African Diaspora Journal of Mathematics ISSN 1539-854X
Volume 11, Number 1, pp. 75-102 (2011) www.math-res-pub.org/adjm

FLOW-BOX THEOREM AND BEYOND

ISSA AMADOU TALL*
Department of Mathematics, Southern Illinois University Carbondale,
Carbondale, IL 62901, USA

Abstract

For a given vector field v(x) around a nonsingular point xp, we provide explicit

coordinates z = @(x) in which the vector field is straightened out, i. e., ¢.(v)(z) = %

The procedure is generalized to Frobénius Theorem, namely, for an involutive distribu-
tion A = span {vi,...,V,,} around a nonsingular point xy, we give explicit coordinates

Z=@(x) in which
A=s an{i i}
(P* = Sp azla"'aazm .

The method is illustrated by several examples and is applied to the linearization of
control systems.
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1 Introduction

The theory of differential equations is one of the most productive and useful contributions
of our modern times. Its applications are widespread in all branches of natural sciences,
particulary, in Physics, Biology, Chemistry, Engineering, Ecology, and in Weather Predic-
tions, just to name few. It plays the role of a connector between abstract mathematical
theories and applications in real world problems. Paraphrasing Newton quoted as saying
that it is useful to solve differential equations”, a lot has been deserved in solving differ-
ential equations with various methods and techniques provided in the literature. Existence
and uniqueness of solutions have been addressed in many scientific papers and textbooks.
Consider the simplest expression of a linear partial differential equation

ou ou
VixX)s—+-+Vvu(x)s—=b
5 %0 () S = b
where Vi (x),---,Vn(x) and b(x) are smooth or analytic functions in the variable x. This

partial differential equation is referred to as a homogeneous (resp. nonhomogeneous) linear
first order partial differential equation when b = 0 (resp. b # 0). The vector field v(x) whose
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components are Vi (x),- -+, V,(x) is called the characteristic vector field of the homogeneous
equation and the corresponding dynamical system x = v(x), its characteristic equation. The
solutions of the system are the integral curves of the characteristic equation and are often
obtained by solving the so-called Lagrange subsidiary equation (also called characteristic

equation)
dxy dx,  du

vi(x) n(x)  b(x)
Several methods have been devoted to the solving of such system among them Euler’s
method and Natani’s method [3], [S]. Most of the work on ordinary differential equations
have been done around equilibrium points (non regular or singular point), that is, a point
xo where v(xp) = 0. The reason being that regular points, that is, where v(xg) # 0 are
not topologically reach because in their neighborhoods all trajectories are straight parallel
lines (straightening theorem). Though this fact remains true and hence often neglected, the
straightening theorem has many important applications. Indeed, a solution of the nonhomo-
geneous partial differential equation above can be easily found around a regular point xy of
Vv by simple quadrature in new coordinates: If z = @(x) is a change of coordinates around x
that rectifies the vector field v, i.e., such that @, v = %, then the nonhomogeneous equation

simplifies as 5’7’71 = b(z), where u(x) = @i(9(x)) and b(x) = b(@(x)). A solution i (yielding
21
u=1uo@)is given by ii(z) = a(za,...,2n) —1—/ b(g,z...,2,)de. The only difficulty in ap-
0
plying the straightening theorem is in finding the straightening diffeomorphism. The main

focus of this paper is to provide an explicit algorithm allowing to compute the straightening
diffeomorphism.

2 Definitions and Notations

This section deals with basic notations and definitions. We will first start by recalling the
notion of vector fields and flow; then we will give a version of the flow box theorem. In Sec-
tion 3, we will give our main results, that is, explicit formulas for computing both the rec-
tifying change of coordinates and its inverse. We generalize those results to the Frob&nius
Theorem and we discuss the convergence of the power series. We illustrate by taking sev-
eral examples in Section 5. The last Section 6 gives applications to the linearization of
control systems.

2.1 Vector Fields and Flows.

An analytic vector field, v, is an analytic mapping from a manifold M to its tangent fiber-
space TM that associates to each point x € M, a tangent vector V|, € T,M . In local coor-

dinates x = (xy,...,x,), the vector field v is simply written
V@) VL=V )| o)
x_x_lxaxlx "xax,,x’
where { a% yeees % } form a basis of 7, M . In what follows we will omit the subscript |
X mlx

and use the more compact notation d,, = %‘ and we will denote by V(M) the set of all
tlx
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vector fields on M.

