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A NEW PINCHING THEOREM FOR CLOSED HYPERSURFACES
WITH CONSTANT MEAN CURVATURE IN §7t1*

HONG-WEI XUt AND LING TIANT

Abstract. We investigate the generalized Chern conjecture, and prove that if M is a closed
hypersurface in S®*1 with constant scalar curvature and constant mean curvature, then there exists
an explicit positive constant C(n) depending only on n such that if |H| < C(n) and S > B(n, H),

3772 —
then S > B(n, H) + 22, where f(n, H) = n + 3-8 + g((:_f; V/n2HY + 4(n — 1)H2.
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1. Introduction. Let M™ be an n-dimensional closed hypersurface in the unit
sphere S™*! with constant scalar curvature and constant mean curvature. Denote by
H and S the mean curvature and the squared norm of the second fundamental form
of M, respectively. It follows from the Gauss equation that the scalar curvature of M
is given by R =n(n — 1) + n?H? - S.

A famous rigidity theorem due to Simons [15], Lawson [10] and Chern-do Carmo-
Kobayashi [8] says that if M is a closed minimal hypersurface in S™*! satisfying
S < n, then S = 0 and M is the great sphere S™, or S = n and M is the Clif-
ford torus S* (\/g) x gn—k (\ / "T’k) Afterward, Li-Li [11] improved Simons’ pinching
constant for n-dimensional closed minimal submanifolds in S™*? to max{ﬁ, %n}
Peng-Terng [13] proved that there exists a positive constant §(n) depending only on
n such that if n < S < n+ d§(n), then S = n. Later Yang-Cheng [25] improved
the pinching constant 6(n) to ¢. In 1993, S. P. Chang [2, 7] solved Chern’s conjec-
ture in dimension 3. For closed minimal hypersurfaces in S"*!, the scalar curvature
pinching phenomenon without the assumption of constant scalar curvature was also
investigated by several authors [5, 9, 14, 17, 23] etc.

More generally, we would like to propose the following

THE GENERALIZED CHERN CONJECTURE. For closed hypersurfaces in the unit
sphere S™1 with constant scalar curvature and constant mean curvature, the values
S of the squared norm of the second fundamental forms must be discrete.

Set a(n, H) = n+ Q(Sil)HQ - Z((Z:f)) V/n2H* + 4(n — 1)H2. In 1990, the first au-

thor [18] proved the generalized Simons-Lawson-Chern-do Carmo-Kobayashi theorem
for compact submanifolds with parallel mean curvature in a sphere.

THEOREM A. Let M be an n-dimensional oriented compact submanifold with par-

allel mean curvature in an (n + p)-dimensional unit sphere S*P. If S < Cy(n,p, H),

then M s either a totally umbilic sphere S”(ﬁ), a Clifford hypersurface in an
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(n+ 1)-sphere, or the Veronese surface in 54(\/141—T)' Here the constant C1(n,p, H)
is defined by

Oé(n;H)7 p:l, O?"p:2and1{?£07
Ci(n,p, H)=q 273’ p>2and H=0,
min{a(mH), ninfls +nH2}, p>3and H#0.

Consequently, we have the following

COROLLARY A (also see [1, 6]). Let M be an n-dimensional closed hypersurface
with constant mean curvature (H # 0) in S"™. If S < a(n, H), then M is either
a totally umbilical sphere S"(é), or a Clifford hypersurface S”fl( L ) X

V1+H? VI+AZ
Sl(\/ﬁ). Here A = m[nﬁﬂ + /n2H? + 4(n — 1)].
In [19], H. W. Xu improved the pinching constant C(n,p, H) in Theorem A to

a(n, H), p=1, orp=2and H # 0,
Ca(n,p, H) = min{a(n,H), %(Qn + 5nH2)}, otherwise.

In [3], S. P. Chang showed that any closed hypersurface in S* with constant
scalar curvature and constant mean curvature must be an isoparametric hypersurface.
Recently, Suh and Yang [16] improved Yang and Cheng’s pinching theorem for closed
minimal hypersurfaces, and proved the following

THEOREM B. Let M™ (n > 4) be an n-dimensional closed minimal hypersurface
with constant scalar curvature in S"tL. If S >n, then S >n + %n

In this paper, we extend the result of Suh and Yang to the case where M is a
closed hypersurface with constant scalar curvature and small constant mean curvature.

