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év -f 1, 4v + 3. When n = év + 2, wo odW branch can 
exist. Exceptional are the cases when w = 3, 4, 5, the maxi­
mum number of odd branches being 1, 2, 3, respectively. Then, 
by applying Abel's theorem for elliptic functions, he proves, 
for every value of n, the existence of curves with the maximum 
number of real odd branches. 

L. S. HULBURT. 
WORCESTER, MASS., April 5, 1892. 

FINAL FOEMULAS FOE THE ALGEBRAIC 
SOLUTION OF QUAETIO EQUATIONS.* 

BY MANSFIELD MERRIMAN, PH.D. 

I. F I N A L formulas for the algebraic solution of quadratic 
and cubic equations are well known. Such formulas exhibit 
the roots in their true typical forms, and lead to ready and 
exact numerical solutions whenever the given equations do 
not fall under the irreducible case. But for the quartic, or 
biquadratic, equation the books on algebra do not give similar 
final formulas. The solution of the quartic has been known 
since 1540, and numerous methods have been deduced for its 
algebraic resolution, yet in no case does this appear to have 
been completed in final practical shape. It is the object of 
this paper to state the final solution in the form of definite 
formulas. 

II. The expression of the roots of the quartic is easily made 
in terms of the roots of a resolvent cubic, and the cubic itself 
is solved without difficulty. Yet great practical difficulty 
exists in treating a numerical equation on account of the 
presence of imaginaries in the roots of the resolvent. Wit­
ness the following example which is generally given to illus­
trate the method in connection with Euler's resolvent : 

" Let it be required to determine the roots of the biquad­
ratic equation, 

xK - 25x* + ßOx - 36 = 0. 

By comparing this with the general form the cubic equation 
to be resolved is, 

f _ 5 0 / + 72% - 3600 = 0 

* Abstract of a paper presented to the Society at the meeting of May 
7, 1892. 
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the roots of which arejfound, by the rules for cubics, to be 9, 
16 and 25, so that A/\}X = 3, ^y2 = 4 , and ^/yz = 5. There­
fore, since the coefficient of x is positive, 

< & ! = : £ ( — 3 - 4 - 5 ) = - 6 
â  = J ( - 3 4-4 + 5 ) = + 3 
<*==! ( + 8 - 4 + 5 ) = + 2 
a?4 = J ( + 8 + 4 - 6 ) = + l 

which are the four roots of the proposed equation.*' 

III . Now all that can be said of this numerical work is that 
it is a verifying instance. I t is not an algebraic solution in 
any sense of the word, for, as both the quartic and its cubic 
resolvent have real roots, this is the irreducible case where the 
numerical solution fails. In Euler's Algebra, 1774, where 
this example was first given, the roots of the cubic are ob­
tained by the use of trigonometrical tables, but in subsequent 
quotations it is usually merely stated that they are found " by 
the rules for cubics." This numerical example has certainly 
no place in the exemplification of the algebraic solution of the 
quartic equation, and yet it is so given in most mathematical 
dictionaries and it may also be seen in the article Algebra in 
the last edition of the Encyclopaedia Britannica. 

As this Bulletin is intended for historical and critical re­
marks rather than for original investigations it will not be 
well to here set forth the method whereby I have brought the 
solution into such shape as to produce final practical formulas. 
But the results may perhaps be allowed place, as their state­
ment is very brief. 

IV. The following are final formulas for the algebraic solu­
tion of the quartic equation, 

x* + kax% + 68a?a + icx + d = 0. 

First, let m and n be determined by 

m = a?d — 2abc + #3 — bd + c* 
n = {¥ + \d - §ac)\ 

Secondly, let s and t be found from 

s = % (m + V m3 — n)* 

t = J (m — Vm2 — n)^ 
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Thirdly, let u> v> and w be derived by, 

u = (a? - b) - (s + 0 
v = 2 ( a 2 ~ 5 ) ~ ( H 0 
W = t,2 + 3 (* - t)\ 

Then the four roots of the given quartic are expressed by 
the formulas, 

Cj = — a+Vu + y v + V w 

x^~ — a+ */ u — \ v + V w 

x9=z — a — Vu + Vv — \/ w 

*s/u — y v — *s/1 # 4 = — a — yu — y v — y w 

in which the signs before the square roots are to be used as 
written provided 2#3 — 3ab + c is negative, but if this is 
positive all radicals except V w are to be reversed in sign. 

V. As a numerical example, let the equation to be solved 
be the complete quartic, 

xA - Sx" - 10#2 -f 56a + 192 = 0. 

Here, by comparing the coefficients with the given form, 

« = = - 2 , & = — •&, c = + 14, df = + 192. 

From these are first computed, 

m — 3 2 0 2 S w — 8 2 2 6 5 6 9 5 3 
m 2T~> n Ï29 > 

and next in order are found, 

5 = 5.983, £ = 4.350. 

Accordingly s + t is 10.333, and s — t is 1.633, and then 

u = 16, v = 1, w = 9. 

Now as 2a3 — Sab + £ has a negative value, the formulas give 

^ = 2 + 4 + Vl + 3 = + 8 
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#2 = 2 + 4 — V 1 + 3 = + 4 

x3 = 2 — 4 + V l — 3 = — 2 + V — 2 

#4 = 2 — 4 - A / 1 - 3 = - 2 - V" 1 7 ^ 

which are the simplest expressions for the four roots. 

As a second example let the proposed quartic equation be 
x* + Vx + 6 = 0. Here a = 0, b = 0, c = j , and d = 6. 
Then ra =± f | and w = 8. Next in order, s = 0.8091 and 
£ = 0.6180, whence u = + 1.427, t> = - 1.427 and w = 2.146. 
Now, c being positive, the roots are 

xx = - 1.194 - V - 1.427 + 1.465 = - 1.388 

a2 = - 1.194 + V - 1.427 + 1.465 = - 1.000 

xz = + 1.194 - V - 1.427 - 1.465 

a?4 = + 1.194 + V - 1-^7 - 1.465 

which closely satisfy the given equation. 

VI. The above formulas for the algebraic solution of the 
quartic equation are final in the sense that, like those so well 
known for the quadratic and cubic, they exhibit true symbolic 
representations of the roots in terms oi the given coefficients, 
and that they are not capable of further essential simplifica­
tion. They furnish the means of the discussion of all the 
circumstances concerning the occurrence of equal roots in the 
quartic, as well as of cases where the roots are connected by a 
known relation. They will be found to embrace the solution 
of all special and critical cases. For instance, applied to the 
binomial x* — 1 = 0 they give the roots x1 = + 1, x2 = — 1, 
xs = 4- V-— 1 and x4 = — V— 1« Again, if applied to the 
forma;4 -f 65#2 + d = 0, they give the same solution as that by 
quadratics, for u becomes zero, v becomes — 3# and w reduces 
to W — d. Lastly, they furnish ready and exact numerical 
solutions whenever the proposed equation has two real and 
two imaginary roots, or when two or more roots are equal. If 
there be either four unequal real roots or four unequal 
imaginary roots, the irreducible case arises where m? — n be­
comes negative, and the formulas, although correctly repre­
senting the roots, fail to furnish numerical solutions in as 
simple forms as desired. 

LEHIGH UNIVERSITY, March, 1892. 


