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Abstract

We define the sigma-model action for world-sheets with embedded
defect networks in the presence of a three-form field strength. We derive
the defect gluing condition for the sigma-model fields and their deriva-
tives, and use it to distinguish between conformal and topological defects.
As an example, we treat the WZW model with defects labelled by ele-
ments of the centre Z(G) of the target Lie group G; comparing the holo-
nomy for different defect networks gives rise to a 3-cocycle on Z(G).
Next, we describe the factorization properties of two-dimensional quan-
tum field theories in the presence of defects and compare the correlators
for different defect networks in the quantum WZW model. This, again,
results in a 3-cocycle on Z(G). We observe that the cocycles obtained in
the classical and in the quantum computation are cohomologous.
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1 Introduction

In this paper, we consider two-dimensional sigma models
S[X;v] = / do' A do?y/dety (7 ) PG (X)0u X 0, X" + Siop[X] (1.1)
pY

for maps X from a world-sheet ¥ with metric v to a target space M with
metric G. The field variable X is allowed to be discontinuous across lines
on the world-sheet. We shall refer to such lines of discontinuity as defects.
The most familiar setting in which defects occur is provided by orbifold
models, where the field has to be periodic only up to the action of the group
of automorphisms of the target space. However, defect conditions much
more general than a jump of the field by a target-space automorphism are
possible. One of the main results of this paper is the formulation of the
topological term Siop[X] in the sigma-model action for world-sheets with
defects, and, in particular, for situations in which the defect lines meet to
form defect junctions. By varying the sigma-model action, we obtain the
gluing condition to be imposed on the embedding field X and its derivatives
at the defect. This allows us to analyze the world-sheet symmetries and, in
particular, to distinguish between conformal and topological defects.

Circular defect lines can be treated by thinking of them as boundary con-
ditions of a folded model [WA], but for defect junctions this is no longer
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possible. One can therefore expect that the study of defect junctions yields
interesting information that cannot be obtained through the analysis of
boundary conditions of the sigma model or some folded version thereof.
We illustrate this on the example of the WZW model.

The topological term Siop[X] of the sigma-model action can be understood
as the logarithm of a U(1)-valued holonomy associated to an embedding of
the world-sheet ¥ in the target space M. The holonomy is computed in
terms of the gauge potential B of a 3-form field strength H on M. Typically,
the gauge potential cannot be defined globally and exists only patch-wise,
which then leads to additional 1-forms A and functions g on two- and three-
fold overlaps of these patches, respectively. These forms and functions enter
the formulation of the world-sheet holonomy [Al]. It was realized in [Gal]
that the correct structure to capture the data composed of B, A and g on
the target space is a class in the third (real) Deligne hypercohomology,
which was subsequently identified in [Br, Mu, MSt] with a geometric object
called a gerbe with connection. In Section 2.1, we give a brief recollection
of the bits of the theory of gerbes that we shall need, and in Section 2.2,
we review the holonomy formula for world-sheets with empty boundary and
no defects. The notion of holonomy was generalized to world-sheets with
boundaries in [Ga2, Ka, CJM, GR1, Ga4]. The boundary gets mapped to a
D-brane which is a submanifold of the target space that supports a (global)
curvature 2-form and a gerbe-twisted gauge bundle. The latter is described
by a so-called gerbe module [CJM, GR1]. The holonomy in the presence
of circular defect lines was first formulated in [FSW]. In this case, the
defect circles get mapped to a submanifold @ C M x M, termed a bi-brane
in [FSW]. The bi-brane world-volume is equipped with a curvature 2-form
and a gerbe bimodule, hence the name. We review this construction and
the necessary background for gerbe bimodules in Sections 2.3 and 2.4.

In Sections 2.5 and 2.6, we extend the validity of the holonomy formula
further to allow for defect junctions. There is, again, a corresponding target-
space notion, which we call an inter-bi-brane. An inter-bi-brane consists of a
collection T = | |, ~ T, of submanifolds 7, C M x M x --- x M of n copies
of M, where n refers to the number of defect lines meeting at a junction.
Each T, is equipped with a twisted scalar field.

It turns out to be convenient not to restrict ( and T}, to be submanifolds
of products of M, but, instead, to allow arbitrary manifolds endowed with
projections to M and (). We shall use this point of view in Section 2.

Defects in sigma models have also been investigated in the quantized
theory. Most of the known results apply to the conformal régime, e.g.,
for free theories [Ba, Fu2, BB], for the WZW model [BG, AM, STs], or for
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rational conformal field theories in general [PZ, QS, Frl, QRW]. The first
systematic treatment of CFT correlators with defect junctions appeared
in [Fr2]. Properties of defects were also studied in supersymmetric theories
(see [BRo,BJR] for recent results), and in classical and quantized integrable
models in 1 + 1 dimensions (see, e.g., [BSi, Co] and the references therein).

There are at least two reasons why one should look at defect junctions once
defect lines are allowed. The first reason is provided by the quantized sigma
model and the factorization properties of the path integral, as explained in
detail in Section 3.1. Consider, for example, the quantized sigma model
on a world-sheet such as the one in figure 1. By the factorization of the
path integral we mean that we can cut the world-sheet along any circle
and express the original amplitude as a sum over intermediate states. If
the circle along which we cut intersects the defect lines Dy, Do, ..., D, then
the states we sum over live in a Hilbert space Hp, p,..p, of “twisted” field
configurations on the circle, cf., again, figure 1. That is, the field on the circle
can have discontinuities where the defect lines D1, Do, ..., D,, intersect the
circle, and the allowed jumps in the value of the field are constrained by the
defect condition. If the quantized sigma model is conformal — for example,
if we are considering the WZW model — then there is a correspondence
between states and fields. This correspondence works by starting with a
boundary circle labelled by a state |¢) and taking the radius of the circle
to zero, using the scale transformations to transport |¢) from one radius to
another. What remains when the radius reaches zero is a field inserted at
the centre of the circle. If several defect lines end on the boundary circle
then the resulting field sits at a junction point of these defect lines. This is
illustrated in figure 2 and discussed again in Section 3.2.

T

& = - o) (ol
A=

Figure 1: When a sum over intermediate states is inserted on a circle that
intersects defect lines, the intermediate states lie in a twisted space of states.

Figure 2: States |¢) in a twisted space of states correspond to fields ¢ at
defect junctions via the state-field correspondence.
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The second reason to consider defect junctions is that they allow to extract
interesting data from the classical theory, which one may next compare to
the corresponding quantities in the quantized model. We illustrate this
on the example of jump defects in the WZW model for a compact simple
connected and simply connected Lie group G (with Lie algebra g). Let G be
the gerbe on G with the curvature given by the Cartan 3-form

1 _ _ _
H(g):§trg(g Ydgng=tdgng ldg), g € G. (1.2)

We shall use the gerbe G** for some integer k > 0, which is given by the
k-fold product of G with itself (cf. Section 2.1) and thus has curvature kH.
The jumps we allow are those by elements z of the centre Z(G) of G. The
corresponding defects have the property that they are topological in the sense
that the defect line can be moved on the world-sheet without modifying the
value of the action functional. This is described in more detail in Section 2.9.
There also exist topological defect junctions for these jump defects, which
can similarly be moved on the world-sheet without affecting the holonomy.
Consider the world-sheets Y1, and YXg which contain the respective networks
I', and I'g of defect lines. We take I't, and I'g to differ only in the subset
of the world-sheet shown in figure 3. In this figure, a defect line is labelled
by the element of Z(G) by which the field jumps. Let X1,(¢) be the sigma-
model field on Xy, and Xg(¢) the corresponding field on ¥g. We choose
X1, and Xy such that they are equal outside of the shaded region of the
world-sheet shown in figure 3. In the shaded region, they are related as
Xr(¢) =y - X1(¢). In this way, Xy is uniquely determined by Xp,. Let us
denote by S[(T', X);~] the action functional for a field X (¢) and a defect
network I' embedded in a world-sheet ¥ with metric . One then finds that

exp(—S[(TL, X1);7]) =Yg (2, y, 2) - exp(—=S[(Tr, XRr);7]) (1.3)

Figure 3: The relevant part of the two world-sheets 1, and Xg used in the
definition of the 3-cocycle on Z(G). The field jumps by multiplication with
the indicated element of Z(G) when crossing the defect line. The values of
the field on Y1, and Xy differ only in the shaded region.
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holds for a U(1)-valued function g« (x,y,2) which is independent of the
choice of Xj, (this choice then fixes Xr), and which is invariant under
deformations of the defect lines, provided that we do not move one vertex
past another. We treat this example in detail in Section 2, where we also
demonstrate that 1g.« is a 3-cocycle on Z(G) and defines a class [1g.] in
H3(Z(G),U(1)), the third cohomology group of Z(G) with values in U(1)
(with trivial Z(G)-action). The configuration shown in figure 3 was studied
in [JK] from the point of view of interacting orbifold string theories. There,
figure 3 was used to show that the triviality of [1)g.«] is necessary to have a
consistent interaction of closed strings in the orbifolded theory.

The comparison of (1.3) can also be carried out in the quantized WZW
model for the affine Lie algebra gy, where the integer k is the one determining
the gerbe G*K used above. This is done in Section 3, with the following
result. The topological defects of the quantum WZW model for the affine
Lie algebra gx which commute with the Kac-Moody currents are labelled by
irreducible integrable highest-weight representations A of gx. One can assign
a representation A, to each element z € Z(G). The representations A, are
precisely the simple currents of the WZW model (with the one exception

of ¢(8),, which has a simple current even though Z(E(8)) = {e}, see [Ful]).
Comparing correlators on the world-sheets 31, and Xg in figure 3 gives

Corr(I'y, ¥1) = ¥g, (z,y, 2) - Corr(I'r, ¥Rr) (1.4)

for a U(1)-valued function tg, (z,y, z) which is, again, a 3-cocycle on Z(G)
and which defines a cohomology class [¢5] € H3(Z(G),U(1)). We compute
thg, in Section 3.4.

The second main result of this paper is the observation that the cohomo-
logy classes obtained in the classical and quantum computations coincide,

(Vg = [tg,]- (1.5)

In the classical theory, the class [¢)g«] determines the obstruction to the
existence of a Z-equivariant gerbe, for Z C Z(G) a subgroup. The con-
dition [1g«|z] =1 imposes selection rules on k. If the condition holds
Z-equivariant gerbes exist and can be used to define the sigma model on
the orbifold G/Z [FGK,GR1,GR2]. Similarly, in the quantum WZW model,
[¥g.] is the obstruction to the existence of a simple-current orbifold [SY1,
SY2,KS,FRS3|. Thus, one way to read (1.5) is that the classical obstruction
to the orbifolding of the sigma model is preserved by quantization.

A related way to interpret (1.5) is as follows: If a discrete symmetry
group S of a CFT is implemented by defects then this group automatically
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comes with the additional datum of a class [¢)] € H3(S,U(1)) (this will be
explained in Section 3.3). The same is true for the classical sigma model.
Equation (1.5) states that, for the WZW model and for S = Z(G), the class
[¢] in H3(S,U(1)) is not changed when quantizing the model.

That for a given subgroup Z C Z(G) the values of k for which [1)g.«|z] =1
are precisely those for which [t |z] = 1 is already known from [GR1,GR2].
The novelty in (1.5) is the statement that the cohomology classes coincide
for all k, and on all of Z(G). Defect junctions thus give an explicit way to
extract a non-perturbative CFT datum — the fusing matrix (6j-symbols)
restricted to the simple-current sector — from a classical calculation with
gerbes.

The paper is organized as follows: We start in Section 2 by reviewing
the concept of the holonomy for world-sheets without defects and for those
with circular defects. Then we give our construction of the holonomy in the
presence of defect junctions and compute the 3-cocycle for the jump defects
in the classical WZW model. The formulation of the quantum field theory
in the presence of defect lines and the computation of the 3-cocycle in the
quantum theory are given in Section 3. Finally, the results of the classical
and quantum calculation are compared in Section 4.

2 Holonomy for world-sheets with defect networks

In this section, we give a prescription for the holonomy for a world-sheet with
an embedded network of defect lines. We begin by collecting the necessary
ingredients, starting with the definition of a gerbe in terms of its local data,
and proceed to describe and justify the proposed holonomy formula.

2.1 Gerbes in terms of local data

Let M be a smooth manifold and let O™ = {OM | i € T} be a good open
cover of M. Write the p-fold intersection of open sets as (’)%2“% =Mr_; Of\;f.
The qualifier “good” means that each non-empty (’)%2“% is contractible.

For p >0 and r > 1, let CP"(OM) be the set whose elements w are col-

lections of smooth differential r-forms

w={w i, €VOMN, )|ipeIst. O # 0}, (2.1)

1. dp g1 01.0p1
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where wj, _;,., 18 required to be antisymmetric in all indices. This is a Cech
p-cochain with values in the sheaf of differential r-forms on M, but we shall
not need this background in the present paper. Note that CP"(OM) inherits
the structure of a vector space from Q" (OM ). Below, we shall only use

21...ip+1

that Q"(OM .ips1) 18 an abelian group, which will be written additively.
The sets CP°(OM) are defined slightly differently. Namely, an element
@ of CPP(OM) is a collection Diy..ips1» Where each @i i, € U(1)pm

i1l

is a smooth U(1)-valued function on OM ., that is antisymmetric in all

i1...0p
indices. The set CP?(OM) inherits the structure of an abelian group from

U(1), which will be written multiplicatively.

In order to describe a gerbe and its gauge transformations, one uses the
first four components of a chain complex A%,(OM), given by (we drop OM
from the notation)

AQ GO0 gL GOl (L0 A2 (0.2 ALy (520,
A;\i — (03 ¢ 1Jg %2,1 ., 43,0 " (2:2)

M= X CH% x CoF x C™7.
Thus, for example, an element of A}, is a pair (II, ) where I is a collection of
smooth 1-forms IT; on OM and y is a collection of smooth U(1)-valued func-
tions x;; on the overlap (’)f\f = OZM N (’);W , which is antisymmetric in its Cech
indices in the sense that x;;(z) = xji(z) ™. We shall also write elements of
A}, as (I1;, x45), and similarly for the other components of A%,. Each A7,
forms an abelian group under the addition of the component r-forms and
the multiplication of the U(1)-valued functions. For instance, the definition
of the sum of elements of A%, reads

(Bi, Aijy giji) + (B Aij, gij) = (Bi + B, Aij + Al gijie - gijr,)- - (2.3)

The Deligne differential D,y : A}, — A’]"\jl is given by

Doy(fi) = (~idlog fi, /- fo),
D1y (I, xiz) = (dTL;, —idlog X + T — 0, XG5+ xak - X70).
Do) (Bi, Aij, gijt) = (B, dAij — Bj + By, —idlog gik + Az
— Aji, + Az’j,gj_kll “Giwl g;ll *Giik)s

(2.4)

where we follow the conventions of [GSW1]. One verifies that D)0
D,y = 0. Below, we shall typically just write D instead of D).
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Mathematically, the appropriate description of A}, is in terms of the
Cech—Deligne double complex and the resulting Deligne hypercohomology.
We refer the reader to [Br] for a detailed exposition.

With these ingredients in hand, we can now define the notion of a gerbe
in terms of its local data. A gerbe with connection in terms of local data, or
a gerbe for short, on a smooth manifold M is a pair G = (O, b) where OM
is a good open cover of M and b € A%, is such that

Db = (H;,0,0,1). (2.5)

The objects H; are 3-forms on OZM but it is not hard to see that they are, in
fact, restrictions of a globally defined closed 3-form H € Q3(M), called the
curvature of G.

Given two gerbes: G = (OM b) and H = (OM, V) defined with respect
to the same open cover of M, a stable isomorphism ® : G — H in terms of
local data is an element ® € A}W such that & = b+ D®. Given a third gerbe
K = (OM 1) and a stable isomorphism ¥ : H — K, the composition ¥ o ®
is defined to be the stable isomorphism ¥ + & € A}w from G to K. Indeed,
b =b + DV =b+ D® + DV. The notion of a stable isomorphism can be
extended to gerbes over the same base M but with two different open covers
OM and OM by passing to a common refinement.

Physically, a stable isomorphism is a gauge transformation of the gerbe
data. Computations of observable quantities carried out with respect to
distinct but gauge-equivalent (i.e., stably isomorphic) gerbes should give
the same result. One distinguishing feature of gerbes is that the local data
of gauge transformations between two given gerbes can themselves be related
by another kind of a gauge transformation. This is captured by the notion
of a 2-morphism, which is defined as follows: Let G = (OM,b) and H =
(OM b') be gerbes over a manifold M, and let ® : G — H and ¥ : G — H be
two stable isomorphisms. A 2-morphism ¢ : ® = ¥ is an element of A%,
such that

d+Dp=1. (2.6)

!Strictly speaking, the definition of Deligne hypercohomology requires truncating the
de Rham complex. In our paper, we could equivalently work with the full Cech—de
Rham complex but since we want to adhere to the terminology of Deligne hypercohomol-

Lldlog
ogy, we choose to truncate the underlying differential complex to U(l)M AN Q' (M) LN

Q*(M) KN Q3(M), where the underlining indicates that we are dealing with the corre-
sponding sheaf.
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In terms of local data ® = (P, Ki5), ¥ = (P/, K};) and ¢ = (f;), this means
that

P —idlog fi= P/ and K- f;- fj_l = Kj;. (2.7)
The word “2-morphism” derives from the 2-categorial interpretation of
gerbes given in terms of local data, see [St, Wal].

