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Abstract

In this paper we first introduce and study the concepts of p-th mean pseudo al-
most automorphy and that of p-th mean pseudo almost periodicity for p > 2. Next,
we make extensive use of the well-known Schauder fixed point principle to obtain
the existence of p-th mean pseudo almost automorphic mild solutions to some nonau-

tonomous stochastic differential equations.
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1 Introduction

Let H be a Hilbert space. In a recent paper by Fu and Liu [37], the concept of square-
mean almost automorphy was introduced. Such a notion generalizes in a natural fashion
the notion of square-mean almost periodicity, which has been studied in various situations
by Bezandry and Diagana [9, 10, 11, 12, 13]. In [37], the authors made use of the Banach
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fixed principle to obtain the existence of a square-mean almost automorphic solution to the
autonomous stochastic differential equation

dX(0) = AX(t)dt + f(D)dt + g(t)dW (D), t € R

where A : D(A) C H — H is a linear operator which generates an exponentially stable
Co-semigroup 7 = (T(#))»0 and f,g: R — L*(Q,H) are square-mean almost automorphic
stochastic processes, and W(?) is a two-sided standard one-dimensional Brownian motion
defined on the filtered probability space (Q2, 7, P, F;) where

Fi= O'{W(u) —-WO):u,v< t}.

Recently, Liang, Xiao, and Zhang [42, 61, 62] introduced the concept of pseudo almost
automorphy, which is a powerful generalization of both the notion of almost automorphy
due to Bochner [15] and that of pseudo almost periodicity due to Zhang (see [27]). Such
a concept has recently generated several developments, see, e.g., [17], [30], [35], [36], and
[43].

Motivated by the above mentioned papers, the present article is aimed at introducing
some new classes of stochastic processes called respectively p-th mean pseudo almost au-
tomorphic stochastic processes and p-th mean pseudo almost periodic stochastic processes
for p > 2. It should be mentioned that the notion of p-th mean pseudo almost automorphy
generalizes in a natural fashion both the notion of square-mean almost periodicity and that
of square-mean almost automorphy.

Since the concept of p-th mean pseudo almost automorphy is also a generalization of
the p-th mean pseudo almost periodicity, our main focus throughout this paper will be on
the p-th mean pseudo almost automorphy rather than on latter. In particular, properties of
p-th mean pseudo almost automorphic stochastic processes will be discussed in the second
section.

Applications include use of Schauder fixed point theorem to study the existence of
square-mean pseudo almost automorphic solutions to the nonautonomous stochastic differ-
ential equations

dX()=AMX@) dt+ F1(t,X(0)dt+ Fo(t, X(1))dW(t), t€R, (1.1)

where (A(?)).er is a family of densely defined closed linear operators satisfying Acquistapace
and Terreni conditions, the functions F;(i = 1,2) : Rx LP(Q,H) — L?(€,H) are jointly con-
tinuous satisfying some additional conditions, and W is a one-dimensional Wiener process.

2 Preliminaries

Most of the material of this Section, except those on the concepts of p-th mean pseudo
almost automorphy and that of p-th mean pseudo almost periodicity and their properties, is
taken from Bezandry and Diagana [14].

Let (B, || ||) be a Banach space. If L is a linear operator on the Banach space B, then
D(L), p(L), (L), N(L), and R(L) stand respectively for the domain, resolvent, spectrum,
null space, and the range of L. Also, we set R(1,L) := (I —L)~! for all 1 € p(L). If P
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is a projection, we then set Q = I — P, where [ is the identity operator of B; . If B, B>
are Banach spaces, then the space B(B;,B,) denotes the collection of all bounded linear
operators from B; into B, equipped with its natural topology. This is simply denoted by
B(B1) when B| = B».

2.1 Evolution Families

Let B be a Banach space equipped with the norm || - ||.

The family of closed linear operators A(#) for t € R on B with domain D(A(?)) (possi-
bly not densely defined) is said to satisfy Acquistapace-Terreni conditions if: there exist
constants w >0, 6 € (g,ﬂ), K,L>0and u,v e (0,1] with g+ v > 1 such that

S9U{0} c p(A() - w) 3 4, IR(ALA() —w)|| < 2.1

1+|1

and
I(A(®) — W) R(A,A(t) - w) [R(w,A(1)) = R(w, A()]I| < L [t = s} |4 (2.2)

fort,s €R, A€ Sy:={1€C\{0}: |arga| <).

