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Abstract. We consider a class of nonstationary time series defined by Y; = u; + ZZO:() Ct kO1—kMi—k where {n;t € Z}
is sequence of iid random variables with regularly varying tail probabilities, o, is a scale parameter and {Cyy, t €
Z, k > 0} an infinite array of random variables identically distributed called weights. In this article, the extreme value
theory of {Y;} is studied. Under mild conditions, convergence results for a point process based on the moving averages
are proved.

Résumé. Nous considérons une classe de processus non stationnaires définis par Y; = s + ZZO:O Ct kOt—Me—k Ol
{n;t € Z} est une suite de variables aléatoires indépendantes et identiquement distribuées dont les queues de distri-
bution sont & variation réguliere, o, est un parametre d’échelle et {Cy i, t € Z, k > 0} une suite de variables de méme
loi appelées poids. Nous montrons que le processus de Poisson basé sur la série non stationnaire converge vaguement.
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1. Introduction

Point processes play an important role in the study of extreme value theory of random sequences. Some extreme value
data, especially in environmental contexts, often exhibit some nonstationarities. To take into account these features,
it is necessary to understand the behavior of point processes based on nonstationary sequences. We quickly review the
salient facts of point process theory, for notation and background of point process theory, we follow Neveu [9]; see also
Kallenberg [7] and Resnick [12].

Let E be a state space taken to be a subset of compactified Euclidean space (such as R? = [—00; +00]?). Let & be the
Borel o-algebra generated by open sets. For z € E and A € &, define the measure ¢, on £ by

cn-{ b 2ed

Let {x;,¢ > 1} be a countable collection of (not necessarily distinct) point of the space E. A point measure m,, is
defined to be a finite measure on relatively compact subsets of E of the form m, = >, &,, which is nonnegative
integer-valued. The class of point measures is denoted by M,(F) and M, (E) is the smallest o-algebra making the
evaluation maps m — m(F) measurable where m € M,(E) and F € £.

Let C]Jg be the set of all continuous, non-negative functions on the state E with compact support. If N,, € M,(E)
then N,, converges vaguely to N (N,, = N) if N,(f) converges to N(f) for every f € Cj, where N(f) = [ fdN. A
Poisson process on (F,£) with mean measure p is a point process N such that, for every A € £, N(A) is a Poisson
random variable with mean measure p(A). If Ay,..., A are mutually independent sets then N(A1),..., N(Ax) are
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independent random variables. A Poisson process or a Poisson random measure with mean measure p is denoted by
PRM (p).

In this paper, we study the limit theory for extreme values of a class of nonstationary time series defined by the
following relations

Y = py + Xy, X = th,kntkatfk (2)
k=0

where {n:;t € Z} is sequence of iid random variables with regularly varying tail probabilities, oy is a scale parameter
and {Cyj, t € Z, k > 0} an infinite array of random variables identically distributed called weights.

In recent years, modeling extremes of environmental time series has been the purpose of many investigations because
of its wide applicability to the analysis of phenomena such as extreme temperature, flood, storm winds and extreme
ozone concentrations. See Horowitz [6] who considered the following model for daily ozone maxima Y;:

log(Yy) = f(t) + Gt

where f(t) is a deterministic part, such as a seasonal component or trend, ({;) is a normal stationary autoregressive
process. Ballerini and McCormick [1] studied the limit theory for processes of the form

Yy = f(t) + h(t)Se

where h(.) is positive and periodic and {(;} is a stationary process satisfying certain mixing conditions. Niu [10] studied
the limit theory for extreme values of a class of nonstationary time series with the following form

Y = py + Xq, X = chntfko'tfk
k=0

where o; is a non random positive constant, {cx} is a sequence of real constants and {7;} is a sequence of iid random
variables with regularly varying tail probabilities.

In this paper, we are interested in a nonstationary moving average process with random coefficients. The object of the
paper is to study the extreme value theory of the nonstationary moving average process with random coefficients and
appears as a direct extension of the results of Niu [10].

The rest of this paper is organized as follows. Section 2 describes the model. Section 3 contains assumptions and main
results.

