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A new approach to the N-particle
problem in QM

JOACHIM SCHROTER

In this paper the old problem of determining the discrete spectrum
of a multi-particle Hamiltonian is reconsidered. The aim is to bring
a fermionic Hamiltonian for arbitrary numbers N of particles by
analytical means into a shape such that modern numerical methods
can successfully be applied. For this purpose the Cook-Schroeck
Formalism is taken as starting point. This includes the use of the
occupation number representation. It is shown that the N-particle
Hamiltonian is determined in a canonical way by a fictional 2-
particle Hamiltonian. A special approximation of this 2-particle
operator delivers an approximation of the N-particle Hamiltonian,
which is the orthogonal sum of finite dimensional operators. A
complete classification of the matrices of these operators is given.
Finally the method presented here is formulated as a work program
for practical applications. The connection with other methods for
solving the same problem is discussed.

1. Introduction

One of the central problems of many-particle quantum mechanics, if not its
main problem, is calculating the spectral representation of a many-particle
Hamiltonian, which typically has the form

N 1 N
(1.1) HN:ZKJ-JrQ;ij.
J J

Here K; contains the kinetic energy of particle j and the external fields
acting upon j, and Wy, is the interaction of the particles j and k. As is
well-known, this problem has a solution if Wj, = 0. On the other hand, if
Wiy does not vanish, the problem is “almost” unsolvable in a strict sense.
But the situation is not hopeless. For, what is really needed for practical
purposes, is a “good” approximate solution.
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In this last field a tremendous work has been done, both analytically and
numerically. Its mainstreams are well-known under the labels Thomas-Fermi
method ([1],[2]), Hartree-Fock method ([3],[4]), density functional theory
([5],[6]), configuration interaction method, Haken’s method and others. With
respect to these methods and their applications and refinements I refer e.g.
to the following books [7], [8], [9]. There in addition an abundance of papers
and monographs is cited, where the methods are also described in detail.

A common feature of these procedures is that they contain one step
in which a one-particle approximation of the N-particle problem is carried
through. With the methods of Thomas-Fermi and of Hartree-Fock it is all,
what is done. With the other methods the described first step is followed by
other ones thereby improving the accuracy of approximation. Especially, by
combining analytical and numerical mathematics great progress is achieved.
Today problems can be solved which were regarded as unsolvable few decades
ago.

Nevertheless, the question is obvious, whether there are other approaches
to a solution of the N-particle problem in quantum mechanics than those
mentioned above. It is the aim of this paper to present such a new procedure.
For this purpose I need some mathematical tools which, though they are
widely known, I have briefly described in Appendix A.1l. In particular the
reader will find all the notation which is used throughout the text. (More
details can be found in [10], [11].) The basic idea of the procedure as well as
the main results are sketched in Section 2.3.

2. The Structure of IN-Particle Hamiltonians

2.1: In what follows only systems of particles of the same kind are consid-
ered. When one starts studying a concrete sytem, its Hamiltonian is usually
defined using the position-spin representation, i.e. the Hamiltonian is an
operator in the Hilbert space @ (L2(R3) ® 8'), where  and ® denote
tensor products, and where S' is the complex vector space of spin func-
tions (cf. Section A.2.1). For explicit calculations this representation is very
useful. But the aim of this paper is primarily a structural analysis of the
Hamiltonians of a certain class of systems, and in this case a more abstract
formalism is adequate. It turns out that the Cook-Schroeck formalism (cf.
Appendix A.1) is very useful for this purpose.

Then our starting point is an arbitrary initial Hamiltonian of the
shape (1.1), which is denoted Hy and defined in a Hilbert space HY :=
®N H', where H! is the Hilbert space of the corresponding one-particle
System.
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Now let K be the operator defined in H' which contains the kinetic
energy of one particle of a certain kind together with the action of the
external fields. Moreover, let W be that operator in H? which represents
the interaction of two particles of the kind considered. Then, using For-
mula (A.1.25), Hy defined in H is given by

(2.1) Hy = Qn(K) + Qn (W),
where

On(K) = ((N-1)) > UP)Ke10--0 )U(P),
PeSy

QW)= Q2N -2)' > UP)Wele- - @ 1)U(P),
PeSn

(2.2)

and U(P) is the unitary permutation operator defined by the particle per-
mutation P. Thus, using Formula (A.1.27), the operator Hy specified for
Bosons or Fermions reads

(2.3) Hy: = O%(K) + Qn(W).

Here the definition A% := SﬁASﬁ for an arbitrary operator A in HY is
applied, where Sf, is the symmetrizer (+) resp. the antisymmetrizer (-).
Then AT is defined in the Hilbert space HY = SE[HV].

It is well-known that the structure of H ]j\[, given by (2.3) is not helpful for
studying its spectral problem, because the operators QF, (K) and Q% (W) do
not commute. This suggests the question if it is possible to find an operator
T acting in HM, 1 < M < N such that

(2.4) HE = QE(T).

Because the two-particle operator W cannot be represented by a one-particle
operator it holds that M > 2. If the Hamiltonians as well as the operators
K and W are selfadjoint, it turns out that M = 2 is possible as shown by
the following

Proposition 2.1. Let

(2.5) Hy(y)=vK&®1)+vy1K)+ W
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so that Ho(v) is defined in H?, and let vo := (N — 1)~1. Then
gt ot (7 7+ + (7
(26)  Hy=Qy(Ha(w)) and Hy # Qy(Ha(v)), v # 0.
Proof. Using (A.1.28) yields
ON(K)=NSE(K®l®- - ®1)S%

:1(N>S]iv((K®1)®~-®1)Sﬁ

N-—-1\2
2.7
(2.7) +N1_1<]2V>575((1®K)®---®1)Sﬁ
_ ﬁ(gﬁ(}m 1)+ 01 @ K)).

Since by supposition Hy(v), K and W are selfadjoint, (A.1.30) can be applied
so that with the help of (2.7) the following relation holds:

O (Hz(7)) D YN (K © 1) + Q5 (1 @ K) + Qy(W)

(2.8) =7 (N — DOE(K) + QE (W),

The term in the last line of (2.8) is selfadjoint because it is the Hamiltonian
of a (possibly fictional) N-particle system. Since also Q7 (Ha(7)) is selfad-
joint (cf. Proposition A.1.11), relation (2.8) is an equation, from which the
proposition follows immediately. O

2.2: This result is somewhat surprising. The initial Hamiltonian ﬁ]j\:] is not
determined by Hy(1), i.e. by a Hamiltonian of a system of two particles
of the same kind, which is described by HJJ\[, Rather flf, is determined by
.FIQ('YO),'YJ ' — N — 1, which is a two-particle Hamiltonian for particles of
mass (N — 1)mg and external fields weakened by a factor (N —1)~!, but
with the same interaction W as the particles described by ﬁﬁ, which are
supposed to have mass my.

The system described by 17{2("}’0) is fictional. I call it dummy system and
the operator Ha (7o) dummy Hamiltonian.

In Appendix A.2, two simple examples are given describing dummy
helium and a solid with two dummy electrons.

In what follows, the operator ﬁg('y),*y # 79 is not needed anymore.
Therefore it is convenient to use the notation I:IQ('yo) = Hyy.

Corollary 2.2. Because of (A.1.81) it follows that

(2.9) HE = Q% (Hao) = O (HE) .
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2.3: Formula (2.9) suggests the basic idea of this paper: find an approxima-
tion of f_I]j\[, via an approximation of f_IQjB such that the spectral problem of
flﬁ can be solved approximately.

The details of this program are carried out for fermions in four steps,
which correspond to the Sections 3 to 6.

Section 3 contains a formal analysis of a restriction Hy of the initial
Hamiltonian H ~- The aim is expressing the matrix elements of H in terms
of the matrix elements of the restricted dummy operator Hj,,, which is
bounded. The results are summarized in Proposition 3.10.

In order to use them for the present purposes, a properly chosen orthonor-
mal system O; in the one-particle Hilbert space H' is needed. In Section 4
arguments are given that such a system is obtained via the Hartree-Fock
procedure applied to Hz_o- Thus the restrictions used in Section 3 can be
justified. Moreover, a heuristic argumentation suggests that H,, can be
“truncated” such that an operator I;TQ_O results, which is, depending on a
parameter o € N, an approximation of Hyj.

In Section 5 it is shown that the operators ﬁz_o converge strongly to Hy,
if @« — oo. This has the consequence that the operators E[]?, =Qy (f[z_o) also
converge strongly to H ;. Therefore it is possible to apply the results of the
theory of spectral approximation (cf. e.g. [12],[13]).

Finally, in Section 6 an analysis of the operators ﬁ;, is given. It is shown
that they are block-diagonal, i.e. their matrices with respect to the chosen
orthogonal basis are orthogonal sums of finite dimensional matrices, the
structure of which are analyzed in detail. At this point numerical methods
can come into play.

In Section 7 the results of the previous sections are summarized in the
form of a work program, which can be regarded as the main result of this

paper.

3. The Hamiltonian H and its Matrix
3.1. Preliminary remarks

3.1.1: Since in what follows only such systems are considered, which consist
of fermions of the same kind, the notation introduced in Appendix A.1 can
be used throughout. The Hamiltonians of these systems usually have the
following property.

1.) They are unbounded, but bounded from below.
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2.) Their spectrum below a certain value € is discrete, otherwise contin-
uous with possibly inserted discrete values.

Since in this paper we are only interested in the discrete spectrum out-
side the continuum, i.e. in the bound states of the system, the question is
obvious, whether it is possible to restrict the spectral problem to the discrete
eigenvalues. In other words: is it possible to realize the following

Assumption 3.1. There is a subspace H!' C H' such that the restriction
Hy, of Hyy to the subspace H2 C H?2 is bounded (so that it can be defined
on H?), and has the same discrete eigenvalues as H,, outside its continuous
spectrum.

In this section it is assumed that such a subspace H! C H! exists. Then
Hy = Qy(Hyp) is bounded and defined on #%. This operator is the subject
studied in the following sections. In Section 4 arguments are given that the
assumption can be realized.