It should be mentioned that the conditions (2.1) and (2.2) were introduced in the liter-
ature by Acquistapace and Terreni in [2, 3] for w = 0. Among other things, it ensures that
there exists a unique evolution family U = U(¢, s) on B associated with A(¢) satisfying

(@) U(t,s)U(s,r)=U(t,r)forall t,s,re Rwitht>s>r;
(b) U(t,t) =1 fort € R where I,

(c) (t,s)— U(t,s) € B(B) is continuous for ¢ > s;

(d) U(.,s) € Cl((s,00), B(B)), (Z—Itj(t, s)=AMNU(t,s) and

l[Aef U@ 9| < KEt-s57*
forO<t—s<1,k=0,1; and
(e) dTU(t, s)x =-U(t,s)A(s)x for t > s and x € D(A(s)) with A(s)x € D(A(s)).

Definition 2.1. One says that an evolution family U has an exponential dichotomy (or is
hyperbolic) if there are projections P(¢) (¢t € R) that are uniformly bounded and strongly
continuous in ¢ and constants 6 > 0 and N > 1 such that

() U, 9)P(s) = P(OU(1,s);

(g) therestriction Ug(t,s) : Q(s)B — Q(1)B of U(z, s) is invertible (we then set U o(s,0):=
Up(t,s)™!); and

(h) |U(t, $)P(s)l| < Ne™2®=9 and ||Up(s, ) Q(1)|| < Ne™0=9) fort > sand 1, s € R.
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As in [14], this setting requires some estimates related to U(¢, s). For that, we introduce
the interpolation spaces for A(f). We refer the reader to the following excellent books [34],
and [48] for proofs and further information on theses interpolation spaces.

Let A be a sectorial operator on B (for that, in (2.1)-(2.2), replace A(¢) with A) and let
a € (0,1). Define the real interpolation space

Bj :={x e B : ||} := sup,.o[[r" (A w)R(,A - w) x| < o0},

which, by the way, is a Banach space when endowed with the norm ||-||£. For convenience
we further write
Bf) :=B, Ilxlly := Ilxll, BY := D(A)

and
[l 2= [I(w = A)x]|.

Moreover, let BA := D(A) of B. In particular, we have the following continuous embedding
D(A) = Bj < D(w—-A)") = Bj) — BA — B, (2.3)

for all 0 < @ < 8 < 1, where the fractional powers are defined in the usual way.
In general, D(A) is not dense in the spaces B2 and B. However, we have the following

continuous injection
—lHi

By < D(A) " 2.4)

forO<a<pB<1.
Given the family of linear operators A(¢) for r € R, satisfying (2.1)-(2.2), we set

B! :=BiY, B':=B4O

for 0 < a <1 and 7 € R, with the corresponding norms. Then the embedding in Eq. (2.3)
holds with constants independent of # € R. These interpolation spaces are of class J, ([48,
Definition 1.1.1 ]) and hence there is a constant ¢(«) such that

Iyll}, < c@IylI'"™ A@HI®,  y € DA®). (2.5)
We have the following fundamental estimates for the evolution family U(z, s).

Proposition 2.2. [7] Suppose the evolution family U = U(t, s) has exponential dichotomy.
ForxeB,0<a<1andt>s, the following hold:

(i) There is a constant c(«), such that

HU(I, S)P(s)x“; < c(a)e_%(t_s)(z_ 5)@

1. (2.6)
(ii) There is a constant m(«), such that

[Uo(s. 00|, < m(a)e™=1xi]. Q2.7)
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Throughout the paper, we adopt the following assumption.

(H.1) The family of operators A(¢) satisfies Acquistpace-Terreni conditions and the evolu-
tion family U = {U(t,s), t > s} associated with A() is exponentially stable, that is,
there exist constant M, § > 0 such that

|U@.5)|| < M
forall r > s.
We need the following technical lemma:

Lemma 2.3. [28, Diagana] For each x € B, suppose that the family of operators A(t) (t eR)
satisfy Acquistapce-Terreni conditions, assumption (H.1) holds. Let u,a,f be real numbers
such that 0 <u < a < B <1 with2a > u+1. Then there is a constant r(u,a) > 0 such that

AU, 5)xdl, < r(u@)e™ 5O = 5 |Ix]]. (2.8)
forallt>s.

