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Abstract. A consecutive k-out-of-n system consists of an ordered sequence of n compo-
nents, such that the system functions if and only if at least k (k < n) consecutive compo-
nents function. The system is called linear (L) or circular (C') depending on whether the
components are arranged on a straight line or form a circle. In the first part, we use a shock
model to obtain the reliability function of consecutve-k-out-of-n systems with dependent and
nonidentical components. In the second part, we treat some numerical examples to show the
derive results and deduce the failure rate of each component and the system.

Résumé. Un systeme k-consécutifs-parmi-n est un systeme constitué de n composants, tel
que ce systeme fonctionne si et seulement si au moins k (kK < n) composants consécutifs
fonctionnent. Le systéme est dit linéaire (L) ou circulaire (C) suivant la disposition des
composants en ligne ou en cercle. Dans la premieére section, en utilisant le modele de chocs,
on établit la fiabilité du systeme en question ayant des composants dépendants et non
identiques. Dans la deuxiéme section, on traite des exemples numériques qui illustrent les
résultats obtenus tout en déduisant le taux de panne de chaque composant et du systeme.

Key words: Linear and circular consecutive-k-out-of-n system; Feliability function; Failure
rate; Shock model.
AMS 2010 Mathematics Subject Classification :62N05; 68M15; 68M20; 90B25; 60K 10.

1. Introduction

In some environments, the failure of the system depends not only on the time, but also
upon the number of random shocks. So many applications in reliability analysis can be
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described by shock models. Shocks may refer for example to damage caused to biological
organs by illness or environmental causes of damage acting on a technical system, see e.g
Hameed and Proschan (1973). Also, as an example, a press machine produces external
frames in automobiles or refrigerators. The machine can fail due to unexpected causes such
as accidental changes in the temperature or electrical voltage, defective raw materials, or
errors by human operators.

In the literature, the concept of models shock on systems was treated by many researchers,
we can quote some of them. Marshall and Olkin (1967) considered forms of shock to de-
duce the bivariate exponential distribution. Where, their main objective is stated that two
components are subjected to shocks from three different independent sources. One shock
destroys one component and the third shock destroys both components. Shock model is
also used by Grabski and Sarhan (1995) and Sarhan (1996) to obtain the reliability mea-
sures estimations for series and parallel systems with two nonindependent and nonidentical
components. They assumed that the times at which the shocks occur are exponentially
distributed. Sarhan, A.M. and Abouammoh (2000) used the shock model to derive the re-
liability function of k-out-of-n systems with nonindependent and nonidentical components.
They assumed that a system is subjected to n + m independent types of shocks.

Liu et al. (2008) proposed a model to evaluate the reliability function of series and parallel
systems with degradation and random shocks. In their model, the system is assumed to be
failed when internal degradation or cumulative damage from random shocks exceed random
life thresholds.

There are other several types of the shock models which have been considered for the failure
of a system as: extreme shock model, cumulative shock model, run shock model, or d-shock
model. For example, d-shock model is based on the length of the time between successive
shocks. In this model, the system fails when the time between two consecutive shocks falls
below a fixed threshold ¢. This shock model has been studied by Li and Zhao (2007) and
Eryilmaz (2012).

The main objective in this paper is to use a shock model to obtain the reliability function
of consecutive-k-out-of-n systems, which have a wide range of applications; e.g: telecommu-
nications, gas and oil pipelines, transport network...etc, with dependent and nonidentical
components in the two topologies, linear and circular configurations. Then to deduce the
failure rate of the system and also the reliability and the failure rate of each component in
the system. In the end, we treat some examples to illustrate the provided results.

2. Notations and assumptions
Notations

n: number of components in a system.
k: the minimum number of consecutive components required to be good for the
system to be good.
n + m(m > 1): number of independent sources of shocks.
s;: the source i, ¢;: the component 1.
S ={51,--+,8n, -+, Sntm}: the set of all sources.
C'i: the set of sources which destroy component i.
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n — k + 1 In the linear case

n In the circular case

I(i) ={¢iy. ..y Ciyp—1}, i =1,...,J, the (i)th minimal path.
Si=Utr o, i=1,.,J.

