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GENERALIZED EXISTENCE OF ISOPERIMETRIC REGIONS IN
NON-COMPACT RIEMANNIAN MANIFOLDS AND APPLICATIONS
TO THE ISOPERIMETRIC PROFILE*

STEFANO NARDULLI'

Abstract. For a complete noncompact Riemannian manifold with smoothly bounded geometry,
we prove the existence of isoperimetric regions in a larger space obtained by adding finitely many limit
manifolds at infinity. As one of many possible applications, we extend properties of the isoperimetric
profile from compact manifolds to such noncompact manifolds.
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1. Introduction. In this paper we study existence of isoperimetric regions (of
minimum perimeter for prescribed volume) in a complete Riemannian manifold of
infinite volume, assuming some bounded geometry conditions. The difficulty is that
for a sequence of regions with perimeter approaching the infimum, some volume may
disappear to infinity. We show that the region splits into a finite number of pieces
which carry a positive fraction of the volume, one of them staying at finite distance and
the others concentrating along divergent directions. Moreover, each of these pieces
will converge to an isoperimetric region for its own volume lying in some pointed
limit manifold, possibly different from the original. So isoperimetric regions exist in
this generalized sense. The range of applications of these results is wide. The vague
notions invoked in this introductory paragraph will be made clear and rigorous in the
sequel.

1.1. Isoperimetric profile and existence of isoperimetric regions. Let
(M, g) be a complete Riemannian manifold. We denote by V' the canonical Rieman-
nian measure induced on M by g, and by A the (n — 1)-Hausdorff measure associated
to the canonical Riemannian length space metric d of M. When it is already clear
from the context, explicit mention of the metric g will be suppressed in what fol-
lows. Typically in the literature, the isoperimetric profile function (or briefly, the
isoperimetric profile) Ips : [0, V(M)[— [0, +o0], is defined by

I (v) ;= inf{A(OQ) : Q € 7y, V() = v}, v # 0,

and Ip;(0) = 0, where 7p; denotes the set of relatively compact open subsets of M
with smooth boundary. However there is a more general context in which to consider
this notion that will be better suited to our purposes. Namely, we replace the set 7,
with subsets of finite perimeter, which are defined as follows.

DEFINITION 1.1. Let M be a Riemannian manifold of dimension n, U C M an
open subset, X.(U) the set of smooth vector fields with compact support on U. Given
E C M measurable with respect to the Riemannian measure, the perimeter of E in
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U, P(E,U) € [0,+00], is
(1) P(E,U) := Sup {/UXEdivg(X)dVg (X € XU, || X oo < 1} ,

where || X || :=sup {|Xplg, : p € M} and |X,|,, is the norm of the vector X, in the
metric g, on T,M. If P(E,U) < 400 for every open set U, we call E a locally finite
perimeter set. Let us set P(E) := P(E,M). Finally, if P(E) < +o00 we say that E
is a set of finite perimeter.

By standard results of the theory of sets of finite perimeter, we have that
A(O*E) = H" 1 (0*E) = P(E) where 0*F is the reduced boundary of E. In par-
ticular, if F has smooth boundary, then 9*E = OF, where OF is the topological
boundary of E. In the sequel we will not distinguish between the topological bound-
ary and reduced boundary when no confusion can arise.

DEFINITION 1.2. Let M be a Riemannian manifold of dimension n (possibly with
infinite volume). We denote by Tas the set of finite perimeter subsets of M. The
function Ing 2 [0,V (M)[— [0, +o0] defined by

I (v) == inf{P(Q) = A(9Q) : Q € 7r, V(Q) = v}

is called the isoperimetric profile function (or shortly the isoperimetric profile)
of the manifold M. If there exist a finite perimeter set Q € Ty satisfying V(Q) = v,
I (V(R)) = A(OR) = P(Q) such an Q will be called an isoperimetric region, and
we say that I (v) is achieved.

If M™ is complete then In; = Ip;. The proof of this fact is a simple consequence of
the approximation theorem of finite perimeter sets by a sequence of smooth domains,
as stated in the context of Riemannian manifolds in Proposition 1.4 of [JPPP07].

DEeFINITION 1.3. We say that a sequence of finite perimeter sets I/; converge
in the sense of finite perimeter sets to another finite perimeter set E if

lim V(Q;AE)=0,and lim P(E;)=P(E).

Jj—+oo Jj—+oo

For a more detailed discussion on locally finite perimeter sets and functions of
bounded variation on a Riemannian manifold, one can consult [JPPP07].

If M is compact, classical compactness arguments of geometric measure theory
combined with the direct method of the calculus of variations provide existence of
isoperimetric regions in any dimension n. A slight variation of the latter existence
argument for compact manifolds leads to the existence of isoperimetric regions in
noncompact manifolds with cocompact isometry group. Roughly speaking this is
because, given a minimizing sequence, isometries allow us to put the part of the vol-
ume that goes to infinity into a large geodesic ball of fixed radius, as explained in
[MJO00], [Mor94], or very recently in [GR10] in the context of sub-Riemannian contact
manifolds. Manuel Ritoré [Rit01] proved the existence of isoperimetric regions in a
2-dimensional noncompact Riemannian manifold of nonnegative sectional curvature,
and very recently M Eichmair and J. Metzger [EM11] proved the existence of isoperi-
metric regions for large volumes in asymptotically flat n-manifolds with nonnegative
scalar curvature. Finally, if M is complete, non-compact, and V(M) < +oo, an
easy consequence of Theorem 2.1 in [RR04] yields existence of isoperimetric regions.
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This is not the case for general complete infinite volume manifolds M. In fact it is
easy to construct simple examples of 2-dimensional Riemannian manifolds M with
V(M) = +oc obtained as the rotation about the y-axis in R? ~ {z,y, 2} of a graph
in the {y, z} plane of a smooth function, e.g.: y — y%, for some 0 < « < 1. In this
example I/ (v) = 0 for every v €]0,V(M)[. Another example for which there are no
isoperimetric regions in every volume is the familiar hyperbolic parabolid, the quadric
surface S C R? defined, for example, by the equation z = 22 — y2. A deeper study
of what can happen to the subset of existence volumes of M (the set of volumes
v €]0,V(M)], in which Ip/(v) is achieved) is given in [CRO8]. In this latter example,
Ig > 0. For completeness we remind the reader that if n < 7, then the boundary 99
of an isoperimetric region is smooth. More generally, the support of the boundary of
an isoperimetric region is the disjoint union of a regular part R and a singular part
S. R is smooth at each of its points and has constant mean curvature, while S has
Hausdorff-codimension at least 7 in 0€). For more details on regularity theory see
[Mor03] or [Mor09] Sect. 8.5, Theorem 12.2.

In general, Ips(v) is not achieved. The reason for this behavior appears in the
proof of Theorem 2.1 in [RR04], which illustrates very clearly that the lack of com-
pactness in the variational problem is due to the fact that a part v; > 0 of the total
volume v = v + vo remains at a finite distance, while another part v, > 0 goes to
infinity. In this paper, we describe exactly what happens to the divergent part in the
case of bounded geometry, which in this context means that both the Ricci curvature
and the volume of geodesic balls of a fixed radius are bounded below. For any fixed v,
we can build an example of a 2-dimensional Riemannian manifold obtained by gluing
to a Euclidean plane an infinite number (or under stronger assumptions, a finite num-
ber) of sequences of caps, diverging in a possibly infinite number of directions. Our
main Theorem 2 shows that is essentially all that can occur, and that the infimum is
achieved in a larger space which includes the limits at infinity.

1.2. Main results. The main result of this paper is Theorem 2, which provides
a generalized existence result for isoperimetric regions in a noncompact Riemannian
manifold satisfying the condition of bounded geometry. In the general case, solutions
do not exist in the original ambient manifold, but rather in the disjoint union of a
finite number of pointed limit manifolds M; o, ..., My o, Obtained as limit of NV
sequences of pointed manifolds (M, p;;,g);, ¢ € {1,...,N}. As a consequence of the
proof of Theorem 2, we get a decomposition lemma (Lemma 2.9) for the thick part
of a subsequence of an arbitrary minimizing sequence, which extracts exactly the
structure of such sequences that is relevant to the study of the isoperimetric profile.

Now, let us recall the basic definitions from the theory of convergence of manifolds,
as exposed in [Pet98]. This will help us to state the main result in a precise way.

DEFINITION 1.4. For any m € N, a €]0,1], a sequence of pointed complete
Riemannian manifolds is said to converge in the pointed C™ topology (denoted
(M;,pi,9:) = (M, p,g)) if for every R > 0 we can find a domain Qg with B(p, R) C
Qr C M, a natural number vg € N, and embeddings F; r : Qr — M, for large i > vp
such that B(p;, R) C F; r(2g) and Fi’fR(gi) — g on Qg in the C™ topology.

It is easy to see that this type of convergence implies pointed Gromov-Hausdorff
convergence. When all manifolds in question are closed, the maps F; are global
diffeomorphisms. So for closed manifolds we can speak about unpointed convergence.
What follows is the precise definition of C™“-norm at scale r, that could be taken as
a possible definition of bounded geometry.
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DEFINITION 1.5 ([Pet98]). A subset A of a Riemannian n-manifold M has
bounded C"™* norm on the scale of r, ||Allcm.a, < Q, if every point p of M lies
in an open set U with a chart v from the Euclidean r-ball into U such that

(i): For all p € A there exists U such that B(p, 15e~%r) C U.