Proof. Let x € B. First of all, note that [A@OU(, 9)|lpep,) < K- §)"1=9 for all 1, s such
that 0 <t—s<1and a €[0,1].
Letting t— s > 1 and using (H.1) and the above-mentioned estimate, we obtain

AU, $)xll, AU @t — 1)U - 1, 9)xl,
NA@OU @, 1= Dllge s, IUE =1, )|
MKeCe 009 ||x]|

Ky 1|

36 5
= K (= ) (1= 5) % 109 ||n).

INIA

Now since e‘%tj("s)(t —5)¥ = 0 as t — oo it follows that there exists c4(a) > 0 such that
AU, $)xll, < cal@)(t—5)™ e 50 |

Now, let 0 < t—s < 1. Using Eq. (2.6) and the fact 2@ > u + 1, we obtain

r+s r+s
AUl = HA(:)U(n—)U(—,s)x
2 2 @
r+ t+
< HA(t)U(t,—S) UEE ox
2 a3z, 2
t t
< klAoUue =) UL sx
2 @B, 2 u
t_ (Z—l t— —,u -
(T ()
< es(ap)(t—s)* Hem D) |1y
< es(ap)(t—s) e 59|
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Therefore there exists r(a,u) > 0 such that
AU, $)xly < e )t — )50 |

for all t,s € R with 7 > s.
O

It should be mentioned that if U(¢, s) is exponentially stable, then P(¢) = I and Q(f) =
I—P(t) =0 for all # € R. In that case, Eq. (2.6) still holds and can be rewritten as follows:
for all x € B,

U )AL, < c(@)e™ 2Dt — sy |Ix]]. (2.9)

2.2 P-th Mean Pseudo Almost Automorphic and Pseudo Almost Periodic Stochas-
tic Processes

Throughout this paper, H will denote a real separable Hilbert space with norms || - || and
(Q,F,P) a complete probability space.

Let p > 1. The collection of all strongly measurable, p™ or p-th integrable H-valued
random variables, denoted by LP(€,H), is a Banach space equipped with norm

IXlLr ) = BIXIP)P,

where the expectation E is defined by

E[g] = f g(w)dP(w).
Q
Definition 2.4. A stochastic process X : R — LP(Q;B) is said to be continuous whenever
) P
ltlmEHX(t) —X(s)H = 0.
—S

Definition 2.5. A stochastic process X : R — LP(Q;B) is said to be stochastically bounded
whenever

Jlim St;l]é)P{“X(t)” >N} =0.

2.2.1 P-th Mean Pseudo Almost Periodic Stochastic Processes

In this subsection and through the paper unless otherwise, p > 2, is a real number.

Definition 2.6. A continuous stochastic process X : R — LP(Q;B) (for p > 1) is said to be
a p-th mean almost periodic if for each & > 0 there exists /(¢) > 0 such that any interval of
length I(¢) contains at least a number 7 for which

supE|IX(1+7) - X(®)|IP <e&.
teR
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The collection of all stochastic processes X : R — LP(€2;B) which are p-th mean almost
periodic is then denoted by AP(R; LP(Q;B)).

The next lemma provides with some properties of the p-th mean almost periodic pro-
cesses.

Lemma 2.7. If X belongs to AP(R; L”(Q;B)), then
(i) the mapping t — E||X(®)||P is uniformly continuous;
(ii) there exists a constant M > 0O such that E||X()||P < M, for all t e R.

Let BC(R; LP(Q;B)) denote the collection of all stochastic processes X : R — L”(Q;B),
which are bounded and continuous. Similarly, Let CUB(R; L”(€2;B)) denote the collection
of all stochastic processes X : R — LP(Q;B), which are continuous and uniformly bounded.
It is then easy to check that CUB(R; LP(Q;B)) c BC(R; LP(Q;B)) is a Banach space when
it is equipped with the sup norm:

»

1X]leo = SUP(EllX(t)IIP) :
teR

Lemma 2.8. AP(R; L?(Q;B)) c CUB(R; L?(Q;B)) is a closed subspace.

In view of the above, the space AP(R; L”(Q;B)) of p-th mean almost periodic processes
equipped with the norm || - || is a Banach space.

