
1900.] LINEAR DIFFERENTIAL EQUATIONS. 279 

SOME T H E O R E M S C O N C E R N I N G L I N E A R D I F 
F E R E N T I A L E Q U A T I O N S O F 

T H E SECOND O R D E R . 

BY PROFESSOR MAXIME BÔCHER. 

(Read before the American Mathematical Society, February 24, 1900.) 

I WISH to communicate to the Society certain resul ts a t 
which I have arrived, reserving the proofs and also further 
developments for another occasion. W e shall be concerned 
wi th differential equations whose coefficients are not as
sumed to be analyt ic , and we consider the case in which 
x = 0 is a regular singular point* of the equation, t ha t is, t he 
case in which the equation is of the form : 

« £+(-:+»)£+(;+*)'-* 
where //. and v a re constants , and | px | and x\qx\ can be inte
grated up tö the point x = O.f Fo r the sake of simplicity 
I shall not here refer to t he case in which the exponents of 
t he point x = 0 are equal, a l though this case might easily be 
included. By methods analogous to those which I have 
sketched in a simpler case ( B U L L E T I N , Second Series, Vol
u m e 6, p . 100) we obtain t he 

F I R S T T H E O R E M OF COMPARISON : If the exponents of x = 0 

in (1 ) are real and unequal, andyx is the solution of (1) which cor
responds to the larger exponent, and if y^ vanishes when x = x1 > 0, 
but does not vanish between 0 and xx ; if moreover we have a sec
ond equation of the same form as ( 1 ) which differs from it only 
in that throughout the interval 0 < x = xx the coefficient of y in 
the second equation = v/x'2 + gx (the equality sign not holding 
throughout the whole interval) ; and finally if y2 is the solution of 
this second equation which corresponds to the larger exponent of 
x = 0 ; then y,2 has at least one root in the interval 0 < x <C %v 

I n order to compare t he solutions corresponding to t he 
smaller exponents , we mus t restr ict our differential equa
t ion fur ther by assuming t h a t a constant h < 1 can be found 
such t h a t x*p1 and xk+1ql remain finite as x approaches zero. 
W e will refer to th is as restriction ( A ) . W e then have the 

T H E O R E M : The solution of (1 ) corresponding to the exponent 

* For the meaning of this and other terms used, see my paper in the 
January number of the Transactions, p. 40 ; or an earlier paper in the 
BULLETIN, 2d Series, vol. 5, p. 275. 

f For a more precise statement see my papers just referred to. 
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with the smaller real part can be developed by the method of succes* 
sive approximations exactly as the solution corresponding to the ex
ponent with the larger real part is developed in my article in the 
Transactions, provided that R% < 1 — k, where /. is the differ
ence of the exponents at x = 0 so taken that R x > 0. 

By using th is theorem we deduce the 
SECOND T H E O R E M OF COMPARISON : If the conditions of the 

first theorem of comparison are fulfilled, and if moreover both equa
tions have the same exponents, and both satisfy restriction ( A ) ; 
and if yx and y2 are the solutions corresponding to the smaller ex
ponent ; and if y1 vanishes when x = x1 > 0, but not in the inter
val 0 <,x < xv then y2 will vanish at least once in this interval 
provided that % < 1 — k. 

Fina l ly I should l ike to ment ion a fact which had escaped 
m y notice un t i l after my paper in the Transactions was 
pr in ted , namely t h a t t he class of s ingular points which I 
there discuss under t he name regular can be brought into 
very close connection wi th the class of s ingular points pre
viously studied by Kneser ( Crelleh Journal, Volumes 116,117, 
120 ; Mathematische Annalen, Volume 49) . This can be done 
by replacing the independent variable x, which I use, by 
z where x == e~ *. Al though many of my results can be de
duced by this method from those previously found by Kneser 
and vice versa, t he resul ts in the two cases are by no means 
coextensive, nor does ei ther include the other. I shall come 
back to th is mat te r more a t length on a subsequent occa
sion. I t m a y be noted t h a t t he method of successive ap
proximat ions can also be applied directly to Knese r ' s case. 
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B E T W E E N ZERO A N D O N E . 
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(Read before the American Mathematical Society, February 24, 1900.) 

I N t he May number of t h e B U L L E T I N for 1897, t he wri ter 
gave a solution of the problem of enumera t ing the real roots 
of F(a, /?, y, x) between zero and one which depended on 
two well known theorems of S turm—there referred to as [A] 