The presentation of the holonomy formula below requires some additional
constructions for gerbes, namely trivial gerbes, the product of gerbes and
pullback gerbes. Let us briefly review the local formulation of these notions.

e A trivial gerbe for a 2-form w on M is the gerbe I(OM w) = (OM,
(wi,0,1)), where OM is a good open cover of M and wj is the restriction
of w to OM. The curvature 3-form of I(OM w) is exact, hence the
name “trivial”. We shall sometimes abbreviate the notation for the
trivial gerbe as I(OM w) = I(w).

e Given two gerbes: G = (OM b) and H = (OM /) defined with respect
to the same good open cover of M, we take the product gerbe to be
G« H = (OM b+¥). This is analogous to the tensor product of line
bundles, hence the product notation. The curvature of G x H is Hg +
Hyy, where Hg and Hy are the curvatures of G and H, respectively.

e Let OM and OV be good open covers of manifolds M and N. In order
to define pullbacks of gerbes, stable isomorphisms and 2-morphisms, it
is not enough to specify a smooth map from M to N — we also need
to know how the Cech indices are related. To this end, we define a
Cech-extended map f: M — N to be a pair (f,¢) where f: M — N
is a smooth map and ¢ is an index map, ¢ : Z™ — IV, such that
f(oM c (95;7(1.). Since ¢ need not exist, not every map f : M — N can

be turned into a Cech-extended map. Given another Cech-extended
map § = (9,7) : N — K, their composition is defined component-wise
as Go f = (g0 f,70 ). v V
e Let G=(ON,b) be a gerbe on N and let f: M — N be a Cech-
extended map. The pullback gerbe is f*G = (OM V) with &/ = (B, Al
9iji) = (F*Bogiy, I Aptiye(i): Jo(s(iek) © ) = f7b. The pullback f*C
for C'= (ciys Civigs - - 5 Ciyinipis) € AI;W is defined in the same way. To
unclutter the notation, we shall frequently use the shorthand

I Cirig..im = [T Coi1)b(in)...h(im)- (2.8)

If fi = (f,¢) and fo = (f, 5) are two Cech-extended maps that differ
only in the choice of the index map, the resulting pullback gerbes
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are stably isomorphic. Indeed, one verifies that V=V + Dp for p =
N — (FF - - g1
(M xi3) = (F* Aoy Woonnan  Jamaman) 7

A more geometric description of gerbes is given by bundle gerbes, see [Mu,
MSt] and [St,Jh, Wal, Wa2]. Their main advantage is that the choice of a
good open cover of M is replaced by the more flexible concept of a surjective
submersion 7 : Y — M, which proves particularly convenient in the WZW
setting, see [GR1,Me, GR2]. It deserves to be stressed that every bundle
gerbe is stably isomorphic to a bundle gerbe whose surjective submersion
comes from a good open cover of M, see [MSt]. The reason for us to use the
local description is that the formalism is easier to set up and that we find
the definition of the holonomy formula in terms of local data more intuitive.

2.1.1 The Lie-group example

As mentioned in the Introduction, the example that we consider in this paper
is the WZW model for a compact simple connected and simply connected
Lie group G at level k € Z~( (geometrically, the value of the level sets the
size of the group manifold). The Lie group comes equipped with the so-
called basic gerbe [GR1, Me], which we denote by G. It is the unique, up to
a stable isomorphism, gerbe with the curvature given by the Cartan 3-form

H(g) = %trg(g_1 dgAgtdgngt dg), g € G, (2.9)
the latter being fixed by the requirement of the vanishing of the Weyl anom-
aly in the quantized sigma model. Note that the works [GR1, Me] use the
language of bundle gerbes; here, we have to decide once and for all on a
good open cover OF of G and on local gerbe data b = (Bi, Aij, giji) such
that G = (OC,b). In fact, as we shall later want to consider translations by
elements of the centre Z(G) of G, we choose the good open cover OF to
be invariant under such translations in the sense that there exists an action
Z(G) x TG = TG : (2,i) + z.i such that

2(0F) = 0F; for all z € Z(G), (2.10)

where z(OF) ={z-g| g€ OF}. We can use this action to turn z into a
Cech-extended map from G to itself by setting

2:G—-G, z=(g—z-g,i z.1). (2.11)

Given a Z(G)-invariant cover of G, we obtain a natural definition of a left-
regular action of Z(G) on Ag,r > 0 by the Cech-extended pullback

(z,w) — (2:1)*w =z.w (2.12)
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which we are going to encounter frequently in the sequel. Finally, for the
WZW model at level k, one uses the k-fold product G** of the basic gerbe
with itself.

2.2 Surface holonomy in the absence of defects

Here, we review the definition of the surface holonomy in the absence of
defects [Al, Gal]. In this case, the world-sheet is an oriented smooth com-
pact two-manifold ¥ with empty boundary and the target space is a (not
necessarily connected) smooth manifold M with gerbe G.

Write the local data for G = (OM,b) as b = (B;, Aij, gijk). Given a once
differentiable map? X : ¥ — M, the holonomy Holg(X) is an element of
U(1) defined by the following formula:

Holg(X) = ] {exp(i /t Et) H[exp(i / Zte)Hgtw@)”, (2.13)

teA(X) eCt vEe
whose ingredients we proceed to explain:

e A(Y) is a triangulation of ¥ which is subordinate to O™ with respect
to X in the sense that for each triangle ¢ € A(X) there is an index
it € Z such that X(t) C (’)f\f . This implies that also the image under
X of an edge e lies in one of the open sets of the good cover. For each
edge e and vertex v, we pick an assignment e — ¢, and v — %, such
that X (e) C Of\f and X (v) € (95\:".

° §t = X*B;, is the pullback of B;, to the triangle ¢ along X. Here, X
is understood as a map from ¢ to O% . The 2-form Et is integrated
over t using the orientation of the world-sheet .

° A\te = X*A,;,;, is the pullback of A;,;, to the edge e along X. Here, X
is understood as a map from e to (’)%e. The 1-form gte is integrated
over e, where the orientation of e is the one induced by the triangle ¢
via the inward-pointing normal. (For example, the orientation of the
edges of a triangle embedded in R? is counter-clockwise.)

® Giev = (X*gi,4.i, )77, where X maps v to O%eiv and g4, = £1 is deter-

mined as follows: The edge e inherits an orientation from the triangle

t. If the vertex sits at the end of e with respect to this orientation

we set ey = 1. Otherwise, &4, = —1. (For example, in the interval

[0,1] € R with the standard orientation, the point 0 has ¢ = —1 and

the point 1 has ¢ = 1.)

2By this we mean a C*-function, i.e., a function that is once continuously differentiable.
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The reason why it is sufficient to require X to be once differentiable, rather
than smooth, is that the holonomy Holg(X) and the kinetic term in the
action only depend on the first derivatives of the map X. This will play a
role when discussing topological defects in Section 2.9 below.

The holonomy remains unchanged if we perform a gauge transformation
on the gerbe data, and the relation Db = (H;,0,0, 1) ensures that the holo-
nomy is independent of the choice of triangulation. We shall return to these
points in Section 2.7.

2.3 Abelian bi-branes

In words, an abelian bi-brane of [FSW] is a submanifold @ of the product
M x M, together with a 2-form w on ) such that the pullbacks of the gerbe
G by the canonical projections to the two factors in M x M differ only by
the trivial gerbe I(w) when restricted to Q). Since we are working with local
data, some extra choices are involved, making the actual definition lengthier.
We shall also be slightly more general by not restricting ourselves to the case
that @ is a submanifold of M x M.

Let G = ((’)M, b) be a gerbe on M. An abelian G-bi-brane B in terms of
local data is a tuple

B=(Q,w,0°i1,i,®), (2.14)

By (B.v), the two pullbacks of the gerbe G differ by a trivial gerbe on Q.
For the curvature of G, this implies (JH — t5H = dw. Thus, the difference
of the pullbacks of the curvature has to be exact on Q.

Let the local data for the gerbe and the stable isomorphism be given by
b= (B, Aij, gijk) € A%W and ® = (P, K;j) € Ab, respectively. The stable
isomorphism now gives the condition (recall the shorthand
notation (2.8))

11(Bi, Aij, giji) + D(P;, Kij) = i5(B;i, Aij, giji) + (w,0,1). (2.15)
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There are a number of differences with respect to the original definition
in [FSW, Wa2] which we would like to point out and justify. Namely, in
[FSW, Wa2],

e a bi-brane is defined in terms of more general morphisms [Wal] between
the pullback gerbes, not just stable isomorphisms. In a nutshell, the
data (2.14) can be understood as a gerbe-twisted line bundle over @,
while in the case of a general bi-brane, one also allows gerbe-twisted
vector bundles of higher rank. In this paper, we shall restrict our
attention to the case of abelian bi-branes. This is done for simplicity.

e () is taken to be a submanifold of M x M. This is recovered in the
present definition as a special case upon choosing 7; and 7s to be the
canonical projections onto the two factors. The reason why we use a
more general definition is that it will allow us to treat several bi-branes
using only one manifold @, even if the worldvolumes of the individual
bi-branes would intersect as submanifolds in M x M.

e bi-branes between different target spaces M; and My are allowed, in
which case @ is a submanifold of M; x Ms. This situation is covered by
our approach because we can take M to be the disjoint union M; LI M>
and choose i1, 2 : Q — M to be the projections for a submanifold Q) C
My x My C M x M.

Two simple examples illustrate the data describing a bi-brane: the trivial
G-bi-brane and D-branes (the latter were dubbed G-branes in the gerbe-
theoretic context of [Gad]). The trivial G-bi-brane for the gerbe G over the
target space M is given by

Buiv = (M, 0,0M id,id,idg). (2.16)

This corresponds to the diagonal embedding of M into M x M with the
2-form w set to zero. For a trivial G-bi-brane, the holonomy for the world-

sheet with an embedded defect network given below reduces to the form
(2.13).

In order to describe a D-brane in a target space N, one takes the manifold
M to be the disjoint union of N and a single point, M = N Ll {e}. Let D
be a submanifold of N with a 2-form field w. Consider the bi-brane

and = (D,w,(’)D,Z,i,CP), (217)

where 7 = (¢, ¢1) is just the embedding of D into N C M and & = (e, ¢9) is
the constant map D — {e}. For simplicity, we take the open cover OP of D
to be the intersection of the open sets in @V with D and assume that the
open sets in OV are small enough for the resulting cover O to be good.
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Thus, ¢1 = id in this case. The cover of {e} consists of one element, which
we also label o, and ¢5 is the constant map Z% — {e}. Condition (B.v) on
® and w now reads ® : G|p — I(w), which is precisely the local data for a
D-brane as defined in [GR1, Gad].

2.3.1 The Lie-group example (cont’d)

Continuing the Lie group example from Section 2.1, we now want to define
a G**-bi-brane B z(q) for jump defects. The underlying manifold is

QZ(G) =G X Z(G), (2.18)

and the 2-form w on @ z(q) is zero. The open cover Oz is indexed by pairs

from 79z = 7G x Z(G), and the corresponding open sets are Oﬁf(G) =

OZG x {z}. The two Cech-extended maps i1 = (11, $1) and iy = (19, ¢2) from
(Qz(q) to G are given by the formulee

u(g,z) =9, ¢1(i,x) =1 12(g9,2) = g, ¢a(i, ) = x L. (2.19)

The pullback of G along the translation by =z € Z(G) yields a gerbe stably
isomorphic to G. This follows since the left-regular action of Z(G) induced
by the pullback as in (2.12) commutes with the Deligne differential D, and
translations by elements of Z(G) preserve the Cartan 3-form. This conclu-
sion also holds for all powers of G, and so one can find a set of 1-morphisms

Az = {As : G > 2.6" |z € Z(G)}, (2.20)

cf. (2.12), constructed explicitly in [GR2, Section 3] in the framework of
bundle gerbes (the present notation conforms with the unified treatment laid
out in [GSW2, Sections 1 and 3]). The local data of ® : ;G — i5G** on

O%Z(G) is given by the local data of A, on OZ-G, where we use OiG = OSTZ(G).

The existence of the stable isomorphisms A () is ensured by the triviality
of the cohomology group H?(G,U(1)). To see how this comes about, let us
have a brief look at a general target space M with metric G and 3-form
field H. Let S be a finite subgroup of the isometry group of M which
also preserves H. Pick a good open cover OM of M which is invariant
under S in the sense that, for all z € S, we have 2(OM) = OM for some
index x.i. This turns x into a Cech-extended map as in (2.11). Let G =
(OM b) be a gerbe on M with curvature H. Clearly, the stable isomorphisms
Ay G — .G exist if and only if the orbit {x.G | xz € S} lies entirely within
one stable-isomorphism class. In terms of local data, A, obey (dgb), =
DA, where (6gb); =x.b—0b (cf. Appendix A.1 for a basic reminder on
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the finite-group cohomology). We shall call the collection Ag = {A; | z €
S} such that (6gb), = DA, an element-wise presentation of S on b. The
obstructions to the existence of an element-wise presentation are contained
in H?(M) = ker D(9)/im D3y, the set of stable-isomorphism classes of gerbes
over M with curvature H = 0. Indeed, while D(dgb), = (0,0,0,1) holds true
in consequence of z*H = H, that (dgb), is a D-coboundary is guaranteed
only if H2(M) consists of just one element. The latter cohomology group
satisfies H?(M) = H?(M,U(1)), see [Gj] and also [Jh, Section 2.2], and so
it trivializes for M = G a compact simple connected and simply connected
Lie group.

2.4 Holonomy for world-sheets with circular defect lines

We now turn to the holonomy formula for world-sheets with circular defect
lines, but without defect junctions. This is the situation treated in [FSW,
Wa2]. As in Section 2.2, we are given a manifold M with gerbe G, and, in
addition, we now have a G-bi-brane B with local data as in (2.14).

While the formulation of the holonomy itself does not require any further
structure, the conditions to be imposed on the sigma-model fields at the
defect do. The extra structure is a metric G on the target space M and a
metric v on the world-sheet ¥, both of which are part of the sigma-model
data, entering explicitly the kinetic term in the action functional (1.1).

By a circle-field configuration on the world-sheet ¥ we mean a pair (A, X),
where A is an oriented one-dimensional submanifold of ¥ with empty bound-
ary, i.e., a collection of oriented circles in ¥, and

X: Y5 MUQ (2.21)

is a map from the world-sheet into the disjoint union of the target space M
and the G-bi-brane world-volume @, with the following properties:

(L1) X maps ¥ — A to M and is once differentiable on ¥ — A. Furthermore,
it maps A to (Q and is once differentiable on A.

(L2) Let p € A and let U be a small neighbourhood of p. As ¥ and A are
oriented, A splits U into two open sets Uy and Us. For example, if U is
the open unit disc in R? and A is the real line, both with the standard
orientation, then U; is the upper open half-disc and Uy the lower open
half-disc. 'We demand that, for o = 1,2, the restriction X|y, has a
differentiable extension X K Uy — M to the closure U, of Uy, such

that X|o(p) = ta(X(p)).
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(L3) With p,U, and X|, as in (L2), let t € T, be the unit vector tangent to
A in the direction given by the orientation of A, and let 1, € T,2, a =
1,2 be the unit vectors normal to A and pointing, each, to the side of
Ua (so that, in particular, ny = —73). Then, for all v € Tx(,)Q, we
require that the constraint

~ ~ i ~
GXll(p)(l,l*U, X|1*n1) + GX|2(p)<L2*U,X|2*n2) - §wX(p) (’U,X*t) =0 (2.22)

be satisfied by the tangent (pushforward) maps X, : TU, —TM. A
derivation of the above defect constraint is presented in Appendix A.2.

Conditions (L2) and (L3) merit some comment. If @) is a submanifold of
M x M then (L2) just means that the maps to the left and to the right of
A have, each, a differentiable extension to A, and that A gets mapped to
Q) C M x M under these two extensions. Condition (L2) is a straightforward
generalization of this requirement to the case when @ is not necessarily a
submanifold. Condition (L3) is new; it forms part of the dynamical data
of the sigma model, and is therefore not needed in [FSW]; it will play an
important role in the discussion of topological defect lines in Section 2.9
below. It constrains the variation of the derivatives of the embedding map
X across the defect in a manner dictated by the principle of least action
applied to the sigma-model action functional.

For instance, if B = By is the trivial defect (2.16) then condition (L2)
enforces the equality X;(p) = X(p) = Xj2(p) for any p € A. Thus, X is a
continuous map > — M, which — so far — is only required to be differen-
tiable on 3 — A and along A. Condition (2.22) now reads G x () (v, X|1.71) +
G x(p) (v, X|2sm2) = 0 for all v € T'x () M. If we remember that X); is the dif-
ferentiable extension of X to the left of A, that X is the differentiable
extension of X to the right of A, that n; = —7y, and that G is a non-
degenerate pairing, we see that (2.22) forces the normal derivative to be
continuous across A.

As another example, consider the case in which B = By,q describes a
D-brane as in (2.17). Condition (L2) forces the neighbourhood of A in X
to its right to be mapped to {e} C M, while the neighbourhood of A in
¥ to its left is mapped to N such that the extension reads X; = X on A.
Since Xjy is constant, X5, =0, and so (2.22) becomes 2G x(,)(v, Xs71) —
iwx (p) (v, X,t) =0 for all v € Tx(p)D. When written in terms of local coor-
dinates X* for M, with v = § X", tangent to D, this yields

SXH (G (X)0n XY — iwp (X)0X")|, =0, (2.23)
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where 0, is the tangent derivative at the boundary A of ¥ — X~1({e}),

Opn = w%i\/%;)eab@a is the (inward-)normal one, and w = wy,, dX* A dX" with
wyy antisymmetric in its indices. The above are just the standard mixed
Dirichlet—-Neumann boundary conditions for a world-sheet with boundary A,
where the boundary gets mapped to the D-brane world-volume D endowed
with the global twisted-gauge invariant 2-form w = F; + B; (F; being the
“curvature” of the gerbe-twisted gauge field), see [Cl, Equation (3.3)].

One way to think of a configuration (A, X) is that it describes a string
moving in a possibly disconnected target space, where the string is allowed
to “tunnel” from one component into another by passing through Q.

From a category-theory perspective, M could be viewed as the set of
objects and @ as the set of arrows, with ¢; and t5 designating the source
and the target of a given arrow, respectively. Unfortunately, we only know
how to formulate composition in very special cases, so the analogy stops here.

Note that, in our formulation, the entire A gets mapped to the same
G-bi-brane manifold (). In this sense, every defect circle, i.e., every con-
nected component of A, carries the same defect condition. This may seem
a restriction, but it is really just a convenient way to absorb the possibility
of having different G-bi-branes for different defect circles into the map X.

More specifically, note, first of all, that A divides the world-sheet 3 into
connected components, which we shall call patches. The situation in which
different patches get mapped to different target spaces My, Mo, ... is accom-
modated by taking M = M; U M, LI.... Since X maps > — A to M, each
patch will sit entirely in one of the components M} by the continuity of
X. Next, suppose that we have several G-bi-branes By, B, ... on M, and
that we want to label each of the defect circles by one of the By. This
is accounted for by setting B =By U By U..., and choosing the map X|j
accordingly. Since X |, is continuous, the image of each defect circle has to
lie in one of the components Bj.