Let (B1,||-1l1) and (B»,||-||2) be Banach spaces and let LP(€;B;) and L”(€2;B,) be their
corresponding LP-spaces, respectively.

Definition 2.9. A function F': RxX LP(Q;B) — LP(Q;B5)), (t,Y) — F(¢,Y), which is jointly
continuous, is said to be p-th mean almost periodic in ¢ € R uniformly in ¥ € K where
K c LP(Q;By) is a compact if for any & > 0, there exists I(g,K) > 0 such that any interval of
length /(e,K) contains at least a number 7 for which

supE[|F(t+7,Y)-Ft, Y5 <&
teR

for each stochastic process Y : R — K.

The proof of the next composition is a straightforward consequence of the classical
composition of almost periodic functions involving Lipschitz condition.

Theorem 2.10. Let F : RXLP(Q;B1) — LP(Q;By), (t,Y) — F(t,Y) be a p-th mean almost
periodic process in t € R uniformly in Y € K, where K C LP(Q;B) is compact. Suppose that
F is Lipschitz in the following sense:

E|F(.Y)-Ft,2); < ME|Y -Z|I]

for all Y,Z € LP(Q;B) and for each t € R, where M > 0. Then for any p-th mean almost
periodic process ® : R — LP(Q;By), the stochastic process t+ F(t,D(t)) is p-th mean
almost periodic.
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Define PAPy(R; LP(Q2;B)) to be the collection of all X € BC(R, L”(€2;B)) such that

1 T 1/p
. i » _
711—r>130[2T ITEHX(S)H ds] 0.

Equivalently, PAPy(R; LP(Q;B)) is the collection of all X € BC(R, L”(€2;B)) such that

1 T
1 P
Th_r)rolo 5T _TE||X(S)|| ds=0.
Similarly, we define PAPy(R x LP(Q2;B); LP(€2;B>)) to be the collection of all bounded
jointly continuous stochastic processes F : Rx LP(Q;B|) — LP(€;B,) such that

1T
Tlgrc}oﬁITEllF(s,X)l|§’ds=O

uniformly in X € K, where K C LP(Q;B) is any bounded subset.

Definition 2.11. A stochastic process X € BC(R; L”(Q;B)) is called p-th pseudo almost pe-
riodic if it can be expressed as X = Y+ ®, where Y € AP(R; L?(Q;B)) and ® € PAPy(R; LP(Q;B)).
The collection of such functions will be denoted by PAP(R; L (Q;B)).

Definition 2.12. A bounded continuous stochastic process F : Rx LP(Q;B) — LP(€2;B;) is
called p-th mean pseudo almost periodic whenever it can be expressed as F' = G + @, where
G e APRXLP(Q;B1); LP(Q;B5)) and ® € PAPy(R X LP(€;B); LP(€2;B>)). The collection
of such processes will be denoted by PAPy(R x LP(Q;B1); LP(Q;B5)).

The decomposition of p-th pseudo almost periodic stochastic processes given in Defi-
nition 2.11 and Definition 2.12 is unique.
The next composition result is a consequence of a composition result from [61].

Theorem 2.13. Let F : RX LP(Q;B) — LP(Q;B)), (t,Y) — F(t,Y) be a p-th mean pseudo
almost periodic process in t € R uniformly in Y € K, where K C L?(Q;B) is any compact
subset. Suppose that F(t,-) is uniformly continuous on bounded subsets K' C LP(Q;B)) in
the following sense: for all € > 0 there exists 6, > 0 such that X,Y € K’ and E||X — Yllf <0,
then

E|F(,Y)- F(t,Z)II’z7 <g, VYteR.
Then for any p-th mean pseudo almost periodic process ® : R — LP(€;B), the stochastic

process t — F(t,D(t)) is p-th mean pseudo almost periodic.

Using the composition of classical pseudo almost periodic functions [27] we deduce the
following composition result.