=1
S — { u{_sfsi,, E ]j_:lsz where: 1 < iy < -+ <ip<---<ij <.J.
U;: the random time of shock from s;.
Q;(t) = P(U; < t): the distribution function of U;.
Qi(t) =P(U; > t).
T; = minjec, U; : the lifetime of the component 4, 1 = 1,2, ...,n.
A;: the event {T; > t}. B; = ﬂ;i’:_l A;.
p: denotes L (linear) or C (circular).
Tp: the lifetime of ”consecutive-k-out-of-n” system.
R, (t) =P(T,, > t): the reliability function of ”consecutive-k -out-of-n” system.

Ap(t) = _Rlz‘zg): the failure rate of ”consecutive-k-out-of-n” system.

J =

Assumptions

1. The T;, ¢ = 1,...,n, are nonindependent and nonidentical distributed.

2. The system is subjected to (n + m) independent sources of shocks.

3. s; destroys ¢;, i = 1,...,n. At least one shock from the remaining m sources destroys all

components, and shocks from the other sources m — 1 destroy a group of components.

The system is subjected to a set of various shocks, where a shock from source i occurs at a
random time U;. The random variables U;, ¢ = 1,...,n + m, are independent.

3. Reliability of Consecutive-k-out-of-n System

In this section, we consider both linear and circular consecutive-k -out-of- n systems with
dependent and nonidentical components.

Definition 1. A consecutive k-out-of-n system consists of n linearly or circularly arranged
components, this system works if and only if at least k consecutive components work. In
other words, there is at least a minimal path which is working.

Definition 2. A minimal path vector is a set of minimum number of components in working
state which ensures the system’s functioning.
In the linear case, we have:

I(1) = {c1,¢2,... ch1,c1}
1(2) = {ea,e3,. 0 cpycrpr}
I(’I’L —k+ 1) = {Cn—k-l-h Cn—k+25---5,Cn—1, Cn}
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But in the circular case, we have:

I(1) = {c1,¢2,. .., Ch—1,C }

I(Q) {CQ,CS,...,Ck,Ck+1}
I(?’l— k + 1) = {Cn—k+17cn—k+2a-~'acn—1ycn}
In—k+2) = {Ch—kt2:Cnk+3s-->CnsCnsl}
I(n—k+3) = {ca—k+3 Cn—ktd, - -, Cnt1, Cnya}

I(TL) = {Cn7 Cn41y-- 5 Cntk—2, Cn+k—1}

Where: ¢4 =c¢iyi=1,...,k—1.

Theorem 1. Let R,(t) be the reliability function of consecutive-k-out-of-n systems, and T},

denotes its lifetime. We have:
n=>{v Y [ I] @]}
j=1 1<i <. <iy <0 e g

—Ifp=0L, then J=n—k+1.
— Ifp=C, then J = n.

(1)

Proof. The linear or circular consecutive k-out-of-n system works if at least k consecutive

components work. Then, we have:

Ry(t) =P(T, > t) = P(UL, {T; > t, 11 > t,..., Tiyp1 > t})

= P(UL, {m;ﬂf—lAJ’})
= P(UL, B))

we apply the addition theorem for J events:

:XJ:P(BZ.)_ > P(B,NB,)

1<iy <ia<J
+ > P(Bi,NB;,NB)
1<i1<i2<i3<J
+ o+ (=) 'P(BiNBaN--- N By)
where,
P(B;) = P(T; > t,Ti1 > t, .., Tipp—1 > t)

=P manl>t min U; > t,..., min Ul>t)
leC; 1€Cita 1€Citr_1

{Ui>t, Ve C;UC41U...UCiyp— 1})
{ min U > t})

