PRNCRE)E

Let us suppose now that a,+ 2 < M for every m, an
hypothesis which is certainly satisfied by every simple quad-
ratic surd (m == Vn)/l, where I, m and n are integers. Then
if P/Q is any convergent, principal or intermediate, it follows
from (1) that

@ 1P- vl >3-

We shall show now that for any two integers whatever,
7 and j,
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1
Mj-

Let P1/Q: and P,/Q, be two successive convergents (principal
or intermediate) such that @1 =j = @:. From the general
theory of continued fractions it is known that P;/Q; and P,/Q,
are closer approximations to ¢ than any other rational frac-
tions whose denominators are less than @,. Consequently

3) li—jrl> 37

5B
j Y Ql Y MQ12 )
and therefore, since j > @1,
. . 1 1
4) I’L"‘J’Y|>|P1-‘Q1’Y[>MQ1>E.
Consider now the series
0 0 xiyj . .
— 0),
2o @+3j>0)

where v is an irrational number which, when expressed as a sim-
ple continued fraction, satisfies the condition that a, + 2 < M
for every n. Then we will have |7 — jy| > 1/(}Mj) and
consequently

—_— < M],
|7 — v
so that
w © P 0 i ©
pIP I M A I SR <<Zx‘
=0 j=0’b - .7’Y i=1 b =0 j= =17 — i=1
+ U S < T o T
S¥ el I—2 @T—y?
which converges if |#| <1 and |y| < 1. Therefore the
series
0 0 xiyj . .
— 0

converges if |z | and |y | are both less than unity, which is
somewhat remarkable in that the denominators, which have
no lower limit, impose no restriction upon the radii of con-
vergence of the series.
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The restrictions upon 4 in the above discussion can be
considerably reduced. It is seen from (1), if P/Q is any
convergent (principal or intermediate), that

1
|P—Q“/l>m,

where a, is the first partial quotient above §. Let us suppose
now that

where S is any positive integer independent of n. Then, since

Q>qu.—-1;
tn+2<MQ@+1---@+S—-1),

1
[P= @[> 300D - QFs— D

Then, just as before, if ¢ and j are any two integers such that
@ = j = @1, we shall have

so that

1

i[> 1P =@ l> sr0q v D@+ 5 -1
> 1
MiG+1)---G+8—-1)
and also
1
— M 1 i+ S —1).
i = J’Yl< GG+ DG+ )
If then v satisfies these new conditions the series
PIDIF - (8= 1)y
But since

o _ 41 S
jz=110+1)-~<2+3—1>y’“1=2z?(1—y>=(1—y>s“

we have

2 & a2y x yMS|
&% T -y

1:=0_7=07'—.7'Y 1=z
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and therefore convergent provided |z | and |y| are both
less than unity.

Corollary.—If the series f(z, y) = > > asa'y’ (147> 0)
i=0 j=0
converges for |z | < 1/¢, |y | < 1/y, so ‘that

N
fev<i—ga—m "

and if v is an irrational number which satisfies (5), then the
series
— o @ s C.
Fla,y) = 2 2 =2y  (i+j>0),

1=0 j=0 * — JV

converges provided |z | < 1/£ and |y | < 1/9. Furthermore

N MS!
F(z, y) <<1__—£;[§“3 Ta-ma- ny)s+1]°

It will perhaps be interesting to note the character of the
condition that a,41 + 2 < Mqu(gn+ 1) -+ (¢gn + S — 1). Let
us suppose that a, = nl. It is found then ¢, = (n — 1)!
(n—2)! ...214 ... It is sufficient then to take M = 1,
S = 2, in order to satisfy the condition. If we suppose that
a, = 10" we find that ¢, = 101101, ... 10 4
«++, and it 1s sufficient to take M = 10, § = 10. If however
we suppose that a, = 10 then g¢,—; = 10(= D=2+t
-+ ---, and there do not exist an M and an S which satisfy
the condition.

Application of these Series.—(a) The function

=3 > <1, lul<1,

m=0n=0 M — NI

where 2 is a complex variable, is a holomorphic function of z
everywhere except in the neighborhood of the positive real
axis, which is a line of essential singularities. Nevertheless
the value of the function is finite for those real, positive
irrational values of z which satisfy the above condition;
furthermore the function is continuous across the real axis
at any one of these points. To show the continuity, let
% = v be such a point and let 2 = v 4 t cos @ + it sin « be a
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straight line which crosses the real axis at ¥ making an angle
o with the real axis. Then

Xmﬂn
(m — ny — nt cos @) — 2(nt sin @)

W =2z

[m — ny — ntcosa] + i(ntsina)

=22 [m — ny — nt cos ] + n?? sin? «

If now we write W = W, + iW,, and for brevity suppose
A\ and p real, we have

m — wy — nt cos «
—_— —_ 2 242 12 2
[m — ny — nt cos a]? + n?? sin?

W1 = 22}\"”/1,”

nit sin «

— m,,n
Wy = ZZN"u [m — ny — nt cos af? + n¥sin’ a*

Consider now
nt sin o

[m — ny — mt cos o] + n*#?sin

As a function of the variable £ this expression has a maximum
or a minimum for 7%’ = (m — ny)%. It has a maximum
equal to

1

(m — ny)[(1 + cos @)? + sin? o]

for nt = (m — ny), and a minimum equal to

-1
(m — ny)[(1 + cos &)? + sin? a]
for nt = — (m — ny). Consequently

| sin e | A"u”

W, < [1 — cos a)? + sin? @] 22 [ m — ny|’

which is absolutely convergent. Whence W5, and in the same
manner Wi, is absolutely and uniformly convergent for all
real values of . Consequently W is a continuous function of g
all along this straight line.

(b) Consider the linear partial differential equation

1) l¢]
e T 7x26—i = p1o + P2,
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where v is a positive irrational number which satisfies the
condition @py1+ 2 < Mqu(gn+ 1)+ (gn+8S—1), and p =
Z3aetxs!, p2 = ZZbiai'xe’, are two convergent power
series in @; and ,.

We will take first the homogeneous equation

08 _ 3 _
T35, — Y5 = pid,

and put ¢ = log ¢. Then

oy oy

gy T Y Gy, = P

The solution of this equation is

aij

Y =22 — x1%22’ + an arbitrary function of (x1%x2),

1=JY
and by the above corollary this series has the same region of
validity as p; itself. It follows therefore that ¢ = ¥ also is
a convergent power series in x; and s, if the arbitrary func-
tion is taken equal to zero.

Returning now to the equation

9¢ 9 _
v P19 + D2,

let us take ¢ = we?, where ¢¥ is the function already deter-
mined, and w is an unknown function. We have then

w Jw o
—_—— —_— Y = a1 ¥e?
T 32 Y, 323 Pak 2Zci 21",

where ZZc¢;x1%,7 is the expansion of p,¢™¥ and is therefore a
convergent series. The solution of this equation is
Cij .. . .
w=2Z ; —jj‘y 21y’ + an arbitrary function of (z1"2s),
which likewise is a convergent series. Consequently ¢
= (4 + w)e¥, where A is an arbitrary function of (x1"xs),
is a solution of the differential equation.

TeE UniveErsiTYy oF CHICAGO,
May 15, 1915.