3.1.2: The starting point for the further considerations is the following

Notation 3.2. 1.) Let By = {¢s : & € N} be an arbitrary ONB in H!, and
let

(3.1) Prosring = Py @+ @ ey, € HM

with 2< M < N and x; € N,j=1,...,M. Then an ONB B;, ¢ HM is
defined by the vectors
(3.2) v = VM!S, bnynn

Ki1"Km

with S}, being the antisymmetrizer (cf. (A.1.6)).

2.) For each sequence k1 ---kps of indices there is an infinite sequence
k := (k1, ko, ks,...,) of so called ocupation numbers k, defined by

M
(3.3) k=) O,
j=1

Hence k,, = 1 or 0. Moreover there is a one-to-one correspondence

(3.4) /%(—)Hl'”FLM.
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Thus we can write

(3.5) ot = U (k).

K1 KM

3.) The term “sequence of occupation numbers” is abbreviated by bz f
and the set of all bz f, which have exactly M numbers 1 is denoted BZ F),;.
The set BZF comprises all bz f.

Now let { -,- )2 be the inner product in H? and let

(3.6) E(k,m) = (U5 (k), Hyo Wy (11))2

be the matrix elements of the dummy Hamiltonian. Then the matrix repre-
sentation of H,, reads:

(3.7) Hyy = > > " E(k, )y (k) (T3 (1), - )2 .
Eoom

Using the abbreviation

(3.8) Uy (k) (W (), - )2 =: T(k, )
together with Formula (A.1.28) yields:
N\ )
(3.9) HN:<2>SN(H20®1®'“®1)SN
N L o3 - 7. o5 —
- <2> ZZE(’%m)SN(T(kjm) 21®---91)Sy .
Eoom

Remark 3.3. Here and in what follows the sums ) J; and ) are under-
stood to run over all bz f, which occur in the elements of B, . Each of these
sums can be arbitrarily ordered because each ordering of the k or the m
yields an ONB. Since H, is assumed to be bounded the sums ) J; and }_ .,
can be interchanged.

Notation 3.4. 1.) As usual the abbreviation
(3.10) (A Hy|R) := (W (7)), Hy Wy (7))

is used.

2.) Let n € BZF ;. In the present case j =2 or j = N, and in the next
section also j = M is used with 2 < M < N. But irrespective of these special
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choices, for each two bzf an addition and a subtraction can be defined by
adding, respectively by subtracting their components. Since these operations
on two bz f not necessarily result in a bz f the following notation is used (cf.
section(A.1.3)): “n+m is a bzf” or “n+m € BZF”. These expressions
indicate that the sequence 71 4+ m does not contain the numbers 2 or —1.

3.2. The basic lemma
3.2.1: It will be shown that the following proposition holds.

Lemma 3.5. There is a function C such that for each triple (n, l%,rh) of
baf with 3, na = N,> sks =3 53mpg =2 the relations

e 41, if h—rm € BZF and i+ k —m € BZFy
3.11) C(h, k,m) = ) -
(3.11) C(A, k,m) {0, if i — 1 ¢ BZF or i+ k — 1 ¢ BZFy

hold, and that moreover

(3.12) (W [Hylh)y =" C(h, k,m)E(k, m)s(d/, n+ k —m),

Eom

where § is the Kronecker symbol and where E(k, ) is defined by (3.6) (cf.
also Remark 3.3).

From Lemma 3.5 one can draw the following

Conclusion 3.6. If i and @/ are given, (?/|Hy|h) can be unequal zero only
ifin—1m € BZF N_o and i/ — ke BZFpn_s. These relations can be satisfied
only for (];[) bzf m and k. Hence the sums in (3.12) have finitely many
summands.

3.2.2: Though the lemma is used in this paper solely in the above version,
for later purposes a generalization of it will be proved in the next sections.
(The expenditure is the same in both cases.) In order to do so, some notation
is introduced.

Let 2 < M < N and let Ay be a bounded operator defined on H,, such
that

(3.13) Ay = Oy (Ax)
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is defined on #Y. The matrix elements of Ay with respect of B, are again
denoted E(k,m) so that here

(3.14) > ka=Y ma=M

Moreover let
(3.15) (0| Anli) = (U5 (), AN W7 ().
Finally, the function C is defined as in Lemma 3.2 but with condition (3.14).

Proposition 3.7. The relation

(3.16) | An|n) = ZZan k,m)o(i/, i+ k — 1)

holds. (Cf. also Remark 3.3 and Conclusion 3.6.)

3.3. Proof of Formula (3.16)

3.3.1: The starting point is Formula (A.1.28) and the analogue to For-
mula (3.9). Thus

(3.17) (W |An|n) = (Z) SN Bk, m)Z(0 h+ k1),

Eom
where

(3.18) Z(# iy ki) = (U (R)), (T(k,m) ©1@ - @ 1)Uy (7).

~

Here the operator T'(k,m) is defined by strict analogy with (3.8). Thus

(3.19)  T(k,1n) = Uy (k)(Ty, (), + )
= (M)72 Y 0T (@ () (Dpg sty M -

QESM

where pi1, ...,y > m with gy < -+ < s is the correspondence defined by
(A.1.13). Now using the correspondence vy, ...,vy <> with ) < -+ < vy
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one finds that

(3.20) (T(k, ) @1®--- @ 1)Uy (7) = Uy, (k) @ x(7, ),
where

(3.21) X(#,7n) = (NIM)72 > 07 (P)o(Q)

PeSy

QESM
M
H<¢#Q71(J‘)7¢VP71(7)>1 Puptqarinvp-10m
J=1

Thus finally we obtain the relation
(3.22) Z(0 i, ki) = (U (A1), Uy (k) @ x (7, ).
3.3.2: In this subsection the following proposition is proved:

(3.23) x(f, 1) # 0,

if and only if n —m € BZF.

Firstly it is assumed that n — m ¢ BZF. Then there is a number « such
that m, =1 and n, = 0. Consequently, for each @ € Sy there is an r for
which Q~!(r) = a holds. But for each P € Sy the relation P~1(r) # « is
true. Thus for each pair P, Q

M

(3.24) H<¢ﬂmlu>’¢”wlu>>1 =0

Jj=1

so that also x(n,m) = 0.
Secondly let us assume that 7 — m € BZF'. Then for each a with my =1
also n, = 1 holds. Consequently one has to look for all pairs ), P such that

M

(3.25) | J R T §

=1

For all other pairs @, P the product in (3.25) is zero because (¢, ¢)1 = Iy
Thus (3.25) is equivalent to

(3.26) ILLQ—I(j) = Vp-1(5), j = 1, ‘e ,M.
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In order to satisfy (3.26), for a given @ € Sys the permutation P € Sy must
be such that the pi,...,pup, which by presumption occur in vy, ..., v,
occupy the places 1,..., M being ordered by Q. All these pairs @, P can be
explicitly indicated by the following procedure.

Let S € Sy be that permutation for which

(3.27) (1/571(1), . ,VS—I(N)) = (W1yeey M 01y -« s ON—M )5

where g1, ..., 0n—n are all those vy, ...,vy which are unequal puq, ..., pas,
and in addition let 1 < --- < on—_ps. Then with the help of (A.1.7) one finds

(3.28) Uy () = 07 (S)VNISRU(S) by, in
o (S)VNSNGpir - pirror--ox

so that (3.21) now reads

(3.29)  x(f,m) = (NIM!) 20~ Za
M
H<¢“Q*1<1)’¢“P*1u>> (ZS@P*I<M+1)—M"'9P*1<N—M)'
j=1

It follows from (3.29) that only those pairs @, P give nonzero summands for
which P has the form:

M+1,...,N 1,....M
sy p=(e N ) ()

where R € Sy_ ) is an arbitrary permutation. Hence, for a given @) there
are (N — M)! permutations P of the form (3.30) such that (3.26) is satisfied.

Since R acts on (Vg-1(ar41),--->Vs-1(n)) = (01,---,0n—n) one finally
obtains
(3.31)  x(f,m) = (NM!)~ Za R)o™(Q)* G 11y 0n 10 an

_ (ﬁ)éo—wm_M(ﬁ )

for all pairs n,m with n —m € BZF. Hence the proof of relation (3.23) is
complete, and in addition the explicit form of x(n,m) is obtained.
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3.3.3: Inserting (3.31) into (3.20) and (3.18) yields
(3.32)
N

2 ko) = (1) o (SHUR(), Sy (V3,0 & W — )

With the help of (A.1.7) and by the correspondence k < (K1, ..., k) it
follows that

(3.33) Sy (T (k) @ Wy, (i — 1))
= (MI(N = M))) "2 S5 (hny ias ® Poregn— )

_ (AZ)_;U-(T)%(& +h— ),

where T' € Sy is the permutation which lines up the sequence (ky, ..., ks,
01,-..,0N—Ar) in its natural order. Thus one obtains

(3.34) AGCRNR D,

It follows that Z(i/,7,k,1m) # 0 exactly if 2 —m € BZF, a+k—m e
BZFy and 7' = + k — .

3.3.4: Since the permutations S and T are uniquely defined by the sequences
of indices (v1,...,vn), (1, .., piar) and (K1, . . ., kar) or equivalently by 7, 17
and k it is obvious to define the function C' by

o (T-S)==+1, if A —m e BZF and
(3.35) C(n, k,mh) = h+k—1me BZFy
0, otherwise.

Now inserting (3.34) together with (3.35) into (3.17) Formula (3.16) is seen
to hold, thus also Lemma (3.5). With respect to the sums ) ; and > . I
refer to Remark 3.3 and Conclusion 3.6.
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3.4. An algorithm for C(n, k, ™)

3.4.1: The question to be answered in this section reads: is there a finite
procedure for calculating C’(ﬁ,l%,fn) if A, k,m are given bzf. As in Sec-
tion 3.3 the more general case 2 < M < N is considered.

Since by definition C/(f, k,7m) = 0 if the condition

(3.36) A—meBZF and f+k—1me BZFy
does not hold, only the case needs to be considered that (3.36) is true. Then
(3.37) Clak,m) =0 (T-8) = (=1)T(=1)/)

where S is defined by (3.27) and T by (3.33). Moreover, J(P) here means
the number of inversions of a permutation P (cf. e.g. (A.1.6)).

