(© 2003 International Press
Adv. Theor. Math. Phys. 1 (2003) 1-23

A note on E-strings

Amer Igbal

Theory Group, Department of Physics
University of Texas at Austin,
Austin, TX 78712, U.S.A.

igbal@physics.utexas.edu

Abstract

We study BPS states in type ITA string compactification on a local
Calabi-Yau 3-fold which are related to the BPS states of the E-string.
Using Picard-Lefshetz transformations of the 3-cycles on the mirror
manifold we determine automorphisms of the K-theory of the compact
divisor of the Calabi-Yau which maps certain D-brane configurations
to a bound state of single D4-brane with multiple DO-branes. This map
allows us to write down the generating functions for the multiplicity of
these BPS states.
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1 Introduction

String dualities have played an important role in our understanding of per-
turbative and non-perturbative phenomena in supersymmetric theories. An
interesting and important application of dualities has been to the enumer-
ative geometry of maps. BPS amplitudes in string theory which are pro-
tected by supersymmetry from quantum corrections have interesting math-
ematical interpretations in the dual theory. Notable among these are the
N = 2 topological string partition functions which count curves of vari-
ous genera [1, 2, 3], N' = 1 superpotential which counts maps from a disk
with boundary mapped to a Lagrangian cycles [4, 5, 6, 7, 8, 9, 10] and
the partition function of the N/ = 4 Vafa-Witten theory which is the gen-
erating function of the Euler characteristic of the instanton moduli spaces
[11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23].

In this paper we will discuss the partition functions of the Vafa-Witten (VW)
theory and its relation with the E-string [12, 24, 25, 26] partition functions
[12]. String dualities allow us to interpret the partition function of the VW
theory as the generating function for the multiplicities of certain BPS states
in the type IIA string compactification on a Calabi-Yau threefold. These
partition functions have been evaluated for only a few cases such as T*, K'3
and the rational elliptic surface By (IP? blown up at nine points)'. In the
case of By the expressions obtained in [12], partition functions of E-string,
were a sum, over the flux in the fiber direction, of the partition functions
Z§(7) of the VW theory,

r—1
Zn(r) = 3 Bynrlr). (1)
n=0

Where F is the class of the fiber and ¥ € Hy(Bg, Z) is such that ¥ - F' = 0.
The purpose of this note is to show that Picard-Lefshetz transformations of
the 3-cycles in the mirror manifold Y and the map from H,(X) to H3(Y)
allows us to map an arbitrary D-brane configuration to a bound state of
D2-brane and DO0-branes. Therefore allowing us to compute Z5,(7) without
any restriction on X - F.

The configurations studied in [12] were bound states of Q4 D4-branes wrapped
on By and Q)¢ DO-branes. Since By is an elliptically fibered manifold there-
fore T-duality on the elliptic curve converts the D4-brane into a D2-brane

'In [11] a conjecture for the rank two partition functions of the VW theory on IP? was
also given. Also a conjecture about the U(r) partition function (r an odd prime) of VW
theory on By was made in [23]
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wrapped on the base of the fibration and converts the DO-brane into D2-
brane wrapped on the elliptic fiber. Thus the D4-brane/D0-brane configura-
tion is mapped to a D2-brane wrapping a two cycle in Bg. Thus the problem
of counting the multiplicity of the BPS states given by D4-brane/D0-brane
bound states becomes the problem of counting certain curves in Calabi-Yau
threefold X which can be done using mirror symmetry. The configuration
of D4-brane/D0-brane we started with, however, is not the most general
possible BPS configuration since one can also have D2-brane wrapped on
some curve. Such a configuration with D2-brane wrapped on a curve, how-
ever, cannot be mapped to a D2-brane wrapping some other curve using
the T-duality on the fiber of By. We will show that since we can perform
SL(2,Z) transformations on the fiber we can map an arbitrary configura-
tion of D4/D2/D0-branes to a D2-brane wrapped on a curve with some
DO-branes.

The paper is organized as follows. In section two we review some facts
about the second homology lattice of By, the structure of the curve counting
functions, and their relation with E-strings partition functions and partition
functions of VW theory. In section three we discuss the action of SL(2,Z)
and the generalized Weyl transformations on the D-brane configurations. In
section four we use the transformations discussed in section three to write
down partition functions of VW theory. Some facts about the curves in By
and the action of affine Fg on the curves is discussed in appendix A.