Putting 8(n, H) = n + 2’{;—]_{; + Z((Z:f)) \V/n2H* + 4(n — 1)H?2, we prove the following

MAIN THEOREM. Let M™ (n > 4) be an n-dimensional closed hypersurface in
S+l with constant scalar curvature and constant mean curvature. Then there exists
an explicit positive constant C(n) depending only on n, such that if |H| < C(n) and
S > pB(n,H), then S > B(n,H) + 37"

We have the following corollary immediately.

COROLLARY. Let M™ (n > 4) be an n-dimensional closed hypersurface in S™+!
with constant scalar curvature and constant mean curvature (H #0). If |H| < C(n)
and B(n,H) < S < B(n,H) + 37”, then S = f(n,H) and M is an isoparametric

hypersurface Sl(m) X S”‘l(ﬁ), where 1 = $[n|H| + /n?H? 4+ 4(n — 1)].

The following problem seems very interesting.

OPEN PROBLEM. For an n-dimensional closed hypersurface M in S™T1 with
constant scalar curvature R and constant mean curvature H (H # 0), set up =
/Z Ak (n—F)
nAltyn 211; Tak(n=k) Suppose that a(n, H) < S < (n,H). Can one prove that M
must be the isoparametric hypersurface Sk(\/li—ui) X Sn_k(\/ﬁ—ui)’ k=1,2,--- ,n—
1?
It should be mentioned that the scalar curvature pinching phenomenon for closed

constant mean curvature hypersurfaces in S™*! has been investigated in [4, 21, 22]
etc.
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2. Fundamental formulas. Throughout this paper let M"™ be an n-dimensional
closed hypersurface in S™*! with constant scalar curvature and constant mean cur-
vature. We shall make use of the following convention on the range of indices:

1<ABC,---<n+1, 1<ijk,---<n.

Choose a local orthonormal frame field {e4} in S™"T! such that, restricted to
M, {e;} are tangent to M. Let {wa} and {wap} be the dual frame field and the
connection 1-forms of S™*!, respectively. Restricting these forms to M, we have

n
Wnt1 =0, Wyt = E hijws,  hij = hyi.
=1

The second fundamental form of M can be written as h = Z?jzl hijwi@wjRent1.

Denote by H and S the mean curvature of M and the squared norm of &, respectively.
Then

n 1 n
P 2 P— ..
S=> hy H=-3% hi
i,j=1 i=1
For an arbitrary fixed point p € M, choose {e4} such that
n
H>0, hij=X\6; S=> A
i=1

Set

fri= N,

hijk = Vihig, hijr = ViVihig, hijrs = VsV Vihg.
The Gauss equation, Codazzi equation and Ricci formula can be written as

Rijii = 0irdji — 0adjr + hihji — hahji,
hijk = Rk

hijrt — hijie = Z(hijmikl + himRmjk),

m

hijkls - hijksl = Z(hmijmils + himkijls + hiijmkls);

m

where R;ji; is the curvature tensor of M. So the scalar curvature of M is given by
R=n(n—-1)+n?H% - S.
When H and S are constants, by a similar computation as in [13], we get

(2.1) > b =S(S—n)+n’H? —nHfs,
1,5,k
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(2.2) Z hijkk = (n — S)hij + (Z himhmj - (5ij)7’LH,
k m

Following [20], we have

(2.4) %Afgz( S)fs+nH(fs—S +22A ih3ns
2,75
(2.5) iﬂf4= (n—S8)fa+nH(fs — f3) + (2A+ B),

GOS0 = S) 3 +nH fs(f1— 8)+ 25 Y Ny
4,5,k
(2.6) +3) O Mhii)?,

where

A=>"Xhl, B= Z)\)\jh”k

1,5,k 5,k

By (2.1), (2.4) and the Laplacian of Y h?;, , we obtain the following

ijk>

> hi =(S —2n—3)(S* = nS +n’H* — nH fy)

i,7,k,l
3nH
- nT [(n—S)fs —nSH + nH f4]
(2.7) +3(A—2B) — 6nH > _ \hiy.