3.4.2: To begin with, J(S) is to be calculated. Let 7 be given. Then exactly
N numbers v;,¢ = 1,..., N exist such that n,, = land v; < --- < vy. Hence
n <> (v1,...,vn). Likewise, if 1 is given, exactly M numbers p1,j =1,..., M
exist such that m,, =1 and py <--- < .

Because of n — 1 € BZF for each j € {1,...,M} there is an r; such
that

(3.38) pj=v,, and j<r;.
The permutation S is defined by (3.27), i.e.

(3.39) (Vs-1(1))s - - Vs-1(N)) = (K15 -+ s ML, 015+ -+, ON— M)

and o1 < -+ < pn—p. Then the right-hand side of (3.39) can be generated

from (v1,...,vn) by the following procedure.

First, pu1 = vy, is positioned at the r; — th place in (v1,...,vn). There-
fore one needs r; — 1 inversions to bring u; at the first place. Thereby the
positions of ug, ..., uar in (v1,...,vy) are not changed.

Second, i3 = v, is positioned at the 75" place in (v1,...,vN) so that one

needs o — 2 inversions to bring ps at the second place. Again the positions
of us, ..., up are not changed.

Thus, in order to bring p; = v, to position j one needs r; — j inversions.
Therefore the total number of inversions, which realize the permutation S
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n (3.39), is given by

M
(3.40) Z

3.4.3: Now, J(T) is to be determined. This task is the following. Let n — m
and k be given. Then n — m € BZF corresponds to the sequence of indices
(01,...,0N—n) and k to the sequence (K1,...,knzm, ). Thus the sequence
of indices (k1,...,KM,01,---,O0N—M), brought to its natural order by the
permutation 7" and denoted (v, ...,V ), corresponds to 7 + k—m € BZF.
Hence

M(M +1).

N)\»a

(3.41) Wray)s - Vpvy) = (K1s- o KM, 015 -5 ON—M)-

Therefore, because n + k—m is given, also (v{,...,V)) is determined so
that for each j € {1,..., M} the position s; of k; in (vf,...,V}) can be
read off with the help of the relations

(3.42) Kj = V;J and j < s; .

Using the same arguments as in Section 3.4.2 one obtains for 7! the result
(3.43) J(T) = Z sj— =M(M +1).

3.4.4: Finally, the algorithm for C(7, k ,7) can be formulated thus:

15t step: Take bzf ﬁ,l% and 7 which fulfil the equations Y n, = N,
Y ko =>,mq =M, and test Condition (3.36). If it is satisfied go to the
next step. If it is not, define C(n, k, m) = 0, so that the task has been done.

274 step: Take 7,7 and determine the corresponding sequences of
indices (v1,...,vn) and (p1, . . ., par). Then from (3.38) read off the numbers
ri,j=1,. M and calculate J(S5) with the help of (3.40).

grd step Take 7 + k — 7 and k and determine the corresponding se-
quences (], ...,V ) and (k1,...,Kp). Then from (3.42) read off the num-
bers s;,j =1,...,M and calculate J(T') with the help of (3.43).

4™ step: Calculate C(7, k, ) using (3.37).

The coefficients C'(n, /%, m) do not depend on the specific physical system,
for which they are used, rather they are completely combinatorial. In other
words, they result solely from the algebraic structure imposed on the set
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BZF. Therefore they can be computationally calculated once for all. A
trivial special result is the following.
If k = 7, then T~ = S so that

(3.44) C(h, 1, 1) = 1.
3.5. The final form of (?/|Hy|n)

3.5.1: For the sake of simplicity in this section only the special case M = 2
is considered. This does not entail any loss, because the Hamiltonians we
are interested in this paper are supposed to have two-particle interactions.
The starting point for this section therefore is (3.12). Moreover it is assumed
that the matrix elements E(k, ) of the dummy Hamiltonian Hj, and the
coefficients C(7, k, ) are given.

Now the problem to be solved reads as follows. Let the pair ', 7 be given.
Then determine those pairs k,m for which the summands in ) ; and ).
do not vanish on general grounds.

It is known from the previous considerations that for given 7/, 7 only
those k£ and m in (3.12) are relevant which satisfy the condition

(3.45) n—1meBZF, a+k—meBZFy, @ =n+k—nm,
hence also
(3.46) W —keBZF, W —n=k—nmn.

Consequently, the sums in (3.12) have only finitely many summands as
already remarked in Conclusion 3.3.

3.5.2: In this section a disjoint dissection of all possible pairs 12:, m for given
7/, 7 will be defined. For this purpose it is useful to introduce some new

Notation 3.8. Let k,im € BZF, so that Y ko = Y. mg = 2 is satisfied.
Then the sequence d =k — 1 is called differences sequence. The set of all
difference sequences is denoted D.

Consequently there are only three types D,, 0 = 0, 1,2 of possible d gen-
eratedbya?:l;:—m:

Dy contains only one element 6 := (0,...,0,...), and 0 is generated by
all k,m with k = .
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D; contains d = (1,—1,0,...) and all permutations of it. They are gen-
erated by all l;‘,m such that for exactly one « the relation ky =mq =1
holds.

D, contains d = (1,1,—1,-1,0,...) and all permutations of it. They are
generated by all l%, m for which no « exists such that k, = mqy = 1.

It follows immediately that the sets Dy, D1, Do, are disjoint and that
(347) D = Dy, UD; U Ds.
Many results of the next sections are based on the following

Proposition 3.9. For each pair 7,1 € BZFy there is a set

(3.48) {di,...,d} c Dy
such that
(3.49) A =h+d +-+dp

The number L is uniquely determined by 0’ and f, but the difference sequences
dj,j=1,...,L are not.

Proof. From the pair 7/, 7 one forms the matrix

L n . niy,na,...
330) o (1) = ().

For each column of X the following alternative holds:

N 0 1 0 1
(3.51) (n’g> = <0> or <1> or <1> or <0 .
Because 7 and 7’ both contain N numbers 1, there are equally many columns
((1)) and ((1)) Let L by the number of each of the two kinds. Moreover let

oj and 0j, j = 1,..., L be numberings of the indices of these columns such
that

Ny, 0 Ner. 1
52 T = d (V) =1(,)
@ ()= () = C2)=G)
Then for each pair of indices 0j,05,5 =1,..., L define dAj = (dj1,dj2,...) by
djgj = 1, djgj = —1 and dja = O,CY 75 05,035
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It follows from (3.52) that

>

(3.53) i+

.

. / /
—(...,na,...,ngj,...,naj,...,nﬁ,...),

if p; < 0}, and analogously, if 0; < p;.

Since j # ¢ implies g; # 04,0} 7& o; the addition of d; to A + dj can be
carried through without altering nQ and n/, , in (3.53). Thus, finally one
ends up with (3.49) so that the proposition is proved ]

Three immediate consequences are useful later on.

1.) For each pair 4,j with ¢ # j the relation d; + afj € D5 holds.
2.) W' —n € D, exactly if L = p, 0 =0,1,2.
3.) 7' —n ¢ D exactly if L > 3.

3.5.3: Using the results of the previous sections the problem formulated
in 3.5.1 now can be solved by giving a disjoint classification of the matrix
elements defined by (3.12). According to (3.47) four cases have to be taken
into account.

1% case: 7/ —n ¢ D. It follows immediately from (3.12) that

(3.54) (| Hy|ny = 0.

274 case: 7/ — i € Dy, i.e. i’ = f. Then (A|Hy|n) is unequal zero only,
if also k = . Hence the double sum Zk >, reduces to a single sum ) ..
This sum runs over all m for which 7 — m € BZF holds. Since © contains
N numbers 1 there are exactly ( ) different sequences m such that this
condition is satisfied. Because of C'(n,m,m) = 1, define

(3.55) E(R,0) = ZE(m,m)

for all m with n —m € BZF. Thus finally
(3.56) (n|Hy|n) = E(n,0) .

374 case: 7/ —f =d, € Dy. Hence 7 +dy € BZF. Then (W/|Hy|n) is
unequal zero only, if k = 1 + dy. Therefore the double sum D i Doy, again
reduces to a single sum ). which runs over all 77 so that 7 —m € BZF
and 7 + d; € BZF. These m can be characterized as follows.

Let 0?1 be given by d1,, = 1,d1, = —1and dig = 0, 8 # &, u. Hence n,, = 0
and n, = 1. Then m+d; € BZF if and only if m,; =0 and m, =1. In



1304 Joachim Schroter

order to satisfy the condition 7 —m € BZF it is necessary and sufficient
that n, = 1 and that there is an o # &, u, for which n, =1 and m, =1
holds. Since n,, = 0 and n,, = 1 there are N — 1 numbers o # &, j1 for which
ne = 1 so that ) . runs over all /i for which m, = m, = 1. Now define

(3.57) E(R,dy) = Cli,mn+ di,h)E(n + dy, ).
Then
(3.58) (/| Hy|7) = E(, dy),

ifﬁ/*n—i-dAl, dAl €D X
4" case: 2 —h =dy € Dg Let dg be defined by da, = doy = 1,dg, =
dg, = —1. Then k and 7 with k — 1 = dg are uniquely determined by k., =

kx =1and m, =m, = 1. Hence the ) ; > reduces to a single term. Now
define

(3.59) E(n, dy) = C(, 1+ do, M) E(1h + dy, )

where 7 is determined by m,, = m, = 1. Then, if #’ — 7 = dy € Dy
(3.60) (W |Hy|R) = E(i, da).

3.5.4: Summing up one obtains

Proposition 3.10. 1.) The matriz elements of the fermionic Hamiltonian
Hy defined in Assumption 3.1 (Section 3.1.1.) are given by

e [ E(A,A —R), if W —heD
soy iyl ={ AN
and
(3.62) EM ,n—n)=EM,A —n).

2.) Let be given n € BZF and d e D so that i+ d € BZF. Then it fol-
lows from Formula (3.12) that

(3.63) E(n,d) = C(h, i+ d,m)E(h +d,m) ,

where the sum runs over all m for which i —m € BZF and m + d=:ke
BZF,. Hence, the matriz elements (?/|Hy|n) are determined solely by the
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matriz elements E(l%,fn) of Hyy, for which k—m=d=n"—n. The sum
in (3.63) is finite.

For bosons a result holds, which is formally equal to (3.12), (3.61)
and 3.63), but the terms C, E, £ are defined differently.