After this paper appeared we were informed by Kota Yoshioka that theorem
6.15 and corollary 6.18 of his paper “Twisted stability and Fourier-Mukai
Transform” (math.AG/0106118) may provide mathematical evidence for the
results of section three.

2 Review of curve counting and E-string partition
functions

In this section we will review the relation between the curve counting func-
tions (genus zero topological string amplitude) and the E-string partition
functions [12].

The Calabi-Yau space we will consider is total space of the canonical line
bundle over the rational elliptic surface. We will denote the CY space by
X and the compact divisor by Bg. By is an elliptically fibered surface with
twelve degenerate fibers on the base IP'. For this reason it is also known as
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%K3. For a more detailed construction of this CY from an orbifold see [12].

2.1 Hy(By) and affine Ej

The compact divisor By can be obtained from IP? by blown up nine points.
We denote by {h,e;,--- ,eq} a basis of Ho(By, Z) such that

h2:1,h'ei:0aei'€j:_5i]’- (2)

Here h is the pullback of the generator of IP? and e; are the exceptional
curves introduced by blowing up IP? at nine points. The canonical class is
given by 3h — 2?21 e; and the homology classes orthogonal to it forms a
codimension one lattice isomorphic to the affine Eg lattice. The real simple

roots {a1,--- ,ag} and the imaginary root F' of this affine Fg are
o = e —eig1,i=1,---,7, (3)
ag = h—e —ey—eg,

9
F o= 3h—> e.
i=1

From eq(2) it follows that the imaginary root and the simple roots defined
above have the following intersection numbers,

Oéa'ab:—(AEg)ab,Oza-FZO,F2:0,a:1,---8. (4)
Where Apg, is the Fg Cartan matrix. It is convenient to define a different
basis {w!, -+ ,w®, B, F} of Hy(Bg) such that,

8

w® = Z(AE;)abab, B:=¢9. (5)
b=1

The classes B and F are the homology classes of the base IP! and fiber 72
respectively and satisfy,

B? = -1, F*=0,B-F=1, (6)
B-w' = F-w*=0,a=1,---,8.

In this basis we can write any class 3 € Hy(By, Z) as,

8
L= Aw'+dB+sF where \, =% 0a,,d=%-F, s=%-(B+F). (7)

a=1
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We will always use this basis to represent homology classes and therefore
will use the notation (), d, s) to represent the curve given above. For ¥; =
(i, d;, 5;) the intersection product is given by 2

21-22:—)\_’1-)\_'2—(11(124-(11824-6[281 (8)

For an effective curve Y the virtual genus g can be determined from the
Adjunction formula ¥ - ¥ = 29 — 2 4+ d. The intersection of the curve with
the canonical class, d, is called the degree of the curve.

Eg Weyl transformations map Ha(Bg) to itself such that if w € W(FEg) and
¥ =(A,d,s) then

w(X) = (w(A),d, s). (9)
Since the codimension one lattice orthogonal to the canonical class is affine
FEjg lattice we also have affine Fg Weyl transformations. These are reflections
in the roots @, = a + m F where « is an Fg root and m € Z. These affine
Weyl transformation are such that if ¥y = (A1,dq, $1) and Xo = (A2, da, $2)
are related by such a transformation then

Xo € w(X))+mdlg,, dy =dy =d, X2 =%3. (10)

This implies that for a curve of fixed degree and genus we only need to
consider curves with the highest weight vector for affine Eg at level d. Two
curves ¥ and X, of degree d and genus g, with Eg weights A and p related
as ¢ = w(\) + d\ can be transformed into each other by an affine Fjg
Weyl-transformation. To see this consider two curves Xy = (X, d,ly) and
X, = (i, d,l,) of genus g and degree d with Fg weight vectors A\ and p
respectively. Since ¥2 = Ez = 29 — 2 + d therefore

1
I, =1\ + —(u? — \? 11
1 /\+2d(:“ ) (11)

It follows from p = w(A) + dX' that one can write u = w(A + d\") for some
N = Zsiai, where s' are integers and «; are the Eg simple roots. Now
perform the following affine Eg Weyl-transformation:?

W(ag,m8) © W(ag,m®) © -+ - © W(ay,m!) © Wia,ml) with m! —m! = Si, (12)

on the curve X = (A, d,[)) to obtain:

" i M2 _ 2 _ " i 2 2
(A+d>\ d, I+ oo { (A dX) A}) - <A+d>\ d, Dyt oo A})

> st Aa(Agdabpi.