A curve y: I C R+—— M is an integral curve for the vector field v € V(M) if for any
t € I we have Y (t) = v(y(¢)). The flow of v is an analytic map ¢ : I x M —— M such that
for any x € M the curve ¢, : t — 0(z,x) is an integral curve of v. In other words, the flow
is a solution of the differential equation

DD _v(p1.2). 0(0.0) = x
For further details about the existence conditions and uniqueness of solutions, we refer the
readers to the existing literature (e.g. [1], [15], [16] and the references therein). Above
and throughout the paper, all objects considered are analytic except otherwise stated. As
all results are intended locally, we will set M = R" without loss of generality. For a vector
field v(x) = v (x)0dy, +- - +V,(x)dy, and a function 4 in x-coordinates, we denote by

oh oh
=—v(x)= E\/1()6) R

5 V(%)
the Lie-derivative of & along the vector field v. Recursive Lie-derivatives are defined by
setting

Ly()(x) = h(x), L™ (h)(x) = Ly(Ly (M) (x), j=0,1,... 0.

Given another vector field u(x) = uy (x)0y, + -+ + tn(x) 0y,

., the Lie-bracket between u and
v defines a new vector field

[, V] = (Lu(Vi) = Lo (e1))0xy + -+ 4 (Lu(Va) = Ly (n)) O,

Let ¢ : R" — R" be a (local) diffeomorphism, @(0) = 0, giving rise to new coordinates
system z = @(x). The vector field v is transformed via ¢ into a new vector field given by

0.V (2) = Ly(91) ()95, + - -+ + Ly(9n) (2)9s,,
where, by abuse of notation, we put

Lv(9j)(z) = aa—(ij(tpl(z))v(wl(z)), forall 1 < j<n.

In the next subsection we will recall a version of the flow box theorem before the main
results. First we introduce some notation that will be useful in the sequel. For any x € R"
we put x = (x1,...,x,). For the set of n-tuples of integers, i.e., the subset N* C R", we
will use a bolded variable to denote its elements. Given two n-tuples m = (my,...,my,)
and oo = (aly,...,0,) we say that m = o if and only if m; > a; for all 1 < i <n and we
denote by m! =my!---m,! and m* = m(l)cl ---m%. By extension, for x = (xi,...,x,) € R"

we put X" = x|""---x and set |m| = m; + ---+m,. Let f be an analytic function with
1 anlj'

m! xm

f(x) =Y fin xx™ its Taylor series expansion, where f,, = (0) are constant coeffi-

cients, and let v = vdy, + -+ + V,0,, be an analytic vector field. For any p > 0, we
define the norm || - ||, by ||f|lp = X|fn| - p™ and extend the norm to vector fields by

[IVIlp = max {[[Villp, . [[Vallp}
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2.2 Flow Box Theorem.

The flow-box theorem is a very well-known result in differential geometry and dynamical
systems. A simple version of that theorem is stated as follows.

Theorem 2.1. (Flow-Box Theorem) Let v be a nonsingular vector field at xo € R", i.e.,
V(xg) # 0. There exist a local change of coordinates 7z = ¢(x) in a neighborhood U > x
such that @, (v)(z) = 9, forall z € ¢(U).

In very simple terms, the flow-box theorem states that new coordinates z = col (z1, .. .,z,)
can be found in which the integral curves of a nonsingular vector field are (locally) parallel
straight lines 0(¢,z) = (z1 +1,22,...,2,). The existence and proof of this theorem, as well
as its general form, can be found in the literature (e. g. [1], [15]).

There are few methods (method of characteristics, integration of differential one-forms)
dealing with solving partial differential equations but, to the author’s knowledge, none gives
explicit formulas for rectifying a general vector field. We propose here a systematic way
of finding the rectifying change of coordinates as well as its inverse by giving explicit
formulas for both the diffeomorphism and its inverse. We will illustrate the results with
several examples. We will apply the results in finding feedback linearizing coordinates for
control systems that can be linearized. Notice that finding the rectifying coordinates for a
given vector field v is equivalent of solving the system of partial differential equations

99 99
Vla—.xl—l_"'—i_vna 0
a(pnfl a(Pnfl
\41 o +- Vv, e 0
9P, 9P,
Vi axl ++Vna S

The first n — 1 equations are equivalent to the fact that v = span {d¢y,...,d@, 1}, that s,
the co-distribution associated with v is generated by the exact differential 1-forms dgy,...,d@,_;.
The characteristic equation (or subsidiary equation) associated to that co-distribution is de-

fined by
dxy dx,

vi(x) n(x)
Each solution is called a first integral of the characteristic equation. The importance of
rectifying the vector field can be in solving the Cauchy problem; in finding closed form
solutions of ordinary differential equations, and finding the symmetries of vector fields.

3 Main Result

In this section we give the main results of this paper which are explicit coordinates change
(and their inverse) normalizing any non vanishing (nonsingular) vector field.