4. Heuristic Considerations

4.1: The result of Section 3, summarized in Formula (3.61), is completely
formal up to now. This is due to two unsolved questions connected with it.
They read as follows.

First, can Assumption 3.1 be verified? More concretely, is it possible to
find a one-particle Hilbert space H' such that the dummy Hamiltonian Hy,
is defined on H% and is bounded, and such that in addition the spectrum of
H, contains the discrete eigenvalues of the dummy Hamiltonian FIQ_O, which
is primarily defined ? (cf. e.g. (A.2.1), (A.2.4), (A.2.6).)

Second, is Formula (3.61) of any advantage for the spectral problem
of Hy?

4.2: To begin with, let us look for an answer to the first question. As is
already described in Subsection 2.1, any investigation of the Hamiltonian
Hy of an N-particle system starts with a more or less informal specification
of the external fields acting upon the particles and of their interactions.
Customarily this is done using the position-spin representation. Then Hy
is of the form (1.1) or, what is the same, (2.1). It is densely defined in a
Hilbert space H'V. Likewise the corresponding dummy Hamiltonian Hj, can
be immediately written down as is shown for two examples in Appendix A.2.
It is defined in a dense linear submanifold of H?.

In order to verify Assumption 3.1 the space H! has to be properly
restricted to a subspace H!. Such a restriction in turn can be carried through
by finding a proper orthonormal system O; in H' so that H' = span O;.
Having in mind the physical meaning of H' suggests taking the Hartree-
Fock procedure for FIQ_O to determine O;. (For the details cf. Appendix A.3.)
This is because this procedure is based on the Ritz variational principle
which guarantees optimal approximation. Disregarding the fact that the
Hartree-Fock procedure generally is an infinite task, let us assume that it is
completely carried through for the dummy Hamiltonian H{g in H2. Thus
one has obtained O; and an orthonormal system Oy C H2 of vectors

(4.1) v, = 12(¢ﬁ®¢x—m®¢n>, <A
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By definition, O@; is an ONB of H!, therefore O is an ONB of H; . The
corresponding energy levels E,y = E(1m,m) for k, A > m approximate the
discrete eigenvalues of H 90 outside its continuous spectrum. Since the Hamil-
tonians considered in this paper are supposed to have a bounded discrete
spectrum, the set of the energy levels E,) is also bounded.

Then the restriction Hy, of fI{O to the space H? is bounded because its
spectrum is approximated by the set {E,) : kK < A} and its eigenvectors by
the set Os. As usual H;, can be defined on the whole space H2 using its
matrix representation with respect to the ONB Q.

In most cases of practical application the complete Hartree-Fock proce-
dure cannot be achieved, because it is infinite. Therefore one has to content
oneself with a finite section of this procedure. But also such a finite proce-
dure can be complicated.

Thus other methods were invented which are equivalent to the Hartree-
Fock procedure or approximate it.

4.3: Let us now come to the second question. From (3.61) one draws imme-
diately a simple consequence.

Proposition 4.1. The matriz of the Hamiltonian Hy = Qy(Hy) is diag-
onal if the matriz of the dummy Hamiltonian Hy, is diagonal.

Unfortunately this result cannot be used to obtain the exact discrete
eigenvalues of a realistic N-particle system, because the exact eigenvectors
of a dummy Hamiltonian H,, containing interaction are not elements of any
ONB B, . But, if one contents with a Hartree-Fock approximation of the
eigenvalues of H,,, Proposition 4.1 delivers a Hartree-Fock-like approxima-
tion for the eigenvalues of H .

Thus, if one wants to obtain better approximations, one has to solve
the following problem. Since the results of Section 3 are valid for arbitrary
orthonormal bases By C H!, one firstly has to choose such an ONB and one
has to calculate the matrix elements E(k,7) of Hq, for the ONB By . The
second part of the problem then is the question, wether the choise of B; is
helpful for a reasonable approximation of H,, and also of Hj.

A heuristic idea to cope with this problem is the following. Choose the
ONBs By, resp. B, such that the matrix E of H,, with respect to B;, i.e.
the matrix defined by the elements E(l;:,m) is “as diagonal as possible”.
This means the elements of B, should approximate the eigenvectors of Hy,
optimally. Hence we end up again with the Hartree-Fock method, an equiv-
alent of it or an approximation. Therefore By = 01 and B, = Oz with O
and 05 being defined in Section 4.2 and in Appendix 3.
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In order to get further insight into the general structure of the matrix
FE T will give some purely heuristic arguments, which are based on physical
intuition. For this purpose let the Hartree-Fock energy levels E, 5 be num-
bered such that E,, < E,, if 4 <v < A. Then, if X is large enough, i.e. if
it exceeds a certain value & one expects that the particle having state A is
“almost” free, so that the interaction between the two particles having the
states p and A is “almost” zero. Thus the two particles with states p and A
are “almost” free, if one particle of this pair is “almost” free. This implies,
that the vector \I/;)\ € H? is “almost” an eigenvector of H,,. Now let i, A cor-
respond to a sequence of occupation numbers m. Then E (7, m) is “almost”
an eigenvalue of Hy, for the eigenvector V., = W, (1), so that E(k,m) is
“almost” equal to E(r,m)d(k,m). Consequently E(k, ) is “small”, i.e. it
is “almost” zero, if k #£ 1.

Now let us suppose that the term “small” has been concretized. Then
the above considerations can be summarized in the following assumption.

~ There is a natural number & such that E(l;:,m) is small for each pair
k,m with k # m, for which a ks = 1,0 > & exists or an my, = 1,0 > 0.

This suggests truncating the matrix £ by substituting zeros for its small
elements. Then intuitively one conjectures that the truncated matrix leads
to an approximate solution of the spectral problem of Hj, which is the
goal of this paper. The precise meaning of the conjecture will be given in
Section 5.1.

4.4: The first step is defining the truncated dummy Hamiltonian H.Q_o and
drawing some consequences. The operator H,, is determined by its matrix
E, which is given by the elements:

o 0, if k # m and if o, ¢ exist such that
(4.2) E(k,m) = ke =1, c>aormy=1, o> a,
E(k,m), otherwise.

According to this definition E is a finite nondiagonal matrix of order (g‘)
with an infinite diagonal tail of elements E(m, ) where 7 contains at least
one my, =1, o> a.

Consequently, H,, is bounded so that lEI;, = Q&(ﬁ;o) is also bounded
and has the form (3.61), but with £(7, d) defined by E(k, 1) the same way
as £(n,d) is determined by E(k, ). Then we obtain the following

Proposition 4.2. Let us consider (ﬁ’\f]ﬂﬁ)
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1.) If 2/ —n ¢ D, one concludes from (3.12) that
(43) (| Hy|7) = (/| Hy|7) = 0.

h=deD and if there is A > & such that dy # 0, it follows
from d =k — 1 that ky =1 or my = 1. Hence E(k,m) =0, and conse-

(4.4) (7| Hy|h) = 0.

Af)’.) Now let - A=deD and suppose that dy =0, if X > a. Then
if d € Dy, the bzf k and m are uniquely determined and one obtains (cf.
Formula (3.59))

(4.5) (/| Hyln) = E(n, d) = E(,d) = (/| Hy|R).

Ich € Dy, things are more complicated. One has to apply the general method
described in Section 3.5.3 for several special cases. The matriz element
(n'|H y|n) can be zero or unequal zero, and it need not be equal to (0| H y|n).

4.5: By these considerations the problem of determining the eigenvalues of
Hy; is transformed into the following two ones.

First, do the eigenvalues of }AI]Q approzimate those of Hy ¢
Second, can the eigenvalues of I:I]?, be calculated, at least partially?

The first problem is treated in Section 5, the second one in Section 6.

5. Spectral Approximation

5.1: The dummy operators H,, and H 50 are defined on H2 and are bounded
so that D := Hyy — Hy is also bounded and defined on H2. Moreover H20
and D depend on the fixed number &. In what follows these operators are
understood to be functions of a parameter « € N and « > 2 so that they
are written D(a) and Hyy(a), and for the matrix elements of E we write
E,(k, ). Then by definition

(5.1) (k|D(c)|m) = E(k,m) — Eq(k,m), «>2.
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Therefore
(5.2)

0, ifl%:morlzm—wﬁl,/ﬁ;ggoz
(kD (@) i) = and 1 > ju1, iz < a,

(k|D(2)|/), K1 > aor kg > aor u > aor ug > a.
These properties have the following consequence.

Proposition 5.1. The sequence (D(a) : a € N,a > 2) converges strongly
to 0.

Proof. Let the projections F, and F}, be defined by
[e.e]
(53) Fa = Z \II;1H2<\I];1,HQ7 : >
K1,R2>Q

and F/, =1 — F, . Then F, converges strongly to 0, if &« — oo, and F), to 1.
By a simple calculation using Formula (5.2) one verifies that for each f
€ H2:

F,D(a)f = F.D(2)f,

5.4

54 FLD(a)f = FLD(2)Fuf.

Therefore

(5.5) ID(e)fI] < [[FaD2) fI| + | FeD(2) Fu f].-

Because of

(5.6) IFD@)Fafll < ID@)I|Fafll

and because F, converges to 0, the proposition is seen to hold. 0

Now, in order to transfer the last result to ﬁg,(a) = Qj\,(lﬁ]go(a)) one
needs the following theorem.

Proposition 5.2. Let be given a sequence (Ap(r) : 7 € N) of bounded oper-
ators defined on H™M. If Ayr(r) converges strongly to Oy for r — oo, then
also

(5.7) s — lim Qy(Ap(r)) = On

r—00

i.e. O (An(r)) converges strongly.
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Proof. 1.) Let g € HY, then

g = Z b1€1""€N¢l€1""€N'

Ki1*KN
If
Xfizv1+1"'l€N = § bl‘i1"'l€N¢fi1"'l€M )

RiKMm

it follows that
g = Z XHM+1"'I€N ® ¢:‘6M+1"'HN

RM+41 KN

||g||2 = Z ||XI€M+1“'I€NH2'

KM+1"KN

If B is a bounded operator on #M, then

(58) ||(B®1®®1)QH2 = Z HBXHMH'“NNH2'

KM+41"KN

and

2.) Now, let us consider the operators Aps(r). By supposition Aps(r)
converges strongly to 0ps. Hence by the principle of uniform boundedness
(cf. e.g. [13], p. 150) there is a number K such that for all r € N:

[An(r)l < K.
Thus, one obtains for all » € N:

(59) Z ||AM(T)XKM+1'“HN||2 S K2 Z ||XHM+1~~-/€NH2'

KM+1"KN KM+1"KN

Hence, by the criterion of Weierstraf} the left series converges uniformly with
respect to the variable r. Therefore the limit » — oo can be interchanged
with the sum so that

(5.10) Tim [[(Ay(r) @1 @ 1))

- Z TILI& HAM(T)XRMH'“HN H2 =0.