Theorem 2.14. Let F : RX LP(Q;B) — LP(Q;B)), (t,Y) — F(t,Y) be a p-th mean pseudo
almost periodic process in t € R uniformly in Y € K, where K c LP(Q;B) is compact.
Suppose that F is Lipschitz in the following sense:

E|IF(1,Y)~F(1,2)l; < ME|lY - Z|I}

forall Y,Z € LP(€);B) and for each t € R, where M > 0. Then for any p-th mean pseudo
almost periodic process ® : R — LP(Q;B1), the stochastic process t v F(t,D(t)) is p-th
mean pseudo almost periodic.
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2.2.2 P-th Mean Pseudo Almost Automorphic Stochastic Processes

Definition 2.15. A continuous stochastic process X : R — LP(Q;B) is said to be p-th mean
almost automorphic if if for every sequence of real numbers (s}, ) cn, there exist a subse-
quence (s,)qen and a stochastic process X such that

lim E[[X(0) - X +s,)]" =0
foreachr € R, and

lim E[[X(t~s2) - X" =0
for each t e R.

Clearly, our definition (Definition 2.15) is more general than that given in [37, Def-
inition 2.5]. Note that a continuous stochastic process X, which is 2 —nd mean almost
automorphic will be called square-mean almost automorphic.

The collection of all p-th mean almost automorphic stochastic processes will be denoted
by AA(R; L?(Q2;B)) and is a Banach space when equipped with the supnorm.

The proof of the next theorem follows along the same as that of the classical case and
hence omitted.

Theorem 2.16. If f, f1, f» € AA(R; LP(Q;B)), then
(i) fi+ fr e AAR;LP(Q;B)),
(ii) Af € AAR; LP(Q;B)) for any scalar A,
(iii) X, € AA(R; LP(Q;B)) where X, : R — B is defined by X,(-) = X(- + ),

(iv) the range Ry := {X(¢) : t € R} is relatively compact in LP(Q;B), thus X is bounded in
norm,

(v) if X, = X uniformly on R where each X, € AA(R; LP(Q;B)), then X € AAR; L?(Q;B))
too.

Definition 2.17. A stochastic process F : Rx LP(Q;B;) — LP(Q;B»)), (t,Y) — F(1,Y),
which is jointly continuous, is said to be p-th mean almost automorphic in ¢ € R uniformly
in Y € K where K c LP(Q;B) is a compact if for every sequence of real numbers (s/,)en,
there exist a subsequence (s,)nen and a stochastic process F : R x LP(Q;B) — LP(Q;B5))
such that

nli_}n(}oE”F(t,X) —F(t+s,X)|" =0

is well defined in 7 € R and for each X € K, and
lim E||F(t -5, X) - F(t,%)||" = 0
n—oo

forallteRand X € K.
The collection of those stochastic processes is denoted AA(R X L7(Q2;B1); L7 (Q;B»)).

The next composition result is a consequence of a composition result from [61].
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Theorem 2.18. Let F : RXLP(Q;B1) — LP(Q;By), (t,Y) > F(t,Y) be a p-th mean almost
automorphic process in t € R uniformly in Y € K, where K C LP(Q;B,) is any compact
subset. Suppose that F(t,-) is uniformly continuous on bounded subsets K’ C LP(€;B) in
the following sense: for all € > 0 there exists 5 > 0 such that X,Y € K’ and E||X — Y||117 < O,
then

EIFtY)-Ft2)|; <&, VieR.

Then for any p-th mean almost automorphic process ® : R — LP(Q;B), the stochastic
process t — F(t,0(t)) is p-th mean almost automorphic.

Definition 2.19. A stochastic process X € BC(R;L?(€2;B)) is called p-th pseudo almost
automorphic if it can be expressed as X = Y + @, where Y € AA(R;LP(Q;B)) and ® €
PAPy(R; LP(Q;B)). The collection of such functions will be denoted by PAA(R; LP(€);B)).

Definition 2.20. A bounded continuous stochastic process F : R X LP(Q;B) — LP(Q;B5;)
is called p-th mean pseudo almost automorphic if it can be expressed as F' = G + @, where
G e AARXLP(;By); LP(€;B5)) and @ € PAPy(R X LP(Q;B); LP(Q;B5)). The collection
of such processes will be denoted by PAPy(R x LP(Q;B); LP(Q;B5)).

The next theorem, which is a straightforward consequence of a result due to Liang et al.
[61].

Theorem 2.21. The space PAA(R; LP(Q;B)) equipped with the sup norm ||-||« is a Banach
space.

The next composition result is a consequence of [43, Theorem 2.4].

