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NON-NILPOTENT COMPLEX GEOMETRY OF NILMANIFOLDS

AND HETEROTIC SUPERSYMMETRY∗
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Abstract. We classify non-nilpotent complex structures on 6-nilmanifolds and their associated
invariant balanced metrics. As an application we find a large family of solutions of the heterotic
supersymmetry equations with non-zero flux, non-flat instanton and constant dilaton satisfying the
anomaly cancellation condition with respect to the Chern connection.
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1. Introduction. The complex geometry of nilmanifolds provides a rich source
of explicit examples of compact complex manifolds admitting additional special struc-
tures with interesting properties. Many authors have studied several aspects of this
geometry from different points of view (see for example [5, 6, 7, 8, 14, 15, 17] and the
references therein). Here we consider the case when the invariant complex structure
is not nilpotent, in the sense of [5], and the nilmanifold has dimension six. This is the
lowest dimension when these structures appear. In Section 2 we prove that there exist
only 4 non-nilpotent complex structures J±

ǫ (ǫ = 0, 1) up to equivalence. According to
[15, 17] there are, up to isomorphism, only two 6-nilmanifolds admitting non-nilpotent
complex structures, although only one of them admits special Hermitian metrics. In
fact, we show that if ǫ = 0 then the Lie algebra underlying the nilmanifold is isomor-
phic to (0, 0, 0, 12, 23, 14− 35), whereas if ǫ = 1 then the corresponding Lie algebra is
(0, 0, 12, 13, 23, 14+ 25).

Along this paper N denotes a nilmanifold with (0, 0, 0, 12, 23, 14−35) as underly-
ing Lie algebra. It turns out that any invariant complex structure on the manifold N
is equivalent to J+

0 or J−
0 , and admits Hermitian structures which are balanced in the

sense of [13]. Our goal in this paper is the study of the balanced Hermitian geometry
of N and its application to the heterotic supersymmetry theory with fluxes.

Strominger investigated in [16] the heterotic superstring background with space-
time supersymmetry and proposed a model based on Hermitian 6-manifolds with
holomorphically trivial canonical bundle which are Calabi-Yau with torsion, i.e. the
holonomy of the Bismut [2] connection ∇+ is reduced to SU(3). More concretely, as
it is described in Section 3, the Strominger system in heterotic string theory consists
of the gravitino, dilatino and gaugino equations, together with the anomaly cancel-
lation condition. Given an SU(3)-structure (J, F,Ψ) on M , where F denotes the
fundamental form, the gravitino and dilatino equations are both satisfied if and only
if the holonomy of ∇+ reduces to SU(3), the structure J is integrable and the Lee
form θ = 2dφ, φ being the dilaton function (see [9] for general necessary conditions
to solve the gravitino equation). The vanishing of the gaugino variation requires a 2-
form ΩA 6= 0 of instanton type [16], i.e. a Donaldson-Uhlenbeck-Yau SU(3)-instanton
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A with non-zero curvature ΩA. Finally, the anomaly cancellation condition in the
Strominger system reads as

dT =
α′

4

(

trΩ ∧ Ω− tr ΩA ∧ ΩA
)

, α′ > 0,

where T = JdF is the torsion of ∇+. Here Ω is the curvature of some metric connec-
tion and there are several proposals for it. In [1, 10, 16] the curvature of the Chern
connection ∇c is proposed to investigate the anomaly cancellation and, based on a
construction in [11], Fu and Yau first proved the existence of solutions of the Stro-
minger system on a Hermitian non-Kähler manifold given as a T

2-bundle over a K3
surface [10]. In contrast, torus bundles over a complex torus cannot solve the system
with respect to the Chern connection in the anomaly cancellation condition [1].

The solutions given in [10] have non-constant dilaton function. If one requires
the dilaton to be constant then the Hermitian structure must be balanced. An inter-
esting fact is that for nilmanifolds with invariant Hermitian structure the holonomy
of ∇+ reduces to SU(3) if and only if the structure is balanced [8], that is to say,
the gravitino equation is equivalent to the dilatino equation with constant dilaton.
The classification of 6-nilmanifolds admitting invariant balanced Hermitian structure
is given in [17], and it follows from [14, Theorem 4.4] that the corresponding complex
nilmanifold is always a torus bundle over a complex 2-torus, except for the nilman-
ifold N . Therefore, according to the result of [1] mentioned above, in order to find
a 6-nilmanifold solving the heterotic supersymmetry equations with non-zero flux T ,
constant dilaton and with respect to ∇c in the anomaly cancellation, we are necessar-
ily led to investigate the non-nilpotent complex geometry of N and their associated
invariant balanced metrics.

In Section 4 we find many explicit solutions of the Strominger system; actually,
we prove that for any non-nilpotent complex structure J on N , the compact complex
manifold (N, J) admits a family of solutions of the heterotic supersymmetry equations
with non-zero flux, non-flat instanton A, i.e. ΩA 6= 0, and constant dilaton satisfying
the anomaly cancellation condition with respect to the Chern connection. Some of
these solutions are a deformation of the particular solution given in [6] for which the
instanton is flat (see Remark 4.3 for details).

The paper is structured as follows. In Section 2 we first prove that any non-
nilpotent complex structure J in six dimensions is equivalent to J±

ǫ (ǫ = 0, 1), and it
has balanced Hermitian metrics if and only if ǫ = 0, i.e. J lives on the nilmanifold N .
Moreover, in Theorem 2.10 we describe the space of invariant balanced J-Hermitian
structures onN : any such a structure is isomorphic to (J±

0 , F ), where F belongs to one
of two families to which we refer as Family I and Family II. After recalling the heterotic
supersymmetry system with constant dilaton, we find in Section 3 an adapted basis for
each balanced Hermitian structure in the Families I and II. These adapted bases are
used in Section 4 to explicitly construct a 3-parametric family of instantons Aλ,µ,τ for
Family I such that tr(ΩAλ,µ,τ ∧ΩAλ,µ,τ ) 6= 0 if and only if the parameter τ is non-zero.
In Theorem 4.2 we find many solutions in Family I of the heterotic supersymmetry
equations with non-zero flux, non-flat instanton and constant dilaton with respect to
the Chern connection in the anomaly cancellation condition. For Family II we also
get in Theorem 4.4 many solutions to the supersymmetry system, although in this
case the instantons we find become flat. Finally, in Section 4.3 we show an explicit
realization of the nilmanifold N and of the balanced Hermitian structures involved.
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2. Non-nilpotent complex structures on 6-nilmanifolds and compatible

balanced metrics. Let M be a nilmanifold, i.e. a compact quotient of a simply-
connected nilpotent Lie group G by a lattice Γ of maximal rank. Any left-invariant
complex structure on G descends to M in a natural way, so a source (possibly empty)
of complex structures on M is given by the endomorphisms J : g −→ g of the Lie
algebra g of G such that J2 = −Id and satisfying the “Nijenhuis condition”

[JX, JY ] = J [JX, Y ] + J [X, JY ] + [X,Y ],

for any X,Y ∈ g. We shall refer to any such an endomorphism as a complex structure
on the Lie algebra g.