(i3): |Di| < e@ on B(0,7) and |[Dyp~1 < e? on U.

(iii): rP1T||Dig||, < Q for all multi indices j with 0 < |j| < m, where g is the matriz
of functions of metric coefficients in the ¥ coordinates regarded as a matriz on
B(0,r).

We write that (M, g,p) € M™*(n,Q,r) if ||M]||cm.er < Q.

In the sequel, unless otherwise specified, we will make use of the technical assump-
tion on (M, g,p) € M™%*(n,Q,r) that n > 2, r,QQ > 0, m > 1, a €]0,1]. Roughly
speaking, r > 0 is a positive lower bound on the injectivity radius of M, i.e. injp; > r,
where injy; is defined below.

DEFINITION 1.6. Let M be a Riemannian manifold, set
injy := inf {inj ,
gar = 1of {injp.ar}
where for every point p € M, injp 45 the injectivity radius at p of M.

DEFINITION 1.7. A complete Riemannian manifold (M,g), is said to have
bounded geometry if there exists a constant k € R, such that Ricpr > k(n — 1)
(i.e., Ricyr > k(n—1)g in the sense of quadratic forms) and V (Baz,q)(p, 1)) > vo for
some positive constant vo, where B(ar,g)(p,7) is the geodesic ball (or equivalently the
metric ball) of M centered at p and of radius r > 0.

REMARK. We just mention here the fact that having Ricci tensor bounded below
and positive injectivity radius implies bounded geometry in our sense. In general, a
lower bound on Ricy; and on the volume of unit balls does not ensure that the pointed
limit metric spaces at infinity are still manifolds, but for the proof of Theorem 2 we
need the existence of limit manifolds as a hypothesis. This motivates the following
definition.

DEFINITION 1.8. We say that a Riemannian manifold (M™, g) has C™-
bounded geometry (at infinity) if it is of bounded geometry and if for every
diverging sequence of points (p;), there exist a subsequence (p;,) and a pointed
manifold (Ms, goo, Poo) Such that the sequence of pointed manifolds (M,p;,,g9) —
(Moo, goos Do) i C™* topology.

REMARK. We observe here that Definition 1.8 is weaker than Definition 1.5, and
stronger than 1.7.

In the absence of the extra condition of Definition 1.8, just assuming bounded
geometry in the sense of Definition 1.7, the resulting limit space is merely a length
space (Y, y,dy) having the structure of a C1'* manifold with a Lipschitz-Riemannian
metric gy on the regular part. The singular part will be a set of Hausdorff dimension
less than or equal to n — 1.

For more on the structure of these limit spaces, one can consult for example the
works of Cheeger-Colding, [CC97], [CC00a], [CCO0b]. Regarding the smooth struc-
ture of spaces (Y, y, dy ), the reader is referred to Cheeger-Anderson [CA92], Anderson
[And92], or [Pet98], chapter 10 for a more expository discussion. In particular from
[CA92], one can deduce that for manifolds with Ricci bounded below and positive



GENERALIZED EXISTENCE OF ISOPERIMETRIC REGIONS 5

injectivity radius, the limit spaces (Y,y,dy) are C1'® manifolds but the convergence
of the metric is just C%®. In fact we can adjust our definition of C%®-bounded geom-
etry at infinity to include the set of Riemannian manifolds for which the generalized
existence theorem applies.

REMARK. We observe that if | Ricps| < §(n—1) and injys > 0, one has by a result
of M. Anderson that there exists @ and r such that ||(M, g)||c1.« » < Q, whose proof
is contained in Theorem 76 of [Pet98]. So our theorem applies in these circumstances
too.

THEOREM 1 (Main: Generalized existence). Let M be a manifold of C**-bounded
geometry. Given a positive volume 0 < v < Vol(M), there are a finite number of limit
manifolds at infinity such that their disjoint union with M contains an isoperimetric
region of volume v and perimeter Ip;(v). Moreover the number of limit manifolds is
at worst linear in v.

THEOREM 2 (Main: Generalized existence technical statement). Let (M, g) have
CY2-bounded geometry. Then for every volume v €]0,V (M)| there exist N € N,
positive volumes {v;}icq1,..ny, N sequences of points (p;j), i € {1,..N}, j € N, N
limit manifolds (Moo iy Goo,is Poo,i)ie{1,...N}» and domains Do ; C M; such that

(I): Yh # 1, dist(pnj,pi;) = +00, as j = +o0,
(I): (M, p; j,9) = (Moo.isPoo.is §oo.i) in C™P topology for every B < a as j — +o0,
(I): v ="~ v,
(1V): Voo i(Dooyi) = vi,
(V): Ay .(0Dooyi) = Ing, ,(vi), .. Ing ,(vi) is achieved by an isoperimetric re-
gion D ;,
(VI) IMoo,'i (1}1) Z IM(’U?‘), '
(VID): if N > 1 then >y I, (vi) + Tnae oy (v — g 01) = Ing(v) for every 1 <

i<N-1, | }
(VII): if N > 2 then Y,y Ing ,(0i) + Inge oo (0 = 30—y v1) > Ing(v) for every 1 <
i< N -2,
IX): Inj(v) = A(ODs) = SN A, (0Dsos) = SN Ini (vi), where Doy =
i=1 “"Goo,i ) i=1 00,1
Ui]\il Dooi

(X): if m > 4 then N < 2% 4+ 1 and where v* depends only on m, a, n, Q, r is
obtained in Theorem 1 of [Nar10].

COROLLARY 1.1. The conclusions (I) — (X) are still valid under the stronger
assumptions |Ricyr| < k and injyr > 0, or just Ricyr > k and injps > 0.

REMARK. In (II) if we assume (M, g) € M™%(n, Q,r) for some n, @, r, instead of
M satistying the assumption of Definition 1.8, one has to replace 8 < «, with 8 < «.

REMARK. Here N depends on v, on the manifold M, and on the choice of a
minimizing sequence (D;); in volume v. In fact, taking into account the example of
a Euclidean 2-plane with an infinite number of bumps along k diverging directions,
for every integer number [ > 0 and every volume v, we can construct a complete
Riemannian manifold M with bounded C™ geometry such that every minimizing
collection {(D;, M;)} has exactly [ pieces.

Theorem 2 suggests the following definition.

DEFINITION 1.9. We call Do = |J; Doo,i a generalized isoperimetric region
of M, if there exist points p;; € M and pointed limit manifolds My ;, such that the
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Do ; are contained in the pointed limit manifolds My ; and conditions (I)-(V) and
(IX) of the preceding theorem are satisfied.

REMARK. We remark that Do is an isoperimetric region in volume v in U; M ;.

REMARK. If D is a genuine isoperimetric region contained in M, then D is also
a generalized isoperimetric region with N = 1 and (Moo 1,900,1) = (M,g). This
does not prevent the existence of another generalized isoperimetric region of the same
volume having more than one piece at infinity.

REMARK. The use of C*®, or C>® boundedness in some subsequent arguments
is due only to the technical limits of the methods employed. This assumption can be
relaxed after a remark of Frank Morgan (private comunication) that avoids the use
of pseudo-bubbles. Our version of that remark is contained in the second proof of the
main theorem. Another way to encompass C*® assumptions is to notice that with a
slight modification of its proof, Theorem 1 of [Nar09b] (restated here in Lemma 2.2)
remains true even if one requires only convergence in C? topology of the family of
metrics g;. In any case the pseudo-bubble approach is much more complicated. The
only delicate point that needs an explanation here is how small bounded isoperimetric
regions actually can be regarded as pseudo-bubbles under the hypothesis m = 2. What
we gain using pseudo bubbles is a demonstration that the constant v* depends only
on the bounds of the geometry of M.

REMARK. The isoperimetric regions D, ;, could be disconnected and our proof
works with unbounded Do ;, too. Actually, the D ; are bounded provided we have
Ricci bounded below and positive injectivity radius for our manifold M. In case of
C? bounded geometry, this fact gives a simplification of the proof. Nevertheless, we
prefer to give the proof without considering this simplification in order to handle our
more general case.

REMARK. Theorem 2 is still true if one considers minimizing cluster bubbles for a
minimal partition problem instead of the isoperimetric problem. The proof is almost
the same, in the sense that one has to take into account the increased complexity in
notation for dealing with clusters instead of just one region. The right generalization
of lemmas needed to apply the general scheme of Frank Morgan illustrated in [Mor94]
does not seem much more complicated than in the case of a single one region without
overlapping. It could be a bit technically cumbersome to write it out in full detail,
but in principle it doesn’t present any major difficulty.

REMARK. The proof of Lemma 2.9 could be simplified by using the following
theorem, whose proof is exactly the same as the Euclidean one given in Lemma 13.6
of [Mor09]. We rewrite it in Theorem 3 of the Appendix for completeness. A similar
use of the same Euclidean arguments appears in [RR04] Proposition 3.7.