Theorem 3.1. Let v be a nonsingular vector field on R", 1 < k < n any integer such that
Vi(0) # 0. Assume v(0) = 9, and let 6x(x) = 1/vi(x).
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(i) The diffeomorphismz = @(x) = col (@;(x),...,9,(x)) defined by

0i(x) = x,.+i( Dy o)t %k
x:l :

o )iy (3.1
O(x) = Z LGy (o) (%)
satisfies ¢.(V)(z) = 0, in a neighborhood of the originU >0 C R".
(ii) The diffeomorphismx =y(z) = col (y1(z),...,W,(z)) given by
x s—1
vi(n) = zj+ Z (Z )G, - Lill(\’j)(z)> j#k
N ol 3.2)
Z [ i i s—i—
Wi(z) = Zs—]f (Z( )'GL, - Ly 1(Vk)(2)>
s=15° \i=0
is an inverse of z = Q(x), that is, it satisfies alallz(z) =Vv(y(2)).
k

Before we prove this result, let us first make the following remarks:
R1. The expressions above are not Taylor series around the origin or in the variable x; as
the coefficients Lf  (0xV;)(x) are evaluated at x = (xi,...,,) and might well depend on x;
(see later for justification).
R2. If the vector field v is independent of some variable x; (j # k), the diffeomorphism @(x)
is also independent of the variable x; (except a linear dependence for the component ¢;(x)).
R3. If any of the components of v(x) is zero, say v ;(x) = 0, then @;(x) = x;.

To summarize the remarks above, let us mention that the method used here is different
from the classical series expansion for solving ordinary differential equations for which
both V(x) = Y-V, com, X" -+ X and @;(x) = Y.@F,.-q,x7" - --xi" are expanded in power series

and a recursive relationship between the constant coefficients v,,,...,, and (p{] gy 18 thought.
Here the expressions of ¢ and its inverse depend on the entire vector field v (not on the
coefficient of its series) and the coefficients of the series are functions rather than constants.
The problem of convergence is of paramount importance for the validation of the results
and is addressed below

Theorem 3.2. Let p > 0 be a positive number such that ||V||, = k(p) < eo. For any 0 <
p < pe ' 7XP) the series (3.1) and (3.2) converge inside the ball of radius p. Moreover, we
have

x(p) ]
1—x(p)/In(p/p)

x(p) (In(p/p))*
In(p/p)—1) (In(p/p) — 1 —x(p))

An extension of Theorem 3.1 is obtained for the Frob&nius theorem and is given below. The
version of the Frobénius theorem used here can be found in many textbooks [1, 14, 15, 16].

() ||<pj<x>||ﬁs;s[1+

G [vs(llp <p[1+
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Theorem 3.3. (Frobénius) (i) Let v!(x),...,v"(x) be a set of analytic vector fields on R"
such that the distribution D(x) = span {v!(x),...,v"(x) } is involutive and of maximal rank
m < ninaneighborhoodU C R" of the origin. There exist an open neighborhood(0 € Q C U
and a change of coordinates z = ©(x) such that @, D(z)=span {9,,...,0;,} ¥z € @(Q).
(ii) There exists a sequence of explicit coordinates changes ¢ (x) =x+ (I)k(xk, ceesXn), for
k=1,...,n whose composition ¢(x) = @¢" o --- o @' (x) rectifies the distribution D.

4 Proofs

In this section we give proofs of our results, namely, Theorems 3.1, 3.2, and 3.3. We start
with Theorem 3.1 and give a constructive proof.
Proof-Sketch of Theorem 3.1 (i). Without loss of generality we assume k = n. The general
case will follow. Notice that for any diffeomorphism z = @(x) the two following conditions
are equivalent.
(2) 9. (v)(2) = 2s,.
(b) Lv(9;)(x) = 0and Ly(@n)(x) =1 for 1 < j <n—1.

For that reason we will show that condition (b) holds. To start let us take 1 < j <n— 1.

It follows directly
—1)*
<( ! nL(YS\} GnV] >

\H
=
ek
?

Ly(9)(x) = Ly(x;

P

S=
o (— ) o (- Yxrvl ! s—1
- V]( )+Z | LVLGV GnV] +Z 0! )LGV(G,,V])
=1 5 s=1 S— )
o - (_l)xxfz s - N
=vi(x)+ Y 5 Va(x)Lg v (0aV;) — Z < v(0av;) =0.
s=1 : s=1
A direct computation shows that
N
Lot = Yoo (S e
s=1 '
_ 0 (_l)x lxv . 1 o sflxxfl 1
- Y:Zl 5! L ; S _ 1 (x)Lc,,v (Gn)
© (_1 xflxx
- Z(l—,"vmmﬂv(m) by () Lgu(0) = 1.
s=1 '
This ends the sketch of proof of Theorem 3.1 (i). The assumptions v(0) = d,, is not re-

strictive. Indeed, if v(0) = ¢10y, + -+ + ¢, 0y, , then by a linear change of coordinates we
can always get v(0) = dy, . The proof of the general case follows by first applying the linear
change of coordinates (permutation)

fj = ‘Cj(x):xj jEk jER
T(xX) 24 & = T(x) =x,
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Under these new coordinates the transformed vector field V = 1, (v) is obtained from v by
permuting the components vy and v, and the variables x; and x,,. Thus we have V,,(0) = ds,
and the proof above yields