Associated to a complex structure J , there exists an ascending series {gJl }l≥0 on
the Lie algebra, defined inductively by

gJ0 = {0} , gJl = {X ∈ g | [X, g] ⊆ gJl−1 and [JX, g] ⊆ gJl−1} , l ≥ 1.

For any l ≥ 0, the term gJl is a J-invariant ideal of g which is contained in the term
gl = {X ∈ g | [X, g] ⊆ gl−1} of the usual ascending central series of g. But whereas
gl always reaches the whole Lie algebra g when g is nilpotent, the series {gJl }l≥0 can
stabilize in a proper J-ideal of g. This motivates the following terminology: If gJl = g

for some l, then the complex structure J is called nilpotent [5]; otherwise we shall say
that J is non-nilpotent.

Definition 2.1. A nilpotent (resp. non-nilpotent) complex structure on a
nilmanifold M is a complex structure on M coming from a nilpotent (resp. non-
nilpotent) complex structure J on the underlying Lie algebra g.

Let us denote by gC the complexification of g and by g∗
C

its dual. Given an
endomorphism J : g −→ g such that J2 = −Id, we denote by g1,0 and g0,1 the
eigenspaces of the eigenvalues ±i of J as an endomorphism of g∗

C
, respectively. Then,

the decomposition g∗
C
= g1,0⊕g0,1 induces a natural bigraduation on the complexified

exterior algebra
∧∗

g∗
C
= ⊕p,q

∧p,q
(g∗) = ⊕p,q

∧p
(g1,0) ⊗∧q

(g0,1). If d denotes the
usual Chevalley-Eilenberg differential of the Lie algebra, we shall also denote by d
its extension to the complexified exterior algebra, i.e. d :

∧∗
g∗
C
−→ ∧∗+1

g∗
C
. It is

well-known that the endomorphism J is a complex structure if and only if d(g1,0) ⊂
∧2,0

(g∗) ⊕∧1,1
(g∗). In the case of nilpotent Lie algebras g, Salamon proves in [15]

the following equivalent condition for the endomorphism J to be a complex structure:
J is a complex structure on g if and only if g1,0 has a basis {ωj}nj=1 such that dω1 = 0
and

dωj ∈ I(ω1, . . . , ωj−1), for j = 2, . . . , n,

where I(ω1, . . . , ωj−1) is the ideal in
∧∗ g∗

C
generated by {ω1, . . . , ωj−1}. From now

on, we shall denote ωj ∧ ωk and ωj ∧ ωk simply by ωjk and ωjk̄, respectively.
In dimension six, the non-nilpotent complex structures are characterized as fol-

lows:

Proposition 2.2. [17, Proposition 2 (a)] Let J be a non-nilpotent complex
structure on a nilpotent Lie algebra g of dimension 6. Then, there is a basis {ωj}3j=1

for g1,0 such that

(2.1)







dω1 = 0,

dω2 = E ω13 + ω13̄ ,

dω3 = Aω11̄ + ib ω12̄ − ibĒ ω21̄,
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where A,E ∈ C with |E| = 1, and b ∈ R− {0}.
A complex structure J on g is said to be equivalent to a complex structure J ′

on g′ if there is an isomorphism A : g −→ g′ of Lie algebras such that J ′A = AJ .
Equivalently, the linear isomorphism A∗ : g′∗ −→ g∗ commutes with the Chevalley-
Eilenberg differentials and the extension of A∗ to the complexified exterior algebra
preserves the bigraduations induced by J and J ′.

In the next result we prove that up to equivalence there are only four non-nilpotent
complex structures in dimension six.

Proposition 2.3. Let J be a non-nilpotent complex structure on a 6-dimensional
nilpotent Lie algebra g. Then, there is a (1, 0)-basis {ωj}3j=1 satisfying

(2.2)











dω1 = 0,

dω2 = ω13 + ω13̄ ,

dω3 = iǫ ω11̄ ± i (ω12̄ − ω21̄),

with ǫ = 0, 1. The four complex structures J±
ǫ (ǫ = 0, 1) corresponding to the different

choices of the coefficients in (2.2) are not equivalent.

Proof. From Proposition 2.2 we have the existence of a (1,0)-basis {ω′′j}3j=1

satisfying

dω′′1 = 0, dω′′2 = E ω′′13 + ω′′13̄, dω′′3 = Aω′′11̄ + ib ω′′12̄ − ibĒ ω′′21̄,

where A,E ∈ C with |E| = 1 and b ∈ R − {0}. The coefficients of these equations
are easily seen to be reduced to E = 1 and b = ±1 when we consider the new (1,0)-
basis {ω′1 =

√

|b|ω′′1, ω′2 = ϑ̄
√

|b|ω′′2, ω′3 = ϑω′′3}, ϑ being a non-zero solution of
ϑ̄E = ϑ. In fact, in terms of the basis {ω′j}3j=1 the structure equations become

dω′1 = 0, dω′2 = ω′13 + ω′13̄, dω′3 = B ω′11̄ ± i (ω′12̄ − ω′21̄),

for some B ∈ C. Let us denote x = ReB and y = ImB. Now, if y 6= 0 then with
respect to the new (1,0)-basis {ω1 = i ω′1, ω2 = ∓ x

2y ω′1 + i
y
ω′2, ω3 = 1

y
ω′3} the

equations above reduce to (2.2) with ǫ = 1. In other case, if B = x ∈ R − {0} then
we get (2.2) with ǫ = 0 with respect to {ω1 = i ω′1, ω2 = ±ω′1− 2i

x
ω′2, ω3 = − 2

x
ω′3}.

Finally, let us consider {ωj}3j=1 and {σj}3j=1 (1, 0)-bases corresponding to two
complex structures given by (2.2), i.e.

dω1 = 0, dω2 = ω13 + ω13̄, dω3 = iǫ ω11̄ + ic (ω12̄ − ω21̄),

dσ1 = 0, dσ2 = σ13 + σ13̄, dσ3 = iǫ′ σ11̄ + ic′ (σ12̄ − σ21̄),

where ǫ, ǫ′ ∈ {0, 1} and c, c′ ∈ {±1}. If we express σi = mi1 ω
1 +mi2 ω

2 +mi3 ω
3 for

i = 1, 2, 3 and (mij) ∈ GL(3,C), then dσi = mi1 dω
1+mi2 dω

2+mi3 dω
3 is equivalent

to

m12 = m13 = m23 = m31 = m32 = 0,

m33 ∈ R−{0}, Im (m11m21) = 0, m33 c = m11m22 c
′,

m11m33 = m22, m33 ǫ = |m11|2 ǫ′.
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These last conditions imply that ǫ = ǫ′ and c = |m11|2 c′, so necessarily c = c′.
In conclusion, there does not exist any equivalence between any two of the complex
structures (2.2).

