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Abstract. Motivated by the study of Weyl structures on conformal manifolds admitting parallel
weightless forms, we define the notion of conformal product of conformal structures and study its
basic properties. We obtain a classification of Weyl manifolds carrying parallel forms, and we use it to
investigate the holonomy of the adapted Weyl connection on conformal products. As an application
we describe a new class of Einstein-Weyl manifolds of dimension 4.
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1. Introduction. A conformal structure on a smooth manifold M is an equiv-
alence class ¢ of Riemannian metrics modulo conformal rescalings, or, equivalently, a
positive definite symmetric bilinear tensor with values in the square of the weight bun-
dle L of M. In contrast to the Riemannian situation, there is no canonical connection
on a conformal manifold. Instead of the Levi-Civita connection, one can nevertheless
consider the affine space of torsion-free connections preserving the conformal struc-
ture, called Weyl structures.

The fundamental theorem of conformal geometry states that this space is in one-
to-one correspondence with the space of connections on the weight bundle L, and is
thus modeled on the vector space of smooth 1-forms. It is worth noting that not every
Weyl structure is (locally) the Levi-Civita connection of a Riemannian metric in the
conformal class. This actually happens if and only if the corresponding connection on
L has vanishing curvature, in which case the Weyl structure is called closed. Every
conformal problem involving closed Weyl structures is locally of Riemannian nature,
so we will be mainly concerned with the case of non-closed Weyl structures.

Spin conformal manifolds with Weyl structures D carrying parallel spinors have
been studied in [10]. The basic idea, which allows the reduction of the problem to
the Riemannian case, is that the curvature tensor of a non-closed Weyl structure
is no longer symmetric by pairs. This fact eventually shows that the spin holonomy
representation of a non-closed Weyl structure has no fixed points, except in dimension
4, where genuine local examples do actually exist.

We consider here the analogous question for exterior forms: Characterize (locally)
those conformal manifolds (M, ¢) which carry an exterior form w parallel with respect
to some Weyl structure D. If D is closed, it is (locally) the Levi-Civita connection of
some metric g € ¢ and D-parallel forms correspond to fixed points of the Riemannian
holonomy representation on the exterior bundle. By the de Rham theorem, and the
fact that the space of fixed points of a tensor product representation is just the tensor
product of the corresponding spaces of each factor, one may assume that the holonomy
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acts irreducibly on TM. In this case, the Berger-Simons theorem provides the list of
possible holonomy groups, so the problem reduces to an algebraic (although far from
being trivial) computation.

Back to the conformal setting, we remark that we can restrict ourselves to the
case of weightless forms since otherwise the Weyl structure would be automatically
closed. By choosing a Riemannian metric g € ¢, the equation Dw = 0 becomes

(1) Viw=0AX1w—-X"N0 1w VXeTM,

where V9 is the Levi-Civita covariant derivative of g and # is the connection form of
D in the trivialization of L determined by g. Exterior forms satisfying (1) are called
locally conformal parallel forms in [5] and are shown to define, under some further
conditions, harmonic sections of the corresponding sphere bundles.

We start by remarking that a nowhere vanishing exterior p-form w (0 < p <
dim(M)) can not be parallel with respect to more than one Weyl structure. In fact w
defines a unique “minimal” Weyl structure D“ which is the only possible candidate for
having Dw = 0. We next apply the Merkulov-Schwachhoéfer classification of torsion-
free connections with irreducible holonomy [9] to the Weyl structure D¥. A quick
analysis of their tables shows that the possible (non-generic) holonomy groups of
irreducible Weyl structures are all compact (except in dimension 4, where the solutions
to our problem turn out to correspond to Hermitian structures — see Lemma 5.7).
But, of course, a Weyl structure with compact (reduced) holonomy is closed since
its holonomy bundle defines (local) Riemannian metrics which are tautologically D-
parallel.

It remains to study the reducible case, which, unlike in the Riemannian situation,
is more involved. First of all, we extend the de Rham theorem to the conformal
setting. To do this, we need to define the notion of conformal products. Indeed,
in contrast to Riemannian geometry, there is no canonical conformal structure on a
product M7 x Ms of two conformal manifolds (M7, ¢1) and (M2, ¢2) induced by the
two conformal structures alone. The algebraic reason is, of course, that the group
CO(n1) x CO(n2) C GL(n; + ng,R) is not included in CO(ny + ns).

On the other hand, a property characterizing the Riemannian product (M, g) of
two Riemannian manifolds (M1, ¢1) and (Ma, g2) is the existence of two complemen-
tary orthogonal Riemannian submersions p; : (M,g) — (M;, g;) (here, complementary
means that TM is the direct sum of the kernels of dp; and orthogonal means that
these kernels are orthogonal at each point). Generalizing this to conformal geometry,
a conformal structure on the manifold M := M7 x M5 is said to be a conformal product
of (M1, c1) and (Ma, co) if the canonical submersions p; : M — M; and py : M — My
are orthogonal conformal submersions.

In Section 4 we show that every conformal product carries a unique adapted
reducible Weyl structure D preserving the two factors, and conversely, every reducible
Weyl structure induces a local conformal product structure.

The similarities with the Riemannian case stop here, however, since the factors of
a conformal product do not carry canonical Weyl structures (in fact the restrictions of
the adapted Weyl structure D to each slice {1} X My or M7 x {x2} of the conformal
product My x My depends on x1 and z3), so it is not possible to interpret the space
of D-parallel forms on M7 x Ms in terms of the two factors.

On the other hand, the lack of symmetry of the curvature tensor of D mentioned
above, allows us to show (in Section 5) that every parallel form on a conformal product
with non-closed adapted Weyl structure is of pure type and eventually has to be the
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weightless volume form of one of the factors, exception made of the 2-dimensional con-
formal products and of some conformal products of dimension 4 (which are described
in detail in Section 6).

As an application, we present an explicit construction of new families of Einstein-
Weyl structures in dimension 4, using conformal products of surfaces by means of
solutions of a non-linear equation of Toda type, among which a special class consists of
bi-harmonic functions. These reduce to the well-known examples of hyper-Hermitian
surfaces constructed by Joyce [7] in the particular case where the bi-harmonic function
is the real part of a holomorphic function on C2, examples that fully cover the cases of
conformal multi-products in dimension larger than 2, i.e., of a Weyl structure leaving
invariant more than one pair of orthogonal proper subspaces.

Note that the conformal product Ansatz already occurred (although without being
named) in the study of 3-dimensional Einstein-Weyl structures [4]. The Einstein-Weyl
structure on this conformal product is, however, different from the adapted one.

A similar question about holonomy on n-dimensional conformal manifolds (M, c)
was studied by S. Armstrong in [1]. He considers the holonomy of the canonical Cartan
connection, which is not an affine connection on TM but a (uniquely defined) linear
connection on an n + 2-rank vector bundle of Lorentzian signature, and classifies the
occurring holonomy groups. A decomposition theorem is also given in this context,
if the Cartan connection leaves a k-dimensional subspace invariant, for 2 < k < n:
Summarized in the terms of our present paper, (M, ¢) turns out to be, in this case, a
closed conformal product with Einstein factors (plus some relation between the scalar
curvatures).

We see therefore that despite the obvious geometric particularity of a general
conformal product structure, no restriction on the holonomy of the Cartan connection
(also called conformal holonomy) is implied. This fact brings us to the first of the
following open questions about conformal products:

1. Is there any invariant characterization of the underlying conformal structure
of a conformal product?

2. Can the multiple conformal products (i.e., admitting more than one pair of
orthogonal conformal submersions) be characterized geometrically?