4,3,k

On the other hand, it follows from (2.3) that

Z Wi > Z Ui+ 1 Z ijij = hiiji)

i,7,k,l i,7,k,l 'L;éj
(2.8) =3 uly + (Sfs— f2 —25% +nS —n’H? 4+ 2nH f3),
i,7,k,l

where

1
Ujjkl i= Z(hijkl + Rkt + hiiig + hasjr)-
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3. Several lemmas. To prove our main result, we need several lemmas. From

now on, we take S = S — nH?2, Z” & hf]k = ¢52. Because of (2.1), it is easy to see
that
(3.1) e S —n nH[HS — (fs— HS)]
S 52
Put
fs— HS SQ—an3)2
= A2 — ——\; — -
/ 21:( ! S nS
(fs —HS)* 82
.2 = _——
(3 ) f4 g na

and \; = \,—H,i=1,--- ,n. At any point p € M, let \; = max;{\; }, Ao = min;{\;}.

LEMMA 1. Let M™ be an n-dimensional closed hypersurface in S™+! with constant
scalar curvature and constant mean curvature. Then at any point p € M, we have

M —X)?/- ~ SV
(3.3) f= W A2 + )
1— _
(3.4) A-B< T()\l Ao)?tS?,
1+ 2
. Mh)? < —/—15?

2

4 ’Il+2 Z )\h”k)2 =2
3.6 NhZy | <{z(A+2B) -+ £52,
(36) Zj: " { 32,; (n+2)8 +2nX?

where a7, 5 by =3, h%,; and a satisfies 0 < o < 1.

Proof. (3.3), (3.4) and (3.5) can be proved by using the same method as in [24].
We only need to prove (3.6). Consider equations

>_ij Pijkhij =0

> i Pirdi; =0,
where Piji = (A + Aj + Mo)hijre — (hijy® + hiey? + hjry®) — (8552 + Sip? + 6,2%).
This together with the fact that H and S are constants implies

23 N2hy — (202 + S)y* — 20\ +nH)zk =0
(2Ax + nH)y* + (2 +n)z* = 0.

We then have the following solution.

xk _ 2(2)\k +TlH) Zi )\zzhiik~,yk _ 2(7l+ 2) Zi )\?h”k _ _ 1, N
n(Ap, — H)24+ (n+2)S n(Ap, — H)?2 4+ (n+2)S
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By a similar argument as in [24], we get

O Aihi)? = %(Z Pyjkhiji)?

.5,k i,5,k
_9 E ij E h’z]k
3,5,k 0,5,k

(n+2)(3, >\2h”k)2}t§2.

4
(A+2B) — =
{ 3; (n+2)S + 2nA2

LEMMA 2. Let M™ be an n-dimensional closed hypersurface in S™+1 with constant
scalar curvature and constant mean curvature. Then

h—X)?. 82
(3.7) g5 -—.

Proof. Put fs = Zz 3 fa= > A4, Tt follows from (3.2) that

By the definitions of A\; and A2, we have

DA = M) (hi = h) <0

Then
f4 § (5\1 + 5\2)]?3 — 5\15\25’.
Thus
~2 5'2
f S()‘l +)‘2)f3 - = - )\1)\25— -
- o ,
S()\1"’)\2) a 15\2~7S_ ()\1 )\2) .,75_
4 n 4 n

LEMMA 3. Let M™ be an n-dimensional closed hypersurface in S™*! with constant
scalar curvature and constant mean curvature. Then

(3.8) /"(A—2B)dv:/ ) (Sf—kﬁ—kgl)d

where gy = H*(nf +t5?) — HtS(f3 — HS).
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Proof. Note that

Z Pimikhig hjm g

i,7,k,l,m
= Z (hlmzhw hjmhlk Z hlmz 'L]kh]mhlk
i,5,k,l,m i,7,k,l,m
Z himihigPjmi Rk
i,7,k,l,m
1
(3.9) =3 ; (f3)ihik)kx — 2B.