2y o
A=
3(a,0,n) = a + nF, where a is an Fg root and n € Z.
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_ (wfl(u) d, zu). (13)

This differs from the curve corresponding to u by just a Weyl transforma-
tion of Fg. As a consequence we find that it is sufficient to study curves
with dominant Eg weight vector because any other curve can be obtained
from these by an affine Eg Weyl-transformation. Also this implies that the
multiplicity of a curve depends only on its degree, genus and the equivalence
class of its Eg weight vector.

2.2 Counting curves

Consider the generating function for the multiplicities of degree n curves.
Zn(w) = > N(C)em ) (14)
C€eH»(By,Z),C-F=n

where N (C) is the Euler characteristic of the moduli space of class C' if C
represents a holomorphic curve and w is the Kéhler form given by

8
w:Zmaw“+T(B+F)+¢F. (15)
a=1
so that
Mmy=w- -y, T=w-F, p=w-B. (16)

Since the degree of the curve, which is also the level of the Eg weight vector, is
invariant under the affine Weyl transformations therefore A := w(A*)+n g,
VA € I'g,. Here {\* |a =1,--- F(n)} is the set of dominant weights at level
n. We denote by A the set of vectors in I'g, related to A\* by Eg Weyl
transformations and a shift in nI'g,. Thus

F(n)
Zn(w) =Y Zi(w), (17)
a=1
where
Ziw)= Y N(C)emOw), (18)
do=n,A\cEA®

Since N'(C) = N (w(C)), where w € W (Eg), therefore,

Ziw)y= Y. N Y i@, (19)

do=n,A\cEA2 wGW(Eg)
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The curves of degree n are given by

—24+n+n%+ )\

8
2
C:ZAaw“—i-nB-i-{ g

AR (20)
a=1
where g = 1 + 022*” and therefore,
Za e2ming Z Na e2mit m) Z e2m( A2—(w(N),m)) ‘(21)
g,AEAL UJGW(Eg)

In the above expression N?(g) is a function of degree n, genus g and the
dominant weight A% since all vectors in A% are Weyl equivalent to A?. Thus

Zg(w) _ qn/2627rin¢>z./\/‘;bz(g 29=—24n 2+" Z Z q% e 2mi w(/\),m)(22)
g

AEA® weW (Eg)
= (2O (r) Py (7, 7).

Where
2;(7-) _ ZN“ 2g9—2+4n 2+n (23)

Pn,a(’r_fb, T) = Z Z an e —2mi(w(A),m) )

AEA® weW (Es)

The functions /Z\g(T) can be determined from the genus zero topological string
amplitude, Fy(w). Fy(w) can be calculated using local mirror symmetry as
n [12].

2.3 E-string partition functions

The E-string partition functions capture the BPS states of M5-branes wrapped
on %K?) x S! with some momentum in the S' direction[12, 28, 29, 30]. The
theory on %K?) is twisted N' = 4 Super Yang-Mills. Of the three possible
twists of the N' = 4 Yang-Mills the one that arises here was studied in [11].
It was shown in [11] that the partition function of this twisted theory is
the generating function of the Euler characteristic of the instanton moduli
spaces.

To relate the E-string partition function to the partition function of the
N = 4 twisted theory consider a bundle V' of rank r with ¥ as the 2-cycle
dual to the first Chern class and instanton number /,

cho(V)=r, a1(V) =3, cho(V) =k :=1%.-Z—1. (24)
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Let M(r,%,1) be the moduli space of the bundle with above Chern classes
and ef,(/) be the Euler characteristic of the moduli space. We define the
generating function for the Euler characteristic as [11]

Z5(r) =Y (g VI =72 Y eh()g* Y, g=eT.  (25)
[ [
Where (V,V) =12 = S-S+ 2rk and A(l) = — 52y . 5 = — W 4 o
Define,

r—1
1
Z,5(7) = > 25 0.0)(7): (26)
s=0

then Zr’/-\*(T) are the E-string partition functions. Note that the E-string
partition function are given by generating function of instanton moduli space
with first Chern class of degree zero. This is also the moduli-space of a
configuration of D4-branes, D2-branes and DO-branes where the number of
D4-branes is equal to the rank of the bundle, the D2-brane is wrapped on
the 2-cycle dual to the first Chern class and the number of DO-branes is
equal to the instanton number. However, since By is an elliptically fibered
surface therefore T-duality on both fibers maps a wrapped D4-brane to a D2-
brane wrapped on the base B, a DO-brane becomes a D2-brane wrapping the
fiber F' and a D2-brane wrapped on a curve nB + kF maps to n D4-branes
wrapped on Bg with k£ DO-branes. Thus if the degree of the first Chern class
(the cycle on which the D2-brane is wrapped) is zero the entire configuration
of D4/D2/D0-branes can be mapped to a curve. Thus in this case the twisted
Yang-Mills partition function can be related to curve counting function. In
[12] this fact was used to relate the E-string partition functions, which are
given by generating function of instanton moduli spaces with degree of the
first Chern class zero, to the genus zero topological string amplitude as
follow,