3. Which are the possible reduced holonomies of a Weyl structure?

On the other hand, as the results of [4] and Section 6 suggest, the conformal
product Ansatz is expected to have further applications.

2. Preliminaries. Let M™ be a manifold and let P denote the principal bundle
of frames. The weight bundle of M is the real line bundle L associated to P via
the representation | det |'/™ of GL(n,R). More generally one can define the k-weight
bundle L* for every k € R, associated to P via the representation | det [¥/™. Obviously
Lk @ [P = [F*P and L= = |A"(T*M)| = 6 M, which is the bundle of densities on
M, a trivial line bundle (associated to P via the representation |det |~1) even if M is
not orientable. Positive densities are geometrically meaningful as “absolute values” of
volume forms and positive global densities induce Lebesgue-like measures on M (like
the well-known Riemannian volume element of a Riemannian manifold).

As the weight bundles are powers of §M, the notion of positivity is still well-
defined; more precisely, a section of L* is positive if it takes values in P x | det [*/n RT C
L¥. A weighted tensor on M is a section of TM®* @ T*M®® @ LF for some a,b € N
and k € R. Its weight is by definition the real number a — b + k.

DEFINITION 2.1. A conformal structure on M is a symmetric positive definite
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bilinear form c on TM ® L™, or, equivalently, a symmetric positive definite bilinear
form on TM with values in L?.

A conformal structure on M can also be seen as a reduction P(CO,,) of P to the
conformal group CO,, 2 RT x O,, C GL(n, R).

We denote by AfM := A*M ® LF the bundle of weightless exterior forms of
degree k. The conformal structure defines an isomorphism between weightless vectors
and 1-forms: TM @ L~ = A}M. The scalar product ¢ on A'M ® L induces a scalar
product, also denoted by ¢, on the bundles ASM . Moreover, the exterior product maps
AEM @AY FM onto A M = R, thus defining the Hodge operator * : ASM — AL %M
by

(2) wAo =c(w,o), Vw,o € AfM.

There is a one-to-one correspondence between positive sections [ of L and Rie-
mannian metrics on M, given by the formula

(3) co(X,Y)=g(X,Y)?, VX, YeTM.

DEFINITION 2.2. A Weyl structure on a conformal manifold is a torsion-free
connection on P(CO,,).

By (2), the Hodge operator is parallel with respect to every Weyl structure.

THEOREM 2.3. (Fundamental theorem of Weyl geometry) There is a one-to-one
correspondence between Weyl structures and covariant derivatives on L.

Proof. Every connection on P induces a covariant derivative D on T'M and on L.
The connection is a Weyl structure if and only if D satisfies DxY — Dy X = [X,Y]
and Dxc = 0 for all vector fields X, Y on M. Like in the Riemannian situation,
these two relations are equivalent to the Koszul formula

) 2¢(DxY,Z) =Dx(c(Y,Z)) + Dy (c(X, Z)) — Dz(c¢(X,Y))
+c([X, Y], Z2) + c([Z, X],Y) + c([2,Y], X),

for all vector fields X, Y, Z on M. We thus see that every covariant derivative D on
L induces by the formula above a covariant derivative on T'M, and thus on P, which
is clearly torsion-free and satisfies Dc = 0. O

A Weyl structure D is called closed (resp. ezact) if L carries a local (resp. global)
D-parallel section. As Riemannian metrics in the conformal class ¢ correspond to
positive sections of L, it follows immediately that D is closed (resp. exact) if and only
if D is locally (resp. globally) the Levi-Civita connection of a metric g € c.

If D and D’ are covariant derivatives on L, their difference is determined by a
1-form 7: Dxl— D1 = 7(X)l for all X € TM and sections [ of L. From (4) we easily
obtain

DxY — D5Y = 7(X)Y + 7(Y)X — (X, Y)T,

for all vector fields X,Y. Here we note that the last term on the right hand side,
which is a section of L? @ A'M, is identified with a vector field using the conformal
structure.
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For every X € TM we define the endomorphism 7x on TM and on L by
(5) xY)=1(X)Y +7(Y)X — (X, Y)T, 7x (1) == 7(X)I,

and extend it as a derivation to all weighted tensor bundles (in particular 7x is the
scalar multiplication by k7(X) on LF). We then have

on all weighted bundles.

Consider now a metric g in the conformal class ¢, or equivalently, a positive section
[ of L trivializing L. Let D be a Weyl structure on (M, c) and let § € Q'(M,R) be
the connection form of D on L with respect to the gauge [:

(7) Dxl=0(X)l, VXeTM.

The 1-form 6 is called the Lee form of D with respect to g. The curvature of D on L
is the two-form F := df called the Faraday form.

Let RP denote the curvature tensor of a Weyl structure D, defined as usual for
vector fields X, Y and Z by R)%YZ = [Dx,Dy]Z — Dix y)Z. We also view RP asa
section of T*M®* @ L? by the formula RP(X,Y,Z,T) = c(R)%YZ7 T). In contrast to
the Riemannian case, R” is not symmetric by pairs, and a straightforward calculation
shows that the symmetry failure is measured by the Faraday form F of D:

o RP(XY,ZT)=RP(Z,T,X,Y) = (F(X)AY = F(Y)AX)(Z,T)
® +F(X,Y)e(Z,T) - F(Z,T)e(X,Y),

where, for a (weighted) endomorphism A € End(TM) ® L*, and vectors X,Y, Z, T
(AX) AYV(Z,T) = o(ACX), Z)e(Y, T) — e(A(X), T)e(Y, 2).

3. Conformal submersions. If (M™, ¢) and (N",¢) are conformal manifolds,
a conformal map is a smooth map f : M — N such that

df | (kerap)+ + (kerdf)* — df (TuM) C Tyo)N

is a conformal isomorphism for every x € M. A conformal map which is a submersion
is called a conformal submersion.

LEMMA 3.1. Let (M™,c) be a conformal manifold and let p : M — N be a
submersion onto a manifold N™. Then the pull-back of the weight bundle of N is
canonically isomorphic to the weight bundle of M.

Proof. Let L' and L denote the weight bundles of N and M respectively. We
decompose TM = ker dp® (ker dp)~ into the vertical and horizontal distributions. We
will show that p*(L’)~™ is canonically isomorphic to L™". Every element (I')~™ of the
fiber of (L')™™ ~ §N at y € N can be represented by the density (I')™™ := |e1 A... A&y,
where {g;} is some basis of T*N,. For every x € p~!(y) we then associate to the
element p*(I'), ™ the conformal norm of (p*e1)s A ... A (p*en)s, which is an element
of L™ Tt is straightforward to check that this isomorphism does not depend on the
choice of the basis. O

REMARK 3.2. This result only holds for n > 1 since we need at least one non-
vanishing 1-form in order to produce a weight on N.
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LEMMA 3.3. Letp: M — N be a submersion with connected fibers from a confor-
mal manifold (M™, c) onto a manifold N™. Assume that the horizontal distribution
H := (kerdf)=* is parallel with respect to some Weyl structure D. Then the pull-back
to M of every covariant weighted tensor on N is D-parallel in the vertical directions.

Conversely, a covariant weighted tensor on M which is horizontal and D-parallel
in the vertical directions, is the pull-back of a covariant weighted tensor on N.