Since H and S are constants, we have

Z Pimik i hym g

i,7,k,l,m

= Z (hlmki + Z hrmerik + Z hl'r'R'r'mik)hijhjmhlk
i,7,k,l,m L

= Z (hlmkhzjh]mhlk Z hlmkhzﬂh]mhlk
i,5,k,l,m i,7,k,l,m

Z himkhijhimihie — Z ikl hjm Pk
i,7,k,l,m i,5,k,l,m
+nHfs+Sfs— 5 — f3
(3.10) =—A+nHfs+Sfs—S*— f2.

Putting X =3~ (Zl(fB)lhlk)ek; we get div(X) = Zk,l((f:%)lhlk)k- By (3.9), (3.10)
and the divergence theorem, we obtain

/ (A—2B)dv = / (Sfs— f2 +nHfs — S?)dv.

This together with (3.1) and the definitions of f and S implies (3.8).

4. Curvature estimates. The crucial point of the proof of Main Theorem is to
give a proper estimate of the RHS of (2.8).
We begin with an estimate of 3, . ufjkl. Define

HS S? —nHf: .
(41) f’Lj == thkhkj S ,L] — nS fs&,ij, 1,] = ]_’.. -,n,

which satisfy
th‘jfij =0, Z‘Sijfij =0, Z ZQJ =
1,7 1,5 ,J

Putting

1 —HS =2 tS%S
F::7A+§Sf+ %Ah”k tS*H) + ——,
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we have
(4.2) Z Wijkthij fri = F.
irji kol
3 3nH
(4.3) Z uijkihijk = =3 Z A2 hiah — Z Mhig = —=(f3)i(\ + nH),
0,4,k i

1 -
(4.4) Z UijrihijOr = —§t5'27 Zhijkfijhkl Z)\ hih = f3)l>\z

igkl ik
Set

Uikt :==wijir — o (hij frie + fijhir) + (Bihje + Bihik + Behuij + Bihijk)
(4.5) + Yhijhi + 0(hijOri + 0 i) + COij0nt-

For any a1, 8;,7,9,( € R, Zm’k,l Ufjkl > 0. Choose

1 [ 1 :
t Sf— 18tS2 Z (f: )2>\2 12t52 XJ: 33

2041+3
Bi = 8tS2(f3) ( 3 >\z+nH>a

2
Z i,k Alhijk

=—tH + ,
SQ
2
§=— Zi,j,kN)‘ihiij n t(S + ’IZIJQ)7
52 2n
C—szk)\zh”kHQ B gH

52

respectively. By the symmetry of Ui = Ukiij, Usjrr = Ujirg and (4.2)-(4.5), substi-
tuting these values into the inequality >, ikl Ufjkl > 0, we obtain

2

1 1 )
Z umkz “55F — 1 j(fg)?)\? [2F+ e %:(fg) (A7 +nH;)

i,k 1 9t52

S+ it

+—
4t52

+ % ZA hie — tHS?)? +
N

t2 5‘3
2n
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Noting the definition of F', we have

1 1 912
Z u”kz _Q[Sf— 18,552 Z 7 )2)\2} {[Sf— mzj:(ﬁ)j)\]}

i,7,k,l

(:}3 lis &2 2t§2s
- ~ - H -
|: 2A + S Ej . i hUk tHS ) + "

2 2
T g zj:(m] 7 6t 52 Z(fs) H

N 1
4¢52

Z(f3) (\j +nH)?

5 Z A2y — tHS?)? +

283
2n
N

> —2A+ = Sf+—ZAhUk tHS?)?

i,J,k
—H ~ t t
M (> XihZy, —tHS?) + 5 —@28+ 25)
0,5,k
1 2 2 2
tos Z(fg)j [7A2 +9(\; + nH)? + 6nH),]

=24+ Sf+— (O Nihiy — tHS?)?