0,09 = @+i&%ing%><n¢n
= ' 4.1)

such that §. (V) = 9;,. Because ToT = Id and 7 is linear (hence 3; % — 1), it thus follows that

V =1oVvo1 whichis equlvalent totoV =vort. Itis enough to show that the expressions of
¢ and @ given respectively by (3.1) and (4.1) are related by To ® = @ o t. Indeed, for j # k
and j # n, we get

03(o(2)=2,(5)+ T L ) (0 + T (6, (00,0

using the fact that Lg;é (6,V;)(%) = LSy (0xv ;) (t(%)) for any s > 1. On the other hand, for
j =n, we get

- s ~ ~ w_leflv7~~ ~
ou(e()) =)+ L O o et =5 T 16,900 = i
and, for j = k, we have

Y~Y

)= L o w0 = £ SR 000 = 00

This is the same as having To §(X) = @ o T(%). (ii) The proof of the inverse is constructive.
Because of the linear transformation mentioned above, it is enough to show the proof in the
case k = n, that is, we suppose v(0) = d,,. We look for a change of coordinates x = y(z)

that satisfies ag/T(nz) =v(y(z)). First, we extend v in R"*! as
\A}(xvy) = ol(xvy)axl +--- +on(x7y)axn +\A}n+l(x7y)ay7

where V; =Vv;(x) for 1 < j <n, and V¥, = v,(x). We want emphasize here the fact that the
components V,(x,y) and V,,.1(x,y) are both equal to v,(x). Because V(0) # 0 there exist a
change of coordinates (z,w) = @(x,y) such that §,V = 9., +9,,. An inverse (x,y) = P(z,w)
should thus satisfy

— + = =V(P(z,w)). 4.2)

Define the operator V = 9., +9,, and rewrite (4.2) as V- = V(\{(z,w)). Apply the opera-

tor V again on both side and get (we put V> 2 VoV)

V2 (e ) = VR ) = 5 o (9 )V (2) = 5 (e, )0 ) = Lo(9)
| M 5 Ty e
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A simple recurrence argument yields

Ve (z,w) = Léfl(f/)(ﬁl(z,w)), forall s > 1.

Define 9, = and 0 = a 5 - for all s > 1. Since on the one hand side, 9,, = —d,, +V and

- aw"

on the other hand side V 09, =09, oV, itfollows that
9, =) (-1)'GI, oV,

where 0} o VO = 0} and agn o V$ = V5. We then deduce that

A

s—1

A3 "’ i )'CyaL, - (V2 w)) = (—1)°05, - W(z,w)+ Y (= 1)'Cat, - L1 (9) (W(z,

i=0

Taking ¥(z,0) = (2,0), we get

ER}

aW‘Y w=

=Y (-1)icd, L (@)(z0).

A Taylor series expansion of {f(z,w) with respect to w at w =0 is
18 s—1 o |
0 — _1\ii i s—i—
wen = (§ )+ L5 (E e 4 @60

Let us define y(z) by its components in the following way: for any 1 < j < n we set
V;(z) = ¥j(z,w)|w=z,. Since V;(x,y) = Vv;(x) is independent of the variable y, it follows
that L3V ; = Ly v; for all s > 0. We then deduce that

_z,+z o (Z 1)icial L;“(vj)(z)>.

oV
To complete the proof we will show that %@ =V;(y(z)) forall I < j <n; which indeed
Z
follows from the fact that "
dy;(z) _ d _ 0y, oy,

50 = 32 Vilem) = 5 (@) + g (@ a) = 900 m) = Vi (v()-

This ends the proof-sketch of Theorem 3.1. O
Proof of Theorem 3.2. In the following we prove Theorem 3.2, that is, the convergence of
the series (3.1)-(3.2). Before we proceed we need to introduce more notation. Recall the
notation introduced previously in subsection 2.1 and denote by 9; : C®(R") — C®(R") the
derivation operator defined by 9;(f) = g—){;. For a n-tuple a0 = (o, ..., 0,) € N" we get

aocf B a(x1+---+ocnf

ox®  oxft---oxp"

O%(f) =0 ooy (f) =

w)).
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For the vector field v we have 0%(v) = d%(v})dy, +- - - +9%(Vy)dy, . It is easy to see that
n
Z ax Z 9% (f) x 0™ (v;,)
j=1 J j1=1

where |op| = 1 and |o;| = O with o an n-tuple whose components are zero except the
(j1) component. By an inductive argument we check that for any s > 1 the successive Lie
derivatives yield

Ly(f) = Z Za“o F)x 0% (vj) x - x 0% (v ) x 0% (v},), 4.3)

where the second summation is taken over some n-tuples o; = (Q1,- .., Q) i =0,1,...s
with o, =0, |olp| > 1 and |0l |+ |oty| + - - - + |ots| = 5. The proof uses the following lemma.