Proof. We first show that Dy (p*w) = 0 for all 1-forms w on N. If W is a vertical
vector field, Dy W is again vertical, so 0 = p*w(DyW) = (Dy(p*w))(W). Next, if
X is another vector field on N and X denotes its horizontal lift, p*w(X) is constant
on each fiber of p, so 0 = V.(p*w(X)) = (Dv (p*w))(X) + (p*w)(Dy X). On the other
hand Dy X = D3V + [V, X] vanishes (because DV and [V, X] are vertical, and
Dy X is horizontal), so finally Dy (p*w) = 0.

Lemma 3.1 shows that the pull-back of the weight bundle L’ of N is isomorphic
to the weight bundle L of M. Moreover, the calculation above shows that

(9) Dy (p*l') =0

for every section I’ of L’ and vertical vector field V' € kerdf. Since the 1-forms and
the sections of L’ generate the whole algebra of covariant weighted tensors on N, this
proves the first part of the lemma.

For the converse part, we first show that a section [ of L which is parallel in
vertical directions is the pull-back of a section of L’ — N. Indeed, if we take any
global nowhere vanishing section I’ of L’, one can write [ = fp*l’ for some function f
which by (9) is constant in vertical directions, i.e. f is the pull-back of some function
f"on N, so finally | = p*(f'l").

Let now Q : TM®F — L" be a covariant weighted tensor field on M such that
Q(X4,..., X)) = 0 whenever one of the X; is vertical, and which is D-parallel in the
vertical directions. For every y € N and = € p~!(y) C M we define

(10) Qy(Y1,..., Vi) == Qu(Y1,...,V2),

where Yi,...,Y, € T,N are arbitrary vectors, and 571, . ,f/k € T, M are their hor-
izontal lifts. This definition makes sense thanks to the identification of p*L’ ~ L of
Lemma 3.1. In order to show that it is independent of the choice of z € p~1(y), we
need to check that the right hand side is a weight which is D-parallel in vertical di-
rections. This follows from the relations Dy Y; = 0, proved above, and the hypothesis
Dy@=0.0

COROLLARY 3.4. Under the hypothesis of the previous lemma, there exists a
unique conformal structure on N turning p into a conformal submersion.

Proof. Let c¢; denote the restriction of the conformal structure on M to the
horizontal distribution. Since the horizontal distribution is D-parallel, the same holds
for c¢;. Lemma 3.3 thus shows that c; is the pull-back of some weighted tensor ¢’ on
N, which is clearly a conformal structure on N. O

REMARK 3.5. We can extend now the result of the Lemma 3.3 to any weighted
tensor on NN, respectively on M, because on a conformal manifold every tensor can
be seen as a covariant one (with the appropriate weight).
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4. Conformal products. Let (Mi,c1) and (Ma,cz) be two conformal mani-
folds, M = My x M, and let p; : M — M, be the canonical submersions.

DEFINITION 4.1. A conformal structure on the manifold M := M; x My is
said to be a conformal product of (Mi,c1) and (Ma,cz) if and only if the canonical
submersions p1 : M — My and ps : M — Ms are orthogonal conformal submersions.

For later use, we describe the construction of a conformal product structure in
terms of weight bundles:

PROPOSITION 4.2. Given two conformal manifolds (M{"*,c1), resp. (Mg?,ca),
there is a one-to-one correspondence between the set of conformal product structures
on M := My x My and the set of pairs of bundle homomorphisms Py : L — L1 and
Ps : L — Lo, whose restrictions to each fiber are isomorphisms, such that the following
diagram is commutative (here L, L1, Lo denote the weight bundles of M, My, and My
respectively):

L
(11) P M P
N
» »
Ly — M, My ~— Ly

Proof. Tt is a general fact that for a conformal map f: (M,c) — (N, ) between
two conformal manifolds, there is a canonically associated bundle map f¥ : Ly —
Ly of the weight bundles, isomorphic on each fiber (take any non-zero vector X in
(ker df)* and define fL(\/c(X, X)) = /¢ (f: X, f.X)).

Therefore, given a conformal product structure on M ~ M; x M (i.e., a pair of
conformal submersions p; : M — M, resp. ps : M — M), we associate to it the
induced bundle homomorphisms P; := pZL7 such that the diagram (11) commutes.

Conversely, let M = M7 x Ms and let L denote the weight bundle of the product
manifold M (which does not have any conformal structure yet). Let P; : L — L; be
line bundle homomorphisms making the diagram (11) commutative. The condition
that P; are isomorphic on each fiber just means that the pull-back bundles p}L; are
both isomorphic with L. We then define ¢ € Sym?(M) @ pf(L?) = Sym?(M) @ L?
by & (X,Y) := pi(ci((pi)«(X), (0i)«(Y))) and ¢ = & + é2. O

The following theorem, which is the main result of this section, establishes the
existence of a unique adapted Weyl structure on a conformal product:

THEOREM 4.3. A conformal structure ¢ on a manifold M is a (local) conformal
product structure if and only if it carries a Weyl structure with reducible holonomy.
Moreover, the correspondence between the conformal product structures and the Weyl
structures with reduced holonomy is one-to-one.

Proof. Let us first prove that if a conformal manifold (M,c) carries a Weyl
structure D with reduced holonomy, then it is locally a conformal product. Let TM =
H, ® Hy be a D-invariant splitting of the tangent bundle. Because D is torsion-free,
the distributions H; and Hs are integrable, therefore we have two orthogonal foliations
on M tangent to these distributions. Locally, M is then a product manifold M7 x Mo,
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and the foliations above are the fibers of the canonical projections p; : M — M;.
Corollary 3.4 then shows that there exist conformal structures c¢;, co on My, resp.
Ms, such that the canonical projections are conformal submersions.

Conversely, suppose (M,c) is a conformal product with factors (Mi,c1), resp.
(Maz, c3). We look for a Weyl structure D that preserves the canonical splitting TM =
H, ® Hy, with Hy := kerdps and Hy := ker dp;.

By Theorem 2.2, the set of Weyl structures is in 1-1 correspondence with the set of
connections on the weight bundle. Therefore, it is enough to specify the corresponding
connection D on L. We describe D using the diagram (11) as follows: the horizontal
space H; of D at [ € L is the direct sum of kerdP; and kerdP,. This horizontal
space defines a linear connection because the maps P;, P, commute with the scalar
multiplication on the fibers. In terms of covariant derivative, this definition amounts
to say that the pull-back of a section of Ly (resp. Ls) is D-parallel in the direction
of Hy (resp. Hp). We need to show that the induced Weyl structure D preserves Hy
and Hs.

Since the roles of H; and Hs are symmetric, it is enough to prove that
¢(DxY,Z) = 0 for all vector fields X,Y € H; and Z € H,. Of course, we may
assume that X,Y are lifts of vector fields on M; and Z is a lift of a vector field on
Ms. Then the brackets [X, Z] and [Y, Z] vanish, because the vector fields X and
Y, resp. Z are defined on different factors of the product M; x Ms, and the scalar
products ¢(X, Z) = g(Y, Z) = 0 for the same reason. The only a priori non-vanishing
terms in the Koszul formula (4) are thus:

(12) 2¢(DxY,Z) = —Dz(c(X,Y)) + ¢([X,Y], Z).
The first term vanishes by the definition of D and the second one because [X,Y] € H;
and Z € Hy. O

DEFINITION 4.4. The Weyl structure defined on a conformal product (M,c) by
the result above is called the adapted Weyl structure.

DEFINITION 4.5. A conformal product (M, c) is called a closed conformal product
if the adapted Weyl structure is closed.