The classification of 6-dimensional nilpotent Lie algebras admitting non-nilpotent
complex structure is as follows:

Proposition 2.4. If ǫ = 0 in (2.2) then the Lie algebra g is isomorphic to
(0, 0, 0, 12, 23, 14− 35), whereas if ǫ = 1 then g ∼= (0, 0, 12, 13, 23, 14+ 25).

Proof. For the case ǫ = 0 it suffices to consider the real basis {α1, . . . , α6} for g∗

given by α1 − i α3 = ω1, α4 + i α5 = ω2 and 1
2 α

2 ± 2i α6 = ω3. For ǫ = 1 it suffices to

consider the basis {α1, . . . , α6} for g∗ given by
√
2
2 (α1+i α2) = ω1,

√
2(α4+i α5) = ω2

and α3 ± 2i α6 = ω3.
In the next result we summarize the previous propositions.

Corollary 2.5. The Lie algebras (0, 0, 0, 12, 23, 14−35) and (0, 0, 12, 13, 23, 14+
25) are the only 6-dimensional nilpotent Lie algebras admitting non-nilpotent complex
structure. Moreover, up to equivalence, each of these Lie algebras has only two complex
structures.

Remark 2.6. If a 6-dimensional nilpotent Lie algebra g has a nilpotent complex
structure, then all the complex structures on g must be nilpotent. As it is proved in
[17, Corollary 7], this assertion follows from the fact that the first term gJ1 in the series
adapted to J , which is a J-invariant ideal of g contained in the center, is non-trivial;
therefore, such a Lie algebra g is not isomorphic neither to (0, 0, 0, 12, 23, 14−35) nor to
(0, 0, 12, 13, 23, 14+25) because they have 1-dimensional center. This result, together
with the classification of 6-dimensional nilpotent Lie algebras admitting nilpotent
complex structure obtained in [4], provides the classification of 6-dimensional nilpotent
Lie algebras admitting complex structure, given by Salamon in [15].

Remark 2.7. As it is observed in [15], the Lie algebras (0, 0, 0, 12, 23, 14− 35)
and (0, 0, 12, 13, 23, 14+ 25) correspond to h−19 and h+26, respectively, in the notation
given in [4].

Now, let g be a Lie algebra of dimension 6. A Hermitian structure on g is a pair
(J, g), where J is a complex structure on g and g is an inner product on g compatible
with J in the usual sense, i.e. g(·, ·) = g(J ·, J ·). The associated fundamental form

F ∈ ∧2
g∗ is defined by F (X,Y ) = g(X, JY ) and expresses in terms of any basis

{ωj}3j=1, of type (1,0) with respect to J , by

(2.3) 2F = i(r2ω11̄ + s2ω22̄ + t2ω33̄) + uω12̄ − ū ω21̄ + v ω23̄ − v̄ ω32̄ + z ω13̄ − z̄ ω31̄,

for some r, s, t ∈ R and u, v, z ∈ C. Since we are using the convention (Jα)(X) =
−α(JX) for α ∈ g∗, the inner product g is given by

g = r2 ω1ω1̄ + s2 ω2ω2̄ + t2 ω3ω3̄

− i

2
(uω1ω2̄ − ū ω2ω1̄ + v ω2ω3̄ − v̄ ω3ω2̄ + z ω1ω3̄ − z̄ ω3ω1̄).

(2.4)

Here ωjωk̄ = 1
2 (ω

j ⊗ ωk̄ + ωk̄ ⊗ ωj) denotes the symmetric product of ωj and ωk̄.
Notice that the positive definiteness of g implies that the coefficients r2, s2, t2 are
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non-zero real numbers and u, v, z ∈ C satisfy r2s2 > |u|2, s2t2 > |v|2, r2t2 > |z|2 and
r2s2t2 + 2Re (iūv̄z) > t2|u|2 + r2|v|2 + s2|z|2.

Fixed J , since g and F are mutually determined by each other, we shall also
denote the Hermitian structure (J, g) by the pair (J, F ). Recall that the Hermitian
structure (J, F ) is said to be balanced if F 2 is a closed form or, equivalently, F∧dF = 0.
Our goal in this section is to classify the balanced Hermitian structures (J, F ) on 6-
dimensional nilpotent Lie algebras g with J non-nilpotent, up to equivalence. We
recall that a Hermitian structure (J, F ) on g is said to be equivalent to a Hermitian
structure (J ′, F ′) on g′ if there is an isomorphism A : g −→ g′ of Lie algebras such
that J ′A = AJ and F = A∗F ′. Notice that this implies that g = A∗g′, where g and
g′ denote the inner products associated to (J, F ) and (J ′, F ′), respectively.

The only 6-dimensional nilpotent Lie algebra admitting balanced Hermitian met-
ric with respect to a non-nilpotent complex structure is (0, 0, 0, 12, 23, 14− 35), which
from now on we shall denote it by n instead of h−19. Next we describe the balanced
Hermitian metrics on n with respect to a (1,0)-basis satisfying (2.2) for ǫ = 0.

Proposition 2.8. If g is a 6-dimensional nilpotent Lie algebra admitting bal-
anced Hermitian structure (J, F ) with respect to a non-nilpotent complex structure
J , then g ∼= n = (0, 0, 0, 12, 23, 14 − 35). Moreover, there is a (1, 0)-basis {ωj}3j=1

satisfying

(2.5) dω1 = 0, dω2 = ω13 + ω13̄, dω3 = ±i (ω12̄ − ω21̄),

such that the fundamental form F is given by

(2.6) 2F = i(r2 ω11̄ + s2 ω22̄ + t2 ω33̄) + uω12̄ − ū ω21̄ + v ω23̄ − v̄ ω32̄ + z ω13̄ − z̄ ω31̄,

with

(2.7) u+ ū = 0, z = −iuv/s2.

Proof. From [17, Proposition 25 (a)] we have that if J is a non-nilpotent complex
structure defined by (2.2), then (J, F ) is balanced if and only if iǫs2 ± (u + ū) = 0
and z = −iuv/s2, which is equivalent to the conditions

ǫ = 0, u+ ū = 0 and z = −iuv/s2.

The result follows from Proposition 2.4.
Notice that as a consequence of this result any complex structure J on n admits

balanced J-Hermitian structures. Next we classify balanced Hermitian structures on
the Lie algebra n up to equivalence. First, we need the following result which describes
the automorphisms of the Lie algebra n preserving J+

0 or J−
0 .