THEOREM 3. Let M be a complete Riemannian manifold with bounded geometry.
Then isoperimetric regions are bounded.

Theorem 2 could be used to generalize all the results of [MJ00] to non-compact
Riemannian manifolds with C%% or C%“bounded geometry manifolds. In some
sense, Theorem 2 generalizes arguments which require the existence of isoperimetric
regions to complete manifolds with infinite volume and C%, or C%*-bounded geome-
try. Here we list some samples of this philosophy as corollaries of our Theorem 2, and
further applications to the existence of isoperimetric regions in complete non-compact
Riemannian manifolds will appear in forthcoming papers.
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COROLLARY 1 (Bavard-Pansu-Morgan-Johnson in bounded geometry). Let M
have C%“-bounded geometry, which implies that the Ricci tensor is transported to the
limit manifolds. Then Ip; is absolutely continuous and twice differentiable almost ev-
erywhere. The left and right derivatives I,; > I]'\Z ezist everywhere and their singular
parts are non-increasing. Locally there is a constant Co > 0 such that Ip;(v) — Cov?
is concave. Moreover, if (n — 1)Ky < Ricciy, then we have almost everywhere

" I2
(2) InIy < nﬁ4

1~ (n — 1)Ko, in the sense of distributions,

with equality in the case of the simply connected space form of constant sectional
curvature Ko € R, (possibly Ko < 0). In this case, a generalized isoperimetric region
is totally umbilic.

REMARK. Corollary 1 immediately extends previous results about continuity
and differentiability of the isoperimetric profile that were known only for compact
manifolds to the much larger class of complete non-compact Riemannian manifolds
with C?“*-bounded geometry.

COROLLARY 2 (Morgan-Johnson isoperimetric inequality in bounded geometry).

Let M have C*“-bounded geometry, sectional curvature K and Gauss-Bonnet-Chern
integrand G. Suppose that

o K < Ky, or

o K < Ky, and G < Gy,
where Gg is the Gauss-Bonnet-Chern integrand of the model space form of constant
curvature Kg. Then for small prescribed volume, the area of a region R of volume v
is at least as great as Area(0B,), where B, is a geodesic ball of volume v in the model
space, with equality only if R is isometric to B,.

The proofs of Corollaries 1 and 2 run along the same lines as the corresponding
proofs of theorems 3.3 and 4.4 of [MJ00]. The only delicate point needed to com-
plete the argument of [MJO00] is the continuity of the isoperimetric profile in bounded
geometry Definition 1.7, a fact we prove in a forthcoming publication [Nard13].

1.3. Plan of the article.
1. Section 1 constitutes the introduction of the paper. We state the main results
of the paper.
2. In Section 2, we prove Theorem 2 as stated in Section 1.
3. In the Appendix we prove Theorem 3.

Acknowledgements. I would like to thank Pierre Pansu for actracting my at-
tention to the subject of this paper. His comments, suggestions, and encouragements
helped to shape this article. T am also indebted to Frank Morgan, Manuel Ritoré,
Efstratios Vernadakis for their useful comments and remarks. I would like to express
my gratitude to Renata Grimaldi for numerous mathematical discussions during my
postdoc in Palermo were part of this manuscript was written. Finally, I thank Andrea
Mondino for bringing my attention on the paper [JPPP07] and Michael Deutsch for
proof-reading the English of the final manuscript.

2. Proof of Theorem 2. The general strategy used in calculus of variations to
understand the structure of solutions of a variational problem in a noncompact ambi-
ent manifold is the Concentration-Compactness principle of P.L. Lions. This principle
suggests an investigation of regions in the manifold where volume concentrates. For
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the aims of the proof, this point of view it is not strictly necessary. But we prefer this
language because it points the way to further applications of the theory developed
here for more general geometric variational problems, PDE’s, and the Calculus of
Variations.

LEMMA 2.1. (Concentration-Compactness Lemma, [Lio84] Lemma 1.1) Let M
be a complete Riemannian manifold. Let p1; be a sequence of Borel measures on M
with (M) — v. Then there is a subsequence (1) such that only one of the following
three conditions holds
(I): (Concentration) There exists a sequence p; € M such that for any § > € >0
there is a radius R > 0 with the property that

(3) 11;(B(p;, R)) > v — e,
(I1): (Vanishing) For all R > 0 there holds
(4) im  Suppenr {n;(B(p, R))} =0,
Jj—+oo

(III): (Dichotomy) There exists a number v1, 0 < v1 < v and a sequence of points
(pj) such that for any 0 < e < % there is a number R = R. ,, > 0 and two
non-negative measures ,u]l75, /J?)E with the property that for every R’ > R and
every strictly increasing sequence (K;) tending to +oc there exists jr: s.t. for
all j > jrr,

5
6

(5) 0 < )+ pf < py,
(6) Supp(p;) € B(p;, R) for all j,
(7) Supp(u3) € M — B(p;, R),
(8) luj(B(pj, R)) —vi| < e,
9) (M) = (v —w1)| <&,
(10) dist(Supp(pi3), Supp(u})) > K.

Proof. Considering the aims of the proof, the functions of concentration @; of Paul
Lévy are defined below. This notion serves to locate points at which volumes vy, ..., vy
concentrate which are optimal in a certain sense. We define Q; : [0, +o00[— [0, v] by

Q;(R) := Suppen{p;(B(p,R))}.

(®;) is uniformly bounded in BV,.([0,+00[) with respect to j, so there exists @ €
BV, such that there is a subsequence (Q;) having j within S; C N such that Q; —
Q(R) pointwise a.e. [0,4o0[. Since the functions (), are monotone increasing, so
is @. This ensures that the set of points of discontinuity of @ is a countable set.
Completing @ by continuity from the left, we indeed obtain a lower semicontinuous
function @ : [0, 4+00[— [0,v]. It is easy to check by the theorem of existence of limit
of monotone functions that there exists v; € [0,v] such that

(11) RETWQ(R) =uv; €[0,v].

Now, only three cases are possible: evanescence, dichotomy, and concentration. If
v = 0 we have evanescence, if v; = v we have concentration, and if v; €]0,v[ we
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have dichotomy. Let us to explain how one can deduce (I)-(III) from (11). The cases
v; = 0 and v; = v are treated exactly in the same manner as in [Lio84], and we
improve slightly the conclusion in the case of dichotomy.

If v; €]0,v[ then (11) is equivalent to saying that for every € > 0 there is R, > 0
such that for all R’ > R, we have

(12) v —e<Q(R') < +e,
(13) ’U1—8<Qj(R/)<U1 +e,

for large j. From (12) for every fixed R > R. we get the existence of a sequence of
points pq; (depending on ¢ and R) with the property that

(14) Ul—€<ﬂj(B(p1j,R)) < v +¢,

for every j > je,r. Equation (14) is not quite what is needed for our arguments, and
we must improve it to obtain exactly (III). This can be done by observing that if
¢ is sufficiently small (e.g. smaller than a constant depending on v;), then we can
make the sequence p;; independent of €. Following this heuristic argument, taking
e < b= ivl, Ry > 0 such that Q(Ry) > %vl, there exist p1; € M for which (14)
holds with R replaced by Ry. Next, take R > 0 such that Q(R) > v; — ¢, so that for
sufficiently large j there exists a second sequence of points p}; € M for which (14)
holds, and hence
3

3 1 5
Qj(R) + Q;j(Ro) > JUrtuis o= gu> qu > v te

This implies that B(p1;, Ro) N B(p};, R) # () for sufficiently large j. Thus we have
v —€< ,Uj(B(pljaRO + 2R)) < Q]‘(Ro + QR) < +eg,

where the last inequality becomes obvious after replacing R’ with Ry + 2R in (13).
This proves (III) with R;,, .. = Ro + 2R. The remaining part of the proof of (III)
goes as in [Lio84]. O

This lemma will be used in our problem, taking measures j; having densities 1p,
where 1p; is the characteristic function of D; for an almost minimizing sequence (D)
defined below.

DEFINITION 2.1. We say that (D;); € Tar (see Defn. 1.2) is an almost mini-
mizing sequence in volume v > 0 if
(t): V(Dj) = v,
(i1): Area(0D;) — In(v).

The following two Lemmas, 2.5 and 2.6, are inspired by [Mor94] Lemma 4.2
and [LRO3] Lemma 3.1. By virtue of these we can avoid the evanescence case of
Concentration-Compactness Lemma 2.1. The difference in our treatment here is es-
sentially in two minor changes: bounding the number of overlapping balls (which we
called the multiplicity m of the covering used in the proofs), and the Riemannian
relative isoperimetric inequality. Both arguments use only our bounded geometry
assumption, as it appears in Definition 1.7.

LEMMA 2.2. [Doubling property/[Heb00] Let (M,g) be a complete Riemannian
manifold with Ric > kg. Then for all 0 < r < R we have

R

(15) VB0 1) < VT (1) v 50,)
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Proof. The proof follows easily from the strong form of the Bishop-Gromov the-
orem, the fact that Volyz,(Ba(z, R))) = A2Voly(B(z, %)), and the following in-
equalities

anr(n—l) < VOZ(BMQ) = an/ Sinh(s)("_l)ds < Oénr(n_l)e7’("_1)7
0

via a conformal change of the metric. See [Heb00]. O

COROLLARY 2.1. Let M™ be a complete Riemannian manifold with bounded
geometry. Then for eachr > 0 there exist ¢ = c1(n, k,r) > 0 such that Vol(B(p,r)) >
c1(ny k,m)vg.