1€C;U--UC; 451

= JI rPwo>y=Jlan= ] @®

leuitt oy leS; 1esth

(
(
= ]P(U >t VleC,U >t VleCCir,...,U >t V€ Cipp)
P(
P(
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Similarly,
P(B;, NB;,) = [[ Qi(t) (4)
1es®
P(B'll N Bi2 N Bl3) = H @(t) (5)
les®
and o
P(BinByN---NBy) =[] Qi) (6)

les
Substituting the equations (3), (4), (5), and (6) into equation (2) we obtain:

SHao- ¥ I a

Rp(t) =
=115 1<i1<ia<J 15
+ Y I aw+-+ v e
1<i1 <ia<ig<J 1 g(3) les
J
=Y {ey Y [ 11 o)} (7)
j=1 11 < <i ST e g

4. Numerical examples

4.1. Linear consecutive-k-out-of-n system
In particular it is assumed that:

(Al) Vk > 1, VYn, and fis = 2n + 1.

(A2) s; destroys ¢;, i =1,...,n.
(A3) the sources between n and 2n + 1 destroy k consecutive components:

e 5,41 destroys {c1,...,cr} = I(1).

e ...

® Son_k+1 destroys {ch_k+1,.-.,¢n} =I(n—k+1).
® 5o, k42 destroys {cn_ki2,...,Cn,C1}

e ...

e 5o, destroys {cp,c1,. .., Ch—1}

(A4) sop41 destroys all components.

(A5) the random variables U;, i = 1,2,...,2n + 1 are Weibull distributed with parameters
(v, B;) respectively: Q;(t) = exp(—a;t?)

Example 1: Linear consecutive-2-out-of-3 system

We consider a linear consecutive-2-out-of-3 system and the assumptions (Al)-(A5) are sat-
isfied, we have:

- S5= {81, ...,57}
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- Cl - {81;84786737}7 CQ - {82,84,35787}, CB = {33785786787}
— I(1) = {e1, 2}, I1(2) = {ca,c3}.

— 81 =U2,Cj = 8\ {s3} = 51V, So = I, = S\ {s1} = SV
- 51(2) = U12:15il = Si1 U;S’i2 =51US; =5, where 1 < iy <ig < 2.

st | [s2]  [ss] [ [ss|  [ss] |s7]
N/
. \

The source j @ The component i

Fig. 1. the linear consecutive-2-out-of-3 system and 7 sources

Using equation (1), it follows that:

R =3 {co > [T el
j=1 1€61 << <2 1eg@
- 1 aw+ II @t -[[ao
les 1esgy les
= exp(— Z altﬁl>{ Z exp(—ayt?) =t — 1],

1<I<7 1€{1,3}

and Ar(t); the failure rate of the linear system is given by:

pr—1 Zle{1,3} a; BitP =t exp(—out?) 1
)\L(t) = Z Bttt — e
1=l=7 Zle{1,3} exp(—aqtf)=1 —1

In general, if n = k + 1, then:

RL(t) =exp ( - Z altﬁl) [ Z exp(—at?) "1 — 1} (8)

1<1<2n+1 1e{1,n}

Bi—1 Zle{l,n} a Bt exp(—atf) !
A= D it - BT _1
1<1<2n+1 Zleum} eXp(—alt ) _
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Example 2: Linear consecutive-3-out-of-5 system

For this system and the assumptions (A1)-(A5), we have:

- S= {81, ...,811}.

— C1 = {s1,56,59,510,511}, C2 = {s2,56,57,510,511}, C3 = {53, 56,57,88,511}, C4 =
{3473%58759; 811}, Cs = {35788,897810,311}.

— I(1) = {c1, ¢, c3}, 1(2) = {ca, c3,ca}, I(3) ={cs,ca,05}

— S =8\ {sa,s5} =51, S =8\{s1,s5} =S, S5=05)\{s1,82} =S,

— 552) = Ul2:15il = Sil U 87;2, where 1 <41 < ig9 < 3, then:

S1U52:S\{85}
5P = 5 U8 =S5
SQUSgZS\{Sl}

- Si(g) = U?:lsil, where 1 <11 < 19 < i3 < 3, then: Si(g) =S.