Lemma 4.1. Let f (resp. V) be an analytic function (resp. vector field). Let s > 1 andt >0
be given integers and 0 < p < p two positive real numbers. Define

M= sup { )3 (mo!/oco!)-'-(mx!/ocx!)(ﬁ/p)‘“}-

m;= 0 lo|=s

Then we have the following inequalities
—S
() M <5!(In(p/p))

i) 15(Nllp < 5t (In(p/8)) 11/11pIMIp

(i) [10L, Ly (F)llp < !(PIn(p/P)) I 1lplIVI[5

Proof of Theorem 3.2 (i). Replacing s by s — 1, the vector field v by 6;V, and the function f
by o,V in Lemma 4.1 (ii) and taking into account the fact that || f||, < k(p) we obtain

s—1
LS ()]s < (5= DI [l x (%) < (s— DX(PIn(p/p)) " x (x(p))".

—1)%x _
( s? kLg,k\}(GkV])( ) is given by

Thus an approximation of the series @;(x) = x; + Z
s=1

s—1

oo

Lypd (o) ()|, < p+x(p) x L 1 (x(p)/n(p/p))

s=1

los@llp < b+ L%
-1

< p+px(p) x X (x(p)/1n(p/$))

The series converges and is bounded by p + % if x(p)/In(p/p) < 1, ie., if
ﬁ < peik‘(p)'
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Proof of Theorem 3.2 (ii). To prove the convergence of the series
Zk s—1 |
=g+ L (L CVGAL (0w
=1 i=0

we replace f by 6,v; and v by 6,V in Lemma 4.1 (iii). We can thus estimate the compo-
nent \; as

lwi(@llp < p+ Z Fl (ZC’IIG’ Ly 1(Gij)(Z)||ﬁ>
< p+ Z & (ZC’ (s—=1)!(pIn(p/p)) > ||owv;llpllowv|[5 1)
o0 —s+1 /s
< p+p||ckv,||p21“(p o) (iC’ - )
—s+1 s
< e pllow L LB
< p+pln(p/p) Zln p/P) " [(1+x(p)) —1].

The series is convergent if “EK/( 3 <1,ie., if p < pe~!7*(P) and is bounded by

x(p) (In(p/p))*
(In(p/p) —1) (In(p/p) — 1 —x(p)) )"

Proof of Lemma 4.1 (i) Because m'! /o] < (mi)o‘i for all 0 < i < s we deduce that

ﬁ[1+

M< sup { . (mo>“0<ml>°“---<mx>%x(ﬁ/p)mﬂw---w}.

m; = O

N
On the other side, Y (mg)® (my)* - -+ (my)% < <|mo| + |my | —|—~-—|—|mx|> , which
0t |- 1 [ty |=s
implies that

N
M= sup { (ol +[mi| 4+ my] ) (p/p)lml+lmblml |
m;z= o
s
< sup {(Imo|+|m1|+-~+|m‘v|> x(ﬁ/p)‘mO‘HmIH-..Hms‘}'
m,tO

The inequality follows from Stirling formula s! = \/27s(s/e)*¢™ where A, > 0, and the fact

N
that the maximum of x*(p/p)* is (W) e’
(ii) Let the Taylor expansions of the analytic functions f,v;,,...,V; be represented by

= Z fmo x2™ and  vj(x) = Z (Vj)m; xx™, forall 1 <i<s.

mo>=0 m;>=0
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It follows easily that

0% (f) =Y (mo!/0!)fmy X X0

mo>=0lp

and forany 1 <i<s

aai(vji) = Z (mi!/ai!)(\’j,»)m,» x XM

m; = O

Consequently

Ly(f) = Z Y X f X (Vi XX (Vi X (ol f0tgl) <+ (g1 /g 1) x 6

jl ----- ]v—l‘(x‘ s = O

where, for convenience, we put m = mg+mj +---+m; and & = 0g + 0y + - - - + 0. For
any 0 < p < p we have the following estimates (set 7 = (jy,..., js))

||Lf/(f)||ﬁ:ji L X ool XV [ 55 [V ) (0! f0t01) -+ (ms! /s 1) < plm=e

=1|o|=smi=>0a;

=0T X X ol X VDl XX (V) | (01 /t0!) (0t 1)  pI™ (5 /p)

J=1o|=smi=0;

Sy oy L |fm o [P (V) [P [ ()i [PV (g i) -+« (gt f 0t 1) - (p/p) ™

J= 1‘(1‘ sM;=>04

SPEL XL fanlo 1D 07 1V [P (ot et ) - (o) - (/)™

J=1|o|=smi=0;

<Pl fllp x [[Vifp x Sup { )y (mo!/ao!)(ml!/al!)"'(m‘v!/ax!)X(ﬁ/P)m}-

[0t |4+t |=s

Using Lemma 4.1 (i), the item (ii) follows directly.
(ii1) Consider (4.3) where s is replaced by ¢ — i, that is,

ZZa“° XM (vj,) e X 9% (V)

with a,_; = 0, 0| > 1 and |o| + |0y |+ -+ -+ |oy—;| = ¢ —i. Differentiating i times with
respect to x, we get