The holonomy for a circle-field configuration (A, X) is a modification of
(2.13) which includes an additional term associated to A,

Hol(A, X) = Holg(X) - Holg(X|a), (2.24)

where

Holg(X[a) = [] [exp (i/eﬁe) Hf(ev(v)]. (2.25)

e€A(A)
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Above, Holg(X) is given by the same expression® (2.13), together with a
prescription as to how to deal with the jumps of X across A, which we give
shortly. The novel term Holg(X|5) can be understood as the holonomy of
a gerbe-twisted line bundle over A, see [FSW, Wa2|, and also [CJM, GR1,
Gad] for the corresponding observation for boundary circles instead of defect
circles. In more detail, Holg(X) and Holg(X|s) are defined as follows:

e Let A(X) be a triangulation subordinate to (A, X) in the following
sense. For each triangle t € A(X), there must exist an index i; € ZM
such that the interior of ¢ gets mapped to Of\t/[ . We require that A be
covered by edges of A(X), and we denote by A(A) the resulting one-
dimensional triangulation of A. For each edge e € A(A), there must
be an index i, € Z9 such that X maps e to (’)g. It is understood that
the assignments ¢ — i; and e — i, are made once and for all.

e For each edge e and each vertex v of A(X) which do not lie on A, we
fix indices i. € ZM and i, € Z™ such that X maps e to Of\f and v to
Of\f . For vertices v that lie on A, we pick an assignment v — i, € Z9.
As in Section 2.2, these maps are guaranteed to exist by the continuity
properties of X. R R

e In expression (2.13) for Holg(X), we still have By = X*B;,, A =
X*A;i, and Grep = (X*giyi i, ). If one of the edges of ¢ lies in A
then the pullbacks use the differentiable extension of X from the inte-
rior of ¢ to all of ¢ (which exists by condition (L2) on X). If e C A then
e € IQ, and it is understood that A;,;. and g;,., stand for Ait¢1(ie)
and i, (i.)¢1 (i), TeSpectively, if the orientation of e, as induced from
t, agrees with that of A, or for A; 4, ;) and g;,4,(i.)¢s(i,) Otherwise, cf.
figure 4.

° ]3e = X*P;,_, where X is understood as a map from e C A to (92. The
resulting 1-form on e is integrated using the orientation of A.

o Koy = (X*K;_ i,) % (note the minus sign), where X is understood
as a map from v € A to O, . The edge e inherits an orientation
from A. The sign convention reads: €., = 41 if, with respect to this
orientation, v sits at the end of e, and €., = —1 otherwise.

Again, the expression for the holonomy Hol(A, X) is basically dictated by
requiring invariance with respect to the choice of the triangulation, and with

3We emphasize that expression (2.13) loses its fundamental property — namely, the
invariance under changes of the world-sheet triangulation and gauge transformations —
in the presence of a defect network, and hence it now defines a collection of transport
operators for the transgression bundle of [Gal] instead of surface holonomy. It is with this
understanding that we choose to denote it by the same symbol Holg(X) for the sake of
brevity. Analogous remarks apply to the defect-vertex corrections to the holonomy.
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Figure 4: When a triangle ¢ shares an edge e with a defect line, the orien-
tation of the defect either agrees with that of 9t or not. This decides which
pullback map to apply to the connection 1-forms A;; and the transition
functions g;;, on M.

respect to gauge transformations of the gerbe. This is discussed at length
in Section 2.7.

For the trivial G-bi-brane B = By, it is easy to check that Holg(X|x) =
1 so that the holonomy in the presence of defects (2.24) reduces to the
holonomy in the absence of defects (2.13).

In the case when the bi-brane describes a D-brane B = By,,,q, one can verify
that (2.24) reproduces the holonomy for world-sheets with boundary given
in [CJM, GR1,Ga4]. The world-sheet with boundary is obtained as follows:
Given a circle-field configuration (A, X) on ¥ for the target M = N L {e}
with bi-brane Byyq, some parts of the world-sheet will be mapped to {e}.
On these components of X, there are no degrees of freedom, and so both
the kinetic and the topological term of the action vanish. Hence, we may as
well remove these parts of the world-sheet, which yields a new world-sheet
Y with A as its boundary.

2.4.1 The Lie-group example (cont’d)

Let us inspect what a circle-field configuration (A, X) for the G**-bi-brane
Bz with world-volume (2.18) looks like. Condition (L2) means that
whenever p € A gets mapped to X(p) = (g,2) € G x Z(G) then X (p) =
11(g,2) = g and Xpp(p) = t2(g,2) = 27" - g. Thus,

lim X(¢) = = lim X(0). (2.26)

where by ¢ \(p and { 7 p we mean that ( € ¥ approaches p in the neigh-
bourhood Uy and Uy, respectively, so that, e.g., lim¢\ , X (¢) = X1 (p). Con-
dition (L3) now reads Gg(v, X|1,71) + G,-1.,4(2; v, Xpp.i2) = 0 for all v €
Ty,G. Since the (Cartan—Killing) metric on G is G-invariant, this implies
X1 + (2 - Xj2)«n2 = 0. Together with X|1*?: (z - X|2)*f, which follows
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from the identity X;(p) = 2z - X|2(p) valid for all p € A, this yields an equal-
ity of the tangent maps

X1 = (2 Xpp)o : T,E — T,G. (2.27)

In other words, also the first derivative of the field X has to jump in a con-
trolled manner across A. Altogether, we see that this G**_bi-brane describes
jump defects with the value of the jump dictated by the value of the field
on the defect circle.

2.5 Abelian inter-bi-branes

The introduction of a target-space structure for defect junctions on the
world-sheet calls for the notion of a 2-morphism, as introduced in Sec-
tion 2.1, as well as for that of the dual of a stable isomorphism and the
dual of a G-bi-brane, which we now define.

Suppose that we are given a target space M with gerbes G and H, and
a stable isomorphism ® = (II;, x;;) : G — H. We define the dual stable iso-
morphism ®" : H — G by the local data (—Hi,xi_jl). We also introduce
2-morphisms (the death 2-morphisms)

de : @V o & = idg, (2.28)

with local data dg = (1). One may wonder why ever we should give a special
name to a 2-morphism with trivial data. The reason is that we have made
a specific choice for the dual morphisms here; other choices, differing by
2-isomorphisms (gauge transformations), are possible which would lead to
death 2-morphisms with non-trivial data. Furthermore, a generic dg cannot
be avoided in the framework of bundle gerbes [Wa2].

Let B be a G-bi-brane of the form (2.14). The G-bi-brane dual to B is
defined as

BY = (Q,—w,0%,i,i1,®Y). (2.29)

Below, we shall often use the convenient notation Bt = B and B~ = BV,
and we shall refer to the data in B by a superscript ( )*. One can check
that the holonomy (2.24) does not change if we simultaneously reverse the
orientation of A and replace B by BY.
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A (G, B)-inter-bi-brane J for a gerbe G over a manifold M and a G-bi-
brane B is an infinite tuple

J = (Tn7 OTn7 ©Pn, Tn ’ n e Z>0)7 (230)

where, for every n € Z~q,

(I.i) T, is a smooth manifold;
(Lii) O™ = {O]" | i € T™} is a good open cover of Ty;
(Liii) ¢y, is a 2-morphism;
(Liv) 7, = (en PREL bk =12, ..,n) are collections of maps.

The detailed description of the infinite sequence (p,, 7, | n € Z~¢), and of
the conditions which the data have to obey is somewhat lengthy but straight-
forward. First of all, each T,, carries the data needed to formulate the holo-
nomy for an n-fold junction of defect lines on the world-sheet. We allow the
possibility that 7), is the empty set. For example, if one wants to consider
world-sheets with three-valent defect vertices exclusively one could choose
T, = 0 for n # 3. In what follows, we shall frequently refer to the manifold
T given by the disjoint union

=] 7 (2.31)
n=1

which we call the world-volume of the (G, B)-inter-bi-brane.

k+1

The maps ek in the definition of 7,, are continuous functions

gkl T {41,-1}, ennfl=ent (2.32)

They give a decomposition of T, into up to 2" disconnected pieces (not all
1,2 23 n,n+1

combinations of the n signs ", en”, ..., en need occur). This decompo-
sition of T}, will be needed to accommodate the different orientations with
which n edges can end on an n-valent defect vertex in the world-sheet. The
objects TI'k M1 are Cech-extended maps

FRAHL = (phktl phhtl) T, gt = gl (2.33)

composed of smooth manifold maps 7Tk k1

k,k+1

: T, — @ and the attendant

index maps ¥y’ :IT — 79, subject to the condition

k—1,k
“€n

Ek+1
i o Fh—bk — " o 7?7’2”“+1 fork=1,2,...,n, (2.34)

n
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. . . . . 0,1 1 .01 _ .n,1 . ..
in which the identifications ;" = ey~ and 7, = 7, are implicit. Here,

the manifold map from 7,, to M appearing on the left-hand side is given by
k—1,k
Py ® 4 m’i_l’k(p), and similarly for the right-hand side. Recall that

the notation Lli and L2i refers to the maps from the definition of the G-bi-

brane BT = B and its dual B~ = BY. Put together with (B.iv), condition
(2.34) enables us to induce another family of Cech-extended maps

k,k+1

k=5 ol = (gk yky T, - M (2.35)
from ﬁ’ng’kﬂ. Just as for G-bi-branes, we shall not — for the sake of trans-
parency — spell out ¥ and w]nc’kﬂ explicitly in formulse involving pullbacks
from M or QQ to T,,.

Using frffb and ﬁﬁ’kH, we can pull back data to T, from M and (), respec-

tively. Thus, in particular, we obtain a family of 2-forms on T,

k,k+1
5n7+

whAHL = (ghkt) "y (2.36)
We demand the sum of all these 2-forms to vanish for each n € Z~,
n
> Wttt =o. (2.37)
k=1

In the light of the invariance arguments to be presented in Section 2.7, we
could — more generally — have postulated the existence of 1-forms 6, on
T, such that the above sum is equal to df,, instead of being zero. However,
the analysis of the defect conditions for the fields of the underlying sigma
model, derived in Appendix A.2 through the application of the variational
principle, shows that only those parts of T}, can be probed by the sigma-
model field in which 6, vanishes. Therefore, we may as well set 8, = 0 for
all n € Z~¢ from the start.

In addition to the above, we also obtain, on each T;,, a family of gerbes
and stable isomorphisms

k,k+1
an’+

Gk = (#F)"g, bt = (zhF )"0 , (2.38)

where @ﬁ’kﬂ is readily verified to be a stable isomorphism g’; — gﬁ“ *
I (wﬁ’kﬂ). Here, we have used the identification Q’QH = g}L and abbreviated
1 (wﬁ’kﬂ) =1 (OT",wf,,’kH), and we shall adhere to these conventions below.
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Define the stable isomorphisms =, : G, 1 Ql on each component 7;, by the

cyclic composition of the stable isomorphisms PRI

2,3
(I>n *ld 1.2

=, : Gl 2N G2 % I(wh?) ——00, 63 4 T(w2?) % T(wh?) — -
CDZ’1*id1(wr7:71’”)*.”*id1(w}{2) 1 n,1 n—1,n 1,2\ _ 1
Gox I(wph) * I(wp™5") % I (wy?) = G
(2.39)

The last identity follows from the composition rule I(w) x I(w') = I(w + &),
cf. Section 2.1, and condition (2.37). We may finally introduce a 2-morphism
©n as

on By = idg. (2.40)

This completes the description of the data of an abelian (G, B)-inter-bi-brane
and of the conditions it has to satisfy.

k,k+1 (Plc,kJrl

Upon rewriting (2.40) in terms of the relevant local data ®,; A

K ’?*1) € ATn and ¢, = (fni) € ATn on OT» we obtain the relation

n7Zj

ST(PEF RS + (<idlog foi, fai frd) = (0,1). (2.41)

k=1

In the sequel, we shall often employ the composite 2-morphism ¢ = (f;) €
AOT on the total world-volume 7" glued from the 2-morphisms ¢,, as per

¢l = ¢n. (2.42)

The simplest example of an inter-bi-brane is the trivial (G, B)-inter-bi-
brane Jiiv which is defined for the trivial G-bi-brane B = Bi,i,. In this case,
one takes T, in the form of 2" copies of M, one for each possible set of values
of the maps 5k M1 The projections #&FL a1l coincide with the identity map
on M. One then finds that =, is the identity stable isomorphism from G

to itself, and one chooses for ¢, the identity 2-morphism with local data
on = (1).
2.5.1 The Lie-group example (cont’d)

We shall now tailor down the exposition of the various bi-brane and inter-
bi-brane structures associated with Z(G)-jump defects of the WZW model
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for G to the main task at hand which consists in obtaining the 3-cocycle of
(1.3). The minimal set of inter-bi-brane data is provided by the two sets

T3=G x Z(G) x Z(G) x {1}, Ty=GC x Z(G) x Z(G) x Z(G) x {£1}4,
(2.43)

describing three- and four-valent vertices, respectively. As the notation
clearly suggests, the sign maps (2.32) are fixed in the form
e Mg, 2,y €12, €23 €31) = ekt
3 y Ly Iy 34 ;09 s B ) (244)
847 (gaxvyaz7€1,27€2,37€3,4784,1) = Ek,k+1'

Since we shall only need for our purposes the distinguished connected compo-
nents T2+1 = T37++_ and T3+1 = T4’+++_ of T3 and 1—‘47 we fix the
signs as

e =41=e" '=-1, gl=+41=" =" ' =-1 (245)
for the remainder of the discussion. Below, we detail the remaining elements

of the description solely for 7541, postponing the construction of 7541 to
Section 2.8.

The good open cover of T is obtained in the same way as for the G*-
bi-brane By () of (2.18), that is we choose the open sets ol = OF x

1,T,Y
{(z,y)} with i € Z¢ and =,y € Z(G) (and the redundant signs dropped
from the notation, which is also what we do below). The Cech-extended

maps ﬁ];ffrl = (wg’kﬂ,wlg’kﬂ) ‘T2+1 for the edges then evaluate on points
T.
(g,a:,y) € Oz,?(jyl as
1,2 1,2 /s .
7T2+1(g7377y) = (gax)a 1/12+1('l,.’13,y) = (Z,JZ‘),
2,3 - 2,3 /. 1.
7T2+1(g?l'7y) = (:U ! 'gay)a ¢2+1(17$7y) = (:L' 1'Z7y)a (246)

3,1 31 /. .
772+1(g,x,y):(g,x‘y), 1/12+1(Zawvy):(%37'y)~

These manifestly obey condition (2.34), for example LQ(T(%fl (g,2,y)) =21

g= Ll(ﬂ'gfl (9,2,%)). The corresponding Cech-extended maps (2.35) for the
patches are

W%-&-l(gvxay):gv 7r3+1(g,x,y):x_l'g, 7f§+1(97$7y):($'y)_1'97

(2.47)

and similarly for ¢§ 1
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At this stage, we still have to fix the 2-morphisms ¢,, from the collection
(2.30). We shall only describe those supported by the subspace T%’Ly1 =
G x {(x,y)} C To41, which we identify with G. Using (2.47) we get the

three pullback gerbes on Ty} defined in (2.38),

Goy1 = (7301) G = G,
G3.1 = (7341)°G™ = 2.6, (2.48)
gg’ﬂ ( % ) g = (z-y). g*k

as well as the pullback 1-morphisms

1,2 1,2

Dyt = ( Tolf1 ) P =A, g2+1 — g2+1,
2,3

cI’2+1 ( 2+1) P =uzAy: g2+1 — gz+1v (2.49)

3,1 3,1 )
Dy = () ) oV = Agy P Gay1 — Gay1-

We next fix 2-morphisms
Pay (. Ay) 0o Ay = Ayy, (2.50)

where both sides are stable isomorphisms Gk — (x- y).g*k. These
2-morphisms can be read off from [GR2, Section 3] upon consulting [GSW2,
Sections 1 and 3] whose conventions have been adopted in our discussion.
Finally, we define the 2-morphism @941 : @g’ﬂ o @gfl o @%’fl = idg%+1 on
Ty} as

ld_Av 0Py, "

d xT- .
i1 s AL 0 (2. Ay) 0 Ay == AY 0 Apy == idgu.  (2.51)

The composition of 2-morphisms represented by the superposition of the
corresponding double arrows is called ‘vertical’ in the 2-categorial language
and denoted with the symbol e, e.g., o1 =d4,., ® (idAg_y ) @cy) We shall
use the composition symbol in the reminder of the paper in order to shorten
some formulee.

The existence of the 2-morphisms ¢, , follows form the triviality of the
cohomology group H!(G,U(1)). In order to see this, let us look at a gen-
eral symmetry group S again, as we did at the end of Section 2.1. Suppose
that an element-wise presentation Ag of S on b exists. In terms of local
data, the 2-morphisms @, : (2.4y) 0 Ay => A,y have to solve —Dg, ,, =
((55.,4)9373, for all z,y € S, where ((55.,4)937?; =z.Ay — Az.y + Az. We shall col-
lect the 2-morphisms into a set g = {@zy |,y € S} and call the pair
(As, ps) a homomorphic presentation of S on b. Assuming the existence
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of the element-wise presentation Ag, the obstruction to the existence of a
homomorphic presentation is contained in H'(M) = ker Dyy/im D(g), the
set of isomorphism classes of flat line bundles over M. Indeed, the equality
DésA = 6sDA = §%b=(0,0,1) always holds due to 6% = 0, but the exis-
tence of pg requires (05.4)z,y to lie in the image of D(gy for all z,y € S. The
cohomology group H!(M) satisfies H' (M) = HY(M,U(1)), see [Gj,Jh], and
so it trivializes for M = G a compact simple connected and simply connected
Lie group.

2.6 Holonomy for world-sheets with defect networks

After all the preparations, we can, at last, describe our construction of the
holonomy for world-sheets with defect networks.

A defect network I' on a world-sheet X is an oriented graph embedded
in ¥, together with an ordering of the edges around each vertex. By this
we mean that the edges of I' are oriented submanifolds of ¥, and that, for
each vertex of I', the edges emanating from this vertex have been labelled
in the counter-clockwise order as ej2,e23,...,e,1. (Since the world-sheet
is oriented, this is equivalent to marking one of the edges attached to the
vertex.) We allow, in particular, circular edges that are not attached to any
vertex. The set of edges in I is denoted by Er, and the set of its vertices
by Vr.

A network-field configuration on X for the target space M with the G-bi-
brane B and the (G, B)-inter-bi-brane J is a pair (I', X'), where T is a defect
network and

X:X—->MuQuT (2.52)

is a map from the world-sheet into the disjoint union of the target space M,
the G-bi-brane world-volume @, and the (G, B)-inter-bi-brane world-volume
T, with the following properties:

(N1) X restricts to a once differentiable map ¥ —I' — M, and to a once
differentiable map I' — Vr — @), and it maps Vi to T. Furthermore,
we have X (v) € T,,, for a vertex v € Vp of valence n,.

(N2) In aneighbourhood of a point p € I' — Vp, the map X obeys conditions
(L1)—(L3) for a circle-field configuration from Section 2.4.

(N3) Let v € Vi be an n,-valent vertex and let ey ;41 be an edge converging

at v. If the edge is oriented towards v we demand that er*™ (X (v)) =

+1, and otherwise that z—:ﬁfH(X(v)) =—1.



GERBE-HOLONOMY FOR SURFACES 1165

(N4) Let v and ey, 41 be as in (N3). The map X sends ey, ;11 with its end-
points removed to ). We demand that X have a differentiable exten-
sion Xj k41 @ expy1 — @, and that Xy 11(v) = m’if“(X(v)) hold.