It is easy to check that a conformal product is closed if and only if the diagram
(11) can be completed by bundle homomorphisms @; : L; — Lo, isomorphic on each
fiber (where Lg is the weight bundle of the point manifold e), such that the resulting
diagram is commutative as well:

N
VA

(13) Ly — M My «~— Ly

N4
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LEMMA 4.6. Let F be the Faraday form of the adapted Weyl structure on a
conformal product. Then F(X,Y) =04 X,Y € H, or X,Y € Hs.

Proof. Let [ be a section of the weight bundle L; of M;. Lemma 3.1 shows
that its pull-back can be identified with a section [ of L, and Lemma 3.3 shows that
Dx1 =0 for every X € Hy. Let X,Y be sections of Hy. Since H» is involutive, [X,Y]
is a section of Hs, so

F(X,Y)l = DxDyl — Dy Dxl — Dix y)l = 0.
The vanishing of F' on Hj is similar. O

REMARK 4.7. One can show that, for any given distribution E on a conformal
manifold M, there is a unique adapted Weyl structure V, in the sense that some
naturally defined tensors, depending on the splitting of TM ~ E @ E have minimal
covariant derivative (see [3], Prop. 3.3).

LEMMA 4.8. Let (M1, c1) and (Maz, ca) be two conformal manifolds and let ¢ be a
conformal product structure on M = My x My with adapted Weyl structure D. Then
each slice My x {y} ~ M, carries a Weyl structure DY such that p;(D%T) = Dx(p;T)
at points of the form (x,y) for all vectors X and tensor fields T on My. The Weyl
structure D is closed if and only if all connections DY coincide.

Proof. The restriction to each slice M; x {y} defines a covariant derivative DY
on My, which by Lemmas 3.1 and 3.3 preserves the conformal structure of M;. In
order to prove the last statement, it is enough to consider the case when T is a vector
field on M;. We consider vector fields Uy on Ms and X1, Y7, Z; on My, and denote
their canonical lifts to M by U, respectively by X,Y,Z. Lemma 3.3 shows that
DyY = 0, which together with [U, X] = 0 yields RP (U, X,Y, Z) = ¢«(DyDxY, Z). On
the other hand, RQZU is tangent to My, so RP(Y, Z,U, X) vanishes. Plugging these
two relations into (8) yields

(14)  ¢(DyDxY,Z)=(ZAF(Y) =Y ANF(Z)(U, X) + F(U, X)c(Y, Z).

If D is closed, (i.e. F =0) we thus get DyDxY = 0, which just means (by Lemma
3.3 again) that the vector field DxY is the lift to M of a vector field on M7, and thus
DY%Y does not depend on y.

Conversely, if DY does not depend on y, we get DyDxY = 0, therefore
RP(U,X)Y = 0. But the endomorphism RP (U, X) : TM — TM decomposes as
a skew-symmetric endomorphism (in Riemannian geometry this is the only piece)
and a symmetric one, which is equal to F(U, X)Id. This piece has to vanish now that
RP(U,X)Y = 0, hence F(U,X) = 0. This, together with Lemma 4.6, proves that
F=0.0

REMARK 4.9. It follows from Lemma 4.6 that DY are closed Weyl structures
on M, for any y € My. Moreover, a DY-parallel metric on M; is only determined
up to a factor depending on y alone, and the proof of Theorem 4.3 tells us to which
proportionality class of sections of L1 — M; it corresponds: Any section oo of the
scale bundle Ly — M induces a section 62 of L =~ p5Ly over My x Ms, which is, by
definition, D-parallel in the directions of the M;-leaves.

In other words, any metric go € co on My defines a metric ¢ € ¢, such that
the restriction of g to the My leaves is g2 (leaf-independent metric), and DY is the
Levi-Civita connection of the metric g|as, x{y3 (Which depends on y).
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In Section 6.1 we will give more details about this construction.

REMARK 4.10. The results in this section hold under the implicit assumption
that each factor of the conformal product has dimension at least one, because we need
to identify the weight bundle of the product with the pull-back of those of each factor
(see Remark 3.2).

5. Weyl-parallel forms. In this section we study the following problem, which
motivates, as we shall see below, the notion of conformal product: Given a conformal
manifold (M™",¢), and a non-vanishing weightless k-form w € AISM forsome 1 <k <
n — 1, does there exist a Weyl structure D such that w is D-parallel?

REMARK 5.1. Since w is not identically zero, a necessary condition for the exis-
tence of a Weyl structure D with Dw = 0, is that w is nowhere vanishing.

REMARK 5.2. We only consider weightless forms since if T is a (non-vanishing) D-
parallel weighted tensor, then T'/+/¢(T, T') is a D-parallel weightless tensor. Moreover,
if T has non-zero weight, the Weyl structure D has to be exact (due to the fact that
the conformal norm ¢(7,T) is a D-parallel weight).

REMARK 5.3. For a conformal product M = M; x My, the weightless volume
forms on the factors induce weightless forms which are parallel with respect to the
unique adapted Weyl structure (which preserves the splitting TM ~ TM; & T Ms).
This will turn out to be one of the main examples of parallel weightless forms on
conformal manifolds.

We start with the following useful result.

LEMMA 5.4. Let w € AEM be a nowhere vanishing weightless k-form (1 < k <
n — 1). Then there exists at most one Weyl structure with respect to which w is
parallel.

Proof. Assume that Dw = D'w = 0, denote D' = D + 7 like in (6) and let g € ¢
be any ground metric, used to identify 1-forms and vectors. For every vector field X
we get

(15) 0=Dxw—Dyw=7xw)=XA(Tiw)—7A (X Jw).

Taking the exterior product with X, and setting X to be an element of some g-
orthonormal basis {e;} we get, after adding up all the resulting equations,

(16) 0=7Aw.
Similarly, taking the interior product with X and summing over some g-orthonormal

basis X = e; yields 0= (n —k + 1)(7 sw) — 7 Jw, thus 7 sw = 0. This, together with
(16) and the fact that w is nowhere vanishing, implies 7 = 0. O

REMARK 5.5. Consider the linear map o : T*M — T*M @ Af M defined by
a(T)(X) = Tx (w).

The proof of the lemma above show that if w is a nowhere vanishing section of Af M,
then « is injective, and there exists a unique Weyl structure D* such that D“w is



WEYL-PARALLEL FORMS AND CONFORMAL PRODUCTS 509

orthogonal to the image of . We call D¥ the minimal Weyl structure associated to
w.

Our problem can thus be reformulated as follows: Given a conformal manifold
(M™, ¢), find all nowhere vanishing sections w of A¥M for some 1 < k < n — 1, such
that D¥w = 0.

We start with the case where the minimal Weyl structure D“ associated to w is
closed. Since our study is local, there exists some metric g € ¢ whose Levi-Civita
connection is D“. Since g trivializes the weight bundle, w induces a parallel k-form
on M. Using the Berger-Simons holonomy theorem, our problem in this case reduces
to a purely algebraic one and its answer can be synthesized in the following classical
statement.

THEOREM 5.6. Let (M™,g) be a simply connected Riemannian manifold with
Levi-Civita covariant derivative V. The space of parallel k-forms on M is isomorphic
to the space of fived points of the holonomy group Hol(V) of V acting on AF(R™). If
Hol(V) acts irreducibly on R™, then either M = G/H is a symmetric space, Hol(V) =
H and H is listed in [2], Tables 1-4, pp.201-202, or Hol(V) belongs to the Berger
list ([2], Corollary 10.92). If Hol(V) acts reducibly on R™, then Hol(V) is diagonally
embedded in SO, as a product Hol(V) = Hy X ... x H;, where each H; € SO,,; belongs
to the lists above.