Using equation (1), we obtain:

Rp(t) = exp(— Z altﬁl)[ Z exp(—at?) "1 — 1}

1<i<11 1e{1,4
s sy

+ exp ( - Z altﬁl) [exp(—ozgtﬁ"’)_1 - 1},
2<i<11

and the the failure rate of the system is as following:

AL(t) = —eXp(— Z aztﬂl)[ Z azﬁltﬁ’_l( Z exp(—ayt™) ™! —1)

1<i<11 1<i<11 1e{1,4}
1£5 1£5
—|—< Z alﬁltﬁl_lexp(—altﬂl)_l)} —exp(— Z Ozztﬂl)
1e{1,4} 2<1<11
Z alﬂltﬁl_l(exp(—agtﬁ2)_l — 1) + Oé2ﬂ2t’82_1 exp(—agt@)_l}

2<i<11

In general, if n = k + 2, then:

RL(t) = exp(— Z alt’81>[ Z exp(—aytP) =t — 1]

1<i<2n+1 le{l,n—1}
l#n
+ exp ( — Z alt5’> [exp(—agtﬁz)_l — 1}7 (10)
2<i<2n+1
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and:

AL(t) = —exp(— > aztﬁl)[ > Oélﬁztﬂlfl( > exp(—at®) ! _1>

1<I<2n+1 1<1<2n+1 le{i,n—1}
l#n l#n
+( Z Bt exp(—altﬁl)_l)] — exp ( — Z alt’@’>
1e{1,n—1} 2<1<2n+1
Z alﬂltﬂlfl(exp(fagtﬁz)*l — 1) + g BotP2 1 exp(fagtBQ)*l} .(11)

2<1<2n+1

Example 3: Linear consecutive-5-out-of-8 system

We consider a linear consecutive-5-out-of-8 system and the assumptions (A1)-(A5) are sat-
isfied, we have:

- 5= {81, ...,817}.
¢, = {81759,8137814,51575167517}, Cy = {52,59,310,314,815,816,817},
C3 = {33759;3107311,31575167317}, Cy= {84,8975107511,812,816,817},
C5 = {857 S9, 510, 511, 12, 513, 817}7 CG = {86; 510, S11, 512, 513, S14, 817}7
Cr = {s7,511,512, 513, 514, 515,517},  Cs = {58, 512, 513, 514, 515, 516, 517} -

- I(1) =A{c1,...,e5}, 1(2) = {cay oy}, 1(3) = {esy vy 07}, I(4) = {ca, ...y s}

- Sl = S\{86,87,Sg} = S£1)7 SQ = S\{81,87,88} = 551)7 Sg = S\{81,82788} = S§1)7
S4 = S\ {81,82783} = Sil),

— Si(z) = U%:ISZ-, =5, US;,, where 1 <4y < iy <4, then:

S1 U Sy :S\{S7,58}
S1US3:S\{88}
S1US, =8

SQUSg :S\{51,88}
SyUSy =S\ {s1}
SgUS4:S\{81782}.

51U52U53:S\{88}
S1USuS, =5
S1US3uUS, =5
SQUSgUS4:S\{51}

s? =

- Si(g) = U8, =8, U8, USi, =

— s =yt s, =5

Using equation (1), we have:

Rp(t) = exp(— Z altﬁl)[ Z exp(—oqtﬁl)_1 — 1}

1<I<17 1€{1,6
1#£8,1#T clnor

+ exp ( - Z ozltﬁl) [ Z exp(—atP) ™t — 1}
3<I<17 1€{1,2}
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and so:

AL(t) = —exp(— Z altﬂl)[ Z Byt

1<I<17 1<I<17
17 IZ8T£T
Z exp(—oqtﬁl)_1 — 1) + ( Z Bttt eXp(—alt’Bl)_l)}
1e{1,6} le{1,6}
—exp(— Z altﬁl>[ Z alﬁlt'@lﬂ( Z exp(—oqt’glf1 —1)
3<1<17 3<1<17 1e{1,2}
+ Z alﬁltﬁlflexp(—altﬁl)*l]

le{1,2}

In general, if n = k + 3, then:

R(t) = exp ( - Z altﬁl> [ Z exp(—ayt?) =t — 1}

1<I<2n+1 le{1,n—2}
l#n,l#n—1
+ exp ( — Z altﬁl> [ Z exp(—aytP) ! — 1] (12)
3<I<2n+1 1e{1,2}
/\L(t) = —exp ( — Z Ozltﬁl) { Z alﬁltﬂﬁl
1<I<2n+1 1<I<2n+1
l#n—1 l#n,l#n—1
Z exp(—ayt?) =1 — 1) + ( Z P! exp(—altﬁl)_lﬂ
le{l,n—2} le{l,n—2}
—exp ( — Z altﬁ’) [ Z azﬂztﬁ’fl( Z exp(—aytP)~t — 1)
3<1<2n+1 3<I<2n+1 1e{1,2}
+ Z a Bt t eXp(—altBl)_l]. (13)

1e{1,2}

Remark 1. For all precedent cases, let R;(t) et \;(t), i = 1,...,n, denote respectively the
reliability function and the failure rate of the component 4, which are given by the following

expressions:
R;(t) :exp<— Zaltﬁ’), Ai(t) = Zalﬁltﬁl_l.

leS; les;

4.2. Circular consecutive-k-out-of-n system
Example 4: Circular consecutive-2-out-of-3 system
We consider a circular consecutive-2-out-of-3 system and 7 independent sources act on the

system (see fig.2).

- S5= {81782783784735736787}
— C1 = {s1, 84, 86, 57}, Cy = {59, 54, 55, 57}, Cs = {s3, 55, 56, 57},
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—I(1) ={er, e}, 1) ={ca ez}, I(3) = {es,cr )
~S1=8\{ss} =5,  Sa=5\{s1} =5V, S3=5\{sa}=55",

S1USy =S8
- Sz(g) :Ul2:15il :Si1USi2 = S1US3 =S5
SoUS; =S

~s® g

The source j @ The component i

Fig. 2. The circular consecutive-2-out-of-3 system and 7 sources

U; ~ Weib(«;, 8;), i = 1;...;7, and using equation (1), it follows that:

Re(t) = exp ( - Z aztﬁ’) [ Z exp(—oyt?) =t — 2|,

1<I<7 1<1<3

then Ao (t); the failure rate of the circular system, is given by:

Bi—1 > i<ies uBitP T exp(—otf) T
rolt) = 3 eyt - igs o
1<i<7 Z1§lgsexp(—alt) _

Example 5: Circular consecutive-3 -out-of-5 system

We consider a circular consecutive-3-out-of-5 system and 11 independent sources act on the
system.

- S= {81, ...,811}.

-C = {31756739731()’311}7 Cy = {82756,877810,311}, C3 = {33756;37758;511}a Cy =
{547573587593 511}3 C5 = {5575875935103511}~

— I(1) = {c1,¢2,c3}, 1(2) = {ca,c3,c4}, I(3) = {c3,ca,05}, 1(4) = {ca,c5,c1}, I1(5)
{e5,¢1,¢2}.

- Sl = S\{S4,S5}, SQ == S\{81785}, 53 = S\{Sl,SQ}, 54 = S\{827S3}, 55 = S\{83,84}.
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— Sl@) = ulesi, =95;, US;,, where 1 <4y < iy <5, then:

SlUSQ :S\{S5}
S1US5 :S\{S4}
Sy U S3 :S\{Sl}
SgUS4:S\{82}
S4US5 ZS\{S3}
S for the other cases.

s —
— S® =35, =5, where 1 < iy < iy <i3 <5,
— W = UL, 5, =5, where 1 < iy < ... <iy <5. 87 = 8.

Using equation (1), we obtain:

Re) = > I @w+ I @w[i- 3 @], where Qs(t) = Qr(1)

1<I<51e{i,i+1} 1<i<11 1<I<5
= Z exp ( — Z altﬁ’) + exp ( — Z altﬁ’) {1 — Z exp(—ozltﬁl)*1 .
1<i<5 l1e{i,i+1} 1<i<11 1<i<5
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