2. The model

Some extreme value data, especially in environmental contexts, often exhibit some stylized facts (see Coles, [2] and
Eastoe and Tawn, 2009):

dependence on covariate effects

— short term dependence (storms for example)

seasonality (due to the annual cycle in meteorology)

long-trends (due to gradual climatic changes)

— other forms of non-stationarity (switching regime motivated by interventions of central banks in finance).

To take into account these facts, we introduce a class of nonstationary time series defined by the following relations
oo
Y, = + Xy, X = th,knt—kfft—k (3)
k=0

We may give an example of model (3) for, say, ground-level ozone data {X;} defined by the following relation

X, — D1 X1+ Ultﬁgl), if Wi_s >, 4
t= 2 . (4)
G2 X1+ oy, if W5 <7,

where 7 and ¢; are non random constants and with threshold variable W;_s.The sequences {n},i = 1,2} are sequence
of iid random variables with regularly varying tail probabilities.
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The ground level ozone process has piecewise linear structure. It switches between two first order autoregressive process
according to meteorological conditions, including daily temperature, relative humidity, wind speed and direction, which
play an important role in determining the severity of ozone concentration.

In hydrological framework where the water level X, is observed at a given location, W;_s could be interpreted as
threshold level upstream from that location and ¢ the delay (in terms of days, hours, for instance) for the raw wave
to reach that location.

— The dependence on covariates effects can also be modeled by considering the scale parameters o+, ¢ = 1,2 as a
nonlinear function of meteorological variables of the form

m
it = exp 1 Bio + Y Bijxi

j=1

— To allow for a seasonal component (annual for instance) in the variance, we could use

m . .
2yt . (275t
Oit = €xXp | Qo + E Q5 COS < 36]5 ) + /BZJ sin (3635>

j=1 365
— To allow for long trends due to gradual climatic changes, we could use u; = ag + a;t.
We define 11y = 1yw,_;>-}, I2t = 1 — I1¢. The model (4) can be written as
Xt = oy Xe—1+ 2t (5)

where
bty = 1l + P2l and Zy = Ultﬁt(l)flt + U2t77t(2)12t-

The equation (5) is a stochastic difference equation where the pairs (¢, Z;); are sequences of independent and not
identically distributed R?-valued random variables. The solution of (5) can be written as

e’} j—1

53 (Town )2 ©
§=0 \ k=0

3. Assumptions and Main results

3.1. Preliminary results

The derivation of convergence results for point process based on non stationary sequences is far from trivial. For this,
firstly we give mixing conditions and secondly we establish a general and important result for extreme value theory of
non stationary process.

Let for each n > 1, {X,,;,% > 1} be a nonstationary sequence of random elements of E.
Let T > 0 be fixed and C be the finite collection of functions

C = {ho,h1,..., hm, }

where hg, h; € CE(E), h; < 1,4 =1,...,m. We say that the array {X,,;, n > 14 > 1} satisfies the condition D* if

for any disjoint intervals of integers I; and I which are contained in 1,2,...,[nT] and separated by [, we have
2 2
E H H 9i(Xna) — H E H 9i(Xni)| < any
j=li€l, j=1 i€l

where o, ; — 0 as n — o0, [ = l(n) = o(n).

The condition D* has the following straightforward generalization. Let Iy, I, ..., I} be disjoint collections of integers
which are separated by at least | and such that U?:l I; C [1,nT].
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Then
k k
E H H 9i(Xni) — H E H 9i(Xna)| < (k= Dan,
j=1liel; j=1 iel;
where 1 — g; € C.

Now we can state convergence result for point processes based on nonstationary sequences under mixing conditions.
This is an extension of similar theorem for independent and identically random variables and stationary processes.
Our result provides the link between nonstationary processes and point process.

Theorem 1. Suppose that for eachn > 1, {X,, ;,7 > 1} is a sequence (not necessarily stationary) of random elements
of E and that the array {X, ;, ¢ > 1, n > 1} satisfies the condition D*. Further assume that there exists a Radon
measure v on E such that

Zﬁj/n(JP{Xn,j €.} = Axv o
j=1
and for any g € CI“;(E)’ g <1,
limsup Y Eg(Xa)g(Xnn) =o(k™Y)  uniformly in (8)
n—00 i0E€L, p, il

where Ljj, = {(j — V)pn + 1,...,jpn} and p, = [%]. Then N, = Z;il E(j/n,Xn.,) converge in My([0,00) x E) to N,
where the limit is a PRM on [0,00) x E with mean measure X\ X v, where X is Lebesgue measure on [0, 00).