Another preliminary result concerns the special case of a weightless 2-form whose
associated endomorphism is an almost complex structure J. This case is also classical
and completely understood (see e.g. [11], Section 2):

LEMMA 5.7. An almost complex structure J compatible with the conformal struc-
ture on (M®™, ¢) is parallel with respect to some Weyl structure D if and only if
e m=1 or2 and J is integrable;
e m >3 and (M,c,J) is a locally conformally Kdhler manifold.

Proof. We provide the proof for the reader’s convenience. Assume that DJ = 0.
Since D is torsion free, J is integrable ([8], Ch. 9, Corollary 3.5). Let g be any metric
in the conformal class ¢ with the associated 2-form w(X,Y) := ¢(JX,Y). Using g,
we identify 1-forms with vectors, and 2-forms with skew-symmetric endomorphisms.
If 7 denotes the Lee form of D7 with respect to the Levi-Civita connection V of g,
we have for every tangent vector X

(17) 0= D% =VxJ+7xJ.
From (5) we compute

(7xJ)(Y) =1x(JY) — J(7xY)
=7(X)JY +7(JY)X —g(X,JY)T — J(7(X)Y + 7(Y)X — ¢(X,Y)7)
=(XANJT+JXAT)(Y),

whence
(18) Vxw=—(XANJr+JXAT)

From (17) we get in a local orthonormal basis {e;}:

duJZZei/\Ve%w:—Zei/\(ei/\r—i—Jei/\T):—&u/\T.
i i
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Taking the exterior derivative in this last relation yields
0=d’w=—2dwAT—2wAdr =—2wAdr.

For m > 3 the exterior product with w is injective, so dr = 0, and (M, ¢, J) is thus
locally conformally Kahler.

Conversely, assume first that m > 3 and (M, ¢, J) is locally conformally Kéhler.
If g1 and g are local Kéhler metrics on open sets U; and Us in the conformal class
¢, then g1 and gy are homothetic on Uy N Us. The Levi-Civita connections of all such
metrics thus define a global Weyl structure D leaving J parallel.

If m = 2 and J is integrable, let g be any metric in the conformal class ¢ with the
associated 2-form w(X,Y) := ¢g(JX,Y). Since the wedge product with w defines an
isomorphism A'M = A3M, there exists a unique 1-form 7 such that dw = —2w A 7.
From [8], Ch. 9, Proposition 4.2 we obtain

Vxw(V,Z)= —(wAT)X,JY,JZ) + (wAT)(X,Y, Z)
=—(JXAT)JIY,JZ)+ (JX AT)(Y,2Z)
=(XANJT+IX AT, Z)

(notice that in the definition of dw there is an extra factor 3 with the conventions in
[8]). By (18), this means that .J is parallel with respect to the Weyl structure V+7. O

Before stating our main result, we need one more preliminary statement concern-
ing conformal products.

PROPOSITION 5.8. A conformal product M = My x Ms, with dim M; = n; > 1,
admitting a non-trivial weightless form w € C'*° (p{ (A’ng)), 1<k <n;—1 which is
parallel with respect to the adapted Weyl structure, is a closed conformal product.

In other words, on a non-closed conformal product, the only weightless forms of
pure type My or My are the volume forms of the factors.

Proof. Let M = My x My and TM = Hy @ Hs be the corresponding orthogonal
splitting of the tangent space H; ~ p;T'M;, where p; : M — M, are the canonical
projections. Let D be the adapted Weyl structure on M. Since Dxw =0, V X € Ho,
Lemma 3.3 shows that w is the pull-back of a weightless form w; € C* (A’g M 1), hence

*
W = piwi.

From Lemma 4.8, D induces a Weyl structure DY on each slice M7 x {y} and the
equation Dyw =0, VY € Hj, shows that the restriction of w to each slice My x {y}
is D¥Y-parallel. Of course, all these restrictions coincide with wy, so we have

D%wy =0, VX € TM; and Vy € M.

Now, as the degree of wy lies between 1 and n; — 1, the equation above implies (using
Lemma 5.4) that all Weyl structures DY coincide, so by Lemma 4.8 again, the Weyl
structure D is closed and (M, ¢) is thus a closed conformal product. O

We are now ready for the classification of conformal manifolds carrying confor-
mally parallel forms.

THEOREM 5.9. Let (M™,c) be a conformal manifold and let w € C=(AEM) be
a weightless k-form (1 < k < n — 1) such that there exists a Weyl structure D with
respect to which w is parallel. Then the following (non-exclusive) possibilities occur:
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1. D is closed, so Theorem 5.6 applies.

2. M has dimension 4, k = 2, the endomorphism of TM corresponding to w 1is,
up to a constant factor, an integrable complex structure, and D is its canonical
Weyl structure.

3. (M",c) is a conformal product of (M™ ,c1) and (M™,c2), D is the adapted
Weyl structure, and

(a) if n1 # na, w = dw; for some A € R, where w; denotes the weightless
volume form of the factor M;;
(b) if n1 = na, then w = Aw1 + pws for some A\, u € R.

Proof. Let us first consider the case of forms of low degree. If w is a D-parallel
weightless 1-form, its kernel defines a D-parallel distribution of codimension 1, so by
Theorem 4.3 (M, c) is a conformal product where one factor is one-dimensional and
w is its weightless volume form (case 3a).

The case when w has degree 2 has a special geometrical meaning, since it can be
seen as a skew-symmetric endomorphism J of T'M. As such, its square is a parallel
symmetric endomorphism, therefore its eigenvalues are constant (and non-positive)
and the corresponding eigenspaces are parallel. There are two cases to be considered.

If J? has only one eigenvalue, one may assume after rescaling that J? = —Idryy,
so by Lemma 5.7, either n = 4 and we are in case 2, or n > 6, (M,c¢) is locally
conformally Kéhler, and D is closed (case 1).

If J2? has at least two eigenvalues, we denote by H; one of the eigenspaces, and
by Hs its orthogonal complement in T'M. The splitting TM = H; & Hy is thus
D-parallel, so M has to be a non-trivial conformal product by Theorem 4.3. On the
other hand, J splits into J = J; + Jo, where Ji, Jo are the restrictions of J to Hq,
resp. Hs. The form w splits accordingly into w = wy + we, with w; € C* (p;" (A%Mz))
By Proposition 5.8, either the conformal product M; x My is closed (case 1), or the
non-trivial w; is a pull-back of a weightless volume form on M;. Therefore, if D
is non-closed, J? has exactly two eigenvalues, which are either both non-zero (then
n = 4 and we are in case 3b) or only one is non-zero, and we are in case 3a. Note that
in the latter case, w is defined as the pull-back of a volume form on a 2-dimensional
conformal factor, thus it is decomposable.

In order to proceed, we make use of Merkulov-Schwachhoéfer’s classification of
torsion-free connections with irreducible holonomy [9]. Their result, in the particular
case of Weyl structures, states that there are four possibilities: Either n = 4, or D
has full holonomy CO™ (n), or D is closed, or D has reducible holonomy.

If n = 4, the case where the degree of w is 1 or 2 has already been considered,
and if w has degree 3, its Hodge dual is again a D-parallel weightless 1-form, so we
are in case 3a.