RKpMA41---RN

Thus, because for all g € HY the relation

195 Al < (3 ) IAw(r) @ 1-+)g]

holds, Formula (5.7) is proved. O



A new approach to the N-particle problem in QM 1311

Then, with the help of the Propositions 5.1 and 5.2 one obtains the
following consequences.

Proposition 5.3. 1.) The sequence (Hy(a):a €N,a>2) converges
strongly to Hy,. In other words, the operators f]&(a) approzimate Hy (cf.
[12], p. 228, Formula 5.1). Hence all results concerning the approximation
of one operator by a strongly converging sequence of operators are valid for
Hy and ﬁ;,(a) (cf. [12], Chapter 5.). Here only two of these properties are
sketched.

2.) If e is an isolated eigenvalue of Hy,, then there is a sequence (eq :
a € N) such that eq is an eigenvalue of ﬁ]f,(a) and such that e — e. (cf.
[12], p. 239, Theorem 5.12).

3.) Let P be the spectral projection belonging to an eigenvalue e of H ;.
Then an o exists such that for each o > g there is a spectral projection P,
belonging to fIX,(a) and such that P, converges strongly to P for a — oo.
(cf. [12], p. 240, Theorem 5.13.)

5.2: Besides the approximation of Hy by I:[;,(oz) sketched above there are

results, which are based on the norm of D(«), i.e. on §(«) := ||D(«)||. Using
the Formulae (A.1.29) and (A.1.30) one obtains the relation

(.11) Iy~ H (@)l =l 2 D@) [ (3 )o@

Thus it follows that ﬁg, (ar) converges in norm to Hy if
(5.12) lim §(a) = 0.

a—0o0

Theorems concerning spectral approximation based on convergence in norm
can be found in [12], p. 291, Theorem 4.10, p. 362, Theorem 5.10 and in [13],
p- 249, Proposition 5.28.

6. The operator Hy and its matrix
6.1. Preliminary remarks
6.1.1: The aim of this section is proving

Proposition 6.1. 1.) The operator fAI]; defined on HY is an orthogonal
sum of operators defined on finite dimensional (orthogonal) subspaces of H .
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2.) Moreover, using the matriz of ﬁ& the matrices of the suboperators
can be determined explicitly.

If this proposition is verified, we have obtained a block-diagonalization of
I;TK,. Thus a way is opened, depending on the numbers & and N, to calculate
the eigenvalues of H ~ With the help of numerical methods. Purely analytical
solutions of the eigenvalue problem of .FAI]Q are also possible, if a = 2,3, 4.
But, in these cases one cannot expect that ﬁ]?, is a good approximation of
a realistic Hamiltonian H ;.

6.1.2: In order to verify Proposition 6.1 some further notation is used, which
is provided by

Definition 6.2. 1.) Let be given an 7 € BZFx and a natural number «,
which for the moment is completely arbitrary. Then

(6.1) (n,a) :=(n1,...,n) and (a,n) = (Nat1, Nat2s---)-

For the infinite second part of n also the abbreviation («,n) =: 7 is used.

2.) Let 7 be given. Then N3(7) denotes the set of all n € BZFy, for
which (a,n) =7, 322 . n, =N~ and 0 < 3 < min{a, N}. Hence the
finite sequence (71, ) contains exactly S numbers 1 and a — 8 numbers 0.
Because 3 is determined by #, the notation is a bit redundant, but it turns
out to be useful.

Now it is supposed that o and N are fixed numbers. Then, Definition 6.2
yields the following

Consequence 6.3. 1.) The set Ng(7), 0 < 8 < min{a, N} is finite, more
precisely, card Nz(7) = (g) Therefore the subspace HYN (#) of HY spanned
by the Wy (n) for n € Ng(7) has dimension (g)

2.) The sets N3(7) and Ng/(') are disjoint if # # 7. Moreover 8 = (', if
and only if the sequences 7,7 contain the same number of elements 1. Then
for each v € Ng(7) there is an 0/ € Ng(#') such that (?/, ) = (0, ).

3.) Let By, be the ONB of HY defined by (A.1.13), and let Uy (7) € By.
Then there is exactly one [ so that i € Ng(a,n). Hence the sets Na(7*) with
7 = (Na+1, Nat2, - -.) containing N — 8 numbers 1 and 0 < < min{a, N}
form a complete disjoint dissection of the set of all n € BZF for which

Y, =N.
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4.) From the above parts 2 and 3 one concludes that the spaces H™ (7)
are orthogonal for different #, and that they span HY, i.e.

(6.2) HY = P HN ().

Later on a restriction of the set D of all difference sequences (cf. Nota-
tion 3.8) is needed.

Definition 6.4. D, is the set of all d € D, for which dy=01if p>a. In
addition let Djq :=D; N Dy, 5 =0,1,2.

Therefore the sets Dj, are again disjoint, and Dy, = Dy = {6}.

6.1.3: Finally a lemma is proved which is basic for the further considerations.

Proposition 6.5. If i € Ng(f),q < B < min{a, N} and if d € Dy, d # 0,
then either n+d € N3(7#) or n+d ¢ BZF.

Proof. The proof is complete if one can show that n + deN, 3(7) is equiv-
alent to 74 d € BZF. First, if 7 +d € N3(7), then 7+ d € BZF holds.
Second, it follows from 7 +d € BZF, that the (two or one) numbers 1 in
d must be at positions where there are 0 in 7. Likewise, the (two or one)
numbers -1 in d must be at positions, where numbers 1 are in n. Because
of d € D, the sequence (7 + cf, «) has the same quantity 8 of numbers 1
as (7, a) has, and 7 := (o, ) = (@, & + d) because d does not affect #. Thus
h+de N3(7), so that the proof is complete. O

6.2. General properties of the matrix of I:I;,

6.2.1: In what follows the definitions and results of Section 6.1 are applied
for the special choice & = & with a properly chosen &. Moreover, the ONBs
By and Bj are those which are defined via the Hartree-Fock procedure in
the Sections 4.2 and 4.3.

6.2.2: In this subsection the first part of Proposition 6.1 is proved. In order
to do so, the matrix representation of Hy with respect to By is used. The
proof is complete, if one shows that for n € Ng() and 7/ € N (#') with

P £ 7
(6.3) (/| Hy|R) = 0.

There are three possibilities for the pair 7/, n.
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If ﬁ’ n ¢ D, it follows from Formula (4.3) that (6.3) holds.

If 7' — 7 € D\ Da, by Formula (4.4) it is seen that (6.3) holds, too.

If ' —n € D, then A/ —n+d€BZF d € Ds andd;«éo Thus it fol-
lows from Proposition 6.5 that 7' € Ng(7). This result contradicts the sup-
position 7' € N (#') and #' # 7. Therefore 7' — it ¢ Dy is true.

Hence (6.3) holds if (a, ) # (&, 7).

If one denotes the restriction of H to the space HN (#) by Hy ~(7) one
obtains

(6.4) Hy = D Hy (#)

Thus, part one of Proposition 6.1 has been proved. The proof of the second
part is postponed to Section 6.3.

6.2.3: In this subsection therefor some preparatory work will be done. Since
the dimension of H () is (ﬂ) with 0 < 8 < min{a, N}, it can become gigan-
tic depending on N, & and (. Therefore, aiming at the d1agonahzat1on of
H;[( 7) it is of vital interest to know how many matrix elements (n ’|H (7)|n)
vanish on principle grounds. This means, how many matrix elements of ﬁ N
are zero for arbitrary dummy Hamiltonians H20 respectlvely their matrices
E. Then in addition further matrix elements of Hy N can be zero for special
H20 But the last aspect will not be considered in this paper.
Now, from Consequence 4.3 one immediately draws

Conclusion 6.6. Let 7/,n € Ng(7) and let 0/ —n ¢ Dg, then
(6.5) (W[ Hy ) = 0.

Since by Proposition 3.9 the relation

~

ﬁ,:’fl-}-dl-f—--'ﬂ-ci[/, CijEDl

holds, one has a simple criterion to decide whether i/ — i ¢ Dg or not. Espe-
cially, if L > 2 Formula (6.5) is true.

6.2.4: Finally the nondiagonal matrix elements with n/ — 7 = de Da, d #£0
are considered. For this purpose let us introduce the following

Notation 6.7. If 2',7 € BZFy. Then 7/, n are called D;5—concatenated,
Jj=0,1,2, if there is a d € Dj4 so that 7’ = n + d. The bzf 1/, n are simply
called Ds— concatenated if they are Djz— concatenated for j =0 or 1 or 2.
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With the help of this notation we arrive at the

Result 6.8. 1.) For each v € N(7), there are exactly

Da—concatenated 1’ € Ng(r). This is because each number 1 out of the (3
numbers 1 in (n, &) can be transposed at each position of the & —  numbers
0by adé€ Dg.

2.) For each i € Ng(t) there are exactly

o~ ()3

Dya-concatenated 7' € Ng(7), where (5) =0 if 0 =0,1. This holds because
each pair of numbers 1 out of the B numbers 1 in (n, &) can be brought at
the position of each pair out of the & — B numbers 0 by a d € Dog.

3.) #/,n € Ng(t) are Doa— concatenated ezxactly if i/ = n.

4.) For each i € Ng(7) there are exactly

06 r@p=n@n+n@n=(5) (") +sa-p

Da-concatenated ' # n.

5.) Finally, let us consider the matriz of ﬁg,(f‘) with the elements
<ﬁ’|ﬁﬁ|ﬁ), n', i € Ng(7). Then, in the #/-row there are exactly (&, B) non-
diagonal elements which can be unequal zero, and similarly for n-columns.
Consequently, the number Z(a, ) of zero nondiagonal elements in each 7' -
row or n-column is

(6.7) Z(a, B) = (g) —r(@B) - 1.