Proof. If r > 1 then Vol(B(p,r)) > Vol(B(p,1)) > vo. If r < 1 then (15) holds
with R = 1, hence

(16 w < VB, < /T (1) (B0,
Therefore
(17) V(B(par)) Z Cl(nvkar)vo,

where ¢q(n, k,r) = Min {#\/ﬁ’ 1}. ]

LEMMA 2.3. (Covering Lemma [Heb00], Lemma 1.1) Let (M,g) be a complete
Riemannian manifold with Ricci > kg, k < 0 and let p > 0 be given. There exists
a sequence of points (x;) € M such that for any r > p the following three conditions
are satisfied.

(l) M C UjB(.”L‘j,’I“),’
(ii): B(x;,5) N B(xi, §) =0;
(11i): if N € N\ {0} is defined as

N:= MCZZE{ZE J1s e JIs Satisfying mé:l B(xjm g) 7£ w}a

then there exists a constant Ny = Ny(n,k,p,r) >0, s.t. N < Ny.
Proof. See Hebey [Heb00] Lemma 1.1 0

LEMMA 2.4. (Relative isoperimetric inequality [MC95] corollary 1.2) Let M™ be
a connected complete Riemannian manifold with Ricci > kg, k < 0. Then for every
geodesic ball B = B(p,r) and domain D C M with smooth boundary 0D such that

V(DNB) < %(m, there exists c(n) depending only on n such that

(18) V(DN B)* = < eI Ly (B(p, 7))~ % A(OD N B).

forallp € M and r > 0. In particular, if r =1 and M has bounded geometry, then
(19) V(DB < VIR, T 49D N B).

LEMMA 2.5. (Non-evanescence I) Let M™ be a Riemannian manifold with
bounded geometry (Defn. 1.7). Given a radius r > 0, there are positive constants
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cs = cz(n, k,vg,7) > 0 and w = w(n,k,vg,r) > 0 such that for any set D of finite
perimeter A and of volume v, there is a point p € M such that

(20) V(B(p,r) N D) > m{ = mg(n, k,r,vo,v),
where my := Min {w,cz),%} .

Proof. Fix r > 0. If for some point p € M one has
1
V(DN B(pr) 2 5V(B(p,r)) 2 c(n, k, )vo,

with ¢(n, k,r) %cl and ¢; given in Corollary 2.1, then we can take m{ =

w(n, k,vg, ) = ¢(n, k,7)vg. So assume that for all points  in M, one has
1
V(DN B(z,r)) < EV(B(SC, T)).

Let A be a maximal family of points in M such that d(x,2’) > § for all z,2" € A
with = # 2/, and V(D N B(x, 5)) > 0 for all # € A. Then V(D —J,c4 B(z,7))) =0,
since otherwise there would exist a point y € M such that

(21) 1% <<D -U B(x,r)) N By, ;)> >0,

zeA

and maximality of A would imply that y € B(z, 5) for some x € A, so B(y,5) C
B(x,r), which contradicts (21). Putting

C = Mazyea{V(D N B(z,r)"},

we have

V(D) € L,aV(DNB@r)

(22) CY s V(DN B(z, ).

IN A

A relative isoperimetric inequality for balls of radius r in a Riemannian manifold
with bounded geometry as stated in Lemma 2.4 (see [MC95] corollary 1.2) will give
a constant v = y(n, k, v, r) > 0 such that

(23) V(DN B(z,r))" " <~A((0D)N B(z,r)).
Now
(24) V(D) < CY¥,e vA((OD) N B(x,7))

< CymA(dD).

where m is a constant which bounds the multiplicity of the current

> 2ea((0D) N B(xz,r)) and which depends only the ratio of the volumes of balls of
radii 2r and ir of the comparison manifolds. We can take m equal to Ny (n, k,r, 2r),
where Ny is the constant computed in Lemma 2.3. Another estimate for this number
is given as follows. Setting A(z) := {x € A| z € B(z, )}, we observe that the balls of

the family {B(x, ir)}l ¢ 4 are disjoint, and moreover

1
UIGA(z)B(xa Zr) - B(Z7 2T)7
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card(A(2)V (B(z, 17) < V(Uyeac Bz, 1)
< V(B(z,2r))
< V(Bg(2r)),
and finally
V(B (2r))
(25) card(A(z)) < V(T(Z)) < ca(n,k,r).

The last inequality is a straightforward application of Bishop-Gromov’s theorem. Set-
ting m(z) := card(A(z)), the function m : z — m(z) is exactly the multiplicity of the
current » . (0D) N B(x,r), and for this reason

Z A((OD)N B(x,r)) = / m(z)dVy(z) < ca(n, k,vo,m)A(OD).
z€A oD

It follows that for some p € M,

V(D)

w > :
(26) V(D n B(p,’l")) = cz(n,k,vo,T)A(aD) >0
Taking
(27) mpy == Min{ V(D) sw(n, k,vo, )},

ca(n, k,vo, )P A(OD)™ + 1
the theorem is proved. O

The lemma that follows is used to avoid the evanescence case among the
concentration-compactness principle alternatives for the isoperimetric problem in
bounded geometry.

LEMMA 2.6. (Non-evanescence II) Let M be a Riemannian manifold with
bounded geometry. Given a positive radius r > 0, then there exists a constant
m1 = mi(n,k,vo,7) > 0 with the following properties. Assume that D; are finite
perimeter sets such that V(D;) — v > 0 and Iy (v) = lim; 4o Area(0D;). Then
there exists a sequence of points p; € M such that

(28) V(B(pj,r) N Dj) > my = mi(n, k,vo,7,0).

Moreover there is an ms < my that can be choosen such that
v = ma(n, k,r, v, v) is continuous.

REMARK. The importance of this lemma is that the constant m, it produces
is independent of the minimizing sequence. This will guarantee that all the mass is
recovered according to Morgan’s scheme of the proof of the main theorem in [Mor94].
The use of this lemma in the proof of the main theorem is done taking a fixed radius
r = 1. The centers p; depend on the minimizing sequence, but thankfully this is
irrelevant for what follows.

Proof. For sufficiently large j, (26) implies that

VD) o V(Dj)
CQA(aDj) - 2CQIM(U) +1

>
~ 42 A(0Bup (p) +1

(29) V(D; N B(p,r))= >

> 0.



GENERALIZED EXISTENCE OF ISOPERIMETRIC REGIONS 13

Here By (p;) is the ball of volume v in the simply connected comparison space M} of
constant sectional curvature k. We recall here that A(0Bur (p)) = A(n, k,v) depends
only on n, k,v, and v — A(n, k,v) for each n, k fixed is continuous. Put

,U’ﬂ

4ncy(n, b, vo, )" A(@Barp ()" + 17"

(30) ma 1= Min{ (n,k,vo,7)}.

Although v — mq(n, k, r, v, v) is not necessarily continuous, where

,UTL

| k = Min{—————
(3 ) ml(na ,7",’1)0,'0) ln{4nc7QzIM(v)n+1’

w(n, k,vo, )},

we observe the crucial fact that v — ma(n, k, r, v, v) is continuous. O

2.0.1. Existence of a minimizer in a C"™% limit manifold.

Some known preliminary results. Here we want to apply the theory of con-
vergence of manifolds to the isoperimetric problem when there is a lack of compactness
due to a divergence to infinity of a non-neglegible part of volume in an almost mini-
mizing sequence.

Let us recall the basic compactness result from the theory of convergence of
manifolds, as exposed in [Pet98].

THEOREM 2.1. (Fundamental Theorem of Convergence Theory) [[Pet98] the-
orem 72]. For given @ > 0, n > 2, m > 0, a €]0,1], and r > 0, consider
the class M™*(n,Q,r) of complete, pointed Riemannian n-manifolds (M,p,g) with
(M, g)||cmar < Q. M™%(n,Q,r) is compact in the pointed C™# topology for all
8 < a.

In subsequent arguments, we will need a regularity theorem in the context of
variable metrics.

THEOREM 2.2. [Nar09b] Let M™ be a compact Riemannian manifold, g; a se-
quence of Riemannian metrics of class C*° that converges to a fized metric go, in the
C* topology. Assume that B is a domain of M with smooth boundary OB, and T} is a
sequence of currents minimizing area under volume contraints in (M", g;) satisfying

(32) Voo (BAT;) — 0.

Then in normal exponential coordinates 0T is the graph of a function u; on 0B.
Furthermore, for all a €]0,1[, u; € C**(8B) and ||uj||c20p) — 0 as j — +oo.

REMARK. Loosely speaking, Theorem 2.2 says that if an integral rectifiable cur-
rent T is minimizing and sufficiently close in the flat norm to a smooth current, then
OT is also smooth and 9T can be represented as a normal graph over B. In [Nar09b],
the proof of the theorem includes a precise computation of the constants involved.

REMARK. Theorems 2.1 and 2.2 are the main reasons for the C* bounded geom-
etry assumptions in this paper.