Condition (N3) ensures that a vertex gets mapped to the correct compo-
nent of T, according to the orientation of the edges converging at v, and
condition (N4) restricts the jump of X at the vertex itself. There are two
implications of (N4) that we wish to emphasize.

First, let U C X be a small neighbourhood of a vertex v € Vr of valence n,,.
The defect network I' divides U into n, open sets Uy, Us,...,U,,, labelled
counter-clockwise around v such that Uy, sits between the edges e,y and
ek k+1. The map X sends U, to M. Condition (N2) implies that it has
a differentiable extension to Uj — {v}, and condition (N4) ensures that,
in fact, X has a differentiable extension X}, : U, — M, and that Xj(v) =
7 (X ().

Second, if B = By,iy is the trivial G-bi-brane and J = Jiiv is the trivial
(G, B)-inter-bi-brane then — as we have already seen in Section 2.4 — X
has a differentiable extension to all of ¥ for I" composed solely of circles. By
the same argument, one finds that, for a general defect network, X has a
differentiable extension to X — V. However, by the previous remark, it has
a differentiable extension to Uy for each of the sectors Uj around a vertex
v. Thus, it is differentiable on all of X.

The holonomy for a network-field configuration (I', X) is a modification
of (2.25) which includes an additional U(1)-factor associated to the vertices
of T,

Hol(T, X) = Holg(X) - Holz(X|g,.) - Hol7 (X |v;.), (2.53)
where
Holy(X|v) = [ Ffo(v). (2.54)
veVr

Holg(X) is given by the same expression (2.13) and Holg(X|g.) by the
expression (2.25), together with a prescription as to how to treat the vertices
of I'. Here are the details:

e The expressions Holg(X) and Holg(X|g,.) are evaluated with respect
to a triangulation A(X) subordinate to (I', X'). Such a triangulation
is defined in the same way as the triangulation subordinate to (A, X)
from Section 2.4, with the additional requirement that Vr is a subset
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of the set of the vertices of A(X), and that we have chosen, for each

vertex v € Vi, an index i, € Z'm such that X (v) € (’)3;"", where n, is
the valency of v.

e Holg(X) is computed as described below (2.24), except when a vertex
v of a triangle t lies in Vp. Suppose that t lies between the defect edges
er—1,k and ey 1. Then, in the U(1)-factor g, , the index i, stands
for ¢ (iy). If e is an edge of I' then i, stands for ¢1(i.) or ¢a2(ic),
depending on the relative orientation of e and 0t, as explained below
(2.24).

e Holg(X|g.) is computed as described below (2.24), except when a
vertex v of an edge e lies in Vp. Suppose that the edge e is the edge
ek k+1 for the vertex v. Then

Koy = (X K,y )) (2.55)

where the sign e, is as detailed below (2.24). The definition of P, =
X*P;, is not affected.
e Finally, f, = X" f;,, with fi, |x() = fn,.i, at an n,-valent vertex v.

We shall discuss in the next section how Hol(T', X') is determined from the
requirement of its independence of the diverse choices made.

2.7 Holonomy formulse from invariance analysis — a derivation

In the previous sections, we introduced a host of target-space structures
associated with the gerbe, and used them to postulate the sigma-model
action functional in the presence of defect networks embedded in the world-
sheet. At this stage, we could perform an a posteriori verification of the
invariance of the holonomy formuls thus obtained under allowed changes of
the arbitrary choices made: the choice of representatives of local data of the
gerbe, those of the stable isomorphisms and 2-morphisms, as well as of the
Cech cover of the target space and of the world-sheet triangulation subor-
dinate to it. This was the route taken in [Al, Gal] for world-sheets without
defects, in [GR1, Gad| for world-sheet boundaries, and in [FSW, Wa2] for
circular defects, and it could readily be adapted to the study of defect junc-
tions. However, this would leave us with the question as to how canon-
ical our choices for the specific target-space structures — that of a bi-
brane and that of an inter-bi-brane — are. Therefore, we choose to take
essentially the reverse route in the present section in which we succes-
sively derive all components of the postulated description from some ele-
mentary invariance considerations. In so doing, we reveal certain twisted
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gauge symmetries associated intrinsically with G-bi-branes and (G, B)-inter-
bi-branes.

Let us first look for a modification of the bulk holonomy formula (2.13)
necessary to accommodate the embedding of a collection A of non-intersec-
ting defect circles in the world-sheet 3. To this end, we compare the value
Holg(X ) of the bulk holonomy attained on the gauge-transformed local
data

W=b+ Dp, p= (HZ‘, Xij) € A}\/l (256)

of the bulk gerbe with that obtained for the original data b = (B;, Aij, 9ijk)s

Holf;(X) = Holg (X)) - H [GXP <i/e(ﬁ1,e - ﬁ2,e)> H(S(\l,ev)_l “X2,e0(V) |5

e€A(A) vEe
(2.57)

where, in the conventions of Section 2.4,

e the triangulation A(A) is induced by A(X);
o Iy =X Iy (i), =1,2, with the extensions X|, understood as

e
maps from e C A to OV

Pa(ic)’
® Xaev = X‘*;X%(ie)%(iv),a = 1,2, with X\, understood as maps from
M
v € A to O%(ie)%(iu).

Thus, the variation is pushed to the defect A — the (gerbe-)gauge symme-
try remains unaffected by the presence of the defect away from it, and —
accordingly — we should seek a cancellation of the defect variation through
the introduction of degrees of freedom localized at the defect, with trans-
formation properties dictated by the gauge transformations of the pullback
gerbes on both patches welded by a particular defect circle. The defect
being one-dimensional, we are led to take as the local data for the defect
fields a Cech-Deligne cochain ® = (P, Kij) € Ab coupled to the defect as
in the expression Holp(X|s) of (2.25) and transforming as

(P, Kij) = (P, Kij) + i3 (T, xi5) — &5 (T, xi5) — D(W5). (2.58)

Here, the second and third term on the right-hand side describe a twist
induced by the bulk transformation p, and the last one, written in terms
of a cochain n = (W) € AOQ, is an independent gauge transformation of ®
allowed due to the emptiness of the boundary of A. The overall transforma-
tion displayed is that of a G-(bi-)twisted gauge field over Q.
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Having ensured the invariance of the corrected holonomy formula Hol
(A, X) of (2.24) under gauge transformations of the bulk data, we should
now demand that it be invariant under arbitrary changes of the (A, X)-
subordinate triangulation of X, which turns out to constrain the defect
data. The defining relation (2.5) of G protects the invariance of Hol(A, X)
under all changes which do not affect the edges and the vertices of A(X)
lying within the defect A, and so the remaining freedom of manceuvre con-
sists in shifting the vertices of A(A) (with the bulk edges converging at
them moved accordingly). In what follows, we consider a particularly sim—
ple example of the general move, which suffices for our purposes. Call e
the edge of A(A) for which v is an endpoint with £+ = +1 and shift each
vertex v of the original triangulation A(A) along the defect line to a nearby
new location v' € A such that the segment [v,v'], starting at v and ending
at v’, has the same orientation as the defect line. Assume, furthermore,
that X ([v,v]) C OiQ_Z- .- The shifted vertices define altogether a new tri-

Cv €y

angulation A’(A) of the same defect, compatible with the new triangulation
N'(X) by construction. The only (potential) change in the assignment of
Cech indices to the elements of the triangulation comes from v’ — i, € 9
replacing the former v+ i, € Z9. Let us denote by Hol’ (A, X) the holo-
nomy calculated for the new triangulation A’(X). After a short calculation,
one obtains the relation

Hol'(A, X) = Hol(A, X) - ]
vEA(A)

x [exp(i /[ : a(%) Aig)ejv (v').(ageh)‘l(v) . (2.59)

where

o the 1-form in & L= x*w® pulled back by X, understood as a

1
€v €v ey ev

map from [v, ] to (’)iQ_Z- . » is defined as

v €v

W) = Ay — BA; + Py — P —idlog Ky € 01 (02); (2.60)
e the U(1)-valued function in w(9)6+v(, =X'w Z(OLJZUI pulled back by
X, understood as a map from v* to (’)Z i iy is defined as

W) = Ggign - Boih Kot K- Kt e U(1)

’ij' (261)

Q .
Owk
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The requirement that the unphysical change of the triangulation be unob-
servable translates into the constraints

W) =0, wi =1 (2.62)

The inspection of (2.60) and (2.61) reveals that wi(;) and wg.]lz are, in fact, the

lower-degree components of the Cech-Deligne 2-cochain = (wz@), wfjl ), wfjoll)
€ Aé given by the formula
Q=1i1b—i5b+ DO. (2.63)
We may now use the identity
D(itb — i5b+ D®) = (L}H — 15H,0,0,1), (2.64)

following directly from (2.5), to rephrase the former requirement of invari-
ance as

—i3b+ D® = (w,0,1), dw=H—153H (2.65)

for a globally defined 2-form w € Q2(Q),w| e = w'”.

We have thus retrieved the structure of a 1-morphism of Section 2.3, with
the definition of the global 2-form w included, from elementary invariance
considerations.

Now that we have identified the local degrees of freedom to be assigned
to the defect line, we may incorporate vertices of a generic defect network I'
in our description. In analogy with the previous derivation, we take as the
starting point the defect line-corrected holonomy Hol(A, X), calculated for
A = Er, and study its variation under gauge transformations replacing the
gauge fields b and ® with the new ones

{bp = b+ Dp, p = (I, xi5) € A}w (2.66)

PPN =&+ i3p—iip—Dn, n=W,) € A%

Once again, the transformed holonomy, Hol”"(Erp, X), differs from the orig-
inal one by terms evaluated at the newly introduced junction points exclu-
sively,

Hol”"!(Er, X) = Hol(Er, X) - ] H WhEH ()1,

Ty, U

veVr k=1 (2.67)
Wk‘ k+1 _ (Xk k+1W kk+1( )))Eek,kﬁ»lv’

Ny, U
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and it is there that we should localize the new degrees of freedom ¢, =
(fni) € A(:)pn. They are to be coupled to the defect as in the expression
Hol7(X|v;.) of (2.53) and to undergo twisted gauge transformations

Pn = Pn + Z ek, (2.68)
k=1
with
+ s« _kk+1

The ®-twisted scalar fields ¢, enjoy no proper gauge freedom for purely
dimensional reasons. As we shall see in the next section, the admissible
choices of ¢, turn out to be very restricted.

The vertex-corrected formula for the holonomy is now invariant with
respect to arbitrary gauge transformations of the local data involved. What
remains to be ascertained at this stage is that it does not alter under
arbitrary changes of the world-sheet triangulation, taken together with the
attendant Cech labels. Just as in the case of a circle-field configuration, we
readily convince ourselves that the relevant changes are those which involve
the vertices of the defect network, and even in this latter case the ambiguity
is very restricted — the sole freedom that we have is in the choice of the
Cech labels assigned to the vertices. Under a change i, — it,, the holonomy
picks up a phase. The transformed one, Hol'(T', X ), reads

Hol'(T', X) = Hol(T', X) - J] 6% (2.70)
veVr

nv,vv )

where the U(1)-valued function in éﬁf?,w — x*9 , pulled back by X*,

TL’LZ

understood as a map from the vertex v of valence n, to Oi ", is given by
v oy

90 _— 1 Fktl o
TLZ] fnl fn] H any U(].)O;I;n, (271)
with Ks ZH as defined above (2.41). We are led to impose the constraint
©) _
0, =1 (2.72)

The definition of the functions 9( ) . identifies them, for every n € Z~q, as the
0-degree component of the Cecthehgne 1-cochain ©,, = (97(11) 6\°) ) € A1

7 n,ig
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defined as

n
O, => o 4 Dy, (2.73)
k=1

and, accordingly, satisfying

n
DO, =) (wFFtt 0,1), (2.74)
k=1

with w1 as in (2.36). The last identity, in conjunction with the require-

ment of invariance, produces the result

> SRR 4 Dy = (0,1),  dn =) whFF! (2.75)
k=1 k=1

for globally defined 1-forms 8, € 2'(T,), 0] y7, = 6. The dynamical argu-

ments of Appendix A.2 ultimately fix the vertex data by imposing the con-
straint

O =0 (2.76)

for all n € Z~g.

We have thus recovered the structure of a 2-morphism of Section 2.5 from
elementary invariance considerations.

2.8 Defect-vertex data via induction

The assignment of the holonomy Hol(T', X') to a given world-sheet with an
embedded defect network involves a number of choices for the coupled target-
space backgrounds (b, ®, ), reflecting the underlying twisted gauge symme-
try. Besides the unphysical choice of the gauge, cf. (2.66) and (2.68), there
is also the all-relevant choice of the gauge class which forms an integral part
of the definition of the sigma model.

The ®-twisted scalar field ¢ of (2.42) has no proper gauge symmetry but
the possible choices of ¢ for b and ® fixed are strongly constrained. To see
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this, note that any two such choices ¢’ and ¢ must be related via
¢ =o+7, 7=(a)€kerDy C A} (2.77)

by untwisted U(1)-valued scalars. Thus, the freedom in the choice of the
d-twisted scalar field is parameterized by (locally) constant phases,

de; =0, (¢j-c; )]OT =1, (2.78)
readily seen to compose the group
ker D) = U(1)m @, (2.79)

for 7o(T") the set of connected components of T'.

The restricted character of the set of admissible ®-twisted scalar fields
motivates further investigation of special solutions to the defining equations
(2.40). In conformal field theory, we can generate four-valent defect vertices
(or n-valent vertices, for that matter) from three-valent ones as follows:
Recall that a defect vertex corresponds to a defect-field insertion in CE'T
(cf. figure 2). Consider two three-valent defect fields joined by one common
defect line of a small length €. Taking the limit € — 0 and possibly com-
pensating for the resulting divergence leads to a four-valent defect field. It
turns out that we can mimic this procedure in the classical sigma model.

Recall from Section 2.5 that a (G, B)-inter-bi-brane is defined in terms of
a tower of component world-volumes T = | [>? | T},, with a 2-morphism ¢,
on each T,. Below, we propose a method to construct the ¢, with n > 3
from (T3, 073, 3, 73) and some extra data. For the sake of concreteness, we
shall restrict our discussion to the special case of vertices of valence n =4
with three incoming edges and one outgoing edge.

The point of departure in our construction are the data (Th, i, OT2+1,
pa2+1, To+1) for the three-valent vertex with two incoming edges and one out-
going edge. It consists of the (G, B)-inter-bi-brane world-volume T3 =
Ts41, mapped to the G-bi-brane world-volume Q by each of the three Cech-
extended maps

21,2 .23 .
Ayt Ay Ayt Tapn — Q (2.80)
satisfying the constraints

o223 . .12 o .31 . .12 . .31 . .23
oMoy =20 May1, 110 Toqy = U OMaqy,  20To4q = 20Ty,
(2.81)
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and of a 2-morphism

31 23 . 1,2 :
a1 (P xidpr2 20 ) 0 (B *idy,12)) 0 @Yy —>idgy
(2.82)

defined for G3,, = (i1 0 fr%fl)*g. The latter canonically induces another
2-morphism

~ 23 . 1,2 1,3
P24+1 - ((I)2+1 *1d1(w;f1)) o oty = 051y, (2.83)
. 31 /xl3 .\ . "
with @, = (®57,)", giving a decomposition of ¢o,1 of the form
Y241 = dq’éfl [} (idfbg‘jl*id e} (ZQ_H). (2.84)

Next, we assume that we are given a manifold 7341 = T4 44— together with
four Cech-extended maps

\v’[,(]’K = (V]”]’K, VI,J,K) : T3+1 — T2+1, 1<I<J<K<H4 (2.85)
subject to the conditions

L12 . .31 . .23 . .31 .
To+1©V1,34 = Mgy ©V1,2,3, Top1 OV1,24 = Moy 1 © V234,

L1,2 . 12 . .23 . 12 . 92.86
Toy10V1,23 =Ty 1 0V124, T9yq0V123=T9,q10V234, ( . )

23 . .23 . 31 . .31 .
7T2+1 ° V17374 - 7T2+1 © V273747 7r2+1 © V173’4 - 7r2+1 © V17274'

Their existence is the basis of our construction, and we shall provide exam-
ples of such maps presently. In order to understand the index structure, one
should have a look at figure 5. For example, the right-hand side of the last
equation in (2.86) can be understood as passing from the image of v € Xy
in T34 to the image of v € ¥g in Ty (with adjacent patches 1, 2, 4), and
subsequently to that of the endpoint of the edge between patches 1 and 4
(the edge e>! with respect to the ordering for the vertex v € ¥g). For the
left-hand side of that equation, one uses X, instead.

The maps vy j i are readily seen to induce the inter-bi-brane structure
T5.1 for the four-valent vertices. Indeed, first of all, they provide us with
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XL YR YR

Figure 5: The four-valent defect vertex in Xp,g obtained as a result of col-
lapsing a pair of three-valent vertices in two inequivalent ways, whereby the
two 2-morphisms @ and g% are induced at the vertex.

the data of 1341 as per
21,2 1,2 2,3
T3lly = Molf1 0 V1,23, T3y = 7T2+1 °V1,23,

L 3,4 L 2,3 4.1

.31 (2.87)
M3y = 7r2+1 OV134, T3y1 = Mohy 0V134,

and hence also with the patch maps fr’?f 11,k=1,2,3,4. The latter give
us the pullback gerbes G, | = (% H)*Q on T341. It is a simple exercise to

verify that conditions (2.86) in conjunction with (2.81) ensure that the maps

frgffrl Ts11 — @ satisfy the constraints (2.34). We supplement the above

collection with the extra definitions
L1,3 .31 .31 2,4 .42 2,3
Tally = M3l = Mol ©V123, T3y = Mgl = Mol © V124, (2.88)
allowing us to write down all the pullback 1-morphisms

(I)gjr]l - (v3+1> P g3+1 - g3+17 I< Jv (Iv J) 7é (174)7

4,1 \* , 1 (289)
@3+1 = (773+1) ¢ = (‘I)3+1) : g3+1 — G341-

We can use these to give the two different definitions of the defect-vertex
2-morphism

i = dcp:l i@ (id o g"*1) e (id o g1,

g03+1 =dy a1t ® (1docp124) e (ido(p 234*1(11(1] 1o ) 0id),

3+1)

(2.90)

acting as

(@gil*ld (b2 12 4 )o (CI>§+1*1d

wyl Fwsl twity)

2,3 .
1,2 2,3 o (P, xid,, 1.2
I(w 3+1+w3+1)) ( 3+1 I(w

0 ®h2 b, idg, . (2.91)
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They are expressed in terms of the corresponding pullback 2-morphisms

TIK ek~ (adE 17 LK
7 =7 xPe+1 t (P *1d1(w§fl)) o ®yy = Oy, (2.92)

and the death 2-morphism dg1,4 . Clearly, the two definitions, cpgﬂ and
3+1

gogﬂ, correspond to the two inequivalent ways of clustering the incoming
defect-lines converging at a given four-valent defect vertex. It is worth
underlining that while each of the two definitions in (2.90) requires only

two of the four maps ¥ s i, the verification of the constraints (2.34) for the

. . 1 .
induced maps 7r§ ff uses all four V7 j k.