—n/2
n3

(1) 2 (r) = Oxe0 + Z2(7). (27)

The first term which is only present for A® = 0 is due to the fact that nB
is not a holomorphic curve for n > 1 (it does not satisfy the adjunction
formula) and therefore the corresponding term is not present in 22(7) but
genus zero topological string amplitude does contain such a term due to
contributions coming from multiple cover of B.

The transformation property of Z, y(7) under S-duality can be easily deter-
mined from that of Z3,(7) [11],

Zh(-L) = (-1 r 0 N eI (). (28)
Z,EHZ (89727‘)
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This implies that

5 — 2mi(_N\ytsd) r
Zh0.9(—F) = (1)t YT e Azl (), (29)

(w,d,s")
€Hy(Bg,Zr)

r—1
5 _ 2T N.ppd-g r
= (_I)T,r. 5T 6 Z Z er (Aot d)Z(u,d,s’)(T)a

,UGFS/T‘FS d,s'=0

) r—1
= () S TN )+

nels/rl's s'=0
r—1
2mi
Tsdrzr
er Z(u,d,S’)(T)}’
d=1
s'=0
27i y |
= (=1)"r 577" Z e )‘“{TZ,«,M(T)-F
,UGFS/T‘FS
r—1
2mi
Lisdryr
ERAIC)
d=1
s'=0

Summing over s on both sides of the equation and noting that the second
term in the right hand side gives no contribution we find

Zoa=h = (-1t N e Tz (). (30)
NEFg/TFg

This implies that
F(r)
T‘4TGZT,U(_%) - ZT,U(T) = Z Cazra)‘a (T) : (31)
a=1

Where C, is the number of elements in A% and 25:(? C, = 8. Also in
writing the left hand side of eq(31) we have used eq(27) and the fact that
multiplicity of the curve only depends on the degree, genus and the class of
the weight vector. In [12] partition functions were calculated for r = 1,2, 3,4
by solving the holomorphic anomaly equation.

Rank one and two: Here we list the functions Z, y« for r = 1 and r = 2



10 A NOTE ON E-STRINGS

[12],

Zio(r) = n7"%(7), (32)
1 1

Z90(T) —W(EZPO(T) + (036 — 593)(9?, +61)),
1 1 1

Z ————(=—=FEsP.yen — Z0%0% + ot

27Aeven 247724(135 2 (T) 8 3( 3 + 4))7

11 1,

29N ota = _W(mEZPodd(T) - 592E4)-

There are three dominant weights of Fg at level 2, A = 0, Agyen, and Apgq-
Where A2, = 4,22, = 2 and Cepen, = 135,Cp4q = 120. Definition of
various function appearing in the equation above are given in appendix C.

For r = 2 it is possible to write 25, , and 23 ,, in terms of Z¢(7).
Define F(1) :=2*70250(—1) — Z50(7) then from eq(31) it follows that

T

> CaZapelr) = F(r)i= g B (B(]) = Po(r) -
a=1,2

1 1
21(6303 — 50104 + 03) — (8301 — SO0 + 01}

Then from eq(23) it follows that 23 _,,(7) has an expansion in integer plus
half powers of ¢ whereas Z5 ., (7) has an expansion in integer powers of
q. Therefore,

(F(r) = F(r +1)),
1 T+1

= W{E2(T)(E4(

1 1
2'(010% + S08)(01 — o) + 248304 — S0)(63 + 03}
Zoeren (1) = —5(F(1) + F(T +1)),
1 T+ 1

= m{E2(T)(E4(

1 1
20163 + S09)(0} - 01) — 2010}~ Lon)ol + o) -

N[

29 N oda (r) = -

) - Ba(3) + (33)

)+ Eu(5) — 2E4(7)) +

N

1
20301 - 563)(63 + 1)}

Note that both Z3 cyen and 25 ,q¢ have integer expansion whereas 23 o does
not. The non-integer expansion of Z5 is due to the fact that it contains
contribution from multiple covers with weight % whereas 2 ,qq and 23 eyen
do not have any such multiple cover contribution and are sum over curves
which are not multiples of some other curve.
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3 Generalized Weyl transformations