Lemma 2.9. Let {ωj}3j=1 be a (1, 0)-basis satisfying (2.5). Then, the transfor-

mations given by {ω′1 = eiθ ω1, ω′2 = B ω1 + c eiθω2, ω′3 = c ω3}, where c ∈ R−{0},
θ ∈ [0, 2π), B ∈ C such that Im (eiθ B̄) = 0, are the only ones preserving the structure
equations (2.5).

Proof. It is immediate to check that any basis {ω′j}3j=1 satisfies the equations (2.5)

if {ωj}3j=1 does. On the other hand, consider {ωj}3j=1 and {ω′j}3j=1 satisfying (2.5)

for the same choice of sign. If we write ω′i = mi1 ω
1 +mi2 ω

2 +mi3 ω
3, for i = 1, 2, 3,
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with (mij) ∈ GL(3,C), then it is easy to see that dω′i = mi1 dω
1+mi2 dω

2+mi3 dω
3

is equivalent to

m12 = m13 = m23 = m31 = m32 = 0, Im (m11m21) = 0,

m33 ∈ R− {0}, m11m33 = m22, m11m22 = m33.

The last two conditions imply |m11|2 = 1, so m11 = eiθ. If we put m33 = c, then
m22 = c eiθ and finally, Im (eiθ m21) = 0.

Theorem 2.10. Let (J, F ) be a balanced Hermitian structure on n for J = J±
0 .

Then, in the conditions of Proposition 2.8, the fundamental form F is equivalent to
one and only one form in the following families:

Family I: 2F = i(r2 ω11̄ + s2 ω22̄ + ω33̄), r, s 6= 0;

Family II: 2F = i(r2 ω11̄ + s2 ω22̄ + t2 ω33̄) + ω23̄ − ω32̄, r 6= 0, s2t2 > 1.

Proof. Let {σj}3j=1 be a (1, 0)-basis satisfying (2.5) and let us consider a general
compatible metric (2.4) satisfying the balanced conditions (2.7). Let us write v as v =
−c2 eiθ = c2 ei(θ−π). If v = 0 then taking {ω1 = −σ1, ω2 = t

(

−ui
s2

σ1 + σ2
)

, ω3 =
−t σ3} we obtain a balanced structure in Family I. On the other hand, if v 6= 0 then the
basis {ω1 = −eiθ σ1, ω2 = ceiθ(−ui

s2
σ1 + σ2), ω3 = −c σ3} keeps (2.5) by Lemma 2.9

(observe that Im
(

iu
s2

)

= 0 because u ∈ iR) and provides a balanced structure in
Family II, concretely

2F = i

(

r2s2 − |u|2
s2

ω11̄ +
s2

c2
ω22̄ +

t2

c2
ω33̄

)

+ ω23̄ − ω32̄.

Finally, we see that the structures in Families I and II are not equivalent. Consider
the pairs

{ω1, ω2, ω3}, Fω = i (r2 ω11̄ + s2 ω22̄ + t2 ω33̄) + ε1 (ω
23̄ − ω32̄),

and

{σ1, σ2, σ3}, Fσ = i (a2 σ11̄ + b2 σ22̄ + c2 σ33̄) + ε2 (σ
23̄ − σ32̄),

where {ωj}3j=1 and {σj}3j=1 are (1, 0)-basis satisfying (2.5) for the same complex struc-
ture. Let us suppose that there exists an equivalence between them. By Lemma 2.9,
ω1 = eiθ σ1, ω2 = Bσ1+λeiθ σ2 and ω3 = λσ3 for some λ ∈ R−{0}, θ ∈ [0, 2π), B ∈ C

such that Im (eiθB̄) = 0. Then, the conditions that transform Fω into Fσ are:

i(λ B̄ eiθ) = ε1 Bλ = 0, ε1 λ
2 eiθ = ε2, r2 + s2|B|2 = a2, s2λ2 = b2, t2λ2 = c2.

From the first relation we have that B = 0 and, in consequence, r2 = a2. Now, if
ε1 = ε2 = 1, then λ2 = eiθ = 1 and therefore, s2 = b2 and t2 = c2. If ε1 = ε2 = 0 and
t2 = c2 = 1, then λ2 = 1 and again s2 = b2. Finally, if ε1 = 1 and ε2 = 0, c2 = 1,
then λ2eiθ = 0 which is not possible.
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3. Heterotic supersymmetry with constant dilaton. Conformally bal-
anced Hermitian structures are a key ingredient in the solutions of the Strominger
system of equations in heterotic string theory [16]. Before writing the system explic-
itly, we first recall that any Hermitian structure (J, F ) on a 2n-dimensional mani-
fold M has a unique Hermitian connection with torsion T given by g(X,T (Y, Z)) =
JdF (X,Y, Z) = −dF (JX, JY, JZ), g being the associated metric [2]. This torsion
connection is known as the Bismut connection of (J, F ) and will be denoted here
by ∇+. From now on, we shall identify T with the 3-form JdF . In relation to the
Levi-Civita connection ∇g of the Riemannian metric g, the Bismut connection is de-
termined by ∇+ = ∇g + 1

2T . On the other hand, let θ be the Lee form associated
to the Hermitian structure (J, F ), that is, θ = 1

1−n
JδF , where δ denotes the formal

adjoint of d with respect to the associated metric g. The 1-form θ vanishes identically
if and only if the form Fn−1 is closed, i.e. the Hermitian structure is balanced.

In addition to a conformally balanced Hermitian structure, the Strominger system
also requiresM to be a manifold of complex dimension 3 endowed with a non-vanishing
holomorphic (3,0)-form Ψ. Therefore, one is led to consider certain special Hermitian
SU(3)-structures (J, F,Ψ) in six dimensions [3].

Here we are interested in finding explicit compact solutions of the heterotic su-
persymmetry equations with non-zero flux H = T . More concretely, in the heterotic
theory of superstrings with fluxes one looks for a compact 6-manifoldM endowed with
a Hermitian SU(3)-structure (J, F,Ψ) satisfying the following system of equations [16]:

(a) Gravitino equation: the holonomy of the Bismut connection ∇+ is contained
in SU(3).

(b) Dilatino equation: the Lee form θ is exact; moreover θ = 2dφ, where φ is the
dilaton function.

(c) Gaugino equation: there is a Donaldson-Uhlenbeck-Yau SU(3)-instanton;
that is to say, a Hermitian vector bundle of rank r over M equipped with
an SU(3)-instanton, i.e. a connection A with curvature 2-form ΩA ∈ su(3).

(d) Anomaly cancellation condition:

dT = 2π2α′
(

p1(∇)− p1(A)
)

, α′ > 0.