Proof:
We prove weak convergence by showing Laplace functionals converge. We follow the same lines as Davis and Resnick
[3] and show that for any f € C}([0,00) x E),

E exp {— ij: f(z'/n,Xnyi)} — exp {— /[O.oo)xE/ (1 _ e—f(t,m)) dtu(dm)} . (9)

We begin to show that for 7 > 0 and f € C};(E) that

Eexp | — [nz_T:] f(Xn:) p — exp {—T/E (1 - e_f(‘”)) y(dm)} . (10)

For each n and k fixed, we consider a partition of the integers 1,2, ..., [nT] into 2k consecutive blocks of size [[nT]/k] —
I(n) and I(n), i.e.,
Li={(—-rn+1,...,jrn—l(n)} I ={jrn—1ln)+1,...,5m}

and
Io={(k-Dr,+1,...,krp,—1l(n)} If ={krp, —l(n)+1,...,[nT]}
where r,, = [[nT]/k]. First, we split the following difference into three terms and show that each term goes to zero as
n— oo :
[nT] k
Eexp =Y f(Xni) o = [[Bexpq — Y. f(Xui)
i=1 j=1 i€1;Ul?
[nT) k
< [Eexpq =Y f(Xni) p —Eexp{ =Y > f(Xn)
i=1 Jj=1li€l;

k k
+ |Eexp _ZZf(Xn,i) - H]EGXP —Zf(Xn,z‘)
j=1

j=1i€l; i€l;

k k
+ HEexp _Zf(Xmi) —HEeXp - Z f(Xny)
Jj=1 j=1

iel; iEIjUI;

Journal home page: www.jafristat.net



A. Diop, S. Diouf, Journal Afrika Statistika, Vol. 5, N°10, 2010, page 268-278.

Extreme value theory for nonstationary random coefficients time series with regularly varying tails 272

=A; + Ay + As.

Step 1:

Using the mixing condition, we have Az < (k — 1)ay, ;. Then Ay goes to zero as n — oo.

Step 2:

[nT] k
A= [Eexpq =Y f(Xni) p —Eexp = > f(Xni)
i=1 Jj=li€l;
[nT] k
Hexp f nz - H HeXp_f(Xn,i)
j=1iel,

Note that {1,2,...,[nT]} = U§:1 I; U I7. Using the following inequality
H%*H%SZW*M, 0<zy,y <1 i=1...,n
i=1 i=1 ;

we have

k
1 <E Z L—exp{ =D f(Xni)
j=1 iE€l}
k
< Z / (1 - eif(””)) P(X,; € dz)
; J
SZ/ l—e ZIP X, € dx)
j=1 ZGI*
- iT T
g_:/ (1-e va/n ( ‘. k) P(X,.: € da)

for all 0 < ¢ < 1 since I(n) = o(n). Thus by (7)

Al — ck/ (1 - e_f(””)) v(dx) forall 0 <e< 1.

Therefore Ay converges to zero as n — oo.

Step 3:

k k
= [[Eexp 3 =D f(Xui) ¢~ [[Bexpq— D f(Xui)
j=1 icel; j=1 i€, UI;
k
<Y Bexpd =D f(Xni) p —Eexpd — > f(Xn)
j=1 icl; i€1;UI;
< (1- I
ely
< Z SE (1 _ e—f(xn,n) _
j=1i€el?

Using the same arguments as in Step 2, the right bound of the above inequality goes to zero as n — oc.