We saw in the last section that the affine Weyl transformations relating
different classes in H9(By) lead to an important organizing principle. The
partition functions are organized in terms of level n dominant weights with
curves of same degree, genus and class of the dominant weight having the
same multiplicity. In this section we show that there are other transforma-
tions which act not only on the second homology but on Hy & Hs ® Hy;. We
call these transformation generalized Weyl transformations since they might
be related to the Weyl transformations of the double loop algebra Eg studied
in [33, 34].

These transformations can be understood as the mirror of the Picard-Lefshetz
transformations of the 3-cycles in the mirror Calabi-Yau. Since By is ellipti-
cally fibered we can perform SL(2,Z) transformations on the fiber. It was
shown in [32] that the S-transformation acts like the Fourier-Mukai transfor-
mation on the Chern characters of a bundle and the T-transformation acts
by tensoring the bundle with a line bundle O(B). Consider a bundle V' with
Chern classes given by

cho(V) =7, chi(V) =% = {X,d,s}, chy(V)=k. (34)

Then the S and the T transformation maps these charges to [32]

S (r,{A,d,s},k)—>(—d,{w(k),r,—k—l—%d},s—%r), (35)

T (r,{A,d,s},k) — (r,{w(k),d+r,s},k+s—d—%7“). (36)

It is easy to check that the product (V. V) is invariant under both these
transformations. The SL(2,Z) action on the rank r and the degree of the
first Chern class d is given by

()
f)-7)

The SL(2,Z) transformation —1 changes the signs of all the charges. Thus
it follows that any bundle (D4/D2/D0-brane configuration) can be mapped
to a bundle with » = 0 i.e., to a curve.

The Es algebra in Ho(Bg) is enhanced by the presence of F' (the imaginary
root) to affine Fg since F? = 0. Instead of enhancing the algebra using
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F we can also use the charge vector @ = (0,0,—1) (a 0-cycle) to enhance
the algebra since (@Q,Q) = 0. Weyl transformations in roots involving @
give more non-trivial action on the charges compared with the usual Weyl
transformations as discussed in Appendix C.

Gy (0,{>\,d,s},k>H(O,{A,d,s},kﬂ:(k,d)), (38)
w (0,{>\,d,s},k>»—>(0,{w(>\),d,s},k),wEW(Eg).

where (A,d) = d when A =0, and (A, d) = ged(m, d) where m is the largest
integer for which A € mI'g,. Let us consider an bundle V; such that degree
of the first Chern class of V] is zero. Then using (35), (38), (35), and the

—1 transformation successively we find

N o 22 r
Ch(Vl):(’)”,{A,O,S},k) = (0,{’[0()\),7“,[-{—?},8—5)
- A2 r -
= (0. %,n1+ 5 s =5+ %) (39)
- (r,{X,o,H (r,X)},k) .
This implies that e’("x’ 75)(l) = ezx,0,5+(r,X))(l) and therefore
Z(X ,0,5)(T) - Z(X ,0,s+(r,X))(T) : (40)
For the rank two case it follows that
2o 00)( ™ = Zinony) (1) = Z2nn (7)), (41)
Z(2)‘odd70a0) (T) - Z(2)‘odd70a1) (T) - ZZ’AOdd (T) :

This result (rank two case) was also given in [35] where Z50(7), Z2 1., (T)
and 2y, ,,(7) were also obtained by a rigorous mathematical analysis.

4 Partition functions

In this section we use the transformation discussed in the previous section
to obtain generating functions of the Euler characteristic of the instanton
moduli spaces for various ranks.

rank one: This case has been discussed in several places [11, 12] but we
will consider it to illustrate the method. Consider a rank one bundle such
that

chy(V) =1, chi(V):=S = {X,d,s}, cho(V) =k =122 1. (42
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Since zero is the only dominant vector at level one, by an affine Fg Weyl
transformation we can set the X in the equation above to zero. Also since
the degree of the first Chern class and the rank is relatively prime therefore
by an SL(2,Z) transformation we can map the above bundle to a bundle
with rank zero. Thus the above bundle is mapped to V; such that

Cho(Vl) :0, Chl(Vl) :{O,I,Z}, Chg(Vl) :8—%. (43)

Since the transformation G _ allows us to change s in the equation above by
—1 therefore by repeated application of G_ we get

ch(V2) = (0,{0,1,1},—3). (44)
Now the S transformation maps it back to a rank one bundle V3 with

ch(V3) = (1,{0,0,0}, 1) . (45)
And therefore ek (1) = 6%0,070)(”.