Here p1 denotes the 4-form representing the first Pontrjagin class of the con-
nection, which is given in terms of the curvature forms Ωi

j of the connection by

p1 = 1
8π2 tr Ω ∧ Ω = 1

8π2

∑

1≤i<j≤6 Ω
i
j ∧ Ωi

j . The requirement α′ > 0 in the anomaly
cancellation condition is due to physical considerations. Different connections∇ in (d)
correspond to different regularization schemes in the two-dimensional worldsheet non-
linear sigma model. In [1, 10, 16] the Chern connection ∇c is proposed to investigate
the anomaly cancellation.

As an application of the results given in Section 2, next we find solutions to the
system above in the case when the dilaton is constant, which implies that the structure
(J, g) is balanced Hermitian, and satisfying the anomaly cancellation condition with
curvature term taken with respect to the Chern connection, i.e. ∇ = ∇c.

We focus on six-dimensional nilmanifolds M = Γ\G endowed with an invariant
non-nilpotent complex structure J . As it is explained in the introduction, this is the
appropriate class of structures to look for solutions of the Strominger system with
respect the Chern connection in the anomaly cancellation condition. According to
[8, Proposition 6.1], for invariant Hermitian metrics on M the balanced condition is
equivalent to the reduction of the holonomy group of the associated Bismut connection
∇+ to a subgroup of SU(3), i.e. the conditions (a) and (b) in the system above are
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equivalent. Also, notice that given an invariant Hermitian structure on a nilmanifold
any invariant (3,0)-form Ψ is closed [15].

Given a Hermitian structure (J, F ), we say that a (real) coframe {e1, . . . , e6} is an
adapted basis for (J, F ) if Je1 = −e2, Je3 = −e4, Je5 = −e6 and F = e12 + e34 + e56.
The associated metric g expresses in terms of this basis by g = e1 ⊗ e1+ · · ·+ e6⊗ e6,
i.e. {e1, . . . , e6} is orthonormal. In the subsequent sections we shall always consider
an adapted basis and the (3,0)-form Ψ defining the SU(3)-structure as Ψ = (e1 +
ie2) ∧ (e3 + ie4) ∧ (e5 + ie6).

There is a clear advantage when working with adapted bases. For instance, in
the gaugino equation the curvature 2-form ΩA ∈ su(3) if and only if

(ΩA)ij(e1, e2) + (ΩA)ij(e3, e4) + (ΩA)ij(e5, e6) = 0,

(ΩA)ij(Jek, Jel) = (ΩA)ij(ek, el), ∀ i, j, k, l,
(3.1)

where {e1, . . . , e6} is the dual basis of a basis {e1, . . . , e6} adapted to the SU(3)-
structure. Moreover, since we are working with invariant structures, the adapted bases
are globally defined on the nilmanifold M because they stem from the corresponding
Lie group G (actually, from the Lie algebra g of G) by passing to the quotient.

In general, for any 6-dimensional Lie group, let us consider the structure equations
with respect to a basis of left-invariant 1-forms:

d ek =
∑

1≤i<j≤6

akij e
ij , k = 1, . . . , 6.

Let g = e1 ⊗ e1 + · · ·+ e6 ⊗ e6 be the Riemannian metric for which the basis {ek}6k=1

is orthonormal, and denote by {e1, . . . , e6} the dual basis.

Given a linear connection ∇, the connection 1-forms σi
j with respect to the above

basis are

σi
j(ek) = g(∇ekej , ei),

i.e. ∇Xej = σ1
j (X) e1 + · · · + σ6

j (X) e6. The curvature 2-forms Ωi
j of ∇ are given in

terms of the connection 1-forms σi
j by

(3.2) Ωi
j = dσi

j +
∑

1≤k≤6

σi
k ∧ σk

j

and the first Pontrjagin class is represented by the 4-form p1(∇) = 1
8π2

∑

1≤i<j≤6 Ω
i
j∧

Ωi
j .

Now, if J is a complex structure compatible with g then, in addition to the Bismut
connection ∇+ = ∇g + 1

2T , we can also consider the Chern connection ∇c, which is
defined by ∇c = ∇g + 1

2C with C(·, ·, ·) = dF (J ·, ·, ·), that is

g(∇c
XY, Z) = g(∇g

XY, Z) +
1

2
C(X,Y, Z),

C(X,Y, Z) = dF (JX, Y, Z) = −T (X, JY, JZ).

Observe that C(X, ·, ·) = (JXydF )(·, ·) is a 2-form and C(·, Y, Z) = (J ·ydF )(Y, Z) a
1-form.
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Since dek(ei, ej) = −ek([ei, ej ]), the Levi-Civita connection 1-forms (σg)ij of the
metric g express in terms of the structure constants by

(σg)ij(ek) = −1

2
(g(ei, [ej, ek])− g(ek, [ei, ej ]) + g(ej , [ek, ei])) =

1

2
(aijk − akij + ajki).

Therefore, the connection 1-forms (σc)ij for the Chern connection ∇c are determined
by

(3.3) (σc)ij(ek) = (σg)ij(ek)−
1

2
Ci

j(ek) =
1

2
(aijk − akij + ajki)−

1

2
Ci

j(ek),

where Ci
j are the torsion 1-forms defined by

(3.4) Ci
j(ek) = C(ek, ei, ej) = dF (Jek, ei, ej).

3.1. Adapted basis for balanced Hermitian structures in Families I and

II. In this section we find an adapted basis for the balanced Hermitian structures
given in Families I and II of Theorem 2.10.

To get an orthonormal coframe {e1, . . . , e6} with respect to a metric in Family I
it is enough to consider

(3.5) e1 + i e2 = r ω1, e3 + i e4 = s ω2, e5 + i e6 = ω3.

In terms of this basis, the structure equations become

(3.6)























de1 = de2 = de5 = 0,

de3 = 2s
r
e15,

de4 = 2s
r
e25,

de6 = ± 2
rs

(e13 + e24),

where the (+)-sign, resp. (−)-sign, in de6 corresponds to the complex structure J+
0 ,

resp. J−
0 .

The complex structures J+
0 and J−

0 are then given by J±
0 e1 = −e2, J±

0 e3 =
−e4, J±

0 e5 = −e6, which means that the real basis {e1, . . . , e6} is J±
0 -adapted.

Therefore, the fundamental form F associated with the J±
0 -Hermitian metric g =

e1 ⊗ e1 + · · ·+ e6 ⊗ e6 is given by F = e12 + e34 + e56. The structure equations (3.6)
imply that

(3.7) dF =
−2s

r
e145 +

2s

r
e235 ∓ 2

rs
(e135 + e245).

For Family II, we first consider the (1, 0)-basis {σj}3j=1 given by

σ1 = ω1, σ2 = ω2 +
i

2 p2
ω3 , σ3 = i ω2 − 1

2 q2
ω3,

where p2 and q2 are the real, positive and different roots of the polynomial P (X) =

t2X2 − s2t2X + s2

4 . In particular,

q2 =
s2t2 +

√

s2t2 (s2t2 − 1)

2 t2
> 0, p2 + q2 = s2 > 0, p2q2 =

s2

4t2
.
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In terms of {σj}3j=1 the fundamental form expresses as 2F = i (r2 σ11̄+p2 σ22̄+q2 σ33̄).