According to Conclusion 6.6 Z(a,f) is the number of bzf n for which

n' —n & Dg in any 1'-row, and likewise for the fi-columns.
6.3. The matrices of the operators Hp (7)

In this section the second part of Proposition 6.1 will be proved. This runs
as follows.
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6.3.1: 8 = & < N. The number z of elements i € Nz(7) is (&) =1, and the
element 7 has the form

(68) ﬁ:(l,...,l,n@+1,...).
Consequently the matrix of I:I;,(f) is of order one and its element is
(6.9) (A|Hy|n) = E(f, 6) = E(1, ).

6.3.2: § =& —1 < N.1.) The number z of elements 1 € Nz_1(7) is (O_El) =
@, and the (7, @) for n € Nz_1(7) contain only one 0 and & — 1 numbers 1.
2.) The n € Ng—_1(7) are numbered by n =: 7, if 0 is at position & —
in (n,a),and k =0,...,a— 1.
3.) Any two elements 7/, i € Nz—1(7) with 2/ # 7 are Dy5-concatenated.
This is because the number of 72 € N5_1(7), which are Dg-concatenated with
n' # n, according to (6.6) is

(6.10) T(a,a—1)=7n(a,a—1)=a—-1=z-1.

4.) The matrix of ﬁ]?,(f) in the present case is a z X z = @ X & matrix,
which has the elements
(6.11) (K| Hy k) := (e | H | Ti) = & (T, T — ).
6.3.3: 3 =a — 2 < N. 1.) The number z of elements 7 € Nz_o(7) is (,°,) =
ta(a —1), and the (7, @) for i € N5—o(F) contain two numbers 0 and & — 2
numbers 1.

2.) The 1 € Nz—2o(7) are numbered by 7 =: fi,;x, k < A if the two 0 are
at the positionsa—Aand a—«k, 0 <k <A<a-—1.

3.) Any two elements 7/, i € Nz_o(7) with 7/ # n are Dg-concatenated.
This is because the number of € Nz_o(7), which are Ds-concatenated with
1’ # n, according to (6.6) is

(6.12) T(a,a—g):< @ )—122—1.

a—2

4.) The matrix of ﬁ&(f) then is a z X z matrix with z =
which has the elements

ta(a—1),

(6.13) (K, N Hy Ry A) = (P [ H oy [720) = & (rn, rar — ien)-

6.3.4: 3 =2 < N. 1.) The number z of elements 7 € N5(7) is (5) = Fa(a —
1), and the (7, @) for n € Na(7) contain two numbers 1 and & — 2 numbers 0.
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2.) The n € Ny(#) are numbered by 7 =: i), £ < A, if the two 1 are at
positions kK and A\, 1 <k < A< &

3.) Any two 7/, i € N(7) are Dg-concatenated. This follow via the same
argument as in 6.3.3.

4.) Like in 6.3.3 one obtains the z x z matrix of ﬁg,(f’) It has the ele-
ments

(6.14) (KN H iy |62) = (P [ H oy |fen) = E(Rrns frarnr — Tin)-

6.3.5: =1,N >2. 1.) The number z of elements 1 € N1(7) is ({) = &,
and the (n, @) for 7 € Nq(#) contain one number 1 and & — 1 numbers 0.

2.) The n € Ni(7) are numbered by 7 =: 7, if 1 is at position , 1 <
k< a.

3.) Any two 7/,n € Ni(#) are Diz-concatenated. The argument is the
same as in 6.3.2.

4.) Also as in 6.3.2 the matrix Hy () is obtained. Tt is a 2 X z = & x @
matrix having the elements

(6.15) (K| Hy k) := (e | H g |T0) = & (g, iy — ).

6.3.6: 3 =0,N > 2. The number z of elements 7 € Ny(7) is (g‘) =1, and
the element 7 has the form

(616) fz:(O,...,O,n@+1,...).

Consequently the matrix of ﬁﬁ(ﬁ) is of order 1 and its element is

(6.17) (A|Hy|n)y = E(n, 6) = E(n, 6).

-3

g) It is larger than the numbers z in the previous cases. Each element
€ N3(7) contains in (7, ) at least three numbers 1 and three numbers 0.

2.) For each § not all pairs 7/, n’ € N3(7) are Dg-concatenated. To prove
this proposition it suffices to give an example. Thus, let

(6.18) 7' =(1,1,1,...,0,0,0,n5:1,-..), & =(0,0,0,...,1,1,1,na11,...),
and let d; € D,j = 1,2,3 be defined by dj, = §j, — datj—3,0, 0 € N. Then
(6.19) ﬁ/:ﬁ—l-(il—k(jz—i-dg

so that 7" — . ¢ Dg. The factual number of non concatinated elements can
be calculated from Z(a&, 8) as defined by Formula (6.7).
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3.) The elements 7 € Nj3(#) are numbered by # = 0,k = 1,...,z arbi-
trarily. Then the matrix elements of Hy(7) in the present case are
- NS E (M, oy — M), Tpr — M € Da
!/ J K Y
(620) <H |HN|,‘<;> = <TL;§/‘HN‘T7/,§> = { (), k k ﬁ:, B ﬁ: ¢ DZ .
6.3.8: Besides the above properties of the matrices of PAIX, (7) the following
result is of practical relevance.

Proposition 6.9. Let the sequences ¥ and 7' have the same number N — [3
of elements 1. If iy, iy € N () and vy # N, there are iy, ny € N (7), 1] #

Ny such that
(6.21) (| H iy (7)) = (| Hy () |2),

and vice versa. Thus, the matrices of ﬁg,(f’) and ﬁ]?,(f’) have the same
nondiagonal elements.

Proof. For given n1,72 the bzf 7f,n) are chosen according to Conse-
quence 6.3 as follows: (ﬁ;, a) = (nj,a),j = 1,2. Thus, 2 — 1) = g — ny.
If 1o — Ny & Dg, it follows from the proof in Subsection 6.2.2. that For-
mula (6.21) holds, because both sides are zero.
Now let us assume that d := 71y — 71, € Dg. Then applying Formula (3.63)

yields

(6.22) (P |H g (F)|fg) = (fn| Hy o)
= Clhg, i + d, ) E(ih + d, ),

where the sum runs over all m with no — m € BZF and ki=m+de BZF5.
Because E(m+d, m) =0, if ky=1,A>a or m,; =1,k > @, in Formula
(6.22) only such components k,, m, are relevant, for which p,oc < @. There-
fore, if the condition nig —m € BZF is satisfied, then also n, —m € BZF
holds. The other condition is also satisfied, because d = i}, — 7. Finally,
the inversions, which determine C(n,m + d, m), only refer to the elements
of (7, &) = (fig, ). Thus one obtains

(6.23) C(h, 1 + d, ) = C(A/, 1 + d, ).

Hence the last term in (6.22) is equal to
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(6.24) Y C(fh, 1+ d,m)E(h + d,1n) = (i) | Hy|ib) = ()| Hy (7)),

m

The proof of the inverse runs the same way. O

6.4. Conclusion

The decomposition of the matrix of PAI;, into orthogonal finite matrices as
described in the Sections 6.2 and 6.3 now allows, depending on N and &, to
determine parts of the spectrum of I;TK, Thus, it is only a question of the
capacity of the computers available, which parts of the spectrum one can
calculate, and it is a question of physical relevance, which parts one wants
to calculate. Intuitively, the case 8 = & is a Hartree-Fock approximation.
This suggests that better approximations are achieved if & is greater than
N, because then the case § = & cannot occur.

7. Final Remarks
7.1. Summary of the results

7.1.1: The way of approaching the eigenvalue problem of the Hamiltonian
H; presented in the Sections 3 to 6 may at the first glance seem complicated.
Therefore it is useful to realize the simple kernel of the procedure. I will
present it in the form of a work program which comprises six steps.

1% step: As a starting point one formulates the Hamiltonian Hy to be
considered. This is usually done making use of the position-spin representa-
tion, i.e. Hy is an operator in the Hilbert space HY = @™ (L2(R3) ® S1).
The most general form of Hy for charged particles is due to Breit. It can
be found in the literature, e.g. in [14] p. 247.

24 step: According to Formula (2.5) one shapes the dummy Hamilto-
nian Hyy := Hy (70),79+ = N — 1, belonging to Hy. Then one determines
the orhonormal system O via the Hartree-Fock procedure for Hy, (Cf.
Appendix A.3.), an equivalent method or an approximation. Eventually,
the operators H and H o0 are restricted to the spaces HN H? with H! =
span 07 and are denoted Hy and H,,.

37 step: In order to determine the matrix I of Hy, one has to choose
an ONB B; of H!. As explained in Section 4.3, the best choise is By = O;.
Then, using the ONB B; C H2 the matrix elements F (k,m) are calculated
(cf. e.g. (A.1.10), (A.1.13)).
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4th step: From the matrix E one obtains the truncated matrix E by
replacing the “small” elements E(l%,ﬁz),];; # 1 of E by zeros as described
in Section 4.4. The matrix £ depends on a number @ and determines the
operator lﬁIQ_O

5'" step: The matrix elements & (1, d) of Hy = Qy(Hsyy) are calculated
from the matrix elements E(k, 7) the same way as the &(, d) are calculated
from E(l%,m) in Section 3.5. In this connection the general results of the
Sections 6.1 and 6.2 are useful.

6'" step: One determines the orthogonal submatrices of the matrix of
ﬁ]:, according to Section 6.3 and diagonalizes them as many as possible
numerically or analytically.

Then one can try to obtain error estimates applying suitable results of
the theory of spectral approximation.

7.1.2: As mentioned at the end of Section 6.4, the lowest energy levels of .FAI]Q
are not simply Hartree-Fock-like approximations of the true values, if IV is
smaller than &. Thus in this case the method presented here reproduces also
those results, which are obtained by other methods like density functional
theory (DFT) or configuration interaction method (CI). Summing up, it
is intuitively clear that the approximation of Hy by PAI;, is the better the
smaller the number N and the larger the parameter &, which in turn is
limited by the capacity of computers. My colleague Arno Schindlmayr is

preparing an application of the proposed method.