To determine e% note that the bundle with these charge can be realized

0,0,0)
a bound states of a D4-brane and [ DO-branes. Thus the moduli space is give
by the [ — th symmetric product of By [11, 12].*. And therefore the Euler

characteristic is given by

o o o0
D x(Sym!(Bo))g' = [[(1 =g~ =¢"*n7(r) =D d()d'. (46
1=0 n=1 1=0

Thus 6%070,0)(” = d(I) and eq(25) implies that

Zs(r) = ¢ es()d (47)
l

= ¢ ¢y P(r) =0 "(r).

rank r , degree d with ged(d,r) = 1: Now consider a bundle V' with
rank r and degree of the first Chern class d such that r and d are relatively
prime. Then since the SL(2,Z) transformation acts on r and d we can map
this bundle to a bundle with rank one. As discussed in the previous section,
any bundle of rank one can be mapped to a bundle of rank 1 with zero first
Chern class therefore,

ch(V) = (r,X ={\,d,s}, k) — ch(V1) = (1,{0,0,0},11) . (48)

“This is also the moduli space of degree one curve B + [ F' if we also include the flat
connections on this genus [ curve [37]
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Where [; can be determined by the fact that all transformation we have used
preserve the product (V,V) = (Vi,V;). This gives (k= 35 -X —1)

h=—YN 4l L nx? - 12— 1), (49)

We then have (d = F - ¥ and is relatively prime to r),

Zir) = S ehg > (50)

l
— g zrzdll .
11=0

Note that writing I; = rl + u we see that the partition function for fixed
rank only depends on z (mod r) and only %2 enters in the determination of
w. Using the identity

r—1
Zw1("2gi25)k = ’)"(5958 (mod r) W = eTﬂ : (51)
k=0
We get
1
Zy(r) = q @t > drl+p) g (52)
ri+p>0
1 r—1
_ 1-2 —12
= ;Zw( g (T 4+m)
m=0
Since p = —(r? — 1) — 251 £2 therefore
1 2
; Z rm z7rm r—1)%2/r 7]712(% + %) ) (53)
=0

rank r, degree d = 0: Consider a bundle of rank r with degree of the first
Chern class equal to zero. These were the configuration considered in [12].
Using the S-transformation we can map this bundle to a curve of degree r.

From eq(30) it follows that

Zp0,9(M) = Zam) + ()0 S Zer D2 a0y () (54)

,UGFS/T‘FS d, 1
s'=0

Specializing to prime rank r = p and using eq(53) one finds

ZE o,5)(T) = Zp A7) = (_111)11 ( > e ) w(p,s)n "?(pr)  (55)

welg/rl's
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where

3
L

: —1, ifs=0;
w(ps) =y B = {” BT (56)
1 -1, if s#0.

T

The sum in parenthesis in (55) can be evaluated explicitly to obtain,

—1)P§=-
Zp ()73/\’1)("}(1)38)77
p

(1.0,5)(T) = Zp (1) = “E(pr). (57)

Here 65  vanishes unless A € pI'p; in which case it takes the value one.

examples: For the rank two case this give

Zi(r) = %{77_12(§)+i2277_12(§+%)}’ dy, €2Z +1, (58)
S
X2
2% 09T = 2y 5(1) + (-1 507 2r).

This result for the rank two case was also obtained in [35]. A conjecture

about the U(r) partition function for r an odd prime was made in [23]. For
rank three we have (dy = X - F' # 0 (mod 3))

_ 2im g2 dim g2
Zi(r) = 3 PG e T G+ e T PG
0=
A3 _
Z30,9(T) = Zsa(1) + 55 w@s)n P (30),

where w(3,0) =2 and w(3,1) = w(3,2) = —1.

4.1 A recursive scheme

For prime rank p the complete explicit solution can be obtained in terms
of n712(7) and the E-string partition functions as shown in the previous
subsection. For non prime rank r there are three cases. When ged(r,d) =1
we use (53). When the gecd(r,d) = f > 1, we can map such bundles to rank
f (which is less than r) bundles. So these can be written in terms of lower
rank partition functions. When the degree d is zero we simply use (54) which
expresses the partition function in terms of an E-string partition function
and (by the above argument) partition functions of lower rank.