Now, the basis {e1, . . . , e6} given by

(3.8) e1 + i e2 = r σ1, e3 + i e4 = p σ2, e5 + i e6 = q σ3,

is an adapted basis and the corresponding real structure equations are:

(3.9)











































de1 = de2 = 0,

de3 = p
r (p2−q2)

[

∓ 1
p
(e13 + e24)± q

p2 (e
16 − e25)− 4pq (q e14 + p e15)

]

,

de4 = −4p2q
r (p2−q2)

[

q e24 + p e25
]

,

de5 = 4pq2

r (p2−q2)

[

q e24 + p e25
]

,

de6 = q
r (p2−q2)

[

∓ p
q2

(e13 + e24)± 1
q
(e16 − e25)− 4pq (q e14 + p e15)

]

.

Taking into account (3.9), dF is expressed as:

dF =
1

r (p2 − q2)

[

∓ (e134 − e156) + 4pq(p2 + q2) e145 ± p

q
(e135 + e245)

∓ q

p
(e146 − e245)− 4p2q2 (e234 − e256)

− 4pq (p2 e235 − q2 e246)
]

.

(3.10)

4. Heterotic string compactifications based on non-nilpotent complex

structures. In this section we find explicit solutions of the heterotic supersymmetry
equations with non-zero flux and constant dilaton with respect to the Chern con-
nection in the anomaly cancellation condition based on invariant complex structures
on nilmanifolds. From the considerations in Section 3 we are led to non-nilpotent
complex structures admitting balanced compatible metric, i.e. to a compact nilman-
ifold N corresponding to the Lie algebra n = (0, 0, 0, 12, 23, 14− 35). In Section 4.3
below we provide an explicit realization of N as a compact quotient Γ\K of a simply
connected nilpotent Lie group K by a lattice Γ of maximal rank.

In Section 2 we have proved that any invariant balanced Hermitian structure on
N is equivalent to (J±

0 , F ), where F belongs to the Family I or II of Theorem 2.10.
Next we look for solutions of the Strominger system in each family separately.

4.1. Solutions in Family I. We consider first the Family I of balanced Her-
mitian SU(3)-structures (J±

0 , F,Ψ) on N . Since {ei}6i=1 given in (3.5) is an adapted
basis, from (3.7) it follows that the torsion T is given by

T = J±
0 dF =

2s

r
e146 − 2s

r
e236 ± 2

rs
(e136 + e246),

which implies, using the structure equations (3.6), that

dT = − 8

r2

(

1

s2
e1234 + s2 e1256

)

.

Next we find a large family of SU(3)-instantons for any structure (J±
0 , F,Ψ).

Proposition 4.1. For each λ, µ, τ ∈ R, let Aλ,µ,τ be the SU(3)-connection
defined by the connection 1-forms

(σAλ,µ,τ )23 = (σAλ,µ,τ )25 = (σAλ,µ,τ )45 =
1

2
(σAλ,µ,τ )56 = −λ e1 − µ e2 − τ e6,
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(σAλ,µ,τ )ij = λ e1 + µ e2 + τ e6,

for 1 ≤ i < j ≤ 6 such that (i, j) 6= (2, 3), (2, 5), (4, 5), (5, 6), and σj
i = −σi

j. Then,
Aλ,µ,τ is an SU(3)-instanton and

p1(Aλ,µ,τ ) =
−18 τ2

π2r2s2
e1234.

Proof. Since {e1, . . . , e6} is an adapted basis for the SU(3)-structure and the

connection 1-forms with respect to this basis satisfy σj
i = −σi

j and

σ
1
3 = σ

2
4 , σ

1
4 = −σ

2
3 , σ

1
5 = σ

2
6 , σ

1
6 = −σ

2
5, σ

3
5 = σ

4
6 , σ

3
6 = −σ

4
5 , σ

1
2 + σ

3
4 + σ

5
6 = 0,

the connection Aλ,µ,τ preserves F and Ψ, i.e. it is an SU(3)-connection. A direct
calculation, using (3.2) and (3.6), shows that the curvature forms (ΩAλ,µ,τ )ij of the
connection Aλ,µ,τ are given by

(ΩAλ,µ,τ )23 = (ΩAλ,µ,τ )25 = (ΩAλ,µ,τ )45 =
1

2
(ΩAλ,µ,τ )56 =

−2τ

rs
(e13 + e24),

(ΩAλ,µ,τ )ij =
2τ

rs
(e13 + e24).

Since the 2-forms (ΩAλ,µ,τ )ij satisfy equations (3.1), the connection Aλ,µ,τ is an SU(3)-
instanton.

In order to obtain solutions to the anomaly cancellation condition with respect
to the Chern connection, we compute first the curvature of ∇c. According to (3.4)
and (3.7) the torsion 1-forms Ci

j of the Chern connection are C1
2 = C1

6 = C2
6 = C3

4 =

C3
6 = C4

6 = C5
6 = 0 and

C1
3 = C2

4 = ∓ 2
rs
e6, C1

4 = −C2
3 = − 2s

r
e6, C1

5 = − 2s
r
e3 ± 2

rs
e4,

C2
5 = ∓ 2

rs
e3 − 2s

r
e4, C3

5 = − 2s
r
e1 ∓ 2

rs
e2, C4

5 = ± 2
rs
e1 − 2s

r
e2.

From (3.3) and the structure equations (3.6) it follows that the non-zero Chern con-
nection 1-forms (σc)ij are the following:

(σc)13 = (σc)24 = − s
r
e5, (σc)14 = −(σc)23 = s

r
e6, (σc)15 = (σc)26 = ∓ 1

rs
e4,

(σc)16 = −(σc)25 = ∓ 1
rs

e3, (σc)35 = (σc)46 = ± 1
rs

e2, (σc)36 = −(σc)45 = ± 1
rs

e1.

Now, using (3.2) we get the curvature 2-forms (Ωc)ij for the Chern connection ∇c:

(Ωc)12 = − 2

r2s2
(e34 + s4 e56),

(Ωc)13 = (Ωc)24 = − 1

r2s2
(e13 + e24),

(Ωc)14 = −(Ωc)23 = ± 2

r2
(e13 + e24) +

1

r2s2
(e14 − e23),

(Ωc)15 = (Ωc)26 = ± 1

r2
(e16 − e25),

(Ωc)16 = −(Ωc)25 = ∓ 1

r2
(e15 + e26),

(Ωc)34 = − 2

r2s2
(e12 − s4 e56),
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(Ωc)35 = (Ωc)46 = ∓ 1

r2
(e36 − e45),

(Ωc)36 = −(Ωc)45 = ± 1

r2
(e35 + e46),

(Ωc)56 = −(Ωc)12 − (Ωc)34.