If D has full holonomy CO™ (n), there is of course no D-parallel weightless k-form
on M for1<k<n-—1.

If D is closed we are already in case 1.

For the rest of the proof, we thus may assume that the holonomy of D acts
reducibly on TM and dim M > 5. By Theorem 4.3, (M™,¢) is locally a conformal
product of (M™ ,c;) and (M™,¢c3) and D is the adapted Weyl structure. From
Lemma 3.3 we have the following D-parallel decomposition:

(19) MM = @ pi(AG' M) @ p3(AG2 Mo).
k1+ko=k

If for every ky > 1, kg > 1 the components of w in p*(AS* M) ® pi(AF2 My) vanish,
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then w = wy+ws, with w; € C* (p;‘(A’gMi)), and w1, ws are both parallel. Proposition
5.8 then implies that either D is closed (case 1) or w; are both pull-backs of weightless
volume forms on the factors (not both trivial). But this can only happen if k is equal
to one of the dimensions ny,ny (case 3a) or to both of them (case 3b).

To deal with the cases when w is not a (combination of) pure type form, we
may assume without loss of generality that w is a non-trivial section of p’{(AglM 1) ®
p§(A§2Mg) with k1 > 1, ko > 1. By considering the Hodge dual of w (which is D-
parallel as well), we may even assume k1 < nq and ky < ny. We will show that, in
this case, D must be closed (case 1).

Let RP denote the curvature tensor of D. If X € TM; and A € TMs,, we have
RP(-,-,X,A) = 0. Since Dw = 0 we also have RP(X, A)(w) = 0. From (8) we thus
get

RP(X,A,-,)=(F(X)ANA—F(A)AX)(-,) + F(X, Ae(-,-),

and note that the first part is a skew-symmetric endomorphism of 7'M, and the second
term is a multiple of the identity. That last one acts trivially on weightless forms, so
we are left with four terms in RP(X, A)(w) and get:

(20)  F(A)A (X sw) — X A (F(A) sw) — F(X) A (Aw) + AN (F(X) sw) =0,

for all X € TM; and A € T M.

We now choose a metric g € ¢ and identify the weightless form w with the corre-
sponding p-form of constant g-length. If § denotes the Lee form of D with respect to
g and V the Levi-Civita covariant derivative of (M, g), we have

(21) Viw=—Opw=0A(U_w)—UA (0w).

By contraction we easily get dw = —pf A w. Taking the exterior derivative in this
relation yields

(22) dd Nw = 0.
Since df = F, taking the interior product with some vector in (22) yields
(23) FAU.iw)=-F{U)Aw, YU e TM.

The rest of the proof is purely algebraic. Let X;, A; be local orthonormal basis
of Hy :=TM; and Hs := T M>. By Lemma 4.6 we have

F= Zfini NAj,

2%

therefore F' = > X; A F(X;) = >, A; A F(A;). We also introduce the notations
=Y FX)N(X;aw) = =X A; ANM(F(4))sw) and ¢ = > F(A4;) A (4 sw) =
— ZXZ AN (F(Xl) J(U).

For every a € pi(AjM;) ® p5(A{Ms) we have Y X; A (X; sa) = pa and > A; A
(Aj sa) = qa. Taking the wedge product with X in (20), summing over X = X; and
using (23) yields

24) 0=—kFA)Aw—FA(Asw)+ AN =(1—k)F(A) Aw+ AAp.
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One last contraction with A; in (24) gives (k1 + na — k2)1p = 0 (note that ¢ €
PpHABTIM) @ ps (A2~ My)). Plugging back into (24) yields

(25) (1-k)F(A) Aw =0, VAeTM,.
In a similar way one obtains
(26) (1 —k)F(X)ANw=0, VX eTM,

and, by replacing w with its Hodge dual, and taking the Hodge dual of the equations
for *w analogous to (25) and (26), we also get

(27) (ny— ki —1)F(A) ow=0, YAETM,,

(28) (no — ks — DF(X)sw=0, VX €TM.

If 2 <k < ny — 2, equations (25) and (27) show that F' = 0. Similarly, if
2 < kg < ny — 2, equations (26) and (28) show that F' = 0. We are thus left with four
cases:

(29) (kla k2) € {(]—7 ]-)a (1777'2 - 1)7 (nl - ]-7 1); (nl - 1777/2 - 1)}

Now, the pull-back to M of the Hodge operator of M; defines an operator on AjM,
which maps each component pj(AE M) @ p5(A§? My) in the decomposition (19) iso-
morphically onto p% (A% M) @ pi (A2 M) by

*1[pi(w1) A p3(w2)] == pi(xw1) A p3(wa).

One defines *5 in a similar way and Lemma 3.3 shows that %; and %o are D-parallel.
Using these “partial Hodge operators”, it suffices to study only the first case in (29),
i.e. we can assume that w is a D-parallel 2-form in p}(AJM1) @ p3(A{M>).

As n > 5, by looking at the case of D-parallel 2-forms treated above, we see that
D is closed unless w is decomposable. But this would imply that w = 11 A 12, where
each of the weightless 1-forms 7); define a D-parallel distribution included in H;. The
forms n; are thus D-parallel and Lemma 5.8 implies that D is closed. O

Looking back to the proof of Theorem 5.9, we see how different the non-closed
case is from the case of a closed Weyl structure, and this despite the fact that the
results are essentially similar: as in the classical Riemannian case, a weightless form
which is parallel for a Weyl structure either defines a special irreducible holonomy, or
the manifold is locally a product and the form is a linear combination of pull-backs of
the volume forms of the factors (in the Riemannian case, other pull-backs may occur
if the factors have reduced holonomy).

But while in Riemannian geometry the richer case is the one with irreducible,
non-generic, holonomy — and these spectal geometries, despite extensive research in
the last decades, are far from being completely understood —, in non-closed Weyl
geometry this situation occurs only in dimension 4, and there it defines a rather
simple structure. It appears that for non-closed Weyl structures it is the case with
reduced holonomy which is more interesting, and the reason is that the holonomy
group — although defining a local product structure on the manifold — is not itself a
product like in the Riemannian situation.

The following consequence of the Theorem 5.9 sheds some light on the reduced
holonomy group of a non-closed Weyl structure:
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COROLLARY 5.10. Let (M, c1) and (M3?,c3) be two conformal manifolds and
let ¢ be a non-closed conformal product structure on M = My x Ms with adapted
Weyl structure D. If the dimension n is neither 2 nor 4, then the only D-parallel
distributions on M are the kernels Hy and Hy of the canonical projections of M on
My, respectively Ms.

Proof. Let w; denote the (D-parallel) weightless volume form of H;. If H is a
D-parallel distribution, its weightless volume form w is D-parallel. Consider first the
case n = 3: We can assume w; and w are weightless 1-forms, and suppose they are
not proportional (otherwise H = Hy). As the restriction of w to Hy is D-parallel as
well, we can assume that there is a D-parallel orthogonal basis of 1-forms on M. We
denote by L;, i = 1,2, 3, the three D-parallel, mutually orthogonal line distributions.
By considering all three possible decompositions of TM as L; @ L}, we see that
Lemma 4.6 implies that F' = 0, hence D is closed.