Consider a rank r bundle V' of first Chern class ¥ such that ged(r, ds) = f.
Then using (35) and (36) we can map V to a rank f bundle

2

(r. 0ds,sh.k) o (£, 000,500}, 5 — 1), (59)
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where
2

PR TR Ty

-1
l,:’l"()l+/1:, ro = +§—f7)\2 (60)

which implies that e (1) = ef, o ), (1)-

r_r—1 r
Zi(r) = q 2w Y e (61)
l
r_r—1
= q_§ 2r »? Z e?A,O,s(l) (7"[][ + /,l;)ql (62)

l
w __f  F-ol2
= q0g T Y e (ol + )]
[

Let h = (X, f) and define
s'(1) = s(I)(mod h) (63)

Since s(I) = al + b with integers a, b, the argument of s’ can be restricted to
the integers mod h. Then we get

N

h—1
,L,f‘1A2
ZE(r) = qoq o B0t Y S el ol gt (64)
n=0 [=n (mod h)

h—1
= q% q‘%‘?ﬁré o Z Z e{A,o,s'(n))(TOhl + ron 4 p)g" .
n=0 |
It is not difficult to show that
q%fﬁf TN Z e{A,U,s’(n)) (rohl + ron + p) g™+ = (65)
1
Lmfle”ﬁm<3r12r"+“">zf (= + 1)
roh — A0 ()Y b
Thus we get
1 holroh 1 mimr  imm (r—lyyx2 _ 2mimn T m
Z5(7) = 7“0—h7;) n;] e The ()T e_TZ(f/\,O’s,(n))(% + m—h) (66)

example: Consider the case of rank r = 4, For dy, =1, 3 (mod 4) it follows
from eq(53),

1 T in T 1 Bix T 2 9im _
Zi(r) = 2 () + e T T (G 4 ) e T (G i

4 n
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for dy, = 2 (mod 4) it follows from eq(66),

1 im ]- 6_‘ i im ]_
Z3(r) = J{Za(G) + T Bn(G + P - T e T =T 2 4 0,
for dy, = 0 we get using eq(54)
(=1)° s(1+(=1)°)

ZEIA,O,S)(T) = Z4a (1) + 5X,22—322,/\/2(2T) — 0541
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Appendix A

Let C' be a class of degree n satisfying the adjunction formula with genus g
then

8
. 1 .
C = Z,uiwl—i-nB—F%{29—2+n+n2+u2}F. (68)

=1

Every degree one class can be represented by a holomorphic curve. This
follows from the fact that B + kF' is holomorphic for £ > 0 and this class
is Weyl equivalent to Z§:1 A\iw' + B + sF for any A € T'g,. The necessary
and sufficient condition for a class to be represented by a holomorphic curve
is that its intersection with exceptional curves be positive. Let E be an
exceptional curve with Eg weight vector A, then

29 —2+n —n?

(X - %)2 + o : (69)

n

2

C-E =

C has a holomorphic representative if this intersection number is nonnegative
for all A € T'g,.

n. . o  29—2+mn—n?
-E>-M - = .
C- B> Miner,, (- )2 4 222 E (10
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Define
: 12
() = Minyer, (0= £)2. (71)

Note that if g = w(u') + nv then f,(u) = fn(p') where v € T, and w €
a

W (Eg). This implies that f, (1) = fn(1®), where p belongs to the class p°.
5

It follows that g = g.(n,u®*) + nm, m € Z and

gc(naﬂa) =1+ %(HZ —n? fn(:ua) - n) ) (72)

where g.(n,u®) is the genus of the degree n curve with weight vector u®.
Thus we see that C' - E is non-negative iff

g 2= gc(nv Na) . (73)

If C; and Cy are two curves satisfying the adjunction formula and eq(73)
then C1-Cs > 0. To see this note that since C; and Cs satisfy the adjunction
formula therefore

8
291 — 2+ ny +n? + p?
c, = Zl piw; +niB + o L F, (74)
1=
8
299 — 2 + ng +n2 + 12
Cy = Zl/z'u)i-i-nQB-i- 92 2 2 F.
. 2n9
=1
The mutual intersection number is
oL n
Ci-Cy = —u-u—n1n2+j{292—2+n2+n%+u2}+ (75)
2
n
2 {291 — 2+ ny + nd + p2}.
2n1
Since C and Cj obey eq(73) therefore,
91 > ge(n1,X%) and gz > ge(na, A") (76)

where A and A\’ are the level n; and level ny dominant weights corresponding
to the weight vectors u and v respectively. From these two conditions we
get