7.2. Finite procedures

7.2.1: The program described in Section 7.1.1 is a work program in a strict
sense only if all its steps could be carried through in finite time. Thus, the
critical points are found in those steps which contain infinite tasks. The first
and decisive one is the determination of the infinite ONB ; in the second
step. For one has to expect that in most cases O; can neither analytically
nor numerically be calculated completely. Hence, what can be performed
is the determination of a finite part Oy of O, i.e. its elements up to a
number R.

However, if only Oy; is available, the method described here does not
brake down. Rather the work program formulated in Section 7.1.1 can also
be carried through for Oy instead of O;. The only question is, which of the
obtained results are of physical interest.
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In order to get an answer let us use the following obvious notation:

1 442 - = N - - - = p s
Bfl:Ofl’%f’Hf*’BfQ’BfN’Hf*’HfQO’HfQO’HfN’HfN’Ef7gf'

Moreover, as already introduced above, R is the number of elements of By;.

Now, because the reduced work program depends on the three parame-
ters N, R and @, the above question can be answered as follows.

1.) If N > R, there are no vectors unequal zero in ’H}V_. Therefore this
case has to be excluded.

2.) If N = R, the Hilbert space Hﬁcv_ is 1-dimensional, so that the N-

particle Hamiltonian FIJ?N = HJTN has one eigenvalue of Hartree-Fock type.
This result is of minor interest.

Thus, in order to get better results one needs an R which is “sufficiently”
larger than N.

3.) Let @ < N < R. Then, according to the classification described in
Section 6.3, for each [ satisfying maz{0,a+ N — R} < f < & at least one
submatrix of the matrix of H N exists, which in principle can be diagonalized
numerically.

4.) Let N < @ < R. Then, as in point 3, for each S with maz{0,a +
N — R} <8 < N there is again at least one submatrix of the matrix of
fI]?N, which in principle can be diagonalized numerically.

5.) If N < a= R, then § = N. Therefore, there is only one submatrix
of the matrix of ﬁf_N, which is identical with the matrix of lEIf_N Moreover

A~

N = HJ?N. Hence, this case is optimal, but it possibly can not be treated
numerically because R is too large.

The result of the above considerations now reads: only the cases 3., 4.
and 5. can be of physical interest.

7.2.2: Thus, the question arises, are they. In other words, what can be said
about the spectrum of Hy, by studying HJTN. The answer is given by

Proposition 7.1. The spectrum of JEIf_N is contained in the spectrum of

lEI]?, Thus, the finite work program does not change the eigenvalues of HY,
rather it delivers only a subset of them.

The proof runs as follows. It suffices to show that the matrices of f];N and

H; with respect to the ONB BJTN are identical.

Let My be the set of all | € BZF; such that l, =0, if o> R. Then
i€ Mgy exactly if Uy () € Byy. Now let k, i € BZF, and 7', 7 € Myy.



1322 Joachim Schroter

If i —m € BZF and 7' — k € BZF, then k,7 € M sy. This implies

A~

(7.1) Ef(k,m) = E(k,m).

In addition let Df be the set of all d := k — m, I%,m € Myo. Thus d, = 0, if
0> R, for each d € Dy.

By definition, éf(ﬁ, d), where 7 € Myn and d € Dy, is constructed from
E¢(k,m) via Formula (3.63) like £(n,d) from E(k,m) (or £(n,d) from
E(k,m)). Therefore, by Formula (7.1) one obtains

N

(7.2) Eg (i, d) = E(i, d)
so that by use of (3.61)
(7.3) (0| Hy|7) = (/| Hy|).

Finally, if » € My and 1 € N3(7), 7 = (&, ), then N3(7) C Myn. There-
fore, corresponding submatrices of Hf_N and H y have the same shape. Hence,
they are identical. O

This result guarantees the practical applicability of the finite work pro-
gram.

Appendix A.
A.1. Glossary

A.1.1: The formalism briefly described in this section was mainly developed
by Cook [10] and by Schroeck [11]. The purpose of this appendix is fixing
notation and formulating some few results, which are used throughout the
paper.

The starting point is an axiom of QM that reads: Let 7' be the Hilbert
space of a system containing only one particle of a certain kind. Then the
Hilbert space of a system containing N particles of the same kind is the
symmetric or the antisymmetric subspace of the N—fold tensor product
HN = ®N H!. Likewise the Hilbert spaces of systems composed of different
kinds of particles are subspaces of appropriate tensor products of one-particle
Hilbert spaces.

In what follows the tensor product ® of Hilbert spaces is understood to
be a complete space. But the noncomplete tensor product of linear manifolds
is a noncomplete linear manifold. This product is denoted ®.
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The inner product in H", denoted ( -, - ) or ( -,- )y, is defined as usual
by the inner product ( -,- )1 in H! in the following way. If f = fi ® --- ® fn
and g =¢g1 ® - - - ® gn, then

(A.1.1) (frg)nv = {fr,g0)1--- (N, 9n)1 -

By linear and continuous extension (-, ) is defined on H*.
The tensor structure of the N-particle Hilbert spaces implies the follow-
ing

Proposition A.1.1. Let By := {¢ : A € N} be an orthonormal basis (ONB)
in H'. Then

<A12) BN::{¢)\1®--~®¢)\NZAjEN,j:L...,N}
is an ONB in HN .

Throughout this paper the abbreviation is used:

(A.1.3) Gran = B3, ® - @ by

A.1.2: Let Sy be the symmetric group, and let P € Sy. Then the operator
U(P) of the exchange of particles is defined by

(A14) U(P)QZ)HImRN = ¢I§P_1(1)'--Np_1(N)'

and by continuous linear extension.
The operator U(P) has the following properties.

Proposition A.1.2. 1.) U(P) is invariant under a change of the ONB.
2.) U(P) is defined on HN and is unitary, i.e. U(P)U*(P) = 1. More-

(A.1.5) UX(P)=U(P™), UPQ)=UP)UQ).

With the help of U(P), P € Sy the symmetrizer and the antisymmetrizer
are defined by

(A.1.6) St = % > o (PU(P)
PeSy

with ot (P) =1 and 0~ (P) = (=1)’®) where J(P) is either the number of
inversions of P or equivalently the number of transpositions forming P.
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Some useful properties of the operators S]j\[, are summarized in the next

Proposition A.1.3. S]j\tf are projections defined on H™. Moreover

U(P)Sy; = S§U(P) = o*(P)S5,
(A.1.7)
S]j\:4+K(SJj\:4¢u1-~uM ® S}jé¢nl-~~nx) = S]:\Z«‘,»K((ﬁlll"‘ﬂl\l @ Pray s )-

Then the physically relevant subspaces of #V are HY = S5 [H"] where
+ stands for bosons and — for fermions. Thus

(A.1.8) HY =HY e HY e HY,

where @ is the orthogonal sum as usual.
A special role in this paper play some orthonormal bases of HY, which
are defined by

Proposition A.1.4. 1.) The set By, of all vectors

V/N!
(A.1.9) vt = S By

Kook
‘/Hjn,{j!
with k1 < -+ < Ky and ng, = Zgzl Ok,;r. 8 an ONB in ’H_]X Moreover

>jmk, =N.
2.) The set By of all vectors

(A.1.10) U o= VNS Gy

Ki*KN

with k1 < --- < kn is an ONB in HY.

A.1.3: For the problems to be treated in this paper notation (A.1.9) and
(A.1.10) is not optimal, it can be improved by introducing the sequences of
occupation numbers by the following

Definition A.1.5. 1.) Let be given a sequence of indices ki, ...,ky as in

(A.1.9) or in (A.1.10), where k; € N,j =1,..., N. Then define the occupa-
tion number of k € N by

(A.1.11) M = Our,,
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and the sequence of all n,, x € N, abbreviated bz f, by
(A.1.12) (m,ng,...) =:n.

2.) Moreover let us denote the set of all bz f, for + or for —, by BZF.
Then the proposition “n is a sequence of occupation numbers” is abbreviated
by “nis a bzf” or by “n € BZF”. Sometimes it is useful to write BZ Fy, for
the set of all bzf I with 3~ 1, = L.

Consequence A.1.6. 1.) Fach sequence of indices k1, ...,kN determines
uniquely a bz f, and vice versa.

2.) The elements of the ONB B?\E, can be written this way:
(A.1.13) UE =0 (R).

This notation turns out to be very useful.
A.1.4: In the next step the question is to be answered which are the physi-
cally relevant operators, i.e. the relevant observables in . Obviously only
those are relevant which leave the spaces H¥ invariant.

Therefore we define: Let D4 C HY be the domain of a selfadjoint oper-

ator A. Then, if for each f € DgNHY the relation Af € HY holds, the
operator A is called a physically relevant observable.

Consequence A.1.7. 1.) A is physically relevant, exactly if

(A.1.14) A= SHASY + SyASy + SyASy  with S"=1- S5 — Sy.
2.) A is physically relevant, if for each P € Sy

(A.1.15) A=U(P)AU*(P)

holds, i.e. if A is invariant under permutations of particles.

A.1.5: Many relevant physical observables are defined using tensor products
of operators in Hilbert spaces. In order to avoid unnecessary complications
here only the tensor product of two operators is introduced, because the
extension to more than two factors is straightforward.

Thus let be given two Hilbert spaces H1 and Ho and two densely defined
closed operators A; and As. Then A7 and Aj exist having domains D4:
and D g;.
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Now form the (noncomplete) tensor product Dy := D:®@Dy; C H1 ®
Ho. It is dense in H; ® Ho and contains only finite linear combinations of
the form

(A.1.16) f=Y ael®¢], ¢leDa, k=12

Then the operator Tp( A7, A3) is defined by

(A.117) To(AL, ADF = 3 a;(AlP)) © (A3eh).

Finally the tensor product of Ay and As is defined by

(A.1.18) A1 ® Ay = To(A7, A3)".

Hence, for selfadjoint operators definition (A.1.18) reads
A ® Ag = Ty(Aq, A2)™.

A very useful tool is given by

Proposition A.1.8. For bounded operators A1, As the above definition of
A1 ® Ay is equivalent to

(A.1.19) (A1 ® A2)g =Y axe(A16}) ® (A207) ,
AR

where {3 : X € N} is an ONB in Hy,0=1,2 and g =3 5. arx@} ® ¢2 €
Hi1® Hs.