Hence, the first Pontrjagin class is represented by

p1(∇c) = − 2

π2r4
(e1234 + e1256).

Therefore, we have proved the following result for the structures belonging to
Family I whenever the metric coefficient s2 ≥ 1:

Theorem 4.2. Let Aλ,µ,τ be the SU(3)-instanton given in Proposition 4.1 with

τ2 = s4−1
9r2s2 . Then,

dT = 2π2α′ (p1(∇c)− p1(Aλ,µ,τ )) , α′ = 2r2s2 > 0.

Therefore, (N, J±
0 , F,Ψ, Aλ,µ,τ ,∇c) is a compact solution of the heterotic supersymme-

try equations with non-zero flux, non-flat instanton and constant dilaton with respect
to the Chern connection in the anomaly cancellation condition, for r 6= 0, s2 ≥ 1,

τ2 = s4−1
9r2s2 and for any λ, µ.

Remark 4.3. For J+
0 and r2 = s2 = 1 we get the particular solution given

in [6]. Notice that for that solution the instanton is flat, so the solutions given in
Theorem 4.2 can be thought as a deformation of that particular solution but with
instanton having curvature with non-zero trace.

4.2. Solutions in Family II. Now we consider the Family II of balanced Her-
mitian SU(3)-structures (J±

0 , F,Ψ) on N . The basis {ei}6i=1 given in (3.8) is adapted
to the structure and from (3.10) the torsion T is

T = J±
0 dF

=
1

r (p2 − q2)

[

± (e234 − e256) + 4pq(p2 + q2) e236 ∓ p

q
(e136 + e246)

± q

p
(e235 − e136)− 4p2q2 (e134 − e156)

− 4pq (p2 e146 − q2 e135)
]

.

(4.1)

From the structure equations (3.9) we get

dT =
−2(p2 + q2)

r2p2q2(p2 − q2)2

[

(1 + 16p2q6)p2e1234 + (1 + 16p4q4)pq(e1235 + e1246)

+(1 + 16p6q2)q2e1256
]

.

From (3.4) and (3.10) it follows that the non-zero torsion 1-forms Ci
j of the Chern
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connection ∇c are

C1
3 = 1

r(p2−q2)
(± e3 ± p

q
e6), C2

6 = 1
r(p2−q2)

(4pq3e3 − 4p2q2e6),

C1
4 = 1

r(p2−q2)
(± e4 ± q

p
e5 + 4pq(p2 + q2)e6), C3

4 = 1
r(p2−q2)

(4p2q2e1 ∓ e2),

C1
5 = 1

r(p2−q2)
(4pq(p2 + q2)e3 ∓ p

q
e4 ∓ e5), C3

5 = 1
r(p2−q2)

(4p3q e1 ± p

q
e2),

C4
5 = 1

r(p2−q2)
(∓ p2+q2

pq
e1 + 4pq(p2 + q2)e2), C1

6 = 1
r(p2−q2)

(∓ q

p
e3 ∓ e6),

C2
3 = 1

r(p2−q2)
(4p2q2e3 − 4p3q e6), C4

6 = 1
r(p2−q2)

(−4pq3e1 ∓ q

p
e2),

C2
4 = 1

r(p2−q2)
(4p2q2e4 − 4pq3e5 ± p2+q2

pq
e6), C5

6 = 1
r(p2−q2)

(−4p2q2e1 ± e2).

C2
5 = 1

r(p2−q2)
(± p2+q2

pq
e3 + 4p3q e4 − 4p2q2e5),

and therefore, using (3.3) and the structure equations (3.9), the non-zero Chern con-
nection 1-forms (σc)ij are the following:

(σc)13 = (σc)24 = 1
2r(p2−q2) (± e3 + 4p2q2e4 + 4p3q e5 ∓ q

p
e6),

(σc)14 = −(σc)23 = 1
2r(p2−q2) (4p

2q2e3 ∓ e4 ∓ q
p
e5 − 4p3q e6),

(σc)15 = (σc)26 = 1
2r(p2−q2) (−4pq3e3 ± p

q
e4 ± e5 + 4p2q2e6),

(σc)16 = −(σc)25 = 1
2r(p2−q2) (±

p
q
e3 + 4pq3e4 + 4p2q2e5 ∓ e6),

(σc)34 = −(σc)56 = ± 1
r(p2−q2)e

2,

(σc)35 = (σc)46 = ∓ 1
2rpq e

2,

(σc)36 = −(σc)45 = ∓ p2+q2

2rpq(p2−q2)e
1.

By (3.2) we get the curvature 2-forms (Ωc)ij for the Chern connection ∇c:

(Ωc)12 =
−1

r2(p2 − q2)2

[ (p2 + q2)(1 + 16p2q6)

2q2
e34 +

(p2 + q2)(1 + 16p6q2)

2p2
e56

+
(p2 + q2)(1 + 16p4q4)

2pq
(e35 + e46)± 4pq(p2 − q2)(e36 − e45)

]

,

(Ωc)13 = (Ωc)24 =
−1

r2(p2 − q2)2

[p2 + q2

4q2
(e13 + e24)± q2(3p2 − q2)(e14 − e23)

± pq(3p2 − q2)(e15 + e26)− p2 + q2

4pq
(e16 − e25)

]

,

(Ωc)14 = −(Ωc)23 =
1

r2(p2 − q2)2

[

±(2p4 − 3p2q2 − q4)(e13 + e24) +
p2 + q2

4q2
(e14 − e23)

+
p2 + q2

4pq
(e15 + e26)∓ pq(p2 − 3q2)(e16 − e25)

]

,

(Ωc)15 = (Ωc)26 =
1

r2(p2 − q2)2

[

∓pq(3p2 − q2)(e13 + e24) +
p2 + q2

4pq
(e14 − e23)

+
p2 + q2

4p2
(e15 + e26)± (p4 + 3p2q2 − 2q4)(e16 − e25)

]

,
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(Ωc)16 = −(Ωc)25 =
1

r2(p2 − q2)2

[p2 + q2

4pq
(e13 + e24)∓ pq(p2 − 3q2)(e14 − e23)

∓ p2(p2 − 3q2)(e15 + e26)− p2 + q2

4p2
(e16 − e25)

]

,

(Ωc)34 =
−1

r2(p2 − q2)2

[p4 − q4

2p2q2
e12 − 1 + 16p4q4

2
e34 − q2(1 + 16p8)

2p2
e56

−q(1 + 16p6q2)

2p
(e35 + e46)∓ 2pq(p2 − q2)(e36 − e45)

]

,

(Ωc)35 = (Ωc)46 =
−1

r2(p2 − q2)2

[p2 + q2

pq
e12 +

p(1 + 16p2q6)

2q
e34 +

q(1 + 16p6q2)

2p
e56

+
1 + 16p4q4

2
(e35 + e46)± (p4 − q4)(e36 − e45)

]

,

(Ωc)36 = −(Ωc)45 =
±1

r2(p2 − q2)

[

2pq(e34 + e56) + (p2 + q2)(e35 + e46)
]

,

(Ωc)56 = −(Ωc)12 − (Ωc)34.