9Ly (f) ZZa“° £) %% (vj,) x - xd%i(v; ) (4.4)

with 6| > 1 and |G|+ |61 | + - - -+ |6 ;| = r. Following the same steps in Lemma 4.1 (ii)
we get [|9% Ly ()]s < £1(PIn(p/p)) [ f1lpl VI Notice that the power ¢ — i on the last
term is due to the fact there are ¢ — i factors only that involve the components of the vector
field v. m]
Proof of Theorem 3.3. A formal proof of this theorem can be found in the literature. We
are here interested on a constructive proof, that is, item (ii). We start with the simplest case
where the vector fields commute, that is, their pairwise Lie-brackets are zero.
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(a) Commutative Case. Take v!(x),...,v"™(x) such that

dimspan {v!(0),...,v"(0)} =m,
[VEVI] =0, 1<ki<m.

Without loss of generality we can assume that v4(0) = d,, for 1 < k < m. We apply Theo-
rem 3.1 to the vector field v! and define a change of coordinates @' such that ¢!v! =9,,.
Under this change of coordinates the distribution D(x) = span {v!(x),...,v"(x)} is trans-
formed as D' = ¢LD = span {9.,,0!v?,...,0lv"}. Since @l[v!,V] = [plv!, olv/] = 0,
then the vector fields @1v?, ..., @lv" are independent of the variable z;. Thus we can apply
Theorem 3.1 again to @} v? to define ¢ such that @?(@lv?) = d,,. Moreover, ¢?(plv!) =9,
because ©?(z) = z+0%(z2,...,2,). We denote the new distribution as

D = (Pigl = span {aznazzv (Pi((piv3)v R (Pi((pivm)} :

Let us assume that the original distribution has been transformed, via changes of coordinates
1 k—1
¢,...,0" ", into

P = (o 09!), D = span {BZI . N L ,\7’"} ,
where V! = (¢/~1o-.-0@!),v! for k <1 < m. Because of the commutativity it follows that
the vector fields V¥, ..., V" are independent of the variables z;, ...,zx_. Thus we can apply
Theorem 3.1 to the vector field V¥ and find a change of coordinates @* such that ¢fv* = 9z,
Moreover, such change of coordinates can be chosen in such a way that (p’,jazl. = d,, for
1 <i<k—1. It thus takes the distribution D*! into

Df = ((pko---o(pl)*@:span {aa,...,azk,v"“,...,vm},

where V! = ((pko e o(pl)*vl fork+1<I<m.
(b) Involutive Case. In this case we consider, for simplicity, two vector fields v! and v?
and we suppose that

{ dimspan {v'(0),v*(0)} =2,
Vv (1) =T (V! () + 1 (VA ().

Without loss of generality we assume that v!(0) = d,, and v?(0) = d,,. We apply Theo-
rem 3.1 to the vector field v! and define a change of coordinates ¢! such that p!v! =9,,.
Because the involutitivity is invariant by change of coordinates, then the transformed vector
fields V! = @lv! = 9,, and V* = @lv? satisfy

[am 7\72] (Z) =" (Z)am +Y2 (Z)\N}Z(Z)v 4.5)
where ¥ (z) = ¢1y1(z) and 72(z) = ¢!¥2(z). The condition (4.5) implies, in particular, that
52
ov4

L =% (2)V3(z), 2<j<n
dz1 !



Flow-Box Theorem and Beyond 87

G2
The value of ¥, is thus uniquely determined as %2 / V3(z), and the condition above can be
integrated to yield

21
V3(z) = ujz) exp (/0 T(g,22,. '-7Zn)d£> , 2<j<n

for some appropriate functions u;(z) = u;(z2,...,z,) that are independent of the variable z;
with up(0) # 0. The vector field u(z) = 0-0;, +u2(z)9,, +- - - +uy0;, of R" is independent
of the variable z;. Thus by Theorem 3.1 we can find a change of coordinates ¢?(z) =
2+ 9(z2,--.,2a) such that @2u = 9;,. The same change of coordinates brings V> = V19,, +
b(z)u(z), where b(z) = exp ( [y Y2(€, 22, - - ,24) d€), into 2939z, + 9z,. Thus the change of
coordinates Z = ¢* o ¢' (x) transforms the distribution D(x) = span {Vv'(x),v*(x)} into the
straightened distribution (% o ¢!).D(Z) = span {03,,0:, } . m

5 Examples
We will illustrate the results in this section by considering several examples.

Example 5.1. (i) Consider the nonsingular vector field v (x) = x10,, +x20,, +0x, on R>. The
change of coordinates z = @(x) should satisfy the system of partial differential equations

9y 091  0¢; o
x1a—xl‘|‘XZE+E =0
002 | 09 0

! axl 2 8x2 aX3

003 003 0¢3

- =+ 2 = 1.
o axl —|—XQ 8x2 + aX3

Itis not difficult to guess or find a solution as given by @; (x) = xje™3, @2(x) =x2¢ ™, @3(x) = x3.
Indeed, by the method of characteristics we would rewrite the system of partial differential
equation as