A generic example of an induced (G, B)-inter-bi-brane structure can be
obtained from the G-bi-brane world-volume @ C M x M and the (G, B)-
inter-bi-brane world-volumes T,, C M x M x --- x M embedded as submani-
folds in the respective multiple direct products of the target space M with
itself, with TI'k L M(l) X M(g) X oo X M(n) — M(k) X M(k+1) given by the
canonical projections (M(l) =M,l=1,2,...,n). In this setting, given the
world-volume To11 C M x M x M of the (G, B)-inter-bi-brane, we choose
for the world-volume 7341 C M x M x M x M the common intersection of
the preimages V;}, i (Toy1) of Toyq under the canonical projections vy jx =

ﬂ'éngK : M(l) X M(g) X M(g) X M(4) — M(I) X M(J) X M(K) The conditions

(2.86) are trivially satisfied.

2.8.1 The Lie-group example (cont’d)

We now proceed to demonstrate how the data (Toy1, OT2+1, @9, 1,701 1) for
three-valent vertices with signature (41, +1, —1), introduced in Section 2.5,
can be used to induce the data (T341, 0731, 3,1, 7311) for four-valent ver-
tices with signature (+1,+1,+1,—1) in accord with the general scheme
discussed above. We start with the definition of the Cech-extended maps
Vigk : T341 — Toq1, which — for (g,z,y, 2) € (’)lTiJ’;Z, written in the previ-

ously adopted shorthand notation with the redundant signs dropped — reads

g, ) 1/172’3(2'71‘,y,2) = (i,l’,y),

g, Y,z )a 1/173’4(2',1',y,2) = (i,x-y,z),
z

x -
T *g,Y,z )7 1/27374(i,1:,y,z) = (w_l'i7y> Z)a
g,2,y-2), viga(l,x,y,2)=(i,z,y-2).

v1,2,3\9,%,Y, 2

(
v1,34(9, 2,9, 2
(
(

(2.93)
v2.3,4\9,%,Y, 2

g7x7y7z

) =(
) =(
) =(
V1,24 ) (

One readily verifies that ¥; jx obey condition (2.86), and so they can be
used to pull back the data (Thy1, O"2+1, 091,794 1) to T341. Thus, we induce
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the relevant Cech-extended maps ﬁéfl in the form

1,2 2,3 —
7T3+1(g,$,y,2) - (g,:U), 7T3+1(gawvyaz) = (.’E ! 'g7y)7
3,4 — 4,1
773+1(g,33‘ Y,z ) ((l‘y) l'gvz)v 7['3+1(g,$,y,2):(g,56'y'2), (294>

3,1 4,2 _
Ty (9, 2,y,2) = (g,2-y), w3 (9.2,y,2) = (" g,y 2),

and similarly for @béfl. These, in turn, give us the Cech-extended maps 7VT§ 11
for the patches

7T§+1(g,$,y,2)=g, 7T§+1(g,m,y,z):x_1-g,

1

3 — 4 ] (295)
7Tg+1(g,.’1},y,2):(l"y) 9, 7T3+1(g,$,y,2):($'y'2) 9,

and similarly for 1/1§ 1- With the help of the induced maps, we then obtain
on Ty = G x {(x,y,2)} C T341 (again, identified with G) the pullback
gerbes

1 k 2 k
g3+1 =g, g3+1 = x.G",

(2.96)
g§+1 = (x- y)g*ka g§+1 =(r-y- Z)-g*k,
the pullback 1-morphisms
1,2 2,3 3,4 4,1
(I)3+1 = A, P =x Ay, Py =(z-y)A, Py = Ag-yw 9297
A ol = A (297)
3+1— TYs 341 = T-Ayz

and the pullback 2-morphisms

9’5172’3 = gb’x,yv {5173’4 = ‘Zary,za 9’5273’4 = :U'@y,Z) &1’274 = &x,yzv (298)

where we have used the action 2.9, . = (wll)*ﬁy,z of Z(G) given in (2.12).
Putting all the pieces together, we arrive at the two definitions of the
2-morphism on T34

(P?I;—&—l}Tgflvz = dA%y.z L4 (id o (ery,z) L4 (id o (Za:,y)y

- . - (2.99)
Lpi_l}T;fl,z = dAz‘y,z . (1d o (px,yz) ° (1d 0 X.Py O 1d),
acting as
(Ps_i_l‘Tz y z . .A\x/yz (¢] (.T . y)AZ o .CI}Ay o A;L' — idg*k (2100)

and differing at most by a constant on each connected component T3 of
the world-volume T34 (recall that the Lie group G was assumed connected).
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We may now compare the two induced 2-morphisms ¢%,; and %, | on
each T3, identified with G itself, by applying (2.77) and (2.79) to the

setting under consideration. Let g € OF be an arbitrary point in T5;%*, and

let ( fZ-L’R) € A%;J,ryl,z be the local data of goéjﬁ We have the identity

i
fiR(g) = ¢($ay, Z) ’ sz(g) (2101)

for the U(1)-valued constant

1,!)(90,@/, Z) = [(x_l)*f:p_l.i@% Z) ’ (fl(l' ’ yaz))_l
i,y -2) - (file,y) " (9) (2.102)

written in terms of the local data of the 2-morphism @, = (fi(z,y)) €
Ag,ﬁyl,z. By virtue of (2.77), the expression ¢ (x,y,z) depends neither on
the specific point ¢ € G, nor on the attendant Cech index i € ZG. This
permitted us to drop both ¢ and i when writing ¢ (z,y, z) in (2.101) and
(2.102). We emphasize that only the particular combination ¢ (x,y, z) of the
locally smooth functions f;(x,y) is constant on G — in general, none of the
component terms has this property.

Note that ¢ (x,y, z) rewrites as

1/1(9573172) = [(5Z(G)fz)($7yvz)} (g)> (2103)

where we consider the local data of the 2-morphisms ¢, , as elements of the

(left) Z(G)-module U(l)T3+1 of (the sheaf of) locally smooth U(1)-valued

functions on T311. The centre Z(G) acts on U(1) . by the Cech-extended
—=T3+41
pullbacks

(@-f)i(y, 2) = (¢7) famraly, 2). (2.104)

Despite the form of (2.103), the object (¢(z,y,2) | z,y, 2 € Z(G)), regarded
as a 3-cochain on Z(G) with values in the trivial Z(G)-module U(1), is
not a 3-coboundary — it is not in the image of dz(q) : C*(Z(G),U(1)) —
C3(Z(G),U(1)). Being an element of the kernel of the Deligne differential
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D gy on the connected Lie group G, it is, on the other hand, dz(q)-closed,

Yy, z,w) - Y(x,y - z,0) - P(x,y,2)
(x-y,z,w) - Y(r,y, 2 - w)
((95;1)*1/1(% z, w)) “P(x,y - zw) - P(2,y, 2)
V(x-y,z,w) - P(z,y,z - w)
= [(6%c) fi) (2,9, 2)] (9) = 1. (2.105)

(5Z(G)¢) (337 Y, 2, ’UJ) =

Above, the passage to the second line exploits the stated independence of
Y(z,y, 2) of the choice of the argument and of the Cech index of the con-
stituent functions f;(z,y) by simply replacing the original expression with
the pullback

(mll)*¢(yvz7w) = ((.%' : y)_l)*f(m-y)*l.i(zﬁw) . ((x_l)*fxfl.i(y : va))il

: (x_l)*fz_l.i(yvz : w) : ((x_l)*fx—l.i(y7 Z))_l(g)'
(2.106)

Thus, (Y(z,y,z2) | z,y,2z € Z(G)) is a U(1)-valued 3-cocycle on Z(G). As
shall become clear in the next section, it is the very associator 3-cocycle
that we have been after all along.

2.9 Conformal and topological defects

Having specified a sigma-model description (2.53) of the coupling of target-
space structures G, ® and ¢ to a world-sheet ¥ with an embedded defect
network I', we are now ready to discuss the local symmetries of the thus
established two-dimensional field theory. They descend from the local-
symmetry group of the sigma model without defects, which is the semidirect
product Diff(X) x Weyl(v) of the group Diff(¥) of orientation-preserving
diffeomorphisms o +— f(o) of the world-sheet and the group Weyl(y) of
Weyl rescalings v(o) — exp(2w(o)) - v(o) of the world-sheet metric tensor
~v. Weyl rescalings remain a symmetry in the presence of defects as the
holonomy formula does not involve the world-sheet metric at all. As a con-
sequence, the energy-momentum tensor

o1 05
\% det v 5’7ab

is traceless. Let f:3 — X be an orientation-preserving diffeomorphism.
Given a network-field configuration (T, X'), we obtain a new network-field

7% = (2.107)
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configuration (f(I'), X o f~1). Clearly, for S[(T, X); ] = Skin[X, 7]+ log Hol
(T, X), we find

SIT, X);9] = SI(FT), X o f7H); (7). (2.108)

In this sense, the sigma model for the world-sheet with the defect network
possesses diffeomorphism invariance. In particular, we may fix a metric g
on X and take f. : ¥ — ¥ to be a conformal transformation. Due to the dif-
feomorphism invariance, and owing to the Weyl symmetry, the action obeys

SI(T, X);70] = S[(fe(T), X o f 1) 70]- (2.109)

If f. maps the defect network I' to itself, it is a symmetry of the model. The
defects we describe are therefore classically conformally invariant.

It is convenient to pass to local complex coordinates z = o! + io? close to
a defect line, such that the defect line coincides with the real axis and such
that we can choose a gauge in which 7 is the unital metric 6,,do® ® do®. We
shall use the complex derivatives § = 1(0; — i92) and 0 = (9 + i02). The
holomorphic and anti-holomorphic components of the energy-momentum
tensor are then given by

T =Gx(0X,0X), T=Gx(0X,0X). (2.110)

Inserting the choice v = X,t in the defect condition (2.22) yields G X1 (p)
(61X|1, 82X|1) — GX‘Q(p) (81X|2,82X|2) = 0, or, equivalently,

T1(p) — T1(p) = Ta(p) — T2(p), (2.111)

where p is a point on the real axis and T, for o = 1,2, stands for (2.110)
with X replaced by the extension X|,. Thus, the classical energy-momentum
tensor indeed obeys the defining equation of a conformal defect as given
in [OA].

Ultimately, we are interested in topological defects, i.e., defects which one
can move freely on the world-sheet. For simplicity, we restrict the following
discussion to circle-field configurations. Let (A, X) be a circle-field configu-
ration. If we deform the embedded defect circles from A to A, then we need
to extend the map X to the domain swept during the deformation in order
to obtain a new circle-field configuration. We shall now describe how this
can be achieved.

Let U be a tubular neighbourhood of A. An ezxtension of X on U is a
map X : U — @ with the following properties. The defect circles A split U
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into U; and Us. We demand

)?:XonA, Llo)/(\':XonUl, LQOX:XOHUQ, (2.112)
as well as, for all p € U and v € T)?(p)Q,

AGyg ) (v, Xulis) = Jwg(, (0, Xod),  AG =G - 153G, (2.113)

where (u1,Uz) form a right-handed orthonormal basis of T),X.

Consider a deformation A, of a segment of the defect circles A as depicted
below:

n — A (2114)

If we are given a circle-field configuration (A, X') and an extension X of X on
a neighbourhood U of A then we can define a new circle-field configuration
(A, Xe) by setting X, = X on A, and X, = 150 X in the shaded region
Ae. Outside of A and A., we choose X, = X. Conditions (2.112) and
(2.113) guarantee that (A, X.) is, again, a valid network-field configuration.
In particular, it obeys the defect condition (2.22), which can be seen by
rewriting (2.113) in the form

qu)?(p) (Ll*’l), (Ll © 5(:)*1;2 B GLQO)?(p) (L2*v’ (L2 °© )?)*’71,\2)

v, X, 1) = 0. (2.115)

In this way, an extension of X on U enables us to deform defect lines. We
shall now address the questions of the uniqueness of an extension and of
the behaviour of the sigma-model action under the replacement of (A, X)
by (AEa XE)

Suppose that (t1,t2) : Q — M x M is an immersion (i.e., the tangent map
is everywhere injective). This is, in particular, the case if @) is a submanifold
of M x M. Then, if an extension of X on U exists it is unique. To see this,
use the local coordinates introduced above, such that defect A lies on the
real line and such that their orientations agree. On the real line itself, X is
fixed by X. Set €, = 8/80 a = 1,2 and consider (2.115) for tq = €,. For a
point p = (¢!, 02) with 02 > 0 (say), we have 1; 0 X = X, and 50 (11 0 X),&:
is fixed. The metric GL20 ) is still non-degenerate When restricted to the
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image of 12, hence condition (2.115) determines (13 0 X),€, uniquely in
terms of (¢ O)?)*é\g and )A(*él. Since (t1,t2) is an immersion, this — in
turn — determines )A(*é\g. If it exists the solution to the resulting Cauchy
problem is unique.

We do not have much to say regarding the existence of an extension X.
We merely point out that an extension typically does not exist in the special
case of D-branes, as condition (2.113) would imply that the classical energy-
momentum tensor vanishes identically on the boundary (this follows from
(2.111) and (2.117) below), while for the jump defects treated in the Lie
group example, we shall see below that an extensions always exists.

Next, we compute the difference between the values of the action for the
original circle-field configuration (A, X) and its deformation (A., X:) illus-
trated in (2.114). By a straightforward specialization of the calculation from
Appendix A.3, the change in the holonomy term of the action is given by the
integral of X*w over the shaded region A.. Together with a computation of
the change in the kinetic term, this leads to

S[(Te, Xe);v0] = SIT, X); 0]

= /A doi A doo ( Z [GX2(8an,aaX2) - Gx, (8aX1,8aX1)]

a=1,2

—iwe (B X, 82)?)), (2.116)

where we have abbreviated X, = tq 0 X , a =1,2. Let Dy be the left-hand
side of condition (2.115) for u; = €1, g = €2, v = )A(*ég, and let D9 be the
same expression for the choice U] = €y, Uy = —€1, v = X.e. Then, Dy — Dy
is equal to the integrand in (2.116), and hence the difference between the
values of the action vanishes. Thus, given a circle-field configuration for
which an extension exists, we can shift the position of the defect line without
modifying the value of the action. This is the hallmark of a topological

defect. Indeed, computing D 4+ D5 results in the identity

Ti(p) + T1(p) = Ta(p) + Ta(p) (2.117)

at a point p € A. Together with (2.111), this implies that both T and T
are continuous across the defect line, which is the defining property of a
topological defect as given in [PZ].

If the defect under consideration is topological, the symmetry of the sigma
model on a world-sheet with defect circles A is enhanced to include conformal
transformations which do not obey f(A)=A. Indeed, if A’ = f.(A) and
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X" = X o f=1 for an infinitesimal conformal transformation f. then — as
we saw at the beginning of the section — the action for (A, X) is the same
as that for (A’,; X’), and we know from the preceeding discussion that we
can move the defect A’ back to its original position A. In this manner, we
have produced a new field configuration (A, X’) with the same value of the
action, where outside of a small neighbourhood of A, X is related to X via
X'=Xof L

Consider a pair of network-field configurations (I'r, X1,) and (I'r, Xgr)
with topological defect conditions at I', and I'g, differing exclusively within
the region X, resp. Xr of the world-sheet shown in the left — resp. right-
most drawing of figure 5. Since the defects are topological, we can take
the limits e1,er — 0 without modifying the value of the action. Under
the assumption of the existence of suitable Cech-extended maps v/ /K :
T511 — Toyq with the properties detailed in Section 2.8, we may readily
compare the values attained by the exponentiated sigma-model action func-
tional exp(—S[(T", X);v]) on the two network-field configurations. After a
little thought, one finds that the value for (I'y, X1,) is equal to the value
that exp(—S[(T, X);70]) takes on the network-field configuration displayed
in the middle drawing of figure 5 in which the four-valent defect vertex
in ¥R is understood to carry the pullback data of the 2-morphism gaglj 1
defined in (2.90). By the same token, that for (I'g, Xr) is equal to the value
that exp(—S[(I', X);70]) takes on the network-field configuration from the
middle drawing but, this time, with the four-valent defect vertex taken to
carry the pullback data of the 2-morphism <p3R+1. Adducing the reasoning of
Section 2.8, we conclude that the two values are related by a phase as per

exp(—S[(TL, X1);70]) = w(X (v)) - exp(=S[(Cr, Xr);%0]),  (2.118)

with the function

u= f12’3’4 . (fi11;3,4)_1 : f-1’2’4 . (fit,72’3)_17 (2.119)

(2%

I,JK
)

expressed in terms of the local data (f; EAOT3+1 of the induced

2-morphisms @'/, As argued before, u is constant on each connected
component of T547.

Thus, for classical topological defects with induced data on T5y1, the
operation of pulling one three-valent defect vertex past another changes the
exponentiated action by a phase determined by the underlying local data
(Tg, OT3, ©3, Tg) .

2.9.1 The Lie-group example (cont’d)
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It is easy to convince oneself that the jump defects introduced previously
satisfy the conditions listed in the preceding section and hence give us an
example of topological defects for the WZW model. Indeed, this is an imme-
diate consequence of the following facts: First of all, the extension is fixed as

(t1,00) 0 Xy, = (X, 271 X)), (t1,0) 0 Xy, = (2- X, X)  (2.120)

at the defect line associated with the jump of the embedding field by z €
Z(G). Secondly, the curvature w of the G**-bi-brane B z(q) vanishes and the
Cartan—Killing metric on the Lie group is G-invariant so that AG ) = 0

in (2.113). Let us now consider the pair of world-sheets with network-field
configurations (I',, X1,) and (I'r, Xgr) and jumps across the defect lines as
indicated in figure 3. Since the data of the (Q*k, B Z(G))—inter—bi—brane can be
induced from that for three-valent defect vertices, we derive — as a corollary
to the general statement (2.118)—(2.119), and using the explicit results for
the induced data (T3+1, OT+1 gpé‘ﬁ, 7'3+1) from Section 2.8 — the compact
relation

exp(—S[(Tr, X1.);%0]) = Yg(x,y, 2) - exp(=S[(Tr, Xr);70])  (2.121)

advertised in the Introduction, in which we may now identify the associator
3-cocycle as the one given by (2.102). In the path-integral approach to the
quantization of the WZW model, an analogous statement could be inferred
for the correlators.

In fact, the 3-cocycle has already appeared in the literature, to wit, in
[GR1,GR2| in order to define Z-equivariant gerbes, and in [JK], where it
was employed in the path-integral quantization of the orbifold string theory.
Let us now elaborate on the former point.