.7,k
2(fs — HS) 2oy, 152 tS
Z Ny, — tHS?) + —(25+ )
.7,k
4.6 + = 4\; +3nH
(1.6 —= Z]:(fs) i 2.
It follows from (2.7), (2.8), (4.6) and S = S + nH? that
2 4 S 45
i5 {53 Tn— g AE3ES S} (54— 6B)
2 n
HS
>25f 5 Z Aihd)? Z XibZ
0,4,k 0,4,k
4.7 + = 4X; + 3nH)" + §o,
(4.7) g LU 2+ g
where

Go = ((6n —2t) Y Nihiy —2t5(fs — HS)) H

.3,k

4 .
(2 f+32f+t52 5n2 tSQ)HQ
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From (3.1) and (4.7), we have

. [ AR UL LR

n n g

and
tS2{S —2n—(5— t)%} + (54— 6B) — 2S¢
HS
Z"_(Z )\zh”k) + (f3 Z by h”k

7,k igk
(4.8) 36252 Z(fs) (4X; + 3nH)? + go,
where

( (3n—1) S AhZy — 10+3" ~(f3HS)>H

1,5,k

4 i
+ ( +23nnf +(G-n+ t)tS2)H2.

Now we estimate the right hand side of (4.8). We first consider the following
integral equality.

B 1 1+co (I4+co)(1+c2)H
o= [ {Gon- e SRl oL

/ncl{(AZB)<§f+§+g1>}.

Using (2.4), (2.5), (2.6) and (3.8), we see that there is a point pg € M such that at
po, for any ¢y > 0 and u > 0,

(1- cQu% —(2—c1)ud — (14 2¢)uB + (t — c)uSf

2u(co + 1)

== (s HS) Y Nihijy + cout(fs — HS)?
1,5,k
(co+1)
(4.9) BTN ()2 + g
35 &
where

93 = — %—Ij{SQH[(S +nH?)? —t5%(c; — 1)] + nHSfE
+ S[ = S[-2(S + nH?) + t(S + &)] + (2 + co)nf] (fs — HS)

—nHS(fs — HS)* +25(1 + co)(nH” — ¢25) > \ihi
N

ijk

—n(S%fs — (fs — HS)B)},

€ =nH*(1+co) — S(c1 + (1 + co)ea).
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Adding (4.9) to (4.8), we obtain

tgz{gzn 5-t-(1 cl)u]g} Y5 (2—e)ulA

—[6+(1+201) ]Bf[Qf(tfcl) 1Sf

2(fs — HS)
Z AihZi)? Z AihZi[1 = (co + 1)u] + cout(fs — HS)?
3,5,k 3,5,k
2 (4)\ + 37?,H)2 (C() + ].)
JrZ(fS)]{ j36t§2 - 33 + 92+ g3

Z Nh2y) { [1- (Zz:; 1)U]2}

i,5,k

+cout{(f3 ) et ey, hmk}

coutS
0 1,5,k

o[ (4X; + 3nH)? ~ufeo + )}
J’_zj:(f?))j{ 36152 Y +9g2+9s3

1 [ co + ]. — ].
=352 (Z Z]k}) { Cout }

+Z(f3)j{(4)\ 3;;;7211‘1) (CO+ )} + g2 + gs.

Setting 3 = LeotDu1}? t, we choose ¢g, u such that § > 0. By (3.6), the inequality

Ccou
above becomes

t§2{5~'—2n— b—t—(1 —cl)u]g} +[5—-(2—c)uld
—[6+(1+201) |B—[2— (t—c1)u]Sf

> 2 (S k2 LA
t52 Z )’ Z { 36152 35 g2

(n+2)(f2);
> — ﬂ{ (A+2B) 27Z—n+2)5+2n)\2}

+Z(f3)2{ (4)\; + 3nH)? - u(co +1)

- — 44 o+ gs.
36152 35 } 927193
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Hence we have

t§2{§—2n— [5—t—(1—cl)u]§} +{5—(2—cl)u+§}A

- {6—|— (14 2¢1)u — ?}B —[2—=(t—c)ulSf

(n+2)p (4X; +3nH)?  u(co+1)
—Z f3)3 {27'( + - }

n+2)S + 2nX2 36152 38
+m+%
=§}hﬁ5§ Wﬁ%ﬁ~_%Q§_M%TU}
r (n+2)S+2n)3  9tS? 35
(4.10) + 92+ 94
(4.11) 29—15, Z(f:s)?{‘l 2(n3;t2)ﬂ - 2(71; 2 3u(co + 1)} + g2 + 94,

where

4+ 3n 9 3

5. Proof of the main theorem. Making use of the lemmas and estimates
above, we shall prove our main theorem. We first show ¢ > 1 . Suppose that t € [9, 4)