@ dxy  dx;

X1 X2 1

or equivalently dx; — x1dt = 0,dx; — xpdt = 0,dx3 — dt = 0; which integrates easily as
X3 =t = z3,x = z22€%,x] = z1€%. This provides the inverse x = y(z) from which the
coordinates z = @(x) can be easily found. Since vi(x) = 1, we have 63(x) = 1, and hence
Theorem 2.1 gives

a=01(x) = xl+i(_1ﬁml(\’1)()€)
s=1 .
oW e ] n—el) - x2+zl(‘1%wm><x>
_ _ - (_l)xilx’; s—1
3 =03(x) = Z,lis! L) (%)
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A simple calculation shows that L~ ! (v{) = x; and L~ ! (v,) = x, for all s; which yields

. _ w(_l)sxg B .
2=01(x) = xl—l—Y:Zl M =xe 3
< (_1)5x8
=02 2=m@ = xn+ ¥ T8y e
s=1 :
© (_1 xflxx
a=e) = LW =y
s=1 :

Because o, - Ly (v;)(z) = 0 for all i > 1, we have

s—1

Y (D€ L () () =1 () @) = 7

i=0
Thus we can immediately verify that the inverse x = y(z) = col (y1(z),¥2(z), ¥3(z)) is
given by its components

o ZS

x1=Vi(z) = ZI+ZS_3'Z1:ZK«’Z3
s=1""
Y°° ZS

x=Y(z) 2] n=VY(z) = 22+Zs—3,Z22228Z3
s=1""

_ _ - ﬁ s—1 1 _
w=y@) = YL (DE)=1x
s=1""

(ii) Next, we consider the vector field V(x) = x;x20y, -+ x30y, + 0y, on R®. The corre-
sponding system of PDEs satisfied by ¢ is

091 5,001  dQ;
12 axl +x2 8x2 aX3 =0
0Py 00  Jpy
Mgt ey T 0
093 5,003  d@3
12 axl +x2 8x2 aX3 = L

It is clear that @3(x) = x3 solves the last partial differential equation which is also given
by the formula (4.1) with n = 3 and 63 = 1. Now, it is less easier to guess for a solution.
However, we can apply (4.1) with vi(x) = x1x2, Va(x) = x3. It can easily be seen that

L57'(v1) = sx; x5 and also L' (v,) = s!x5™. Thus

> (1)5xS .
o) = u+ ¥ 8L v
s=1 :
_ 1) s
X1 —I—Y;( ) x3x1%5 T o
= 2 = (—1)%x8
I ) = nr Y CRBE )
s=1 :
R e .
= 2 1 +x2x3
Q3(x) = x3.
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Though an inverse can be found directly from the above change of coordinates, we want
verify the formulas given by Theorem 3.1 (ii). Using the previous argument, i.e., 823
Ly =Y(v;)(z) =0 foralli > 1, we get

s—1 - |

Y (—1)'CoL, LT (v) (@) = Ly (v) (@) = stz

i=0
We then compute the inverse via Theorem 3.1 (ii) as

A}

DQZ3 s <1
=vyi(z) = z1+) —=slzipp =
S
z
x=yY(z) = =¥z = Z2+Z 3s'z“rl 1_22Z3
<
x3=y3(z) = Z—3L$ '1)(z) =z

|
s=1 s

We can notice that although the vector field is defined globally, both the diffeomorphism
and its inverse are only obtained locally. They are here defined inside the cylinder

C= {(xl,XQ,X3) ER3 : |XQX3| < 1} .

In the previous two examples, the vector field v(x) € R? does not depend on the variable x3.
In the next example we will consider a case where it does.

(iii) Consider the vector field v(x) = x30,, + (X2 +x3)0y, + 0y, on R>. In this example
Ly(vi) = 1 and L '(vy) = 0 for s > 3. In the other hand we can see that L !(v;y) =
xp +x3+1 for all s > 2. It thus follows that

o (=1)°x X3 L,

Q1(x) =x1+ ) o L (V)0 =x—aavi(x) + 5Ly (Vi) (6) = = 5

and

oo

¢2(x) = x2+Z x3LY '(v2) (%) sz—xaVz(X)JrZ(_i?xxg (x2+x3+1)
s=2 .