Suppose now that D is non-closed and dim(M) > 4. The proof of Theorem 5.9
shows that w is either proportional to w; or we (in which case H is equal to H; or
H,), or n; = ng and w = Aw; + pws for some A, u € R*. We claim that this latter case
is impossible. Let X be some vector field in H whose projections X; onto H; are both
non-vanishing (such a vector field exists locally because H is not equal to Hy or Hs),
and let o = ¢(X,.) be the dual 1-form of weight 1, which decomposes correspondingly
as 0 = 01 + 2. We clearly have ¢ A w = 0, whereas

o A (Awr + pwse) = Aog A wy + o1 A wa

and the two terms on the right hand side are non-vanishing and have bi-degree (n1,1)
and (1,ng) with respect to the decomposition (19). The assumption n; + ng # 2
shows that their sum can not vanish, a contradiction which proves our claim. O

REMARK 5.11. The proposition above establishes a 1-1 correspondence between
the non-closed Weyl structures D on M with reducible holonomy and conformal prod-
uct structures, defined by a pair of complementary D-invariant distributions, provided
dim M # 2,4. Note that the restriction on the dimension of M is necessary. Indeed,
in dimension 2, any conformal product of two 1-dimensional manifolds admits parallel
lines (distributions of rank 1) in any directions: Simply consider linear combinations
of the two volume forms on the factors. But not all such conformal products are
closed.

In dimension 4, there exist local examples of non-closed conformal multi-products,
i.e., conformal manifolds admitting a non-closed Weyl structure that leaves invariant
more than one pair of orthogonal distributions. These examples are described in
Proposition 6.4 below.

6. Examples and applications to Einstein-Weyl geometry.

6.1. Curvature of a conformal product. Let (Mi,¢1) and (Ma,g2) be
Riemannian manifolds of dimensions nj, resp. mno, with n := n; + no, and let
fi,fo : M — R be C* functions, where M := M; x M,. Consider the following
metric on M:

g:= ef191 +ef292.

Then (M,[g]) is a conformal product of the conformal manifolds (M, [g1]) and
(Ma, [g2]), in fact, any conformal product is locally of this form. Moreover, for two
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couples (f1, f2), resp. (f1, f4), the resulting conformal structures are equal if and only
it fi — fa = fi — f5.

A conformal manifold (M, ¢) is a closed conformal product if and only if ¢ has
local representatives g expressed in the form above, such that f; is the pull-back of a
function on M; for i =1, 2.

From Remark 4.9 (see also Lemma 3.3), the adapted Weyl structure D of the
conformal product M = M; x M satisfies the following: The metric efl_f2gl + go is
D-parallel in the H,-directions, and g1 + e/>~f1g, is D-parallel in the Hs-directions.
This implies (in the sequel, X;,Y;, Z; are vector fields on M;, equally considered as
vector fields on the corresponding leaves on M):

1. Dx, X2 =Dx, X1 =0.

2. For i = 1,2, Dx,Y; coincides with the Levi-Civita connection of the metric
efW1=f2) g, where £(1) := 1 and £(2) := —1.

3. the Lee form of D with respect to g is given by 0(X) = —X1(f2) — X2(f1),
where X; denote the components of X with respect to the decomposition
TM =TM; &TMs,.

As before, we denote by F' the Faraday form of D, which by Lemma 4.6 satisfies

F(X3,Yi) =0, VX, Y € TM;,

so it is obtained by extending a section Fy of Hi ® H3 to a skew-symmetric bilinear
form on T'M = H; & Hs. R
Fy can also be extended to a symmetric bilinear form F on T'M:

F(X:,Y;) :=0; F(X1,Xo) := F(X1, Xa); F(Xs,X1) := —F(X2, X1), VX;,Y; € TM,.

LEMMA 6.1. Let M := M; X My be endowed with a conformal product struc-
ture ¢ := [ef1gy + ef2go]. Fori = 1,2 denote by Ric' the Ricci tensor of the metric
ecWr=1F2) g viewed as a symmetric bilinear form on TM;. Then the Ricci tensor of
the adapted Weyl structure D is given by

n ny — nQF

2 —
(30) Ric? = Ric' @ Ric® + 5+ —

Proof. Recall that the Ricci tensor of a Weyl structure D is defined by
. 1 ¢
(31) Ric”(X,Y):= 5> (9(RR o enY) —g(RR.., Y ex)),
k=1

where g is an arbitrary metric in the conformal class and {ey} is a local g-orthonormal
frame (cf. [6], where, however, a different sign convention for the curvature tensor
is used). It is straightforward to show that the skew-symmetric part of Ric? equals
Q_T”F (this is actually an easy consequence of (8) and holds for any Weyl structure).
If X,Y are vector fields on My, each summand in (31) vanishes for & > n; + 1 since
RgT preserves the splitting TM = T M, & T Mj for all Z,T. Moreover, RP is just the
Riemannian curvature of the metric e/*~#2¢; on vectors tangent to M;. This shows
that Ric”(X,Y) = Ric'(X,Y) whenever X and Y are tangent to M; (and similarly
Ric?(X,Y) = Ric?(X,Y) for X, Y tangent to Ms). Finally, using (8) we easily obtain
Ric?(X,Y) = (1 —ny)F(X,Y) and Ric” (Y, X) = (1 —ny)F(Y, X) for X € TM; and
Y € T M5, which in turn implies (30). O
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6.2. Einstein-Weyl conformal products. A Weyl manifold (M, ¢, D) is called
Einstein-Weyl if the trace-free symmetric part of the Ricci tensor Ric” vanishes. In
this subsection we will give the local characterization of all Einstein-Weyl structures
(M,c,D) in dimension 4 with reducible holonomy. Of course, we will be mainly
interested in non-closed Weyl structures, the closed case being locally Riemannian,
thus well-understood. Note that the scalar curvature of a non-closed Weyl structure,
defined as usual as the trace of the Ricci tensor, is a section in a weight bundle and
therefore never (covariantly) constant, unless it vanishes identically. The scalar-flat
Einstein-Weyl structures are thus a special class of Weyl structures, which in our case
provide examples of conformal products admitting multiple reductions (see previous
section and Proposition 6.4).

PROPOSITION 6.2. A non-closed Weyl manifold (M,c, D) of dimension 4, with
reduced holonomy, is Einstein- Weyl if and only if it is locally isomorphic to a confor-
mal product My x My, ¢ = [g1 + €2f92], where My and M,y are open sets of R2, g; is
the flat metric on M; and the function f : My x My C R* — R satisfies the Toda-type
equation

(32) 1 (011 f + Ooaf) + D33 f + Oaaf = 0.

Moreover, the Finstein-Weyl structure is scalar flat if and only if f is bi-harmonic
(i.e. the restrictions of f to My x{xa} and to {x1}x My are harmonic for all x; € M;).

Proof. By Theorem 4.3, (M, ¢, D) is reducible if and only if (M, ¢) is a conformal
product M = M}" x M}?, ¢ = [g1 + €*/ go], and D is the adapted Weyl structure.

The first remark is that M7 and M> must have the same dimension. Indeed, since
the Faraday form is non-zero, Equation (30) shows that (M, ¢, D) is Einstein-Weyl if
and only if n; = ny = 2 and

(33) Ric! + Ric? = olgr + legg)

for some function ¢ : M — R, where we remind that Ric" is the Ricci tensor of the
metric e26()f g;. Every 2-dimensional metric being locally conformal to the flat metric,
one can assume that g; and go are flat. Using the basic formulas for the conformal
change of the Ricci tensor ([2], 1.159d), (33) becomes

(34) —(A1f)g1 + (A2 f)g2 = (g1 + € g2),

where A; denote the partial Laplacians on R* = R? x R2:

Avf =001 f+ 0aaf, Aof :=033f + Osaf.