Cr- Gy = mmaf{l = 5 (o (m) + fy(ma)) + 5o = 22 (1)

’Dominant weights X\ at level n are given by Zle a;\; < n, where a; are the Dynkin
labels of Eg and A\; > 0. If F(n) is the number of dominant weights at level n then
generating function is given by 3.°°, F(n)g" = (1 —q) * [T, (1 —¢%) "
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Since fas(n) = minyer, (A — 2-) therefore fia(n) < (2-)2. The dominant
weights satisfy the condition

8
ZaiAZ‘ = 2()\1 + )\7) + 3()\2 + )\g) + 4()\3 + )\5) + 5)\4 + 6)\5 S n. (78)
=1

if we define the matrix B as follows

Bij = 2a;a;,i#7j, (79)

_ 2 .
= a;,1=7.

Then we see that B;j \i\; < n? and since Bij—(AE;)ij > 0 therefore it follows
that A2 < n? if X is a level n dominant weight. Thus we get f,, (1) < 1. Which
therefore implies that,

Ci-Cy > mmfl = L (felm) + Frlm)) + 2 (2 — L7}, (80)
no s

> {1~ 5(frelm) + fyn(na)} > 0.

From the fact that (A%)? < n? it follows that A% is the vector of least length
in its class and therefore

(A")? o
fn(A) = 3 s VAE AN +nlp,. (81)
Then from Eq(72) it follows that

ge(nA®) = 1 4 ") _ ()7 (82)

Appendix B

The Calabi-Yau space X whose compact divisor is the rational elliptic surface,Bg,
is the total space of the canonical bundle over Bg. The mirror manifold Y

is given by [12, 31, 32]

y? = 2+ fal2)z + g6(2), (83)

UV = Z— Zy.

Where z, is a function of the Kahler moduli of X. The first equation defines
an elliptic fibration with twelve singular fibers. Apart from the fact that
the base space given by z is non-compact (and therefore the total manifold
is hyper Kahler) the geometry of the singular fibers is exactly the same as
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the compact %K3. The twelve degenerate fibers can be chosen to have the
following charges®,

[1,0][1,0]---[1,0]2,—1],[-1,—1],[-1,2]. (84)

It was shown in [33, 34] that this configuration is invariant under SL(2,Z)
transformations. The effect of this SL(2,Z) transformation on the charges
was determined in [32] and is given in Eq(36).

The transformations G4 are more interesting and correspond to general-
ized Weyl transformation. Consider the lattice H.(X,Z) = Ho(X,Z) &
Hy(X,Z)® Hy(X,Z). A codimension one lattice in Hy(X), orthogonal to
the canonical class, is isomorphic to the root lattice of the affine Fg algebra.
One way of seeing this is that we have the ordinary Eg algebra which is
enhanced to affine Eg by the canonical class , F, since F? = 0. Another way
of obtaining the affine Eg is to find another element of H,(X) which squares
to zero. It is easy to see that only other such element is the generator of
Hy(X). Thus we have two different copies of affine Eg root lattice in H,(X).
Thus the most general root of H,.(X) is given by (using the same notation
as in section 3)

anm = (0,{a,0,n},m), a?=2, nmeZ. (85)
It is clear that (@ m,0Qnm) = —2 and therefore (17,17) = (V,V) where
V =V +(V,Qnm) Qnm. Two successive transformation using first the root
Qp,m and then &, o gives

V= (0,{\d,s},k) =V =(0,{\d, s}k +m(=X-a+dn)}.  (86)

Thus we see that if A € h'g, then k can be changes in units of ged(h,d) by
generalized Weyl transformations.

Appendix C

() = S g o, 0 =3 g%, 0u(r) =3 (~1)"¢ (87)
neZ neZ neZ
oi(=L) = —r%0i(r), Bi(=1) = —r20i(r), O(—L) = —r20i(r).

®With respect to a particular choice of paths [33, 34].
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By(r) = 1-24) o1(k)d", (88)
k=1

Ei(r) = 142403 os(k)g", Ba(—L) = P By(r), oy(k) = 3 ne.

k=1 nlk

E4(%) + E4(% + %)
2

Pyo(1) = E427), Pyyi(7) = — E4(27), (89)

Ba(Z)— Ea(z + 1
P(r) = 23) 24(2 2) NN Z4 NN =2
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