Step 4:

Now let us show that

(11)

f[EeXP - > f(X) %exp{—T /E (1—6f(m))V(dx)}.

i€I;UT;
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Set y; = 1 — e~ F(Xn.4) and apply the following inequality

Z Yi < H (I-y)<1- Z Yi + Z iy 0<y; <1

iel;ul; iel;ulr iel;uly i<lel;ulx
We have
- ¥ (1 7e—f<xn,i>> < 11 (e—ﬂxn,i)) <1- Y (1 76—f<xn,i>>
i€l Ul i€l Ul i€l Ul
_ (1 _ e*f(Xn,i)) (1 _ e*f(Xn,z)).
i<l€I]’UI;
We first show that
E Y (1_e—f(xn,i))
iGIjUI;

has the same limit as
_ o f(@) j— 1T ﬂ )
/ (1 e ) E Ei/n [ k P(X,; € dz).

It suffices to prove

> i— T (j—r, 1
Blz E Ei/n |:(J k) ,(j )T +) ]P)(Xn,iedx)
i=1
and

- jrn T
B2 = Zé’i/n |:7’L’ k‘) ]P)(Xn’i c dl‘)
=1

('71)"%

1
n

go to zero. Indeed for all v; > 0 there exists N7 such that for all n > Ny, U 7k>1)T < 1. Then

> - 1T (j—1T
By < Zgi/” {(‘7 ’ ) , U 2 ) +’y1> P(X,,; € dz) = yiv(dz).
=1

Using the same argument, we have for all 7o > 0 there exists Ny such that for all n > Ny, By < yv(dz). Hence By
and By tend to zero as n — 0o. We can conclude that

T
— _f(Xn,i) — _f(m)
E, E (1 e )—> k/(l e )u(dw) (12)
1el;Ul;
Secondly, from (7) and (8), we have

E Y (1 —e—f(Xw->) (1 _e—f(Xn,z))

i<lel; Ul

E (1 _ eff<xn,i>> (1 _ eff<xn,l>> (13)
i<lel;ulx
— 0.

Combining (12) and (13), we get (11).

Following the same lines as in Davis and Resnick [3], let f € C}-([0, 0c)) and suppose that the support of f is contained
in [0,7] x K, K is a subset of E with v(0K). Given ¢ > 0, there exists a partition of [0, T

O=a1 <bi <ax<by<...<am<by,=

such that

m—1
> (a1 = b)) < e/v(K)
Jj=1

and

sup [ f(bj,x) = f(t,2)| <eTHw(K), j=1,...,m.
te(a;,b;], zx€E
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Now, we split the following difference into four terms and show that each term goes to zero as n — oco:

Eexp< Zf m)—exp{ /ODO)XE/ —f<“"> dtu(dx)}

A
=
o
[
ko]
/|\
e~
=
;><
~
|
=
3
=
|
MS
o
3l
=
a
=
S
s

i=1 j=11:=1
+ |Eexp *Zzgi(ajabj]f( s Xni) p —Eexp ¢ — ZZE%(a]abJ]f(ijXn i)
j=11i=1 Jj=li=1
+ |Eexp < — Zzgi(aj’bﬂ]f(bﬂ’X”’i) — H Eexp { Zsi(a],bj]f(bj,Xn Z)}
j=11i=1 j=1 i=1
+ H Eexp {—Zsl (aj,bj]f(bJ,XnZ)} —exp {—/ / (1 _ S a:)) dtu(dx)}
j=1 i=1 [0,00)xE
=C1+Cy+Cs3+Cy.
First,
Ci<E|l—exp|1l—exp ;;E%(aj7bj]f(ﬁ7xn’i)
j=1i=
m—1
<P U U X, €K
=1 Le(bj,aj41]
m—1 oo
< Zfi(bj’aJ-Fl]P{anEK}
j=1 i=1
m—1
By (7), this last bound goes to Z aj41 —bj)v(K) <e
j=1

G < Y3 e a8 (|75 X0) = 03,0

]IXn,q‘,GK)

Jj=11:=1
c m 00
< > e P{X,; €K
— TI/(K) Pt E;(CL], ] { € }

m
This last term tends to e7 ! Z (bj —aj) <e. It is easy, using the mixing condition, that C3 < (m — 1)ay, ;(n).-
j=1

We show that Cy goes to zero by combining Lemma 1 below and the same arguments as in Davis and Resnick [3].