In the sequel we use often the following classical isoperimetric inequality due to
Pierre Bérard and Daniel Meyer.

THEOREM 2.3. ([BM82] Appendiz C). Let M™ be a smooth, complete Rieman-
nian manifold, possibly with boundary, of bounded sectional curvature and positive
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injectivity radius. Then given 0 < & < 1, there exists vg > 0 such that any open set
U of volume 0 < v < vy satisfies

n—1

(33) Area(0U) > depv .

THEOREM 2.4. ([Heb00], Lemma 3.2) If M is a smooth, complete Riemannian
manifold with bounded geometry, then there exist a positive constant ¢ = c(n,k,vo)
and a volume v = v(n,k,vy) such that any open set U with smooth boundary and
satisfying 0 < V(U) < U also satisfies

(34) V(U) " < c(n, k, vo)Area(dU).

REMARK. The same conclusion of the preceding theorem can be obtained if one
replaces U by any finite perimeter set, using a customary approximation theorem in
the sense of finite perimeter sets.

REMARK. The preceding theorem implies in particular that for a complete Rie-
mannian manifold with Ricci curvature bounded below and strictly positive injectivity
radius, we have Ip;(v) ~ ¢ = Iga(v) as v — 0.

2.1. Proof of Theorem 2. For what follows it will be useful to give the defini-
tions below.

DEFINITION 2.2. Let ¢ : M — N a diffeomorphism between two Riemannian
manifolds and ¢ > 0. We say that ¢ is a (1 + €)-isometry if for every z,y € M,
(1 =e)du(z,y) < dn(d(x), d(y)) < (1 +€)dn(,y).

For the reader’s convenience, we have divided the proof of Theorem 1 into a
sequence of lemmas that in our opinion have their own inherent interest.

LEMMA 2.7. If (M,p;,9) = (Mso, Poos Goo) in C*< topology for k > 1, then

(35) I > I

Proof. We rewrite the proof appearing in [Nar10] Lemma 3.4 for the convenience
of the reader. Fix 0 < v < Vol(M). Let Do, C My, be an arbitrary domain of volume
v ="Voly (Dsx). Put 7 := dy(Dso,Psc), Where dy denotes the Hausdorff distance.
Consider the sequence ¢; : B(poo,” + 1) — M of (1 4 ¢;)-isometries given by the
convergence of pointed manifolds, for some sequence €; N\, 0. Setting D, := ¢;(Ds)
and v; := Vol(D;), it is easy to see that

(i): v; = v,
(ii): Areay(0D;) — Areag, (0Ds).
Moreover, (i)-(ii) hold because ¢; is a (1 + ¢;)-isometry.

We now proceed with the proof of (35) by contradiction. Suppose that there exist
a volume 0 < v < Vol(M) satisfying

(36) IMoo (U) < Iy (U)
Then there is a domain D,, C M., such that

IMOC(U) < Agw(aDoo) < IM(’U)



GENERALIZED EXISTENCE OF ISOPERIMETRIC REGIONS 15

As above we can find domains D; C M satisfying (i)-(ii). Unfortunately the volumes
v; in general are not exactly equal to v. So we have to readjust the domains D; to get
v; = v, for every j, preserving the property A,(0D;) — Ay (0Ds) as j — 400, to
get the desired contradiction. This can be done using the following construction that
will be used in many places in the sequel. Examining the proofs of the deformation
lemma of [GR10] and the compensation lemma of [Nar09b], one can construct domains
D% C B(poo, + 1) € My as small perturbations of D, such that

(37) Ay (0D5°) < Ay (0Dw) + ciy,
(38) 0 0,

and

(39) Voly(;(D5°)) = v.

The preceeding discussion shows the existence of bounded finite perimeter sets (in
fact, smooth domains) D; := ¢;(D$°) C M satisfying

(40) Voly(Dj) = v,

(41) [Ag(0D;) = Ay (9DF)| = 0,

again using the fact that ¢, is a (14¢;) isometry. Thus we have a sequence of domains
D; of equal volume such that

(42) Ay(0D;) = Ag. (0Dog) < Int(v),

which is the desired contradiction. The theorem follows from the fact that v is arbi-
trary. O

LEMMA 2.8. Let M := MUfil My ;i be a disjoint union of finitely many limit
manifolds (Meo i, goo) = lim; (M, p; j,g). Then Iy = Iy

Proof. It is a trivial to check that In; > I,;. Observe that when das(pij, pij) < K
for some constant K > 0, we have (M; o, gi.00) = (M) j, g1,00). Thus we can restrict
ourselves to the case of sequences diverging in different directions, i.e., dar(pij, pij) —
400 for every i # j. Then mimicking the proof of the preceding lemma, one can
obtain Iny < Iy;. O

The proof of next lemma contains a construction of a decomposition of the e-
thick part of a subsequence of a minimizing sequence D; into a finite number of
pieces. These are obtained by cutting geodesic balls centered at concentration points,
whose radius is determined by a coarea formula argument. The proof is inspired by
[RRO4].

LEMMA 2.9. Let D; C M be a minimizing sequence of volume 0 < v < V(M).
Suppose that there are N > 1 sequences of points (pij);, © € {1,...,N}, N pointed
limit manifolds (Moo i, Di,00), and N volumes v; such that

(i): 0 < SN v <w (possibly YN v; < w),
(i3): (M,pi;) = (Moo.is Dico) in the C™F topology for every 8 < a,
(111): dar(prj, pij) — +oo, for every h #1,
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(iv): for everye > 0 there exists R such that for all R > R, there is a je g satisfying
V(Dj n B(pij7Rg)> € [’Ui —&,v; + E] fO’f' a”j > js7R-
Then
(I) V(DOOJ) = Yy,
(I1): Ing ,(vi) = Areay, . (0D i), Vi € {1,...,N},
(HI): I, (o1 4+ F+on) = Zfil Area(0Doo i) = Area(@DgéV)),
(IV): Ip(v) = vazl Area(0Dw ;) + liminf;, 1 o Area(9DY, ;),

(V): V(D) = v =30 v,
(VI):

N N
In(v) =Y Tngy o (v3) + Ine(0 = ) 03)

N N
= Ly () + T - Ym0

for some DY . C Dj, and DY) = vazl Do ; and ML = vazl M; « are disjoint

UNIONS.

REMARK. (iv) is equivalent to (iv’): for every € > 0 there exists R, such that for
all R > R. we have v; — e < liminf; ,,  V(D; N B(pij, R)) < limsup;_,, . V(D; N
B(pij, R)) <v; +e.

Proof. The proof will proceed by defining domains ij C My, (passing to a
subsequence if necessary) that are images under the diffeomorphisms F;; (appearing in
the definition of convergence of manifolds) to suitable intersections D;; of the D; with
balls of radii ¢;; given by the coarea formula, ultimately to obtain a finite perimeter
set Dooi € Moo, such that ij — Do i in the Fioc(Moo ;) topology. The rate of the
truncation with respect to variable j must have the correct dependence on the rate
of convergence of the pointed manifolds in order to get a division of a subsequence
of the domains D; into disjoint geodesic balls centered at points p;;. This will be
achieved by first taking an exhaustion of M., ; by geodesic balls By (pi oo, Rix) (i-e.
Moo = Uiv:1 B (Di,oo, Rik)) while keeping Ry, fixed, then pulling back the domains
D; on the manifold Uf\il M ; via the diffeomorphisms Fj;. A standard compactness
argument from geometric measure theory can then be applied for each of the domains
inside these balls in the limit manifolds, and we obtain the desired domains D ; by
a diagonal argument. Finally, we pass to the limit and show that the latter procedure
actually satisfies all the required properties (I)-(IV).

To begin, we take a sequence of radii (ry) satisfying 71 > rt + 2k, and consider
an exhaustion of M. ; by balls with centers p.; and radii r;, so that M. ; =
Uy B(Pso,is7k). Then for every k, the convergence in the C™# topology gives the
existence of v;,, > 0 and diffeomorphisms Fj; ., : B(Poo, k) — B(pij, %) for all
j > Vir,. The Fj;., are (1 + ¢;;)-isometries for the N sequences (e;;);, with the
property that for each i € {1,..., N}, we have 0 < ¢;; — 0 as j — 4oo. Put
Vp, = Maz{v; s, }

At this stage we start the diagonal process, determining a suitable double sequence
of cutting radii ¢; j» > 0 and j € S C N for some sequence of infinite sets N D 57 2
e 2 8k-1 2 Sk 2 Sk+1 2 ..., defined inductively. Roughly speaking, we perform N
cuts by disjoint balls at each step k. Before proceeding, we recall the argument of
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coarea used in this proof repeatedly. For every domain D C M, every point p € M,
and interval J C R, there exists a t € J such that

1

_ b D)
Y] '

/ Area((0B(p,s)) N D)ds < vib)
J 71

We now proceed as follows: cutting with radii ¢; ;1 €]r1,71 +j[ for j > v,,, we obtain
domains D} ; = D; N B(pj,t1;), DY ; = Dj — D} ; such that for j large enough (e.g.,
j >0 = Max{v;{,v,}), we have

(43) Area(D N (0B(p,t)))

N
(44) d(phjaplj) Z ZRi,vi + 4)

i=1
for every h # 1. Note that v exists because of (iii) of this lemma, and that

(45) |Area(8D/Lj) + Area(dDY ;) — Area(aDj)| <.