Consider a symmetry group S as at the end of Section 2.5 and assume in
addition that M is connected. We call a homomorphic presentation (Ag, @g)
of S on b associative if the two 2-morphisms from ((z - y).A.) o (z.4y) 0 Az
to Ag.y.. constructed from pg are equal, or, equivalently, if (05@)zy,. =1
for all z,y,z € S. Note that, because of (05.A)zy = —D@sy, any two homo-
morphic presentations (Ag,¢s) and (Ag, @) (with the same underlying
element-wise presentation) are related by a 2-cochain* v e C?(S,U(1))
via @py = v(x,y) - @;,y. Thus, an associative homomorphic presentation
for a given element-wise presentation Ag exists if and only if (659)zy,> =
Ssv(x,y,z) for some v € C?(S,U(1)), where S acts by the Cech-extended
pullback on the local data of ¢, ,, and trivially on v(z,y). Since Désp =

If we had not assumed M connected then v would, instead, take values in
C2(S,U(1)mo Dy,
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—62A = (0,1), we readily see how the cohomology class of 1) = §s@ deter-
mines the obstruction to associativity. Finally, an S-equivariant structure
on the gerbe G = (O™ b) is an associative homomorphic presentation of S
on b. It is a prerequisite of projecting the sigma model on M to the quotient
target space M /S (the orbifold) by dividing out the action of the symmetry
group S, see [GR1, GR2].

From the present point of view, the data needed to define a classical
orbifold consists of a topological bi-brane and an inter-bi-brane with world-
volume T' = T3 LI T, which is associative in the sense that the two limits in
figure 5 agree. This quite beautifully matches the construction in [FRSI,
Fr2] of a general rational conformal field theory starting from the Cardy
case. There, one equally fixes a topological defect B and endows it with
an associative 3-valent vertex. In both cases, the orbifold amplitudes are
obtained by embedding sufficiently fine defect networks into the world-sheet.
In fact, for the CF'T one can obtain all theories with a given chiral symmetry
in this way, including the exceptional modular invariants [FRS1].

The intermediate steps leading to the explicit form of 1g.« are rather
involved technically (in particular, the geometric description of the WZW
gerbe as a particular bundle gerbe of [Me] is used heavily), which is why we
only cite the result that can be read off from [GR2, Section 3] and [GSW2,
Section 2]. It is given by

Yguk(T,y,2) = exp(—27ri k <T$—10,by7z>), z,y,z € Z(G) (2.122)

for (-,-) the standard scalar product on the Cartan subalgebra t C g (nor-
malized as in [GR2] and employed to identify t* with t), 7,-15 € t the simple
coweight of g determined, up to an irrelevant element of the coroot lattice,
by the condition®

z = exp(—2miT,-19), (2.123)

and by, a particular 2-cocycle on Z(G) defined (modulo QV(g)) as follows:
Let us denote by «; the simple roots of g, by 6 its highest root, and by
Aw (g) its fundamental Weyl alcove,

Aw(g)={ret | (A0 <1 A (N\a)>0,i=1,2,... rankg }.
(2.124)

®The condition realizes the isomorphism Z(G) = PV(g)/Q" (g), in which PY(g) and
Q" (g) are the coweight lattice and the coroot lattice of g, respectively.
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The action of the centre Z(G) on the group G by multiplication maps conju-
gacy classes into conjugacy classes, and every conjugacy class C can be rep-
resented by a unique element 7 € Ay (g) C t of the fundamental Weyl alcove
of g such that exp(2wi7) € C. Accordingly, the action of Z(G) induces an
affine map 7 — x.7 of Ay (g) to itself, determined by the relation

z-exp(2miT) = wy - exp(27i (2.7)) - wy (2.125)

satisfied by a certain element w, of the normalizer N(T") of the Cartan
subgroup T' C G. In particular, 7,1 is the preimage of the weight 7 =0
under this action. The element w, is fixed only up to the multiplication
wy — t-w, by an arbitrary element ¢ € T, hence it is only the class [w,] €
N(T)/T of wy in the Weyl group N(T")/T of G that is determined uniquely.
The assignment x +— [w,] is an injective homomorphism, however, w,, itself
cannot — in general — be chosen to depend multiplicatively on x, that
is we cannot set wg., equal to w, - w, for all x,y € Z(G). Nevertheless,
the condition wy - wy - wy. ; € T is always satisfied, which leads us to the
definition

Wy - Wy - w;; = exp(27ibay) (2.126)

of the 2-cocycle by, defined modulo @(g). The action of Z(G) on Ay (g)
and the elements 7,-14,bs, for all simple Lie groups with a non-trivial
centre were listed in [GR2, Section 4]. These data were subsequently used to
compute the 3-cocycles 1)g.«, see also [GR1,GSW1] (we use the conventions
of [GSW1], in terms of which ugy . = Vg« (2, y, 2)).

3 World-sheets with defect networks in CFT

In “constructive” conformal field theory, one tries to determine the cor-
relation functions of the theory from their symmetries and from a set of
consistency relations known as sewing constraints [F'S, Va, So|. For oriented
closed conformal field theories, this approach was given a mathematical
framework in [Se|. In this section, we describe its straightforward gener-
alization to surfaces with defect lines and outline the simplifications that
occur for topological defects. We shall show that if a discrete symmetry
group of a CFT is implemented by defects it gets equipped with an associ-
ator 3-cocycle.
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3.1 Sewing constraints for world-sheets with defects

From [Se], we know that a convenient way to encode the sewing constraints is
to use the language of functors. We shall describe a symmetric monoidal cat-
egory WD of “world-sheets with defect lines” and define a two-dimensional
euclidean quantum field theory in the presence of defect lines as a symmet-
ric monoidal functor from WD to TV, the symmetric monoidal category of
locally convex topological vector spaces (see, e.g., the foreword to [Se], and
Section 2 in [StT]).

An annulus with arcs O is a triple (r, o, L) with the following constituents
(cf. figure 6):

(Ai) 0 <r<1is areal number. It defines the annulus A, ={z € C|r <
2| <r71}.
(Aii) 0: A, — R is a smooth function. It defines a metric in conformal
gauge on A, via g;j(z) = e?7(®) §;;.
(A.ii) L is a smooth oriented one-dimensional submanifold of A,. If L has
n connected components then, for each concentric circle C' C A,, the
intersection C' N L is demanded to consist of n points.

Note that we obtain an ordering of the connected components of L upon
labelling them by 1,2,...,n in the order in which they intersect the circle
|z| = 1 starting from the point z = 1.

Given an annulus with arcs O, by O" we mean the subset {z € C|1<
|z| < 1/r} endowed with the metric and the one-dimensional submanifold
inherited from O, and by O~ we denote the analogous restriction to {z €
C|r<|z| <1}. By Ogy) we mean an ordered list (O1,0s,...,0n) of a
finite number of annuli with arcs.

N metric
! J e20(®) 5,
| 1
\
}

]

Figure 6: An annulus with arcs O = (r,0, L). Indicated are the inner and
outer radius r and 1/r, the metric defined in terms of the function o, and
the oriented submanifold L which describes the defect lines.
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A world-sheet with defect lines ¥ from Oy, to OEn)? to be denoted as
O(m) =, Ozn) in what follows, is a tuple (W, L, ¢in, ¢out ), where (cf. figure 7):

(W.) W is a smooth oriented two-dimensional manifold with riemannian
metric, possibly with a non-empty boundary.

(W.ii) L is a smooth oriented one-dimensional submanifold of W.

(W.iil) ¢in is a smooth injective isometry from the disjoint union O] U OF U
U O to W which preserves the orientation, the boundaries and
the one-dimensional submanifolds with their orientation.

(W.iv) ¢out is a smooth injective isometry from the disjoint union O]~ U
O, U---UO0,,~ to W with the same properties as in (W.iii).

We refer to the boundary components of W in the image of ¢y, as in-going
and to those in the image of ¢out as out-going. A defect line is a connected
component of L. Note that ¢y, induces a numbering of the in-going bound-
ary components by assigning the number k£ to the component which lies in
d)in(O,j). Similarly, out-going boundary components are numbered by ¢out-

Given world-sheets O, 21, 021) and OEl) 22, Og’m), we can obtain the
glued world-sheet Y9 o 1 by identifying the boundaries parameterized by
OEZ). The fact that we work with annuli and arcs instead of just circles and
marked points ensures that the gluing results again in a smooth manifold

with a smooth metric, and a smooth submanifold.

Two world-sheets with defect lines are equivalent if there is a smooth
orientation-preserving isometry between them that is compatible with the

Figure 7: A world-sheet with defect lines from (01, O2) to (O}). The shaded
regions of the annuli indicate the subsets Of, O; and O]~. The maps ¢i,
and ¢oyy are defined in the shaded regions and map the solid circle |z| =1
to the boundary of the world-sheet.
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parameterizations @i, /oy¢ and preserves the one-dimensional submanifolds
with their orientation.

We can now describe the category WD. The objects® of WD are ordered
lists O(y,y. The morphisms from Oy, to Ozn) are equivalence classes [Y]
of world-sheets from O, to Ogn), and, if m =n, all 7 € S,, (the group
of permutations of m objects) for which O; = O;(i),i =1,2,...,m. The
permutations account for the freedom to choose a different numbering of the

boundary components of a world-sheet 3. The four possible compositions
are defined as follows:

Ow) ﬂ (n El 1s the equivalence class of the glued world-sheet
[22 O El]

O BB O —l O” is defined by precomposing the parameteriza-
tion @iy Wlth e

Ow,) *l O —> O’ 0 is defined by precomposing the parameterization

Dout Wlth T ;
O UL O(k) E/k) is the composition of permutations o o 1.

Since we are using equivalence classes of world-sheets, the composition is
strictly associative. The identity morphism of O,,) is the identity permuta-
tion. The tensor product is the concatenation of lists on objects and disjoint
union on morphisms. Both will be written as LI. The symmetry isomorphism
Oy U Oén) — OEn) U Oy is the obvious permutation 7 € Sy, 1p.

Having said all this, we define a euclidean quantum field theory with defect
lines as a symmetric monoidal functor C': WD — TV, which depends con-
tinuously on the world-sheet metric and on the position of the defect lines.

Let us unpack this definition. To each annulus with arcs O, the func-
tor assigns a space of states C(O) = H(O). Since C is monoidal, we have
C(Omy) = H(O1) ® H(O2) ® - -+ ® H(Oy,). The empty list O = () is the
tensor unit of WD, and, accordingly, we have C'(O) = C, the tensor unit of
TV. Given a morphism [¥] : O,y — OEn), the functor provides a linear map

C(2): H(O1) @ H(O2) @ - - @ H(Op)
— H(O)) ® H(O)) ® - ® H(O.), (3.1)

SWe should really define the objects to be germs of annuli with arcs because we can
always restrict an annulus O = (r, o, L) to one with a smaller radius v’ < r, and this should
not affect the amplitude of the QFT. We have avoided this point to make the exposition
less technical.
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the amplitude for the world-sheet ¥. As the morphisms are equivalence
classes of world-sheets, equivalent world-sheets have to give the same ampli-
tude. That C' is monoidal on morphisms implies that C(X UY') = C(X) ®
C(Y'), and the symmetry of C' implies that changing the numbering of the
boundary components of 3 translates into the corresponding relabelling of
the arguments of the linear map C(X). The most non-trivial condition is
the compatibility with composition, which amounts to the insertion of a sum
over intermediate states in the path-integral language,

Owy =5 Oy Z2 0, = C(£2051) = O(E) 0 C(S1). (3.2)

In general, it will be very difficult to construct examples of such a sym-
metric monoidal functor C : WD — TV. However, for a special subclass of
defects in conformal field theories, the so-called topological defects, further
progress can be made. This is the topic of the next section.

3.2 Topological defects in conformal field theory

Let X = (W, L, ¢in, dout) and X' = (W, L' din, dout ) be two world-sheets which
differ only in the choice of defect lines. We say that ¥ and X' have homotopic
defect lines if L and L' are homotopic (as oriented paths) via a homotopy
that is constant on the image of ¢, and on that of ¢ou. We call the defects
in a 2d-QFT topological if C(X) = C(¥’) whenever ¥ and ¥’ have homotopic
defect lines.

Recall that a 2d-QFT is conformal if an amplitude C'(3) changes only
by an overall factor upon applying a Weyl transformation ~(x) — ~'(z) =
Q(x) - y(z) to the metric (where 2 =1 on the image of ¢y, and on that
of ¢out). The factor is computed in terms of the Liouville action and the
central charge, see, e.g., [Ga3] for more details.

For a 2d-CFT with topological defects, the functor C' simplifies in two
significant ways. First, if O = (r,0, L) then H(O) does not depend on r
or o, and it depends on L only through the number n of points in the

intersection of L with the unit circle, and on n signs e***t1 k =1,2,...,n.
The sign e®**1 is +1 if the kth connected component of L is oriented from
the outside of the unit circle to the inside. Otherwise, e¥**1 = —1. To

specify C' on objects of WD, it is thus enough to give vector spaces

Huz n€Zsy, &={*e{£1}|k=1,...,n}. (3.3)
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Elements of H,,~ ¢z will be called twisted states, and those of H;,,—o untwisted
states, in conformity with the physical jargon.

To fix C' on world-sheets, it is enough to give it on a set of fundamental
world-sheets from which all others can be obtained via gluing. As opposed
to the theory without defects, we now need an infinite set of fundamental
world-sheets. One possible choice is

D; = L Ae= ,
. ‘ in
AP = @ , P(n,m,k; L) = e e )
d

(3.4)

In P(n,m, k; L), the integers n, m, k € Z>q designate how many defect lines
end on each of the three boundary circles, and L is the corresponding set of
defect lines. The defect lines are not allowed to contain closed loops (these
are already generated by the ALD).

In [So,Le], a generators-and-relations approach to closed and open/closed
conformal field theory is given. In both cases, a finite number of generators
and relations are sufficient. In the presence of defects, already the number of
amplitudes one needs to fix for the fundamental world-sheets (3.4) is infinite,
and a concrete set of sufficient sewing constraints has not been worked out
to date.

However, there exists an alternative approach to determine the functor
C: WD — TV for a conformal field theory with topological defect lines
[FRS1,Fr2]. This approach applies to rational conformal field theories and
uses an associated three-dimensional topological field theory. In the case of
the WZW model, this is just the three-dimensional Chern—Simons theory
[Wi, FKi]. In the TFT-approach, one makes a proposal for all C'(¥) simul-
taneously and then verifies that this, indeed, defines a symmetric monoidal
functor. (Admittedly, a complete proof of this statement along the lines
of [Fj] is not yet available.) The data that determine C are a rational
vertex-operator algebra V, a symmetric special Frobenius algebra A in the
category Rep(V) of representations of ¥V, and an A-A-bimodule @ in Rep(V).
We refer to [Fr2] for details; we do not need this general approach in the
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present paper. However, let us point out that in the special case of ¥V = C,
i.e., for a two-dimensional topological field theory with topological defect
lines, the resulting algebraic structure is very similar to that of a planar
algebra [Jo, KPS].

In order to prepare the subsequent discussion of symmetries implemented
by defects, we need to assume some further properties of C. These are
satisfied in the WZW model studied in Section 3.4.

Consider the world-sheet A7 . given by an annulus of outer radius one
and inner radius r with n rays of defect lines, having orientations given by
alist &= (e12,e23,... &™) eg.,

T

Bt——tt (3.5)
We assume that the “propagator”
C(A2) : Hpg— Hp g (3.6)
is invertible. If we are given an eigenvector ¢ of C(4] -) such that
C(A] )¢ =129, (3.7)

with Ay the conformal weight of ¢, we can define a field insertion ¢ to mean

The left-hand side shows a fragment of a world-sheet with the insertion,
and the right-hand side, in which we have drawn a world-sheet ¥4 with
the corresponding hole marked by ¢, means that the argument of the linear
operator C(24) corresponding to the (marked) in-going boundary shown in
the figure is set to ¢. The gluing properties of C' imply that this definition is
independent of r. Even if not made explicit in the notation, a field insertion
by definition carries a local coordinate system since it corresponds to a small
parameterized hole.



1192 INGO RUNKEL AND RAFAL R. SUSZEK

Denote by T, T € Hy the holomorphic and anti-holomorphic components
of the energy-momentum tensor. We demand that topological defects com-
mute with 7" and 7' in the sense that

(N - C(t) oot w oo

(3.9)

This is, in fact, the original definition of topological defects [PZ] (the name
itself was introduced in [BG]). For the more general conformal defects,
treated, e.g., in [Ba, QRW, BB], condition (3.9) does not have to hold. The
topological defects in the WZW model we shall be interested in satisfying

a

property (3.9) also for the KaC-Moody currents ¢ = J¢, J .

By virtue of (3.9), we have an action of Vir @ Vir on each of the state
spaces H,, . We can, in particular, use the operators Ly and Lo to make
(3.6) explicit,

O(ArL ) = rlotho, (3.10)

We shall be interested in the subspace H 7(10; of H,, » consisting of the sl(2, C)-
invariant states,

0 _
a = ( kerLply )0 () koLl ) (3.11)
m=0,%+1 ’ m=0,+1 ’

is annihilated by the generators of translations,

(0)

Since an element of HSLZ

L_q and L_y, an amplitude with an insertion of ¢ € H _ is independent of

n,g

the insertion point, e.g., for ¢ € Hé?l__ and ¢’ € H£?1+++,

6@ -
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Consider the following two world-sheets:

out

DP = , MP = ‘I' : (3.13)

Let us abbreviate AP = 2(02 +- Define, for a,b € AP,
1P =c(DP)1, mP(a,b) = C(MP)(a®Db). (3.14)

The notation C(DP)1 refers to the fact that [DP] is a morphism from the
empty list to Oy), which the functor C' takes to a linear map c(DP):C —
Hy . We evaluate the map on 1 to get an element of Hy .

By (3.9), we have 1” € AP and also m”(a,b) € AP. Using the gluing
property and the fact that the elements of AP are sl(2,C)-invariant, one
verifies that 1” and m” turn AP into an associative unital algebra. That
is, for a,b,c € AP, we have

mP 1P a) = a=mP(a,1P), mP(a,mP(b,¢)) = a=mP(mP(a,b),c).

(3.15)

The vector 17 can be understood as a twisted vacuum state, or as the iden-
tity field on the defect D. We also define the untwisted vacuum to be simply
the correlator of the unit disc without defect lines, evaluated on 1 € C,

out

= (J( ) 1 e H”. (3.16)

3.3 Symmetries implemented by defects

Topological defects can implement symmetries of the CE'T. This leads to the
notion of “group-like defects” [Frl,Fr2], where one has one such defect for
each element of the symmetry group. In the approach taken here, we would
only have a single type of the defect line, which in the language of [Fr2]
would be a superposition of all group-like defects.
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In the remainder of this section, we explain the notion of a symmetry that
is implemented by defects using the framework developed in the previous
two sections.