Theorem 2.22. Suppose F : RXLP(Q;B1) — LP(Q;B,) belongs to PAARXLP(Q;B1), LP(€;B)));
F =G+ H, with X — G(t,X) being uniformly continuous on any bounded subset K of
LP(Q;B1) uniformly in t € R. Furthermore, we suppose that there exists L > 0 such that

E|IF(t,x) = F(t, I} < LE|lx—yll{

forall X,Y € LP(Q;B) and t € R.
Then the function defined by H(t) = F(t,®(¢)) belongs to PAA(R; L?(Q;B,)) provided
® € PAARR; LP(Q;By)).

The next composition result is a consequence of a composition result from [61].

Theorem 2.23. If F € PAAR X LP(€;B), LP(Q;B,)) and if X — F(t,X) is uniformly con-
tinuous on any bounded subset K of LP(€);B) for each t € R, then the stochastic process
defined by H(t) = F(t,D(t)) belongs to PAAR; LP(Q;B,)) provided ® € PAA(R; L”(Q2;B))).

3 Main Results

In this section, we study the existence of p-th mean pseudo almost automorphic solutions
to the class of nonautonomous stochastic differential equations of type (1.1) where (A(?)),er
is a family of closed linear operators on L7(Q;H) satisfying (2.1)-(2.2), and the stochastic
processes Fi(i =1,2) : Rx LP(Q,H) — LP(Q,H) are p-th mean pseudo almost automorphic
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in t € R uniformly in the second variable, and W is one-dimensional Wiener with the real
number line as time parameter.

In order to deal with the existence and uniqueness of a p-th mean pseudo almost auto-
morphic solution to (1.1), we make extensive use of ideas and techniques utilized in [38],
[28], [14], and the Schauder fixed-point theorem.

Our setting requires the following assumptions:

(H.2) The injection H, < H is compact.

(H.3) Fix u,,B be real numbers such that 0 < u < a <8 < 1 with 2a > u+ 1. Moreover, the
following holds:
H!, =H, and H’ﬁ =Hp

for all r € R, with uniform equivalent norms.
(H4) R({,A() € AAR; B(LP (€ H))).

(H.5) The function F;(i =1,2) : Rx LP(Q;H) — L(Q,H) is p-th mean pseudo almost auto-
morphic in the first variable uniformly in the second variable. Moreover, X — F;(t, X)
is uniformly continuous on any bounded subset O; of LP(Q; H) for each 7 € R. Finally,

sup E||F;(#, )" < M (IX]le)
teR

where M; : R* — R* is a continuous function satisfying

. M)
lim =

r—00 r

0.

In this section, I'} and I'; stand respectively for the nonlinear integral operators defined
by
!

T X))@ :zf U(t,s)F1(s,X(s))ds and (I'2X)(¢) :zf U(t,s)F2(s,X(s5) dW(s).

[Se] —00

In addition to the above-mentioned assumptions, we assume that a € (0, % - %) if p>2 and
ae(0,3)if p=2.

Lemma 3.1. [14] Under assumptions (H.1)-(H.3)-(H.4)-(H.5), the mappings T';(i = 1,2) :
BC(R,LP(Q,H)) —» BC(R,LP(Q,H,)) are well defined and continuous.

Lemma 3.2. Under assumptions (H.1)-(H.3)-(H.4)-(H.5), the integral operator T';(i = 1,2)
maps PAA(R, LP(Q,H)) into itself.

Proof. Let X € PAA(R,L?(Q,H)). Using the composition result Theorem 2.23 it follows

that f(r) := F1(t, X()) € PAA(R, LP(Q, H)). Then write f, (1) = £(1) +g(t) where f € AA(R, LP(Q, H))

and g € PAPy(R, LP(Q,H)).
Now set

M) = f U, 5)f(s)ds

o0
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and

(N1)(@) i=f U(t,s)g(s)ds

[Se]

To complete the proof we have to show that M| € AA(R, L (Q,H)) and N; € PAPy(R, L7 (Q, H)).
Now since f € AA(R,LP(Q,H)), for every sequence of real numbers (7)), there exist a
stochastic process f : R+ LP(Q,H) and a subsequence (7,),en such that

lim E[|f() - f+7,)|" =0

for each r € R, and )
Iim E| =)~ f0]” =0

for each r € R. .