(n+2)8 B
From (4.10) and (nr2)5 1202 > Tyl we obtain

t§2{§—2n— 5—t—(1 —cl)u]g} - {5— (2 —c1)u+ g}A

- {6+ (1+2¢1)u — ?}B 2 — (t —c1)ulSf

B 4N U(C(>+1)}
> + L =t et
Z fs) {27 ) T TR T o
1 82
> 28 /= —=-3 1 .
298 zj:(ffs)J{ 6 1 u(co + )}+g2+g4
. {12 (co+1)—1}2
Taking v = 13 and B = 14 in the inequality above, we get 14 = _ST —t and
3
13 S 13 14
—m—[p—t— —(1—¢)]2 p— — A
{ n ] R L (LRI

{6+ (1+2¢;) — 2—38}3 {2 13—3(1501)}§f

1 7 2
522)\2 iij { \/—t—g—13(co+1)}+92+g4-
3j i

Set

13 72
20 =8/~ —Z_1 1).
3 01(t) =8y/5p =7~ 1Bl t 1)
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dGl(

Because @2 0 for 1 t<t<i 6,(t) >06:,(5) > —2. It follows from (3.5) and t < 1

that

(= 13 2.8

13 26 13 13 .
> = (L4 za)A+ (1+ Fa)B+ 2+ o 451+ )5 + g2+
13 26 13 13 o
(1+§C1)A+(1—}—?01)3—%(2—1—?01—% 1+§ ) f+92+94
13 26 7 13 .
——(1+§C1)A+(1—}—?01)3—1-(1—04-?(01 10))Sf+92+g4

Taking ¢; = §; in above inequality, we see ¢; € [0, 10] from the definition of a. By

(3.3), (3.4) and A+ 2B = %Zm’k()\i +Aj + M)?hi, > 0, we have

(- 2 13 .S
2
) —_Z_ 2T
tS{S n+ (t 3 300‘)n}
26
(1+@a)A+(1+%a)B+ Sf+92+g4
13 13 .
14+ —a-=)(A-B - 2(A+2B)+ —S
(+30a 3)( )+30 3( + )+10 f+92+04
26
26 1—a « < 9z TaA—=X)% < S
> (1+= M= A)2tS% 4 =82 (N, + = .
> (+45a) 3 (A1 —A2) S+1O STEST (12+n) + 92+ 94

PEEDY

By 215\1 =0 and 25\2 = S, we get Mo < 0 and Qu=A)? > 1. Since —(1 +
Ba)l-a)=B(a—1)(a+2) >-1(0<a<1), we have

2 _2 18,8
tS{S 2n + (t 3 SO)n}

S.\2
(A2+)\272)\1)\2)t52+ S(/\IAQ —) +92+ 94

=73
> - %(S+2x5)t52+ 53(E—z) +92+ 0 (z:i?Q)
:—%5‘(1+i)+§5‘3[(x—%)2—(x—%)t]+gg+g4

(5.1) > %t5’3(1 + %) - %t2§3 +92 + ga.

On the other hand,

25 S22 BOSY _efs _2)5
tS{S 2n+ (t 3 30a)n}§t5’{5 2n + (t 3)n}

This implies

+

3| U

o[ = 2 1 2, - -
tSQ{S—2n+(t—§) g(1+5)S+ tS}2g2+g4.

| =
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It follows from (3.1) that

(5.2) n=_5(1—-t)+ % .
Hence
tS’Q{S’[l—2(1—t)+(t—§)%+%(1+2)+%ﬂ
) nH[HS—(fs—HS)]}
S
5 {5((2+ Dy 3) S (A IO 5
n 3
ie.,
13 1 2 + H[HS — (fs — HS
(F E)t_5292t§3g4+2n [ S(Qfg )]

Using (1—65 + l)ﬁ—% < (1—65 + %)t— % = %(t— 2%), we obtain

S 8 +12{924~r94+2nH[H5(f3HS)]}'
tS3 52

Therefore, there exists a positive constant Cj(n) depending only on n such that
if |[H| < C1(n), then

g2 -|:94 +QTLH[HS _~(f3 — HS)] < 1
53 52 16
and t > ;. This contradicts with ¢ € [$, 7). So we have ¢ > § when |H| < Ci(n).
Secondly we prove that t > 13—0 + &(n), where

0.0026, 1n>6:
c(m) = ] 0:0008, n=6;
=9 0.0016, n=5;
0.0023, n=4.