Let S be a finite group. We demand that the space AP = Hz(ol 4 has a
basis {py | g € S} such that

Z pg =17 and mP(py,pn) = 9.h Pg- (3.17)
ges

In the approach of [Fr2], p, can be understood as projectors onto the
individual group-like defects. Consider the annulus A7 . with projectors
Dg1>Pga» - - - s Dgy, inserted on the defect lines,

A;f(.gl? s 7gn) = g (318)
out
We define the linear maps
Poe(91,92, -, 9n) = C(A], g1, 92, gn)) 70710, (3.19)

One verifies, using the gluing properties and (3.17), that P, #(g1,92,--.,9n)
are independent of r and obey

Pn75(917927 e 7gn)Pn,E(h17 h27 LA h’fl)
- 5g1,h1 692,h2 T 6gn7hn Pn,f(glv g2, .- 7971)' (3'2(])

We now impose the condition that a twisted state space contain an sl(2, C)-
invariant vacuum state only if the overall twist is trivial, and that the vac-
uum is unique in this case,

. iyit+1
L, if [, ¢ =e,

dimim (P, (91,92, -+ 9n)| ) = { (3.21)

0, otherwise.

Choose non-zero vectors ¢y in the image of P35 _4 (g - h,g,h) applied to

7O

3_4+- Then, the sum

=D Peh (3.22)

g,hes
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obeys the condition

P37—++(g : ha g9, h’) ¥ = Pg,h ?é 0 (323)

for all g,h € S. We shall use ¢ to label all three-valent junctions with two
incoming defect lines and one outgoing defect line. We demand that there

exist a vector p € H?EO) __ such that the following two non-degeneracy con-
ditions for the defect correlators are satisfied (only the third one involves ¥)

out out

C( )—x(g)la C( >— (71,

() -

for some values x(g) € C*. This completes the list of properties that we
demand of a symmetry implemented by defects.

(3.24)

Let us now look at some consequences of these properties. First, we shall
demonstrate the identity

Both sides are in the image of Py _11_(g,9,h,h), and the image is one-
dimensional, hence they are proportional. Gluing both sides into the larger
world-sheet

(3.25)

out

@

and applying (3.17) and (3.24), one obtains p,.;, in both cases. The propor-
tionality constant is thus equal to one. This establishes (3.25). Along the
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same lines, one can verify the identity

(& )

(3.27)

A'(g) = @pg : (3.28)

We define the linear map D, : Hy — Hj as

Dy = C(A"(g))r~ o~ To, (3.29)

This is, again, independent of r, and it follows from the gluing properties
and (3.25) that

Dy Dy, = Dy, (3.30)

i.e., we obtain a representation of S on the untwisted state space Hy. If
we apply that identity to 1 € Hy we obtain x(g) x(h) = x(g - h), i.e., x is a
character of S.

The operators D, implement S as a symmetry of the CFT on world-sheets

without defect lines. Let O, RN OEn) be a world-sheet without defect lines
(i.e., the submanifold L is empty) but of arbitrary genus. Then,

(Dg)*™ 0 C(2) = x(g)" ™™ C(2) o (Dg)*™. (3.31)

This follows from repeated application of (3.27) by the same arguments as
those used in [Fr2, Section 3.1].
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Finally, the associator 3-cocycle on S is obtained as follows: The two
vectors

out out

ot = C( > R C< ) (3.32)

lie in the image of Py 444 (g-h -k, g, h, k) and are therefore linearly depen-
dent. They are also both non-zero. To see this, embed each of (3.32) into a
‘mirrored’ picture, e.g.,

out

9 -

for v®, and then use (3.24) twice. Define a C*-valued 3-cochain 1 on S via
o = (g, h, k) ot (3.34)
The usual pentagon relation obtained from the two ways of relating

out out

c< ) and c< ) (335

shows that dg1 = 1, i.e., ¥ is a cocycle. Furthermore, modifying the choice
of vectors g 5, in (3.22) amounts to replacing ¢ by ¢ =37 ;c5 Mg, h) pgn
for some 2-cochain A € C?(S,C*). The resulting change in ¢ is 1) = ¢’ - §g\.
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We can find” a cocycle 1)’ cohomologous to 1 which is a normalized cochain
and takes values in U(1) C C*.

Altogether, we see that an implementation of the symmetry group S by
defects provides a cohomology class

[y] € H3(S,U(1)). (3.36)

3.4 3-cocycle from CFT description of the WZW model

The charge-conjugation modular invariant CFT constructed from the affine
Lie algebra g is the WZW model for the compact simple connected and
simply connected Lie group G of g at level k. Let Oy be the category
of direct sums of integrable highest-weight representations of ge. It is a
semi-simple abelian braided monoidal category (in fact, it is even modular).
The irreducible representations in Qg are labelled by integrable dominant
weights A\ € Pfﬁ(g) from the fundamental affine Weyl alcove

Pf(@)={reP(g | (NO)<k A (Na)>0,i=1,2,... rankg }.
(3.37)

We denote the corresponding representation by ‘7)\.

We are interested in the simple-current sector of the model. To each
element in the centre Z(G) of G, one can assign a weight A, € Pf(g) such

that 17,\2 is a simple current, see [SY2]. The weights A, for all gy are listed in
Section 4. The assignment z — A, is injective, and it gives all simple currents

except for the case of ¢(8),, already discussed in the Introduction. It is also
compatible with the group structure in the sense that for all z,w € Z(G),

Vv ® W, 2V (3.38)

The different possible topological defects in the WZW model for g, which
commute with the Kac-Moody currents are in a one-to-one correspondence

"The argument is as follows (see, e.g., [NSW, Chapter I], specifically exercises 4, 5 of
§2 and Proposition 1.6.1 of §6): Since C* 2 U(1) X R as multiplicative groups, we have
H™(S,C*) =~ H"(S,U(1)) x H"(S,R>0). The isomorphism is provided by the decomposi-
tion ¥ = g 1y, where [1g] = 1 and ¥ € Rso. However, H"(S,R~0) = 1 so that ¢, = dsx
for some x. Thus, 1 is cohomologous to 1g. Finally, every class in H" (S, A) (for A an
abelian group) can be represented by a normalized cochain.
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with objects of Ok [PZ,Fr2]. We choose the object

B= Vi.. (3.39)
2€Z(G)

The 3-cocycle associated to the Z(G)-symmetry can be computed within
the TFT-approach. There, the CF'T correlator is evaluated as the amplitude
of the three-dimensional Chern—Simons theory at level k with the gauge
group G, where the relevant three-manifold is a direct product ¥ x I of the
world-sheet and an interval, and the defect lines get replaced by a Wilson
graph inside the three-manifold [Fr2]. For (3.34), one thus obtains

(3.40)

The Wilson lines are labelled by objects of Ogy, and the junction points
by non-zero morphisms @, € Hom(V), ® Vi, Vy,,). The choice of the
morphisms @, 5, corresponds to the choice of the states ¢g 5 in (3.22).

By the definition of the Chern-Simons theory, the objects g (z,y, 2) in
(3.40) are then entries of the fusing matrix (or 6j-symbols) of the category
Oy restricted to the simple-current sector. The tensor product and the
braiding in the simple-current sector of Oy can be described by abelian-
group cohomology [JS, Proposition 3.1] (cf. Appendix A.1 for a brief over-
view of some pertinent facts about abelian-group cohomology). In fact,
once we have chosen the basis ®, 5, we obtain an abelian 3-cocycle (1, )
on Z(G) with values in U(1) (a Z(G)-module with the trivial Z(G)-action),
see [FRS3, Section 2]. The element 1) is an ordinary 3-cocycle on Z(G) with
values in U(1), and Q is a 2-cochain on Z(G). Together, they satisfy the
hexagon condition, cf. (A.7). Furthermore, the diagonal elements of ) are
determined by the conformal weights via (see, e.g., [FRS3, Section 2])

Q(z,2) = exp(2mih(\.)),  h(\;) = (A Az +2p)

e (3.41)
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where p is the Weyl vector of g and ¢V is its dual Coxeter number. If one
chooses a different basis ®, ;, the abelian 3-cocycle changes by a coboundary.
The basis-independent information describing the tensor product and the
braiding in the simple-current sector is therefore provided by a class [¢, Q] €
H3 (Z(G),U(1)).

Given an abelian 3-cocycle (1, ), we obtain the function gy o(z) = Q(z, 2)
on Z(G). It is proved in [EM,Ma] that ¢, o depends only on the class [1, (2],
and that it determines this class uniquely, cf. (A.9). This fact, together with
(3.41), makes it feasible to compute a representative for the 3-cocycle g
n (3.40), and therefore also in (3.34). We list the results in Table 1.

Table 1: The comparison data.

Algebra A, =su(r+1)
Centre Tpi1 = {e,2,22,..., 2"}, z=e 2mA
k 1-

Simple currents  A;n =kApp1_p, nelr, h(An)= W
Abelian stm ( n z”/, z””) — (_1)"7””(”'+”"*[“'+ﬂ"]r+1)/(T+1)
3-Cocycle Wi T) (z Zn’) _ emikrnn'/ (r41)

k
Algebra B, = spin(2r + 1)
Centre Zy ={e,z}, z=e 2 AY

Simple current A =kA1, h(A) =<

Abelian wﬁpin/@r\—&-l)k (zn, P ) =
n ,n'\ _ knn'
3-Cocycle Qspi@m(z ,2") = (-1)
Algebra C, =sp(2r)
Centre Zy ={e,z}, z=e2MA
k
Simple current Az = kA, h()\z) £r
: krnn n’
Abelian 1/}5'3(/27) ( )

n ,n' i krnn’ 2
3-Cocycle QE@ (z z ) e /
Algebra Dosy1 = spin(4s + 2)

Centre Zy={e 2,22, 2%}, z=e 2™ Adeta

(Continued)
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Table 1: Continued.

( k(2 1
No=kAs  hd) = & ot )
Simple currents A2 =kAq, h(A,2) = g
k(2 1
s = Koy, h(As) = ( 38+ )
Abelian wspm(43+2) (272", 2"") = (—1)kn i) /4
mik (2s+1)nn’ /4
3-Cocycle Qﬁpm(45+2)k( ) e ( "/
Algebra Das = spin(4s)
Centre Zo X Ly = {e,z1} x {e, 22},
2 = efQﬂiAgs, 29 = e—2mi AY
( ks
Az = kAgs, h(As,) = x
Simple currents Ao, = kAq, h(\.,) = g
ks
\)\Z1z2 = kAQs 1, h()‘21z2) =
Abelian @bgms)k(zllng, Z1 1252, 2, 222)
— (_1)k (sn1ni nf+nynyny+n2ninl)
3-Cocycle Qsm)k(zl zy 7211222)
— e7ri k (sn1n)+2n2 nh4+ni ni+nani) /2
Algebra Eg
Centre Z3 = {e,z,2%}, z = e 2miAg
2k
)\Z:kA]_, h(}\z)zi
: 3
Simple currents 2k
A2 = kA5, h(A, )
Abelian @, ( )2 )
3-Cocycle Qe/(\ﬁ) (z”,z"/) — g 2miknn’/3
Algebra E7
Centre Zy ={e, z}, z=e 2N
k
Simple current Ay =kAg, h(X) = SZ
Abelian ), (z",z”/,z"”) = (=1)knn'n"
3-Cocycle "G (z" z"/) — g miknn'/2
k
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4 The classical 3-cocycle vs the quantum 3-cocycle

In this final section of our paper, we bring to completion the discussion
of the correspondence between the classical, i.e., gerbe-theoretic, and the
quantum, i.e., conformal-field-theoretic, description of world-sheets related
by an associator move of figure 3 in the setting of the WZW sigma model
on a compact simple connected and simply connected Lie group G. We do
so by demonstrating, through a case-by-case comparison, that the 3-cocycle
component ¢, € Z*(Z(G),U(1)) of a representative (¢, , g, ) of the class
(Vs Q) € H3.(Z(G),U(1)) fixed by (3.41) via the Eilenberg-MacLane map
(cf. Appendix A.1), coincides with the associator 3-cocycle 1)g.k obtained
from the analysis of the variation of the action functional of the WZW model
under the associator move of the embedded defect network.

Here are the details of the comparison. The starting point is the computa-
tion of the diagonal components of the 2-cochain Qg from (3.41), using the
data for \; given in table 1, and that for the metric on P(g) (the quadratic-
form matrix F') taken, e.g., from [DMS, Chapter 13]. Having found €4, (z, x)
for all x € Z(G), we then proceed according to the type of Z(G) at hand,
to wit:

e The non-cyclic centre Z(G) = Zg X Zo of G = Spin(4s). In this case,
we simply solve the coupled pentagon and hexagon equations explic-
itly for ¢5W§)k’ employing the definition (A.6) in the end (that is,
dividing out an appropriate trivial 3-cocycle from the general solu-
tion) in order to get the specific representative from table 1. The lat-
ter is precisely the gerbe-theoretic 3-cocycle u ny ng mh nb ot for

2t 2y %2 2% e 2y

G = Spin(4s) given in [GR2, Section 4].
e A cyclic centre of an even order, Z(G) = Zys with generator z — this

covers the cases of SU(2r + 2) (with s = r + 1) and Spin(4r + 2) (with

s = 2), as well as Spin(2r + 1), Sp(2r) and E(7) (all three with s = 1).

We start by considering an auxiliary object, namely the CF'T of the free

boson compactified on the circle of a rational radius squared, R? = %’,
where p and ¢ are two positive coprime integers (and where we use
units in which the self-dual radius is 1). At these radii, the free-
boson CFT has an enhanced chiral symmetry. The fusion ring of its
representations is given by Zo,, with generator £, and the relevant
abelian 3-cocycle is [BSc, Fu2]

n/+n//7[n/+n//]2pq

Urppg (€67, €Y ) = (-1)" 2w,
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where 0 < [m]2pq < 2pq is the unique integer such that [m]apy =m
mod 2pg. One can now check, for all the above-mentioned G, that
Qg, (z", z”) obeys, for every n € Zog,

ng (Zn’ Zn) = QFB(S,I) ({n’ gn)P(gvk)’ P(g, k) S N, (42)

for an integer P(g, k) independent of n. At this stage, we may adduce
the theorem of Eilenberg and MacLane cited in Appendix A.1 to con-
clude that the entire abelian 3-cocycle of interest can be written as

(Vg Q3,) = ((¢FB(S,1))P(g’k)7 (QFB(S,l))P(g’k)) (4.3)

We now readily verify that the 3-cocycle (wFB(SJ))P(g k) coincides, in
each of the cases of interest, with the corresponding gerbe-theoretic
3-cocycle from [GR2, Section 4].

e A cyclic centre of an odd order, Z(G) = Zgs 1 with generator z — this
accounts for the remaining cases of SU(2r + 1) (with s = r) and E(6)
(with s = 1). For each of these groups, we first check that the diagonal
components of {}5 obey the identity

~ LCM(2s + 1,n)
mn

Q. (z”,z")Nn =1, N,

(4.4)

for LCM(2s + 1,n) the least common multiple of 2s 4+ 1 and n. The
number NN, thus defined is exactly the order of the element 2™ of the
centre, and so we see that {5 satisfies the assumptions of Lemma 2.17
of [FRS3], stated in Appendix A.1. Consequently, the abelian 3-cocycle
(Y., Q,) has a representative with 13 = 1, in accord with the gerbe-
theoretic result of [GR2, Section 4]. The corresponding 2-cochain g,
is then fixed by the hexagon equation to be a bihomomorphism, whence

!

Q (z",z"/) =, (z,z)nn , (4.5)

Bk
which is the form of the 2-cochain given in table 1.

We shall now list the relevant algebraic data and the representatives of
the abelian 3-cocycles obtained in the procedure detailed above. In so doing,
we use the symbol Agv) to denote the ith fundamental (co)weight of g (we
follow the labelling conventions of [DMS]), and the shorthand notation [m]
for the unique integer 0 < [m];, < k such that [m]y =m mod k for k € Z~o.
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Appendix A Appendix
A.1 Some background on group cohomology

In general, group cohomology is defined for a group S and an S-module A,
see, e.g., [NSW, Chapter I, §2]. We shall only need the case of a finite group
S and the S-module given either by A = U(1), understood as an S-module
with trivial S-action, or by A = CP"(0O), understood as an S-module with
an S-action by pullback,

—1\*
(g-w)iliQ.,.ipH = (9 ) Wy=1iy g=Llig .. g~ Liipy1) (A1)
where we have assumed the cover O to be S-invariant as in (2.10).

An n-cochain on S is a function S™ — A, and the set of n-cochains is
denoted as C"(S, A). The coboundary operator d, is a map C"(S, A) —

C"1(S, A) which obeys 6(,41) 00,y = 1. For n=1,2,3,4, it is given by
the formulee
(6(0)%(0))(a) = a-v0) — (o),
(6yv)(a,b) = atpq)(b) — Yuy(a-b) +a)(a),
(62)%2))(a,b,c) = a. ¢(2)(b, ¢) = YP)la-b,c)
@2)(a,b-c) =1 (a,b),
(63)¥@3))(a,b,c,d) = a. ¢(3)(b e, d) —y(a-b,e,d) +Pa)(ab-c,d)
@3y(a,b,c-d) + Y (a,b,c)

(A.2)

in the additive notation (e.g., for A = CP"(O) with r > 0), and by the for-
mulae

a.p
(60)¥(0))(a) = w(é?),
B a-¢(1)(b) %Z)(l)(a)
(5(1)1)[)(1))(0“7 b) - ¢(1)(a ] b) )

0.2 (b, ¢) vy (a,b - (4.3)

1/;(2)(a -b,c) 1/1(2)(6% b) ’
a-¢(3) (ba ¢, d) ¢(3) (aa b-c, d) ¢(3) (a> b, C)
Yy (a-b,c,d) s (a,b,c-d)

(d2)¥2))(a,b,c) =

(5(3)¢(3))<a7 b, c, d) =

in the multiplicative notation (e.g., for A = U(1) or A = CP0(0)), all writ-
ten for 1,y € C™(S, A) and a, b, ¢, d € S. The n-cocycles, the n-coboundaries
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and the nth cohomology group are denoted as

Zn(S, A) = ker 5(n)7 BH(S, A) =im 5(n71)7 Hn(S, A) = 7)

respectively. We shall drop the subscript n from the coboundary operator
henceforth, and we shall write g whenever we want to emphasize that it is
the coboundary operator for the cohomology of S.

For an abelian group S, one can introduce a different cohomology, namely
abelian-group cohomology [EM, Ma]. We shall only need the third abelian
cohomology group of S, with values in the trivial S-module U(1).