Equation (34) is clearly equivalent to (32). Moreover, the trace of Ric” with respect
to the metric g, + e*f gy is —2A1f + 272/ Ay f. This shows that D is Einstein-Weyl
and scalar-flat if and only if A;f = Asf =0. 0

REMARK 6.3. If f: U xV — R, U,V C C is bi-harmonic, i.e., harmonic with
respect to both variables z € U, w € V, then

f =Re(F) + Re(G),
where F: U xV — C and G : U x V — C are holomorphic, and é(z,w) = G(z,w),

V(z,w) € U x V. It turns out that the case where one of F,G is trivial can be
characterized geometrically:
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PROPOSITION 6.4. A non-closed conformal product (M,c, D) (where M := Uy x
Uz, U1, Uy C R2, ¢ := [g1 + €* go], and g; is the Buclidean metric on U;) is hyper-
Hermitian if and only if f is the real part of a holomorphic function in the complex
variables z := x1 +ixg € Uy C R? and w := x5 + ixy € Us.

Proof. If f is the real part of a holomorphic function h(z,w), then the metric
reads g = g1 + |¢*|?g2 and is thus hyper-Hermitian by [10], §7.

Conversely, assume that (M,c := [g1 + e*fgs], D) is hyper-Hermitian. If Iy,
I> denote the D-parallel weightless volume forms of the factors, viewed as skew-
symmetric endomorphisms on M, then £1;, +1> are D-parallel Hermitian structures
on M. Up to a choice of signs of I, (choice that determines the signs in the
definition of the complex variables z,w), one might assume that I := I; 4+ I belongs
to the hyper-Hermitian structure, i.e., for any unitary vectors Y; € V;, the orthonormal
frame Y7, I1 Y7, Yo, I5Y5 is positively oriented.

Let J be another integrable Hermitian structure anti-commuting with I. We
denote by X; := 9/0z; for 1 < i < 4, so IX; = X3 and I X3 = X4. Then one can
write JX; = aX3 + bX, for some functions a,b : M — R. Since J is Hermitian we
must have e2f (a? +b?) = 1 and the anti-commutation with I yields J X5 = bX35—aXy.
A straightforward computation using the vanishing of the Nijenhuis tensor of J yields

0= NJ(Xl,Xg) = (81() — 62@)J(X3) — (61@ + 82b)J(X4)
+(04a + 83b)(aX3 — bX4) — ((93@ — 64[))(ng + aX4).

This is of course equivalent to the fact that H := a+ b is holomorphic in the complex
variables z := x; —ixy and w := x3 + ix4, so f = —In|H| = Re(—In H) is the real
part of a holomorphic function. O

This proposition has a few consequences:

1. The examples of 4-dimensional hyper-Hermitian manifolds constructed by
Joyce (cf. [7], or [10], §7) are actually conformal products.

2. In contrast with the Riemannian case, where a Ricci-flat Kéhler surface is
automatically hyper-Kahler, there exist examples of scalar-flat Einstein-Weyl
Hermitian manifolds in dimension 4 which are not hyper-Hermitian. Indeed,
it suffices to choose f bi-harmonic, but not the real part of a holomorphic
function in any of the variables z := x1 +ix2 and w := xz3tizy, e.g. f(z,w) =
Re(z)Re(w) = x1x3. On the other hand the complex structure on M defined
by the complex structures of the factors is clearly D-parallel.

3. The hyper-Hermitian non-closed conformal products are exactly the non-
closed conformal multi-products, i.e., whose adapted Weyl structure D leaves
more than one pair of complementary distributions. The restricted holonomy
of these special structures is C* C CO(4), as the following proposition states:

PROPOSITION 6.5. A 4-dimensional non-closed conformal product (M, c, D) that
admits multiple D-parallel splittings is hyper-Hermitian, and is locally isomorphic to
one of the examples described in Proposition 6.4. The holonomy of D is then C*,
acting by scalar multiplication on C? ~ TM.

Proof. A parallel splitting corresponds to a pair of D-parallel decomposable
weightless forms. If two such splittings exist, the factors M7, My of M need to have
the same dimension (Theorem 5.9). Denoting, as before, by I; and I the weight-
less volume forms of the 2-dimensional factors M; and Ms respectively, we have a
2-dimensional space of D-parallel weightless forms, but the only splitting that they
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define is the original one. Therefore, there must be another D-parallel 2-form w,
orthogonal to both I; and I5.

Viewing w as a skew-symmetric endomorphism, we can distinguish two cases:
Either its square has only one eigenvalue, thus w defines a D-parallel complex structure
J, orthogonal to I; and I, or w defines itself an orthogonal splitting, in which case, the
sum of the two weightless volume forms of those factors defines a D-parallel complex
structure J as well.

By an appropriate change of signs of the weightless volume forms I, I, we can
assume that I := I; + I> defines the same orientation as J. With respect to this orien-
tation of M, the 2-forms I and J are self-dual and orthogonal, thus they anti-commute
as endomorphisms and define therefore a D-parallel hyper-Hermitian structure on M.
Proposition 6.4 applies and we have a local model. We shall see below that the
Faraday form F' is, in this case, anti-self-dual.

For the second claim, we first note that the holonomy representation of D pre-
serves all self-dual forms and at least one anti-self-dual 2-form, namely I := I — I,
thus Holy(D) C C*.

In order to prove that the restricted holonomy of D is exactly C*, we will show
that the Lie algebra of Holy(D) is 2-dimensional.

First, denote as before by X;,Y; arbitrary vector fields on M;, lifted to vector
fields on M. We have

RR 4, X2 =0; RY, ,,X1 =0,
and, since A; f = 0, the metric e*%fg; is flat, therefore
R, yv.Z;i =0,
hence
RP(IF) = 0.

Here we view the curvature operator RY as being defined on A%(T'M) with values in
End(T'M). We will show that the image of R is 2-dimensional in every point where
F does not vanish.

We have used the following notation: £ : T*M — TM and its inverse b : TM —
T*M are the canonical isomorphisms for a particular choice of a metric in the con-
formal class (fixed once and for all), traditionally called “raising”, respectively, “low-
ering” of indices. The index f, respectively b, attached once to a tensor, signifies
the raising, respectively lowering of one index. For example, F* is a skew-symmetric
endomorphism of TM, and F* is a bi-vector, i.e. a section in A?(T'M).

Straightforward computations show:

RR Y = F(X1, X3)Y + (F AId)(X1, X2)(Y)

(35) ,j \
=F(X1,X0)Y + [F* X5 A X3](Y),
where the bracket [-, -] denotes the commutator in End(TM).

We infer that the skew-symmetric endomorphism [F*, X; A X3] is always anti-
self-dual (since it commutes with the basis of the space of self-dual endomorphisms,
defined by the D-parallel hyper-Hermitian structure), which implies that F' itself is
anti-self-dual.
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Another consequence of (35) is that
RD(a) = (F,a)ld + [F’iaab]a

for any 2-vector a. orthogonal on both Ilw, 1 = 1,2. In particular, in a point where
F #0,

RP(F) = ||[F|*1d and R (8) = [F*, )

where I”, F, 3* is an orthogonal basis of A~ M.

Thus RP(F) and RP(B) are linearly independent at any point where F # 0,
since the first is a multiple of the identity and the second is a skew-symmetric endo-
morphism. That means that the image through the curvature operator of A2(T M)
is 2-dimensional on an open set, hence the holonomy algebra is 2-dimensional, more
precisely Holp(D) = C* as claimed. O
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