Hence, the first Pontrjagin class of the Chern connection is represented by

p1(∇c) = − 2(p2 + q2)

π2r4(p2 − q2)2
(

(p2 + q2)(e1234 + e1256) + 2pq(e1235 + e1246)
)

.

The following result gives explicit solutions with respect to the Chern connection
for the structures belonging to Family II whenever the metric coefficients s2 and t2

are equal and greater than 1.

Theorem 4.4. The connection Aλ,µ,τ given in Proposition 4.1 is an SU(3)-
instanton for the structures given in Family II if and only if τ = 0. With respect to
such an instanton, there are solutions to the anomaly cancellation condition if and
only if s2 = t2. In this case,

dT = 2π2α′ (p1(∇c)− p1(Aλ,µ,0)) = 2π2α′ p1(∇c), α′ = 2r2 > 0.

Therefore, (N, J±
0 , F,Ψ, Aλ,µ,0,∇c) is a compact solution of the heterotic supersym-

metry equations with non-zero flux and constant dilaton with respect to the Chern
connection in the anomaly cancellation condition, for r 6= 0, s2 = t2 > 1 and for any
λ, µ.

Proof. A direct calculation shows that the connection Aλ,µ,τ given in Proposi-
tion 4.1 is again an SU(3)-connection, but it is an SU(3)-instanton for a structure in
Family II if and only if τ = 0, what implies that the curvature vanishes identically.
Now, comparing the coefficients of e1235 and e1246 in dT and p1(∇c), we get that if

there is α′ such that dT = α′ p1(∇c) then necessarily α′ = r2(1+16p4q4)π2

2p2q2
. But in this

case comparing the coefficients of e1234 and e1256 we get that dT is a positive multiple
of p1(∇c) if and only if p2 − q2 = 16p4q4(p2 − q2). Since p2 6= q2 we conclude that
p2q2 = 1

4 . Notice that this is equivalent to the metric coefficients s2 and t2 to be

equal, because p2q2 = s2

4t2 .
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As a consequence of Propositions 2.3 and 2.4, and Theorems 2.10, 4.2 and 4.4,
we conclude the existence of many solutions to the Strominger system for any in-
variant complex structure J on N . In fact, such a J is isomorphic to J+

0 or J−
0 ,

and for each one of these two complex structures there is a four-parametric family of
(non-equivalent) balanced Hermitian structures providing solutions: a two-parametric
family corresponding to structures in Family I and another two-parametric family cor-
responding to structures in Family II.

Corollary 4.5. Let J be any invariant complex structure on N . Then, there
are SU(3)-structures on the compact complex 6-manifold (N, J) solving the heterotic
supersymmetry equations with non-zero flux and constant dilaton with respect to the
Chern connection in the anomaly cancellation condition.

Remark 4.6. It has been proved recently [12] that the heterotic supersymmetry
and the anomaly cancellation imply the heterotic equations of motion if and only if
the connection on the tangent bundle in the α′ corrections is an SU(3)-instanton.
From the explicit expressions of the curvature forms (Ωc)ij above, one can see that
the Chern connection is never an SU(3)-instanton.

4.3. Explicit realizations. Let us consider the 6-dimensional Lie group

K =



































1 1
2x3 x5 x4 x6

0 1 2x2 2x1 x2
1 + x2

2

0 0 1 0 x2

0 0 0 1 x1

0 0 0 0 1













|xi ∈ R























.

The left translation L by an element (a1, . . . , a6) ∈ K is given by

L(x1, . . . , x6) = (a1 + x1, a2 + x2, a3 + x3, a4 + a3x1 + x4, a5 + a3x2 + x5,

a6 + a5x2 + a4x1 +
1

2
a3(x

2
1 + x2

2) + x6).

The following vector fields constitute a basis of left-invariant vector fields on the
Lie group K:

X1 =
∂

∂x1
+ x3

∂

∂x4
+ x4

∂

∂x6
, X2 =

∂

∂x2
+ x3

∂

∂x5
+ x5

∂

∂x6
, Xi =

∂

∂xi

, i = 3, 4, 5, 6.

Therefore, the Lie algebra of K is generated by elements X1 . . . , X6 with non-zero
brackets given by

[X1, X3] = −X4, [X2, X3] = −X5, [X1, X4] = [X2, X5] = −X6.

This Lie algebra is easily seen to be isomorphic to n = (0, 0, 0, 12, 23, 14− 35). In
fact, with respect to the dual basis of {X1, . . . , X6}, which is given by

β1 = dx1, β2 = dx2, β3 = dx3, β4 = dx4 − x3dx1,

β5 = dx5 − x3dx2, β6 = dx6 − x4dx1 − x5dx2,

we have that the structure equations of K become dβ1 = dβ2 = dβ3 = 0, dβ4 = β13,
dβ5 = β23, dβ6 = β14 + β25, and thus the relations

e1 =
r

2s
β1, e2 =

r

2s
β2, e3 = β4, e4 = β5, e5 = β3, e6 = ± 1

s2
β6,
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provide the explicit isomorphism between n and the Lie algebra of K.
Now, in terms of the coordinates (x1, . . . , x6) the balanced Hermitian metrics of

the Family I are:

gr,s =
r2

4s2
((dx1)

2 + (dx2)
2) + (dx3)

2 + (dx4 − x3dx1)
2 + (dx5 − x3dx2)

2

+[± 1

s2
(dx6 − x4dx1 − x5dx2)]

2

=

(

r2

4s2
+ (x3)

2 +
1

s4
(x4)

2

)

(dx1)
2 +

2

s4
x4x5 dx1dx2 − 2x3 dx1dx4 −

2

s4
x4 dx1dx6

+

(

r2

4s2
+ (x3)

2 +
1

s4
(x5)

2

)

(dx2)
2 − 2x3 dx2dx5 −

2

s4
x5 dx2dx6

+(dx3)
2 + (dx4)

2 + (dx5)
2 +

1

s4
(dx6)

2.

We can express in a similar way the complex structures J±
0 , the form Ψ and the

instantons Aλ,µ,τ in terms of the coordinates (x1, . . . , x6). Finally, notice that the
discrete subgroup Γ can be taken as the subgroup of K consisting of those matrices
with integers entries, so that N = Γ\K.
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