Abelian 2-cochains on S are just ordinary 2-cochains on the group,
C? (9,U(1)) = C*(S,U(1)), and abelian 3-cochains are defined as

Cap(S,U(1) = {(#,Q) | ¥ € C°(5,U(1)), Qe C*(S,UL)}. (A5)

The set C3, (S5, U(1)) is an abelian group under element-wise multiplication.
The coboundary operator &, 9y : C2 (S, U(1)) — C2,(S,U(1)) is given by
the formula

5ab,(2)90 = (55()07 (a7 b) = (p(a, b)/gp(b, a’) ) (AG)

The set of abelian 3-coboundaries B2, (S, U(1)) is the image of Oab,(2)- An
element (¢,2) € C3,(S,U(1)) is an abelian 3-cocycle on S if the following
conditions are satisfied for all a,b,c,d € S:

Pentagon : (b, ¢,d) ¥(a,b-c,d)¥(a,b,c)
=¢(a-b,c,d)Y(a,b,c-d),
¥(e,a,b) Qa-b,c)Y(a,b,c) (A7)
= Q(a, ) Y(a,c,b) Q(b,c)
Y(b,c,a) "t Qa,b-c)(a,b,c)™?
= Q(a,c)Y(b,a,c) "t Qa,b).

Hexagon :

(In the notation used in [Mal, ¥(a,b,c) = f(a,b,c) and Q(a,b) = d(a|b),
see [Ma, Equations (17)—(19)].) Note that the pentagon condition just says
that dg¢) = 1. The set of abelian 3-cocycles is denoted by Z3, (S, U(1)).
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The third abelian cohomology group of the abelian group S, with values
in the trivial S-module U(1) is defined as

H3,(8,0(1)) = Z33y(8,U(1))/ B3 (S, U(1)). (A.8)

The set Q(S,U(1)) of quadratic forms on a group S, with values in U(1)
is composed of all elements ¢ € C1(S,U(1)) such that g(a) = g(a™!) and
0sq:S xS —U(1l) is a bihomomorphism. The product of two quadratic
forms is again a quadratic form, as is the function ¢ = 1, and so Q(.S, U(1))
is an abelian group. It is proved in [EM] (see [Ma, Theorem 3|) that the
map

EM : H2 (S, U(1)) — Q(S,U(1))

[wv Q] = qu,Q(a) = Q(CL, CL)
is an isomorphism of abelian groups. In particular, g, o depends only on
the class [0, Q] of the abelian 3-cocycle (1, 2). Using this isomorphism, it
was demonstrated in [FRS3, Lemma2.17] that the class [)] € H3(S,U(1))

of the 3-cocycle component of an abelian 3-cocycle (1, €2) is trivial iff the
identity

(A.9)

Qa,a)Ne =1 (A.10)
holds for every element a € S, with N, the order of a.

A.2 Field equations and defect conditions

In this Appendix, we perform a detailed derivation of the field equations
and defect conditions in a generic non-linear sigma model with a topological
term defined — as in Section 2.6 — on a world-sheet ¥ with an embed-
ded defect network I'. The defect conditions, which characterize the defect
in the very same manner as boundary conditions characterize a boundary
state, are always to be imposed on the fields of the model, both in the
classical régime (extremal field configurations) and in the quantum régime
(the definition of the path integral for a world-sheet with a defect net-
work on it).

Let us start by stating some conventions. We use the two-dimensional
Levi-Civita symbols €q and € such that ejo = 1 = €'? and egp € = 0,5 In
the component notation for differential forms, we use the following basis:

dyt AdyH2 A« Adytr = Z (_1)sgn(0) dyte) @ dyte® @ .- @ dyte®).
oSy
(A.11)



GERBE-HOLONOMY FOR SURFACES 1207

The standard ‘kinetic’ term written in terms of the intrinsic world-sheet
metric 7, the associated metric volume form voly , = v/det ydo! A do? (o°
are local coordinates on X)) and the target-space metric G reads

Skin[X57] = Gx(dX)) %, dX)
$-T

= / voly; (fl)“”GW(X) Da XH Op X" . (A.12)
RN

The world-sheet metric defines, in particular, the Hodge operator %, on
Q° (%) as per

*y1 =voly , *,do® = y/dety (fy*l)ab epcdo®, xyvoly, =1. (A.13)

We have also used the notation dX = 9,X"do®®dy, € T;E® Tx (oM,
hence the familiar local form of Skin[X;]. The integral in (A.12) splits into
contributions from the patches into which the world-sheet is partitioned by
the embedded defect network I'.  Whenever a functional variation of the
integral produces a contribution from a component e of the boundary of
the patch, we should use in the integrand the appropriate local extension
X|o described in Section 2.4, with the choice of o € {1,2} depending on the
relative orientation of e and that of the defect line covering e.

The variation of (A.12) in the direction of X reads

6x Skin [ X5 7] 2/ vols 4 (7)™ (2G . (X) 8a6 XH 9, X"
>-T

+ 6 X 0\Gw (X) O X* 0 X ")

=2 / Gx (6X,volg 5 Ay X +Trc(dX) %, dX))
X-r

+2/E (Gx, (0X)1,%,dX1) — Gx, (6X]2, %,dX]o)),
i

(A.14)
where 6X = d X" 0, is the variation field, with the one-sided (local) exten-
sions X, to U,. We have also used the notation

Gx (6X,volg y A X) = 6X" G (X) (A)X?) vols 5,
(

) (
Gx (6X,Tr.c(dX) %, dX)) = 6X* G (X) { g6 }(X)d XP A *yd X7,
(A.15)
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with

Ay = 0, (Vet (v) 8)) (A.16)

the world-sheet Laplacian, and

(G_I)V)\ (aPGU/\ + aUCTY,D)\ - a/\Gpcr) (A17)

N | =

{pVU}:

the Christoffel symbols of the target-space metric G. As usual, the boundary
term in (A.14) comes from integration by parts and the application of Stokes’
theorem. Its geometric interpretation becomes manifest upon introducing
a coordinate t € R along an edge e € Er of I', together with the attendant

normalized tangent vector field t= ﬁ 0;. It is then straightforward to
(0,0t

show that the two normalized vector fields 7i,, @ = 1,2 normal to that edge
which were described in Section 2.4 are given by ng = (—1)% (t1 %y do®) Oq,
and so the variation of the “kinetic” term rewrites as

0x Sin[X57] = =2 / Gx (0X,voly Ay X + ILc(dX) %, dX))
X-T

-2 / VO]EF’A/ (GX|1 ((5X‘1,X|1*ﬁ1) + GX|2 ((5X|2,X‘2*ﬁ2)),
E
' (A.18)

where volg,.  is the volume form for Er (locally given by /~(0, 0;) dt) and
Xiax TU, — TM are the tangent maps for Xia-

Passing, next, to the topological term

StOP[X] = Z

i/tﬁt—l—z (i /eﬁteJerog@}ev(v))]

teA(X) eCt vEe
+ Z (i / ﬁe+z logl?ev(v)>
e€A(Er) ¢ v€e
+ Y log fu(v), (A.19)

veVr
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in which all triangulations have been correlated as discussed in Section 2.6,

we find
1 *
= 0x Stop[X] :/ X* (60X H)
»-T

+ Z Z[ e X* 0X (B, +dAltle))

teA(X) eCt

+ Z Etev X (0X 1 (Ajyi, — idlog gitieiv))(v)]

vee
+ Z [/X* 0X.dP;,)
6€A(Er‘
F Y e XX (P + 0108 K ) 0)
vee
i Z X*(éX_ndlogfiv)(v)
UGVF
= X*(0X.H)+ Y Z[ X*(6X.B;,)
2T teA(X) eCt V€
- Z Etev 5X—‘ Alezv)( ):|
vee
+ ) [ / X*(6X1dP;)
CEA(EF)
—1—2 Eev X 5X_l |d10ngezv))( )]
vEe
i Z X*(6X dlog fi,)(v),
veVr

(A.20)

where — so far — we have only used the defining relations of the local data of
the gerbe, cf. (2.5), alongside the trivial relation ) |-, >, <. €tev 0 X1 A4, =
0. The first line integral in the above formula reduces to a contribution from
the embedded defect network, and so — upon recalling the indexing con-
ventions of Section 2.6 and the definition (2.15) of the G-bi-brane curvature

w — we readily see that it combines with the other line integral as

> Z/X (OX.Bi)+ > /X (6X.dP;,)

teA(X) eCt V€ e€A(Er)
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Z / X|1 (5X|1_J B¢1( )) — XE(5X|2_| B¢2(ie)) + X*(0X dPie)]
€€A(E1")

= > /X (6Xaw,)= [ X*(0X.w), (A.21)

e€A(Er) Er
where we have used that
0X\alBr = tasd X | By, (A.22)
which holds by (L2).

Next, we turn to the vertex contributions. The one coming from the
internal vertices, v € ¥ — Vp, is easily checked to vanish,

Z Z Eev X 5X—' (Re+|dlogKZelv))( )

e€A(Er) vee—Vp

= > cew XT(6X 1A, (v)

teN(X) vee=Vr
eCt

Yo Y ew [Xp(0X s Agy i)
e€/A(Er) vee—=Vp
— X[ (0X15 Ap, )61 00)
+ X*(6X5 (P, — P, +idlogK;,4,))] (v) =0, (A.23)

by virtue of (2.15) and (A.22). The one coming from the vertices of the
defect network, on the other hand, does not vanish identically. At a given
vertex v € Vr of, say, valence n,, it splits into a sum of terms sourced by the
defect lines converging at the vertex, completed with the vertex insertion of
the 2-morphism data. We shall first focus on the defect-line terms, further
K kH = +1 from that of 5k R —

separating the case of ey, —1. In the former

case, we obtain

X1 (0K k10 A, b1 5,)) (0) = XE(0X00 Agy iy, 60)) (0)
4 X;;k_’_l (5Xk,k+1—‘ (PZe +id log Kielﬁﬁ’f“(iv)))(v)
= X1 (0Xoer1 Ay, i1 (1)) (V) = XE(OX ko Ag, iy, (1)) (V)

+ X;:,k-i-l (5Xk,k+1—‘ (LTA¢ (i )¢1owfb’1}k+l(iv)

- LEA@(Z' Yoooul k(i) T P W )))(v)
= Xz,k-‘rl (5Xk,k+1—l Pwﬁ;k+1(lu)) (/U)) (A24)
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where we have used (2.15) and a counterpart of the consistency condition
(A.22) for the vertex

chokt1
OXklve = 112" 0 X kr1lves

kot Sk—1k
e O Xppglve = 19y 0 Xp—1klvg-

(A.25)

Similarly in the second case, the defect-line terms reduce as

XI:Jrl ((5Xk+1_l A¢ (ie) k+1(%))('l}) — X;; ((5X]€_: A¢2(ie)¢ﬁv(iv))(v)
— X} i1 (60X ky10 (P, +id log Kiewﬁfﬂ(iv)))(v)
— X]:+1 (5Xk+lJA 1 (i)W (i ))(U) — XZ((SXkJ A¢2(ie)¢ﬁv(iv))(v)
= Xk (Xbr12 (4, (g0t 1)

2A¢2<z‘e)¢>zowﬁfﬂ<m+P (i >))( v)
=—Xix +1(5Xk,k+14Pw5,vk+1 (Z.v))(v). (A.26)

Combining the two with the defect insertion and using the remaining con-
sistency condition

O Xk o1 v = TR X (A.27)

for the vertex variations of the various maps involved yields

Z Sﬁ,ﬂk+1 X]:,k-i-l (5Xk,k+1—‘ Pwﬁbkﬂ(iv)) (v)
k=1
— iX*((SX_:dlogfiv)(U) = X*(6X16,,)(v), (A.28)
cf. (2.75).

Thus, at the end of the day, we find the neat result
SxS[X:A] = —2 /E ) [GX (6, vols Ay X
+ T (dX7) %, dX)) — % X*(6X H)}
-9 /E volg,. |:GX‘1(L1*5X, X|1*ﬁ1)
T

+ GX\2 (L2*5X7 X|2*ﬁ2) - % UJ((SX, X*%\):|
+i D XH(0Xa0n,)(v), (A.29)

veVp
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from which we read off the (dynamical) field equations

ApyX* + [{ A HX) ()
3i
NG

written in terms of the components of the curvature 3-form H = H)y,, dX AN
dX* A dX", which we take to be antisymmetric in their indices. The result-
ing defect gluing conditions are

(G (X) Hpp(X) gab] B X1 XY = 0, (A.30)

Gx, (110X, X)1,701) + Gx, (120X, X|9,72)

- %w(dX, X)) =0 atEr, (A.31)
X*(6X160,) =0 at Vi

The latter of the two defect conditions forces us to set

in the entire region of the (G, B)-inter-bi-brane world-volume accessible to
the string, and so it effectively eliminates #,, from further analysis. This
leaves us with only the first of the defect gluing conditions as a non-trivial
constraint of the sigma-model dynamics.

A.3 A homotopy move of the vertex

Our aim is to derive the variation of the sigma-model action functional under
a homotopy move of the defect network within the world-sheet depicted in
figure Al. To this end, we demand that the initial network-field configura-
tion (I', X) (for the drawing on the left-hand side) admit — in a sense to
be specified below — an extension which determines the final network-field
configuration (I', X) (for the drawing on the right-hand side) and thereby
defines the homotopy move of the three-valent vertex of the embedded defect
network along the edge es.

We begin our description of the extension by choosing, for the sake of sim-
plicity, a sufficiently fine triangulation of the world-sheet, so that the various
embedding maps Xj, X, p+1 associated with the vertex v; (as discussed in
Section 2.6) are well defined in the entire region of the world-sheet shown
in the left-hand side of figure Al. Furthermore, we mark the defect edges
e4,e1 and ez converging at vy in the initial defect network I' as e; 2, €2 3 and
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v1 v2 V1 v2
JE4 K& 65 e4 3 N/ es
7 7 7 7 I 7
t t t t t t
L/ e e2 4 — L/ e e2 4
t2 t3 to t3

Figure Al: A homotopy move of a three-valent vertex of the defect network.

e3,1, respectively. Similarly, the defect edges e3, ez and es converging at v9
in the final defect network I' are marked as ej2,e23 and e3 1, respectively.
We may now define the extension of the map X for I' to be a pair of maps

~

Xey it —Q, X, ¢ es— Ty (A.33)
such that the following compatibility conditions are satisfied

)?61‘61 = X2,3‘ela Lo O 5(:31 = X3‘t7

. - - N (A.34)
Xorloy = Xloy, 77??:71 o Xy, = X3,1’637 7r32,’3 0 Xy, = Xeyles

alongside the gluing condition

GLlo)/(\'cl (p) (LI*U’ ([’1 °© )?el)*ib) B GLgoXel (p) (LQ*U’ (L2 © )?61)*@2)

1 ~

= 580, (0 Kere) =0 (A.35)

to be satisfied at every p € ¢ for all v € T'; (p)Q and for any right-handed
el

orthonormal basis (ﬁl, @2) of T,3, and the gluing condition
GXI (9) (Ll*U7 Xl*ﬁl) B GLlo)?el (q) (L2*U’ (Ll © Xel)*ﬁQ)

i ~
wwéaogvl (9) (U’ (7-(?1)’2 © le)*%) = 0’ (A36)

)
to be satisfied at every ¢ € ez forallv € T 1,2 o Q@ and for a triple of unit
3 OX'ul (q)

vectors tA, ni,ng € TyX such that tis tangent to e and points from vy to vy,
and 1y (resp. n2) is normal to es and points to the outside (resp. inside) of
t. The upper line in (A.34) in conjunction with the gluing condition (A.35)
identifies )?61 as an extension of X to t across e; in the sense of Section
2.9. The bottom line in (A.34), on the other hand, is a straightforward
generalization of the there defined notion of an extension across a defect
line to the setting of figure Al, and (A.36) ensures that the defect gluing
condition for the defect edge marked as e 2 holds to the left of the three-
valent defect vertex all along the way as the latter gets shifted from vy to vs.
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Keeping track of all the Cech indices involved quickly becomes rather
cumbersome, and so we make certain simplifying assumptions which render
our demonstration more tractable without any loss of generality of the final
result. Thus, we presuppose that ¢; o X, embeds ¢ in the same open set
Of\f as the one into which the map X sends the adjacent triangles ¢; and ts.
Analogously, we assume that all three triangles t,t3 and t4 are embedded
in the same set (’)f\f by the original map X. The map 7r§’2 o X,, is taken
to embed e3 in a single set (’)g, just as X3 is taken to embed e3Ues in
a single set Og. Finally, the map )/fel sends the entire triangle t into Og ,
which is also where X sends eq, and the map le takes the entire edge ej
into (93;3. We have the obvious compatibility conditions for the index maps

i1 = ¢1(i5), 2 = Pa(is), (A37)
i3 = vy (ig), i1 =15 (ie), i5 = 15" (i). '

We may use )A(el and )A(vl to construct a new network-field configuration

(f, X ) for the drawing on the right-hand side of figure A1 starting from the
original one (I', X). This is achieved by setting

X|E—t = X‘E—h X‘t—(eQUeg) =1tl10° Xel ‘t—(CQU(ig)?
Xlez—vy = Xeylea—vay  Xleg—vo = 7";72 0 Xu; |es—vas (A.38)
X|®2 = X:m |1)2'

We are now ready to compare the value of the holonomy for (f, X ) with that
attained on (', X'). Upon rewriting (2.53) in the simple setting described and
taking into account all the compatibility conditions listed, alongside (2.15)
and (2.41), we obtain

Hol (T', X)

Ogm = /t((bl O_X\Fel)*Bil —Xng2)

/ X / X33
+ [ (%) Py - X3R)

e3
=i logfze( v1 (02)) +i logfis (X(Ul))
/ B¢>1 L§B¢2(i5))

l
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+/ X’;;Pis—/ X: P

+ [ (D) oy — (73 Pgigy)

€3

— 1108 fiy (X, (v2)) +1 log fiy (X0 (01))
= [Riws [ R Py
+ () Pugriao) ~ (m5") Pygin)
— i 10g fig (X, (v2)) +1 10g fig (Xoy (v1))
_ /t 2 w. (A.39)

A straightforward calculation of the difference of the kinetic terms of the
sigma-model action functional evaluated on the two network-field configu-
rations (I', X) and (T, X) completes the derivation, cf. (2.116). Thus, as
explained below (2.116), we see, using (A.35), that the action functional
remains invariant under the vertex move, S[(T', X); v0] = S[(T', X); 70)-

Note, in particular, that upon fixing the trivial defect condition at ey4
(whereby the relevant 2-morphism f;, reduces to the trivial death 2-isomor-
phism), we recover a result on the change of the holonomy under a homotopy
move of the vertex-free segment of the defect network. It is unaffected by
the presence of the defect vertex due to the equality 6, = 0, imposed on the
basis of the analysis of Appendix A.2.
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