Suppose that ¢ € [1, & +£(n)]. In (4.11), take u = &L, ¢y = = and let

2
572u+01u+§ =6+ u+2ciu— ?ﬂ
This together with the definition of 5 gives § = % —tand ¢ = —% — %t.

Thus (4.11) can be written as

t§2{§2n (g 2t)§}

n

_ 9
Z*(%*%)(A*B)Jr(%*%)Ser Qg) Z(Z)\?hiij)2+gz+g4,
J

%
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where

2(n+2) 54 2(n+2) 69
= 4 -_— - — T .
b2(t) \/ 3nt ( 5 t) nt 5
It is easy to see that %t(t) < 0, for }1 < t < 0.3026. Hence 05(t) is decreasing for

t € [4,0.3026]. We consider the following?cases.
Case(a) n > 6. Since 65(t) < 62(%) < 0 holds for n > 6, by (3.5), we have

t§2{§2n (g 2t)§}

n
> (£~ F)A=B)+ (a(t) ~ ba(0)a)t5F + 92 + g,
where
as(t) = ’53% + %eg(t), ba(t) = —geg(t).

When a3(0.3026) — b2(0.3026)ac > 0, from the monotonicity of 6(t) for t €
[£,0.3026], we see that as(t) — ba(t)or > a2(0.3026) — b2(0.3026)a > 0. Using (3.3),

(34) and z = —5‘1—3‘2 € [0, 3] as in (5.1), we have
6 S
S—2on—(=-2t)2
" <5 )n

7 4t.1 — o -~ T \9 B o (5\1—5\2)2 5\15\2 l 2
2= (57 3) 5 i)+ (@) —bae) 5 ( 3 +n) °
g2 + g4
52
> — (1—75 - %)(1 —a)(1+22)S + (az(t) — ba(t)a) (1 + 29:)(% —z)°8
g2 + g4
tS2
=(p(x,n) + 5(x,n)oz)g + 92;5:294,
where
p(z,n):7(1—75f%)(1+2z)+a2(t)(1+2x)(%fZ)Q’
7T 4 1 2
() = (1= - g)(uzx) ~ha()(1+20) (-~ — )’

By the monotonicity of p(z,n) and d(z,n) (see [16]), we get

0(x,n) > min {6(0,71),5(%,71)} >0,

p(z,n) + (g - 2t)% > min {p(:c, n)+ (= — 2t)l} = —0.3943.

t=0.3026
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So

S—on> 03943S+gﬁf4

It follows from (5.2) that

(5.3) ¢ > 03008 4 2194 nHIHS — (fs — HS)]

2t53 52

When a,(0.3026) — b5(0.3026)a < 0, i.e., $2§5050 < o < 1, it follows from (3.4),

(3.7) and as(t) — ba(t)ar > a2(0.3026) — b2(0.3026)cx that

t§2{§—2n— (g —2t)§}

n
7T 4t < s -
M—XA)?2 S,
+ (a2(0.3026) — b2(0.3026)c) [(1% — E}t52 + g2 + ga.
Noting that (5\1 — 5\2)2 <28, we get
- 6 S
— 2 — (= —2t)=
S n (5 t)n
7 4t n—2 7 4t n—2 ~
> —9(— — = 302 2(— — =) — —Z15(0.302
_{ (15 9)+ 5 a2(0.3026) + [ (15 9) 5 b2(0.30 6)]a}5
Jr924594
52

Since b2(0.3026) < 0.7821 and the assumption of ¢ < 0.3026, we have 2(% — %) —
1-21,(0.3026) > 0. Using o > 92L0-3020) "y ohtain

b2(0.3026) ’
. 6 S 7 At a2(0.3026), = g2+ g4
S—on—(=—20)0=>-2(——-)[1— S _ 2
n= (525 2 2p gl b2(0.3026)] 152
By a direct computation, one see that % > 0.6348. Then
- 6 S 7T 4t g2+ g4
S—2n—(=—2t)— > —2———03652S
n-(-2n =25 g) T g
0.7303 ~  2.9215
5.4 =— S —
( ) 15 9 n +g5a

where

_eto 2.9215nH[HS — (f3 — HS)]
52 95 :