Set M (f) = f U(t,s)f(s)ds for all t € R.

Now

M(t+1,)-M (1) = f+TnU(t+Tn,S)f(S)dS—f U(t,s)f(s)ds

0 —00

f Ult+t,s+1,)f(s+T1,)ds

o0

f U(t,$)f(s)ds

(o8]

!
f U(t+‘rn,s+Tn)(f(s+Tn)—f(s))ds

(o8]

3
+ f(U(t+Tn,s+T,,)—U(t,s))f(s)ds.

o0

Using the exponential stability of U(t,s) and the Lebesgue Dominated Convergence
Theorem, one can easily see that

p
—0 as n—o oo, reR.

EHf U(t+7,5+0) (f(s+70) = f(5))ds

Similarly, from [8] it follows that

p
—0 as n—> oo, teR.

EHf (U(t+1n, s+1,) - U(t,5)) f(s)ds

Therefore,
lim E[[#1() = Mi(t+7,)|" =0, 1€R.

Using similar ideas as the previous ones, one can easily see that
lim E||M(t)- My (t—7,)|" =0, teR.
n—o00

Let T > 0. Again using the fact U(¢, s) is exponentially stable, we have
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A

T 1 T +00
CEWOrd < o f f ENIU(, $)g(— )| dsdt
2T J-rJo

T +00
ﬂ f f e E|\g(t - s)||P dsdt
Mf ( fEIIg(t—s)Ilpdt)ds

Now using the fact PAPy(R, L (Q,H)) is translation-invariant it follows that

2T

IA

IA

T
hm —f E|g(t— 9|’ dt =0,
-T

ast > g(t—s) € PAPy(R, LP(Q,H)) for every s € R.
Using Lebesgue Dominated Convergence Theorem it follows that

T

1
lim — E|N0)|Pdt=0
T%ZT _T N1l

and hence N; € PAPy(R, LP(Q,H)).

As to I';, we use again the composition result Theorem 2.23. It follows that f>(?) :=
Fy(1,X(t)) € PAA(R,LP(Q,H)). Now, write f>(f) = h(t) + I(t) where h € AA(R, LP(Q,H)) and
1€ PAPy(R, LP(Q,H)).

Then, set

(S0 = f Ut 5)h(s)dW(s)

(%)

and

(Tl)(t):=f U(t, )I(s)dW(s).

(%)

To complete the proof we need to show that S| € AA(R, L”(Q,H)) and T} € PAPy(R, L (Q, H)).
Now since h € AA(R, LP(Q,H)), for every sequence of real numbers (7)), there exist a
stochastic process h:R— LP(Q,H) and a subsequence (7,)en such that

lim E||h(r) = h(r +,)||” = 0

foreachr € R, and
lim E |2 = 7,) = k(]| = 0

for each r € R. )
Set S(¢) = f U(t, s)h(s)dW(s) for all t € R.

Now
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S1t+1,) -5

f T U4y Y)W (s) f U(t, $)h(s)dW (s)

()

f U+r,s+1)h(s+1,)dW(s)

(o)

f U(t, $)h(s)dW(s)

(o)

(o)

f Ut +Tn, s+ 7o) (h(s +74) = h(s)) dW (s)

Tt
+ f (Ut +7Tn, s +7,) = U(t, $)) h(s)dW (s).

Using the exponential stability of U(t,s) and the Lebesgue Dominated Convergence
Theorem, one can see that

t p
EH f U(t+7n,5+7a) (h(s +74) = h(s)) W (s)

t 5 pl2
SC,,E[f HU(t+Tn,s+Tn)(h(s+‘rn)—fz(s))” ds} — 0 as n—o oo, teR.

Similarly, from [8] it follows that

P
E

f (Ut +Tn, s +75) = U(t, $) h(s)dW(s)

! p/2
<C,E U U@+, s+70) - U, s))iz(s)||2ds] —0 as n—oo, teR.

Therefore,
LmE[S®-Si¢+7)|[" =0, reR.

Using similar ideas as the previous ones, one can easily see that
imE|S1()-S@-7,)|" =0, teR.