A.1.6: The results of the last section now are applied to transfer observables
of M-particle systems into observables of N-particle systems, M < N. Some

basic results in this connection are contained in the following

Proposition A.1.9. 1.) Let Ay be selfadjoint in HM and let 1 be the
identity operator in HN—M Then

(A.1.20) Ay o) =Ay®1.
2.) If Apr is bounded, then

(A.1.21) Ay @ 1=l Ar || -
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3.) If (A + Bu)* = Ay, + By, then
(A.1.22) (Apy+By)®@1D (Ay®1)+ (By®1).

The =-sign holds if the domains of both sides are equal, which is the case if
Anr, By oare bounded and have domain HM
4.) If Apr or By is bounded then

(A.1.23) (A @ 1)(Bpy®1) = (AyBy ®1) .
5.) From (A.1.7) one concludes that
(A.1.24) SE(SE @1) =85% = (5% ®1)S% .

A.1.7: The operator which defines the physically relevant transfer from HM
to HN, M < N is given by

(A1.25) Qn(Ay) =

(MU(N =M > UP) Ay @1® - @ 1)U(P),
PeSn

where Aj; is a densely defined closed linear operator in H* and where 1 is
the identity operator on H'. It has the following properties.

Proposition A.1.10. 1.) The equation
(A.1.26) U(Q)2n (Am)U™(Q) = O (Am)

holds for each Q € Sy so that Qn(Apr) is indeed physically relevant if it is
selfadjoint.

2.) If Ay is bounded and selfadjoint with domain HM the operator
Qn(Apr) is bounded and selfadjoint with domain HY .

3.) If Apr is unbounded and selfadjoint then Qn(Anr) is not necessarily
selfadjoint. But it is symmetric if it is densely defined.

A.1.8: Though the operators x5 (Aps) are physically relevant, they are not
of interest in a strict sense, if one wants to consider only systems with one
kind of particles as is the case in this paper. Then only the spaces ’Hﬁ -
HN are of interest and the operators defined therein. Thus the following
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definition is natural for the operators of proper physical relevance:
(A.1.27) QF(Ay) = SxQn(Awn)SE -

As in the preceding sections here Qﬁ(AM) is studied only for selfadjoint
Apr. But the definition itself is much more general. The operators jS\,(A M)
have some properties, which are of special interest in this paper.

Proposition A.1.11. 1.) For each P € Sy the following relations hold:

Q% (Ayy) = (Z)S?;(AM 91 1)5%
(A.1.28)
= (ﬁ) SYU(P) Ay ®1® - 1)U*(P)Sy .

2.) Q]jf,(AM) is selfadjoint, because Ay is selfadjoint by supposition and
because S]f, are projections, i.e. are bounded.
3.) If Anr is bounded, then Qﬁ(AM) is bounded and

(A1.29 5 1< () 14w 1

4.) If Apr + Bar, Anr and By are selfadjoint, Formula (A.1.22) implies
the relation

(A.1.30) Q% (Ay + Bur) D Q% (Awr) + Q5 (Buy) -

If Ay, Byr are bounded with domain HM |, the = sign holds.

5.) Let Apr + By and Qi (Apr) + QF(Bay) be selfadjoint. Then (A.1.30)
is an equation, because a selfadjoint operator cannot have a selfadjoint exten-
Ston.

6.)Finally, from (A.1.24) and (A.1.28) one concludes that

(A.1.31) % (7 (Anr) = Q3 (An) -
A.2. Dummy Hamiltonians

A.2.1: In order to formulate explicitly the dummy Hamiltonians for elec-
tronic systems it is advisably to work with representations of Hilbert spaces
instead of the abstract versions used elsewhere in this paper. For our pur-
poses the position-spin representation is most useful. Therefore the Hilbert
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spaces we are working with are

N 2
(A21) HY cHN = REIPRY) @Y, #H2 CcH? = QLR @8,

where S! is the complex vector space of spin functions u : {1, —~1} — C which
is spanned by the ONB {01 5,1 s}.(Cf. also Subsection 3.1.1.) This choice
fits into the abstract formulations by the following definition of the ten-
sor product. Let z € R, s € {1, —1}, and z := (x,s). Then, if f1, fo € H! =
L?(R3) ® S!, one defines f; ® fo by

(A.2.2) (f1 @ f2)(21,22) = fi(21) f(22) -

For the sake of simplicity let us assume that with the following two examples
the external fields and the interactions are electrostatic. This means that all
influences of magnetism and spin are disregarded.

A.2.2: On the above assumptions the Hamiltonian for the NNV electrons in
an atom reads

B
(A.2.3) HNDQmO;Pj? OZ Lz 227

’I"]k

where r; = |z;j| and 7j; = |z; — x,|. The domain of Hy is H" as defined
in Section 3.1.1. Consequently, the atomic dummy Hamiltonian describes
“dummy helium” and is defined on H2 . It reads explicitly

1 1 1
(A.2.4) Hyy D ’YOO (P2 + P}) — 2y0¢? < + > + et —

2m T1 T9 T12

with 49 = (VN — 1)1

A.2.3: Now let us consider N electrons in a finite lattice, the points of
which are given by yo,a=1,..., N each carrying the charge eyp. Then the
Hamiltonian is defined by

1 R R N T R
(A.2.5) HND%Z:JDJ._%ZZTJF? —,

where 7%, = |2; — ya|. Thus the dummy solid has a Hamiltonian given by

- 0 2 9 1
A26 H,, O — (P + P e? E < > +ef—
( ) 20 2m0( 1 2 — 70€p M 2a 0T12

and is defined on H2.
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A.3. Hartree-Fock Procedure

A.3.1: In what follows a system of two Fermions is considered. For this
purpose it is useful to introduce some notation.

1.) Let H! = L?(R3) ® S!, where S' is the space of spin functions spaned
by the ONB{615,6_15}. Thus the general two-particle space is H? = H! ®
H! and the space for Fermions is H2 .

2.) It is assumed that the Hamiltonian of the system has the form

(A.3.1) Hy=K1+1K+W,

where W is a multiplication operator densely defined in H?2 by a real func-
tion V(z,s,2',s'),r,2' € R® and s,s € {1,—1}. The operator K contains
the kinetic energy and the external fields. The dummy Hamiltonian is an
example of the operators considered here.

3.) The inner product in H! is defined as usual by

1 —
(A3.2) o) =3 / f(x,8)g(z, s)da

s=—1

for f,g € H.
4.) Some special forms of the inner product appear in the context of
Hartree-Fork procedure. Let U € H? and f,g € H!. Then

(A.3.3) (g, W) (z,s) = Z/g(x’,s')V(a:',s',x,s)\II(x',s’,x,s)dx
and

(A.3.4) (g, Wf)1(z,s) = Z/g(x',s’)V(:U',s',:v,s)f(:v',s')dm'.

Therefore one obtains
(A.3.5) (9, W(f @h))1 = (g, W f)1h.

5.) From (A.3.4) one concludes that

If g = f, the term (f, W f); is the action of the “charge density” |f|? on
one particle. Moreover, if the function V' is bounded, the term (g, W f); is
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defined for all g, f € H!. For realistic Hamiltonians Hs of the form (A.3.1)
the function V is symmetric, i.e. V(x,s,2/,s') =V (2, ¢, x,s).

A.3.2: An essential part of the Hartree-Fock procedure is given by the fol-
lowing

Definition A.3.1. The linear operator

(A.3.7) F(x) =K+ (xWx)1 — (x. Whix

is defined for all x € H!, for which the domain of F(x) is dense in H! ©
span{x} =: 7—[)1(. It is called the Fock operator belonging to .

Then for each x, for which F(x) is defined, the following result holds.
Proposition A.3.2. F(x) is symmetric in 7:191(.

Proof. Let f, g be elements of the domain of F(x). Then

(LiF(X)g) =/, Kg)+{(x@f,Wx®g) —(x®f,Wg®X)
=(Kf,g)+ (Wx® f,x®g) —(Wx®f,g®Xx)
= (F(x)f,9)-

O

A.3.3: Now the Hartree-Fock procedure can be described by the following
two steps.

1% step: Determine two elements ¢1, g9 of H! and two real numbers ey
and es; such that the equations

F(¢2)p1 = ea191
F(¢1)p2 = e12¢2
are satisfied. In addition let e12 < eg;.

2" step: Determine normed elements ¢, € ’Hél, k=3,4,... and real
numbers ey, such that the equations

(A.3.8)

(A39) F(¢1)¢Ii = eln¢n

hold.

The Hartree-Fock procedure is usually derived via the Ritz variational
principle. But this derivation is not of interest in the present context, rather
the following consequence.
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Proposition A.3.3. The set Oy of vectors ¢, € H', K =1,2,3,... obtained
from (A.3.8) and (A.3.9) is an orthonormal system in H!.

Proof. From the definition of the Fock operator and from the Formulae
(A.3.8), (A.3.9) it follows that ¢, € Hj ,x > 2. Hence (¢1,¢x) =0 for all
k > 2. Since the Fock operator F'(¢1) is a symmetric linear operator in #} .
all its eigenspaces are orthogonal for different eigenvalues. Therefore the set
of eigenvectors ¢,, x > 2 can be chosen such that it is an orthonormal system
in 7-_[;51. Hence, O is an orthonormal system in H!. O

A.3.4: The Hartree-Fock procedure is not only a method determining the
set 01, rather it is also used for an approximate diagonalization of Hs. This
runs as follows. Let

(A.3.10) v = \2(% ® Px — OA ® Pr)

for kK < A\ and let
(A.3.11) Eo=(V_\,Ho¥ ).

Then the Hartree-Fock approximation of Hj is given by the diagonal
operator

(A.3.12) Hy = EaV,, (T, ).
KA

Because normally the discret spectrum of Hs is bounded, the operator H
is bounded too. H2 is the best approximation of H using only the thz
variational principle for vectors of the shape (A.3.10).

By Proposition 4.1 a Hartree-Fock like diagonalization of an N-particle
Hamiltonian is obtained by Hartree-Fock diagonalizing its dummy Hamilto-
nian.
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