Consider the sequence of domains (ﬁlyj = Fﬁé (D'lj)) for j > ;. Then
j

L. Area(0D1 ;) < Area(dD;) + 27 < In(v) + 1+ 20,
2. V(D ;) <,
so the volume and boundary area of the sequence of domains is bounded. A standard
argument of geometric measure theory allows us to extract a subsequence D} ; with
J € S1 € N converging on B(ps,72) to a domain Do 1 in Fpp ry)- Now look at
the subsequence D; with j € S; and repeat the preceding argument to obtain radii
taj €]ra,r2 + 2[ and a subsequence D’QJ = D; N B(pj,ta;) for j € Si and j > vy,
such that
(46) |A7‘ea(6D’»72,j) + Area(0DY, ) — Area(BDj)| <

v
7 *,2,7 = §

Again, by virtue of assumption (iii), there exist 4 such that for all j > v | we have

N
(47) d(pnjspw;) > Y Riw, +8,h# N hh' €{1,..,N}.
i=1
This ensures that we can cut with pairwise disjoints geodesic balls. Analogously, the
sequence (f)g)j = F]Trlg (D’QJ)) for j running in S; and j > vy = Max{v{,v,,} has
J
both bounded volume and bounded boundary area, so there is a convergent subse-
quence (Dgﬁj) defined on some subset So C S; that converges on B(pso,73) to a

domain D2 in Fp(p. ry)- Continuing in this way, we obtain S; 2 ... 2 §;_1 2 5,
radii ¢; j; €|r, 7 + [, and domains Dj ;, = D; N B(pij,ti i), Di;, = Dj — Dj
satisfying

N
v
(48) Z Area(0D; ;) + Area(dDy ;) — Area(dD;)| < N?
i=1
N
(49) d(phj.pwj) > Y Riw, +4k,h# N bW €{1,. N}

i=1
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forall 1 <1<k, je€S;, Inf(S;) > v (ie. for large j) and for all £ > 1. Moreover,

putting bm-l F ]1”“ (D; 1), forall 1 <1 <k and j € .S, we have convergence of

(Ei,j,l)jesl on B(poo, ri41) to a domain D i in Fpp ry,) foralli > 1,1 <1< k.
Let ji be chosen inductively so that

(50) Jk < Jk+1,
~ 1
(51) V(Di o () kA Doo i k) < e

and define o(k) = o (jx). Then the sequence Dck Fa(i) m+1(D; o (k) k) Converges
to Doo,i = Uy Doo,ik in the Fioe(Myo) topology. Now define tip, := t; 5(x),x- Observe
here that |¢; x41 — t; x| > k. From now on, we restrict our attention to the sequences
Dix = Di,, D; v = D o> and D;/,k = D;’o“ which we will simply call D; j, D;yk,
and D;’ by abuse of notation. Put also Fir. = Fi o)., Rename k by j. From
this construction, we argue that by possibly passing to a subsequence one can build
a minimizing sequence D; with the following properties:

a): | (X, Area(dDj;)) + Area(dD;) — Area(dD;)| < 2N%,
(b): lim; 400 Areag(9D];) = lim;, oo Areay, (613%),
(¢): V(D5;) = V(Doo,i) = Voo,is
(d): Area(0Ds ;) < liminf Area(anj),
(e): (14+e)v; > vso,; > (1 —e)v; > 0 for every € (ie. Voo = vi),
(£): I, (Voo,i) = Area(0Do ),
(g): Area(0Ds ;) = liminf Area(@Dc)
Property (a) follows directly by the construction of the sequences (D;;), and (b) is an
easy consequences of the fact that the diffeomorphisms given by the C'# convergence
are (1 + ¢;)-isometries for some sequence 0 < ¢; — 0. To prove (c), observe that

|V(Efj) —V(Dooyi)| < V(D N'C ) — V(Doo,i N B(Poo,i> Tj+1))|

+ V(Doo,i = B(poo,i> 7j+1))
< V( DCADOO) N B(poo7i7rj+1))
+ V( _B(poo,ivrj+1))7

and so lim;_,o V(Ec) = V(Dw,) by (50). On the other hand, the defini-
tion of the sets ZNDZ" gives us {Df;} — D in Fie(M). Hence Area(0Ds,:) <

liminf; Area(@ij) by the lower semicontinuity of boundary area with respect
to the flat norm in Fjoe(M), which proves (d). The first inequality in (e) is true
because every D, ; is a limit in the L! norm of a sequence of currents having volume
less than v. The second inequality follows because for large enough k, the radii rg
are greater than R., so V(Duo ;) > (1 — ¢)v;. Actually veo; = v; by virtue of (e)
for every e arbitrarily small, and by assumption (iv). To show (f) we proceed by
contradiction. Suppose that there exist domains Ei € TM,.; having V(EZ) = Voo,
and Area(dE;) < Area(0D,i). Take N sequences of radii s;; €lt;,tjy1[ and cut E;
by coarea obtaining E” =FE; N B(po,i, $ij) in such a manner that

- Voo,i
(52) Ar@agw,i(Eij N 83(})0071‘, S”)) < J .

Of course, Vy_( Eij) — vso since s;; 7 400 for every fixed i € {1,..., N}. Now fix a
point xg; € JE; and a small neighborhood U; of 2o,;. For j large enough, we will have
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U; € B(poo,i, ;) Push forward Eij in M to obtain E;; := F”(E”) C B(pij,rj+1) and
re-adjust the volumes by slightly modifying the E;; in F;;(U) contained in B(p;;,tj4+1)-
This produces domains E;; C B(pij,7;j+1) with the properties

(53) E;ND =0,
N
(54) > Vy(Ej;uDL) =,
i=1
(55) Area(0E;;) < Area(dE;j) + cAvyy,

with Av;; = V,y(Ej;) — V4(Eij). Note that Av;; — 0 as j — +oo since V(Ey) —
Voo, (6. V(D)) = veo) and V(DY;) — v — Zf\il Uoo,i, and that ¢ is a constant
independent of j. Defining D} := D, U (U, EZ{]-), we have

-

ﬁ
Il
—

Area(0D7) < Area(OE};) + Area(DY;)

-

@
Il
-

(1+ Eij)n_lArea(aEij) + cAwv;j + Area(dDY;)

-

< ((1 + €ij)n—1Area(6Eij) + ,U?.o) + CAUij + AT@G(@D;’]-),

N
Il
_

and hence we get

N
lim inf Area(0D7) < Z Area(dF;) 4 liminf Area(dDY;)

Jj—+oo —1 Jj—+oo
1=

N
< Z Area(0Do ;) + lglinﬁgf Area(dD7;)

i=1
N
< glglilglof ZZ:; Area(0Dj;) | + lglg-irolf Area(0Dy;)
S IM (1})

This means that the sequence of domains D* does better than the original minimizing
sequence D;, which is a contradiction. This proves (f), (II), and (III). The proof of
(g) is similar. In fact, we only have to work with D ; instead of E;, since the set
of regular points in 0D ; N Mo ; is open and the singular set has at least Hausdorff
codimension (n — 2). Thanks to this fact, we can use the first variation of area at
constant volume for variations with support applied to small balls centered at points

in the regular set of the boundary to obtain the constant c.
To finish the proof, we need one last argument that gives us (IV). Putting DY; :=



20 S. NARDULLI

D/I

+j» we have

Iy (v) = lim 1an Area(0Dj;) + hm inf Area(aDZj)

J"OO.

Int.., (Voo,i) + liminf Area(9DY;)

Jj—+oo

I
UMZ

Q
Il
_

I
.MZ

s
I
—

In..,(vi) 4 liminf Area(0DY;)
: P

—+o0

.[]\4Oc (Ul)

-

N
Il
_

—

which gives exactly (IV). (V) is a direct consequence of definitions and (VI) now

follows easily from (I)-(V).

O

LEMMA 2.10. For all n,r,Q,m,a, there exist positive constants vy =
va(n,r,Q,m,a) and C; = Ci(n,r,Q,m,a) > 0 such that for all M € M™*(n,Q,r)
and 0 < v < vy where Ip(v) is achieved,

(56) Ini(v+ h) < Ing(v) + Crhv ™7,

provided that v + h < vy.

Proof. Define vy = Min{l,vo,v1,v2}. Put ¢a,(0) = Area(ﬁ)ﬁ where 3 is
the pseudo-bubble of M centered at p and enclosing volume ©. Then ¥ + ©as,(0)
is a C'!' map, and [[arpller(0,w,)) < C uniformly with respect to M and p (i.e.
C =C(n,r,Q, m,a). This is a nontrivial consequence of the proof of the existence of
pseudo-bubbles that can be found in [Nar09a]. When v + h < vy,

Yrp(v+h) < ap(v) + Ch.

In(w+h) < Pap(v+h)= )
< ¢Mp(v)nn1 <1+ pr(v)) !
(57) < ’(b]y[p(v)’“ ( +n 10/ )
< ¢M7p(v)n; +Clhv ”
= Iy(v)+ Cihvn.

d

Here we give the proof of Theorem 2, which is an intrinsic generalization of [Mor94]
adapted to the context of convergence of manifolds.