For ¢ € [+,0.3026], we have (£ — 2t) > 0. It is seen from (5.4) that

~ 0.7303 ~  2.9215
S—2 - S — .
n > 15 9 n—+gs
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Therefore, using (5.2), we get

(5.5) ¢ > 03934+ MHHS *S(Qf:‘ mEcL)) 0'5956895.

From (5.3) and (5.5), we see that there is a positive constant Cz(n) (n > 6) such
that if |[H| < C(n), then

92494 nH[HS _~(f3 — HS)] < 0.0002,
253 32
and
H[HS — (f3 — H .
[HS 5(33 )] | 059685 | _ 0.0908,

which imply ¢ > 0.3026. This makes a contradiction. Hence we have ¢ > 0.3026 when
|H| < Ca(n) (n > 6).

Case(b) 4 <n < 6. We take u = %, ¢y = 8=¥122L ip (4.11), and get

25 on_ (1 _,p58
(5 {s o — (15— 21) }

n
13 4t 8 Ot .. 0s(t)
> (-3 A-B+(5-3)5/+ Z zj:(zi:)\ghiij)2+g2+g4,

where

2(n+2) 111 2(n+2 393 — 3v1221
93(t)4\/¥(—t) ( ) _ .
3nt 10 nt 20

One can see that f3(t) is decreasing for ¢ € [1,0.3023] and 63(¢) < 65(3) < 0 holds
for 4 <n < 6. It follows from (3.5) that

wofa o (1 S
(5 {s o — (15— 21) }

n

> (10— S) (A= B)+ (ast) ~ bs(1)a)1SF + 92 + g
where
8 9 1 2
a3(t) = a - 5 + §93(t), b3(t) = 7§93(t).

For 4 <n <6 and § <t <0.3061, we have as(t) > bs(t) > 0. Thus as(t) — bs(t)a >
as(t) — b3(t) > 0. By (3.3) and (3.4), we repeat the computational procedure in
Case(a) for n € {4,5,6}, respectively. From the assumption of ¢ < 1% + &(n), we
obtain

- 4 -
S —2n > —(1—0 —2¢'(n))S + thJS;%

?
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where
0.0009, n=6;
g'(n) = ¢ 0.0017, n=5;
0.0025, n=4.
It follows from (5.2) that
3 92+94  nH[HS — (fs - HS)]
t> — =
10+€()+ T + %

Then there exists a positive constant Ca(n) (n=4,5,6) such that ¢ > = + £(n) when
|H| < Cs(n). This is a contradiction. Hence we have ¢t > 2 4 ¢(n) for n = 4,5,6.
It is known in [12] that

) L BV S S

n(n —1)
So
~ nH?
> - —
S_na—|—2(n 1)0((71 2)%0 +2(n — 1))
n—2H 22 H? 4 4(H?>+1)(n—1)
nfl o
> 2 _n(n— 2772 —
>no +nH <2(n—1) 1> n—l \/nH +4(n-1),
Wherea—ﬁ,and1<a<2for0<t<— Then
2 2 n’
— H H — H H|——-1
S Bl H) >nH? = o, 1) 4 no it (5051
- 2)H
,M\/n2H2+4(n71)
n—1
3772 2
nH? o HT 2 "7
=nH"—n Q(n_1)+na+nH (2(71—1) 1>
3n(n—2)H
- H2+4(n—-1
=n(oc —1) — %72)\/712H2+4(n1)

If H <2 andt> 2 +¢(n), we have

nt  3(n—2)n2 3n  100n 3(n—2)n?
— H — H>"" 4+ _ o 4
S — B(n, )>17t — > 7—|— 19 e(n)

H.

n—1

Set C(n) = min{Cl(n),Cg(n),%,%e(n)} and assume |H| < C(n). We
conclude that if S > fB(n,H), then S > B(n,H) + %n This completes the proof
of our main theorem.
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