Lemma 1. For all j

Eexp {— isi(aj, bj]f(bj,Xm)} — exp {_(bj —a;) /E (1 _ e—f(bg,rc)) V(dm)} ) (14)

Proof :
The proof is similar to the proof of (10). Il suffices to split the interval [[na;], [nb;]] into 2k - consecutive blocks
I ={[na;] + (j — Drp, ..., [na;] + jrp, —l(n) — 1} I; = {[na;] + jrn — l(n),...,[na;] + jr, — 1}

for j = 1,...,k where r, = ([nb;] — [na;] + 1)/k. Note that we do not need the condition of stationarity as in Davis
and Resnick [3].
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3.2. Main results

To study the limit theorem for point processes based on the nonstationary time series (3), we will use Theorem 1 and
the following assumptions. We assume that the absolute value of each weight Cy ; has an upper endpoint c; defined
by

cp =sup{c: P(|Crixl <c) <1}, k=1,2,....

Assume the following conditions hold:

H; — The sequence of random variables {7, ¢t € Z} is a sequence of independent, identically distributed (i.i.d) random
variables and satisfy the condition of regularly varying tail probabilities

P(lm| > x) = 2= L(x), (15)
where @ > 0 and L is a slowly varying function at infinity that is lim;_, . LL(zf) =1, Vz > 0 and tail balancing
condition,

P P —
i Dm o) oy, Bn< =) (16)
a0 P(|m| > z) v—o0 P(|m| > )

where 0 < 19 < 1. Let a,, be the 1 — n=! quantile of |n] :
an =inf{x :P(Im| <z)>1-n"'} (17)

The condition of regularly varying tail probabilities satisfied by the sequence of random variables {n;, t € Z} is
equivalent to vague convergence
nP(a;'m €.) = v(.), (18)

where v has density v(dx) = amoz™* dzlg, () + (1 — mo)(—z) " tdal;_ o, 0)(2).
Hy— The array {Cyx, t € Z, k > 0} is independent of {n;, t € Z}.

Hs3— For each fixed m, the sequence {(Cio,...,Ctm), t € Z} is strongly mixing.

Hy— Forsome d >0 Y.o2 1% <oo and Y50, 0% .2 < oo.

Furthermore we assume that for fixed £ > 0,

1 n
- E of g =0y, as n — 00, (19)
Jj=1

where o_;, > 0. When k = 0, this assumption is required by Niu [10].

Now let
AE{?}:) = (ap " (oenes - - s Tt—mM—m), (Cr0s- - -, Com)) (20)

and assume that the R*°-valued random elements C; = {C;, k > 0} form the stationary sequence {C;, t > 1}.
Assume the R*-valued random elements V; = (Vi 0,V 1,...), t € Z has the same distribution as Cy.
It is known from Niu [10] that for the process (X;) defined in (1),

n

oo o0
Na=D furix, = DD o
t=1

t=1 k=1
in M, ([—00,00] \ {0}) where >, &, is a PRM with density
w(dz) = o® (woax*‘)‘*ldsc]l(o,oo] (x)+ (1 - Wo)a(fx)*afldxﬂ[_w 0(@)) .

The main result of this section is formalized through the following theorem, which discusses the weak convergence of
the sequence of point processes based on (a,; !Xy )ren to a function of a PRM.

Theorem 2. Suppose that the non stationary sequence (X) is given by (3). Assume that the conditions Hy — Hy hold.
Then we have this convergence in M,([—oo,o0] \ {0})

n

o0 o0
ZEaZIXt = Zzgjtvt,k' (21)
t=1

t=1 k=1
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Proof
The random vectors Ag;'? defined in (20) have the following properties:

— The sequence {A(m) t > 1} satisfies the mixing condition D*, by Hy and Hj.

n,t
— For each m, there exists a Radon measure p,,, on the product space E?™*+2 = ([0, 00) x [—00,00] \ {0})?™*2 such
that

S e (OP{ATY € 3 = XX fi.

j=1
It suffices to show that for any b > 0

> e/n([0,0))PLATY € 3 — b ().
j=1
Notice that by Ha and the definition of a,, given in (17), we have

S ei/n(0,6)P{AYY € ((dzo, - .., dzm), (do, . .. dzim))}
j=1

[nb]
= Z[E”{a;l(ajnj, e OjemNj—m) € (dzo, ..., dzm), (Cj0,...,Cjm) € (dzo,. .., dxm)}
j=1