Proof. The general strategy of the proof consists in starting with an arbitrary
minimizing sequence and obtaining a subsequence (again called D;) and a suitable de-
composition of this subsequence D; = va D;; for some finite number N independent
of j. To achieve this, consider the concentration functions

Q15 (R) := Suppenr{V(D; N Bu(p, R))}-
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Since Lemma 2.6 prevents evanescence, the concentration-compactness argument pro-
vides a concentration volume v; € [mg(n,r = 1,k,vo,v),v]. Suppose the concen-
tration of volumes occurs at points p;, and take the sequence of pointed manifolds
(M,p;). By our hypothesis of C™“-bounded geometry we obtain a limit pointed
manifold (Meo,1,Pe0,1) satisfying

(Mapj7g) — (Moo,l7poo,l7goo,l)

in the C"™? topology for every 8 < o, up to a subsequence. Now we are in a position
to apply Lemma 2.9 with N = 1 to the sequences D;, py;, and the manifold M, 1, to
produce (passing to a subsequence if necessary) a limit domain Dy 1 € Mo 1, and a
first sequence of discarded material DY ; satisfying (I)-(VI) of Lemma 2.9. If v; = v,
then theorem 2 is proved with N = 1. If v; < v, we iterate the procedure considering
the concentration functions

Q2;(R) == Suppen{V (DY ;N Bu(p, R))}

of the sequence of discarded domains DY ;» and again we extract a subsequence of
points pa; € M (always up to a subsequence). By the concentration-compactness
lemma, they satisfy dist(p1;,p2;) — +00. We now take a limit manifold (M, ps ;,9) —
(Moo,2, P02, §oo,2) Using again our assumption on C™*-bounded geometry and apply
Lemma 2.9 with N = 2, and we iterate this procedure. Suppose that we have car-

ried out the construction until step ¢, so that there exist Do 1 € Moo,1,Doc2 C
Maa,. s Dooi © Maoy, such that if v; = V,_ (Deos), DY = Ui, Doos and
MY = Uj—; Mi, disjoint union,

(58) IMW,L('UI) = Aglym(aDoo,l),Vl S {1, ...,i},

(59) Iy (o 40) =Y A@Dwoy) = AODY),
=1

(60) In(v) = ;A(apw) + ljigllrolf A(0D}}),

(61) IMOQ,N+1 (,UKH»l) > ljlgling(aDX’,j)

If >>,_, v = v, the algorithm finishes and the theorem is proved with N = 7. If
> —1 v < v, we continue analogously at step ¢ + 1, applying first the concentration-
compactness lemma to the discarded materials D;’; to get points p;y1,; and then
Lemma 2.9 with N =i+ 1, and ¢ + 1 sequences of points {(p1;),..., (pi+1,;)}- The
algorithm stops in N steps if and only if all the mass v is recovered (i.e. if ZZ]\SI v; < v
and Zf\il v; = v) which is equivalent to the first occurrence of the concentration case
at step N. We must mention here that assumption (IV) of Lemma 2.9 is satisfied be-
cause it corresponds exactly to the improved version of the concentration-compactness
theorem. In fact, V(DY ;) — v — Zfi}l v; for all N as j — +oo. Suppose by con-
tradiction that (61) is false. Then there exists a domain £ C My, n4+1 such that
V(E) = vy and A(OF) < liminf;, ;. A(ODY ;). We can take the improved decom-
position BN, Duoi to get V(EUN, Dooi) = v and A(O(EUN, Doo.s)) < In(v).
Now projecting EUfV:1 D ; onto the manifold M, we obtain an improved almost
minimizing sequence of volume v, implying Ip;(v) < Ip(v), which is the desired
contradiction.
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The whole construction produces at most countably many domains D, ; which
do not a priori recover all the volume v. So to finish the proof, we must show that all

the volume v is in fact recovered, and that the number of domains D ; is finite.
Proceeding by contradiction, suppose that N — 4o00. First we will show that

+oo
(62) S =
i=1

It is obvious that vy N\, 0, because the series Ej:of v; is convergent. Put

—+o0
v; =0 <0,
i=1
and
(63) mo = mo(n, k,vo,v —0) = my(n, k,1,v9,v — 0)
= Min{— =) )

s W
C4I]\/[(’U — ’U)" +1
where ¢4 = c4(n, k,vp), w = w(n, k,vp). Then for large N we can take vy such that
(64) v < My,

because vy — 0. The crucial fact here is to realize that mg is constant w.r.t. variable
N. Now suppose by contradiction that © < v. We wish to use Lemma (2.5) with
r =1 applied to some D;; (the discarded material) for sufficiently large i, j, to get a
contradiction. We recall here that

(65) V(DY ;) = v—10,as N = 400,

by construction. Since Qn ;(R) is defined as the supremum of the volume of the
intersection of a domain with geodesic balls of radius R over the family of all geodesic
balls, one easily checks that

(66) Qnj(R) > Qn;(1), VR>1,

because Qn ;(.) is monotone nondecreasing. Next
(67) Qu;(1) = (V(B(p,1) N DYy ),

for some p € M given by Lemma 2.5 applied to DE(,iLj taking » = 1. Again by
Lemma 2.5 we have

V(DR _1,)"
c3(n, k,v0) A(ODY_y ;)" +1

(68) V(B(p,1)NDyx_, ;) > Min{ sw(n, k,vg)}.

The same argument leading to (61) proves that

(69) liminf A(ODY_, ;) < In(v — D).

Jj—+oo
REMARK. One can show that

(70) lim inf A(ODY_, ;) = In(v — D).

J—+oo
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Combining (66), (67), (68), (69), and (61), and taking the limit j — 400, we have

(71) Qn(R) = lim Qn;(R) >mo >0, YR> 1.

j—+oo
On the other hand, by the definition of vy we have

(72) vy = lim Qn(R).

Finally, taking limits over R in (71) we get

(73) Uy = REI}FIOO Qn(R) > mo,

which contradicts (64). So all the volume is recovered and Zj:f v; = v holds.

To prove that there are only finitely many terms in the series Zj:f v;, there are
two quite different possible arguments. The first uses the theory of pseudo-bubbles.
The second follows from a private communication with Frank Morgan. Roughly speak-
ing, both rely on the fact that in bounded geometry, the profile is asymptotically
Euclidean for small volumes and that in Euclidean space, two balls cannot do better
than one, which is implicit in the strict concavity of Ign.

First proof. First we assume that m > 4 and prove that N < 400 by contra-
diction. If N were unbounded, then there would exist sequences vy 1, vy, ; such
that

(i): 0<ong1+ UK/_H = UK[,

(i1): Taro wio (VN41) is achieved,
(iii): Ifl\l/foo,N+1 (’UX/') > ]Moo,N+1 (UNJrl) + IM(’UKI+1)>

(iv): Zzi — 0, as N — 400,
Properties (i)-(ii) are easy consequences of the proof of Lemma 2.9. Property (iii) is
deduced immediately from (61). Property (iv) follows from (iii) and the asymptotic
form of Berard-Meyer for manifolds with bounded geometry (Lemma 2.4), recalling
that

lim V(DY ;) = vy for every N.
Jj—+oo 7

More precisely, we have

IMOC,N+1(UN+1 =+ vX/'-&-l) ~ C(TL)(UN+1 + rUKH—l) S

n—1

It i (VN 41) ~ e(n)upyiy,

—1

n

IM(UXI-H) ~ c(n) (er+1)
These asymptotic relations plus (iii) imply

n—1 1

n—1
(OnNg1+VN1) 7~ o (ORg) T



24 S. NARDULLI

"
UN+1
UN+1

The latter relation is true if and only if Z’;ﬁ — 0 or — +o00, but the former

case is excluded, because our construction gives

(74) N1 > c(UNt1 + VN41),

which is easily checked using Lemma 2.6 and the fact that Lemma 2.3 holds for small

volumes. Thus we can assume that % — 0. We argue from (iii) that

IMoo.N+1 (UN-H + ’UXT—H) - IMoo,N+1 (UN+1) > IM(’UK/—H)

(75)

VN1 T VR
Hence'! by (56),
Inig iy (U1 + 0N 11) — Ia yy (ON41) -1
(76) o < Calows) 77,
UN+1
T (Vi) -
(77) 7" - SClUN-TiL-l'
UN+1

Ine(vii1)
i) o e(n
N

Finally, since ————, asymptotically we have

+1 (vE\’H_l)n
1 1
cn)——— < T
(V1) ™ UN41)™
hence
" %
(78) C(n) S (UN"Fl) ,
Ch UN+1

which contradicts (iv). Thus the procedure indeed finishes in a finite number of steps,
which proves (IX).