Let T > 0. Again using the fact U(z, s) is exponentially stable, we have for p > 2,

1 T 1 T 00 ’s 5 pl2
— E|T0||Pdt < C,-MP — E 25|t - d dt
T ), 1T ()l p 2TIT [fo e "7 ||l(x—9)l S]
p-2

C,,-M”(fooe_%sds) X
0

o 1 T
-20s
— E|lt - 9| .
XL e (ZTIT 11t — $)|| dt)ds

A

IA

For p =2, we have

1 T 00 1 T
N E T 2 < —25S_f E _ 2 )
57 [ Enora < [ e [ Ra-F drds
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Now using the fact PAPy(R, LP(Q,H)) is translation-invariant it follows that

Jim % f_ZElll(I —9)lIPdt =0,
ast > I(t—s) € PAPy(R, LP(Q,H)) for every s € R.
Using Lebesgue Dominated Convergence Theorem it follows that
1 (T
tim 5= [ EITOdr=0

and hence T| € PAPy(R, LP(Q, H)).

Lety € (0,1] and let
BCY(R,LP(Q,H,)) = {X € BC(R, L"(Q. Hy)) : X, < oo,

where 1
[Ellxo-x7)’

u
t, SER, s#t |t - SP’

1
11, = swp [Epl] +5

Clearly, the space BC?(R,LP(Q,H,)) equipped with the norm ||, is a Banach space,
which is in fact the Banach space of all bounded continuous Holder functions from R to
LP(Q,H,) whose Holder exponent is y.

Lemma 3.3. [14] Under assumptions (H.1)-(H.5), the mapping 'y defined previously maps
bounded sets of BC(R, L (Q,H)) into bounded sets of BCY (R, L (Q,Hy,)) for some 0 <y < 1.

Lemma 3.4. [14] Let a, B € (0, %) with a < . Under assumptions (H.1)-(H.6), the map-
ping Ty defined previously maps bounded sets of BC(R,LP(Q,H)) into bounded sets of
BCY(R,LP(Q,H,)) for some 0 <7y < 1.

Lemma 3.5. The nonlinear integral operators I';(i=1,2) map bounded sets of PAA(Q, L?(Q, H))
into bounded sets of BC”(R, LP(Q,H,)) N PAAR, LP(Q,H)) for 0 <y < a.

Proof. The proof follows along the same lines as that of Lemma 3.3 and hence omitted. O

Similarly, the next lemma is a consequence of [38, Proposition 3.3]. Note in this context
that X = LP(Q,H) and Y = LP(Q,H,).

Lemma 3.6. For 0 <y <a, BC?(R,LP(Q,H,)) is compactly contained in BC(R, L (Q,H)),
that is, the canonical injection

id : BC"(R,L”(Q,H,)) — BC(R,L”(Q,H))
is compact, which yields
id : BC"(R,L”(Q,H,)) N PAAR, LP(Q,H)) —» PAAR, LP(Q,H))

is compact, too.
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Theorem 3.7. Suppose assumptions (H.1)-(H.5) hold, then the nonautonomous differential
equation Eq. (1.1) has at least one p-th mean pseudo almost automorphic solution.

Proof. Let us recall that in view of Lemmas 3.6 and 3.2, we have
[+ <ago(midlx] )+ ma(lx])
and
E|(ry + )X - (1 +1"2)X(t1)“z < s(@.B. )| Mi([X]|) + Ma(|X]| )]z~ 2]

for all X € BC(R, LP(Q,H,)), t1, t» € R with #; # 1, where d(B,6) and s(a,[3,0) are positive
constants. Consequently, X € BC(R, LP(Q,H)) and ||X]| _ <R yield (' +I2)X € BCY (R, LP(Q, H,))

and [|(Ty + o)X | < Ry where Ry = c(@.8,0)(Mi(R) + Ma(R)). since Mi(R)/R — 0 as

R — o0, and since E||X||p < CE”X”Z for all X € LP(Q,H,,), it follows that exists an r > 0
such that for all R > r, the following hold

T+ Tz)(BPAA(R,LP(Q,H))(O,R)) C Bporm.1r@H,) N Braaw @) (0, R) .

In view of the above, it follows that (I'; + ;) : D — D is continuous and compact, where
D is the ball in PAA(R, L?(Q,H)) of radius R with R > r. Using the Schauder fixed point
it follows that (I'; + I'2) has a fixed point, which is obviously a p-th mean pseudo almost
automorphic mild solution to Eq. (1.1).

O
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