8]
= ZP{agl(ojnj, ey Ojmmj—m) € (dzo, ..., dzm)} X P{(Cjo,...,Cjm) € (dxo,...,dzm)}
j=1

where [nb] denotes the integer part of nb. This last term has the same limit as

[nb] m m
1
— Z of pv(dz) H 00(dz) Frp(dxo, - . ., d,)
i k=0 I#k

which converges to

by o w(da) [ [ do(dz) P (dao, ..., da)
k=0 I#£k

by (19), where F}, is the distribution function of {Cy,...,Cim}-
— For all g € C(Epm41 X [—00, 00]™ 1), we have

lim limsup Z Eg(ASZ))g(AST;)) =0 (22)

m—r0o0
OO €L, il

where Ljm = {(j — D)pn + 1,...,jpn} and p, = [2]. Actually, let K a compact subset of F; and assume that g
has compact support contained in K; = (K x [—o0,00])™*!

Eg(AU)g(AY)) < P(ay o € K, ay oun € K).
Since 7; and n; are independent for all ¢ # [, we have
> BgATe(A) < Y7 Blaytoim € K) Y Play'om € K).
G IEL m, 171 1€L; m €L m
Using the same arguments as in the proof of Theorem 1, Step 4, it is easy to see that
Z P(a, 'oin; € K)
’L‘ELJ‘,m

has the same limit as

m m

ifi/n [(j_l), j) P(a,'oin; € K).

i=1

1
This last term tends to —pu(K), by Lemma 2.2 of Niu [10]. Therefore, (22) follows.
m
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Now we can apply Theorem 1 for the sequence {An L, t>1}
Z%W = Z Z € (Jeen:ViorVim) (23)
t=1 k=0
in M, (Em11 % [—00,00]™ 1) where E,,11 = [—00,00™ 1\ {0}.

Now let Vt = (Ct,()Zt, ey Ct,mZt7m> and

(@ S ) = Tilg, if u; < 00,
Gim\L0oy -y T, UQy -+ -, Um O, otherwise,

gim is a continuous mapping from E,, 1 x [—00, 00]™ " into [—00, o0] \ {0}. By Proposition 3.2 of Davis and Resnick
[4], this induces a continuous mapping from M, (E,,+1 X [—00, 00]™*1) into M, ([—o0, 0] \ {0}). Thus from (23) and

the continuous mapping Theorem, we get

n

E :Eaglvt = E :E :EJtVf ek

t=1 k=0
An application of the continuous mapping Theorem gives

n

o0 m
Z%;l ™ CynZey ZZ%M-

t=1 t=1 k=0
Recall that X; = Y p- ) CtxZi—i. To establish (21), it suffices to show that

dMof ( ijct,kzt_k> - anf (a, ' Xy)

t=1 i=1

lim limsupP {
m—00 npoco

-} -0

(24)

for all ¢ > 0 and f € Cf(E1) (Resnick, 1987). Taking into account the support of f, for some 6 > 0, this last probability

is bounded by

|

n

Z - (Z Ci 2t k) - Za;l (Z Ct,th—k>
k=0 t=0 k=0

t=0

VAN
g

~o] <2

IN
~

L t=0 k=m+

IA
~

Z Z Y (CopZi-r)
Z Z 1Coxl |ay, oo rn— k|>0]

|

[ n [e%S)
Z Z ck‘a Ot kM— k|>0‘|
S
Z Z ek |ay tor_km—k| > Z 00

k=m+1

<P
=m+1
o0
< Z nlP [|a;10t_km_k’ > c,:‘sﬂ] .
k=m+1

By (18), (16) and Hy4, we obtain

nlP [a;l lot—kni| > 6569] = nP [|7lk| > anﬂa;lkc,;ﬂ
— 71'0_1(9 |U75_;€|_1 c,;‘s)_o‘.

Then

oo

nl;rréorggnm Z nIP’Ha;lot_km_k} >c,:59} = lim 7r0 Z 0% e

m— 00
k=m+1 k=m+1

Hence (24) follows, which ends the proof of the theorem.
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