Second proof. Here we explain our version of Morgan’s suggestion. The argu-

ment proceeds by contradiction. For large N, v/ is small, and we can improve Déév )
by perturbing one of its pieces in a controlled way (for example, Do 1 inside Mo 1),
obtaining a domain Dy 1 C My 1 satisfying

(79) V(Doo,l) =1 + ’UX,,
(80) Area(dDuo 1) < Area(dDso1) + ¢(Doo1 )V}

Here ¢(Dwo 1) is the integral of the mean curvature of Do 1 at its regular points (see
[GR10]). Observe that the estimate (80) is possible because V(Dso,1ADwo 1) is small.
Denote D((,év) = Doo,1 UZI\LQ Dy ; for the disjoint union and observe that

(81) V(D)) = v,

INote that this is the only point at which we use the theory of pseudo-bubbles.
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Combining (60), (79), (80) yields

N
(82) Z Area(dDog ;) + cvf; > Area(9DL))
i=2
(83) Z IUiMi,oc(v)
N
(85) > Z Area(0Deoo i) + I (VYy),
i—=2

where ¢ = ¢(Dso,1). As an easy consequence of the preceding inequalities we have
that

(86) ¢(Deo,1)VN = It (VYY)
and finally

IM(,U// )
(87) (Doo1) > T/N

Letting N — oo in (87), vX, becomes arbitrarily small, in particular smaller than
v of Lemma 2.4. For small volumes, we can now apply the generalized version of
Berard-Meyer in our setting (i.e., Lemma 2.4) giving

n—1

Iy (V) i) c(n, k,v
(88) ¢(Doo) > M > c(n,k,v0)< N?, > - f)
Uy Uy (UN)n

Finally, letting vy — 0 in (88), we get the desired contradiction, and thus N has to
be finite.

To obtain an estimate on NN, one way to proceed is to show that there is no
dichotomy for volumes less than some fixed v* = v*(n,k,v9) > 0. Assuming the
existence of such a v*, we observe that the algorithm produces vy > vy > -+ > vpn.
Furthermore, vy < v* because it is the first time that dichotomy cannot appear,
which yields

N
(89) v*N <uvyN < Zvi =w.
i=1
Consequently
(90) N < [i} +1,
v

where v* = v*(n, k,vg) can be taken equal to ¥ of Lemma 2.4. On the other hand,
one can construct examples such that for every v, there are exactly N = [UL] +1
pieces. So in this sense, the estimate (90) is sharp and it concludes the proof of the
theorem. O

Note that the argument given here furnishes only the existence of such a v*, but
not the optimal value.

QUESTION. What is the largest volume, i.e., what is the sharp value for v*?
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REMARK. A rigorous proof that there is no dichotomy for small volumes is
contained in [Narl0], via the theory of pseudo-bubbles. This argument requires the
stronger condition of C*“-bounded geometry. What do we gain with this argument?
We gain that v* = v*(n, k,vg) depends a priori on the bounds @ on the geometry.

REMARK. We must observe that the second proof, even if more elegant and
avoiding the use of pseudo-bubbles, introduces constants that depend on some limit
domain. So for a better estimate of N, we have to use more involved arguments, as
for example the first proof.

REMARK. The geometric measure theoretic compactness arguments are to be

understood intrinsically, using the theory of sets of finite perimeter in manifolds as
done in [RR04]. For the general theory one can consult [JPPPO7].

3. Appendix. Proof of Theorem 3.

Proof. Fix a point p € M. Let D such that Ip;(v) = Area(0D) and V(D) = v,
V(r)=V(DN(M\B(p,r)), A(r) := Area((0D)N (M \ B(p,r))). The proof proceeds
exactly as in the Euclidean case but the constants involved depend on the injectivity

radius and lower bounds on the Ricci curvature. As is easily seen using standard
Riemannian comparison geometry techniques and Theorem 2.4,

(91) V(r) 0

as r — +oo, so the function V(r) is decreasing. By the coarea formula we have
V'(r) = —Area(D NOB(p,r)) for almost all . Fix a 6 > 0 in Lemma 2.3 and take
r large enough to have V(r) < vy where vy is obtained in Lemma 2.3. From (33)
applied to DN (M \ B(p,r)) we obtain

(92) [V'(r)| + A(r) > Area(D N
(93) = Area(0(D
(94) > Se(n)V (r) 7,

r)) + A(r)

9B(p,
rI(M\B(z% r)))

for almost all . By using the fact that D is an isoperimetric region, the first variation
formula for area with respect to volume yields

(95) [V'(r)| + CV (r) > A(r).

For almost all r large enough we have

(96) cvir) < <
in virtue of (91) and an application of Lemma 2.4 to
U=Dn(M\B(p,r)),

since the volume of U is small. Combining (91)-(96) we get for large r

(97) V()] > 5=
Assuming that D is unbounded implies that

(98) V(r) >0,
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for all r. Now, taking into account (96) we get

(99)

n—1

(n+1) (V) ™) = )V

C
S _17

which contradicts (98). O

[And92]
[BM82]
[CA92]
[CCo7]
[CC00a]
[CCO0D)]

[CROS]

[EM11]
[GR10]
[Heb00)]

[JPPPO7]

[Lio84]
[LRO3]
[MC95]
[MJOO]
[Mor94]
[Mor03]
[Mor09]
[Nar09a]
[Nar09b]
[Nar10]
[Nard13]
[Pet98]

[Rit01]

REFERENCES

M. T. ANDERSON, Hausdorff perturbations of ricci-flat manifolds and the splitting the-
orem, Duke Math. J., 68 (1992), pp. 67-82.

P. BERARD AND D. MEYER, Inégalité isopérimétriques et applications, Ann. Sci. Ecole
Norm. Sup., 15 (1982), pp. 313-341.

J. CHEEGER AND M. ANDERSON, C®-compactness for manifolds with ricci curvature and
injectivity radius bounded below, J. Differential Geom., 35 (1992), pp. 265-281.

J. CHEEGER AND T. H. COLDING, On the structure of spaces with ricci curvature bounded
below. 14, J. Differential Geom., 46 (1997), pp. 406-480.

J. CHEEGER AND T. H. COLDING, On the structure of spaces with ricci curvature bounded
below. i, J. Differential Geom., 54 (2000), pp. 13-35.

J. CHEEGER AND T. H. COLDING, On the structure of spaces with ricci curvature bounded
below. 4it, J. Differential Geom., 54 (2000), pp. 37-74.

A. CANETE AND M. RITORE, The isoperimetric problem in complete annuli of revolu-
tion with increasing gauss curvature, Proc. Royal Society Edinburgh, 138 (2008),
pp. 989-1003.

M. EICHMAIR AND J. METZGER, Large isoperimetric surfaces in asymptotically flat man-
ifolds, arXiv:1102.2999 [math.DG], 2011.

M. GALLI AND M. RITORE, Existence of isoperimetric regions in contact sub-riemannian
manifolds, arXiv 1011.0633, November 2010.

E. HEBEY, Non linear Analysis on Manifolds: Sobolev Spaces and Inequalities, volume 5
of Lectures notes. AMS-Courant Inst. Math. Sci., 2000.

M. MIRANDA JR., D. PALLARA, F. PARONETTO, AND M. PREUNKERT, Heat semigroup
and functions of bounded wvariation on Riemannian manifolds, J. reine angew.
Math., 613 (2007), pp. 99-119.

P. L. LioNs, The concentration compactness principle in the calculus of variations. the
locally compact case, part 1, Ann. IHP, 1 (1984), pp. 109-145.

G. P. LEONARDI AND S. RIGOT, Isoperimetric sets on Carnot groups, Houston J. Math.,
29 (2003), pp. 609-637.

P. MAHEUX AND L. S. COSTE, Analyse sur les boules d’un opérateur sous-elliptique,
Math. Ann., 303 (1995), pp. 713-740.

F. MORGAN AND D. L. JOHNSON, Some sharp isoperimetric theorems for Riemannian
manifolds, Indiana Univ. Math. J., 49 (2000), pp. 1017-1041.

F. MORGAN, Clusters minimizing area plus length of singular curves, Math. Ann., 299
(1994), pp. 697-714.

F. MORGAN, Regularity of isoperimetric hypersurfaces in Riemannian manifolds, Trans.
Amer. Math. Soc., 355 (2003).

F. MORGAN, Geometric Measure Theory: a Beginner’s Guide, Academic Press, fourth
edition, 2009.

S. NArRDULLI, The isoperimetric profile of a smooth riemannian manifold for small
volumes, Ann. Glob. Anal. Geom., 36 (2009), pp. 111-131.

S. NARDULLI, Regularity of solutions of isoperimetric problem close to smooth subman-
tfold, arXiv:0710.1849 (Submitted for publication), 2009.

S. NARDULLI, The isoperimetric profile of a noncompact Riemannian manifold for small
volumes, Calc. Var. Partial Differential Equations, 49 (2014), pp. 173-195.

S. NARDULLI, The isoperimetric profile function is continuous in bounded geometry,
preprint.

P. PETERSEN, Riemannian Geometry, volume 171 of Grad. Texts in Math., Springer
Verlag, 1998.

M. RITORE, The isoperimetric problem in complete surfaces with nonnegative curvature,
J. Geom. Anal., 11 (2001), pp. 509-517.



28 S. NARDULLI

[RRO4] M. RiTorE AND C. ROSALES, Ewistence and characterization of regions minimizing
perimeter under a volume constraint inside euclidean cones, Trans. Amer. Math.
Soc., 356 (2004), pp. 4601-4622.