= x2_x3(x2+x3)+( Pt Dt tl) = nta e —1

Once again we can compute the inverse directly or via Theorem 3.1 (ii). To find the inverse,
first notice that 0., - Ly~ (vy)(z) = 0if (i,s) # (0,1); which yields

_ =3V ii i ps—i—1 3 _ )
2) —Z1+x:Zlg (i;)(—l) Gy, Ly (vi)(2) —Z1+2,V1( )=au+3%
We also have 0., - Ly "~ (v2)(z) = 0 for all i > 2, from which we deduce

s—1

Y ()G LT (V) (1) = Ly (V) (2) = 59, - Ly (Vo) (1) =22 +aa + 1.

i=0
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By Theorem 3.1 (ii), we get the 2nd component of (z) as

o s—1 L . o
V2z) = at 21% (Z(—l)’qa% 'Lill(\’z)(z)> =+ 1%(Zz +z3+1-9)
S=

i=0 5=
= 2+t ) %(Zz +n+l)—- % %S=Z2+(8Z3 —(z2+z3+1) —z3€
s=1 s=1
= (n2+1)e3—z3—1.

It is straightforward to verify that

1
X1 =wyi(z) = Z1+EZ§
x=y(z) = =Yz = (22+1)e®—z3—1
x=y3(z) = z.
is an inverse of z = @(x). >

The next example illustrates the fact that the series given by Theorem 3.1 are not Taylor
series at the origin or in the variable x;.

Example 5.2. Consider the nonsingular vector field v(x) = A(x3)d,, + 0y, in R®, where A
is a flat function, that is, A and all its derivatives are zero at x3 = 0. An example is the
well-known function given by

M) = exp(—1/x3) ifx3#0
Y7o if x3 = 0.

It is straightforward to check that L~ (v{)(x) = A=Y (x3) for all s > 1, where A% (x3) is
the kth derivative of A. Should the formula (3.1) have been a series expansion around 0 or
at x; = 0, the straightening diffeomorphism would have been given by

Pi(x) = xl""i(_i?xxgml(vl)(o):xl
s=1 .
2=0() 2 ©W) = xz+i(_3xx5m1(vZ><o>=x2
s=1 :
v (=150 o
Q3(x) = Y oL (1)(0) = x3;

X3
which is impossible. However we can verify easily that @;(x) =x; — / A(€) de; which
0

coincides with

Indeed we can show that
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The two functions coincide when x3 = 0, and it is enough to verify that their derivatives are
also equal. The derivative of the right hand side is
= (-1 = (-1

Lo ek

s=1

A () = Mx)
s!
after simplification (which equals the derivative of the left).

Now, to find the inverse of the normalizing coordinates, let us apply Theorem 3.1 (ii)
with n = 3 and k = 3. First, we have L{v = A(¥) (x3)0,, for all s > 1. We thus obtain

oo

v(z) = z+ El 3 (—1)'CiaL, -Li”(v)(z)>

—— ——
™7 IipM7
- o - o -

“
I

oo

=+ Y 3 Y (-vica 'Mxil)(@)am)
s=1

oo

= z+ Y 3 ( (—1)"C§7~(‘“)(Z3)3z1>
s=1 j

s!

= z+y 2

It thus clearly follows that

y(z) = col (zl +/0 37»(8) de, ZQ,Z3>

which was predictable directly from the change of coordinates z = @(x). >

6 Applications.

This section deals with few applications of the flow-box theorem among them the lineariza-
tion of control systems [22], [23] (see also [24]), and integration of ordinary differential
equations.

We use the rectifying theorem for vector fields to construct linearizing coordinates for
control systems for which this is possible. For further details we refer to our papers [22],
[23], [24]. The method can also be applied to nonlinearizable control systems to construct
normal forms or simplify their dynamics as well as for an analysis of symmetries of vector
fields. We will only illustrate here with few examples.

Example 6.1. Consider a single-input control system
X1 = xp—2xx3 —I—xg +4dxpx3u
Yix=f(x)+gx)uzq X = x3—2x3u

X3:M



92 Issa Amadou Tall

with f(x) = col (x2 — 2xpx3 +x3, x3, 0) and g(x) = col (4xpx3, —2x3, 1). We start by recti-
fying the vector field g(x). Denote v(x) = g(x) and apply Theorem 2.1 with n = 3, and
63(x) = 1. Since

Ly(vi) = —8x3 +4xy,L2(v)) = —16x3 — 8x3 = —24x3,L3(v;) = —24,L5 1 (v;) =0, s > 5,
we have

n=el) = nt L EDHE V)E

2 3 4
x1 —x3(4xpx3) + %(—ng +4x;) — %(—24x3) + %(—24)
= x1 —4xx3 — 43 + 200003 +4xd —x§ = x1 — 200003 — x5,

Similarly, we have Ly (v2) = —2, and L} (v2) = 0 for s > 3; which yields

n=e0) = L DR VE

2
= xp—x3(—2x3) —I—%(—Z) =xp +2x3 — x5 = xp +23.

We apply the change of coordinates y = col (x; — 2x2x§ —xg', X2 —|—x§, x3) to transform the
original system into

yi= y2—2y¥
Liy=fy)+80uzq » = y
3 = u

where g(y) = col (0,0, 1) and f(y) = col (y> — 2y2y3, y3, 0). The vector field f(y) decom-
poses uniquely as f(y) = col (y2, 0, 0) + y3col (—2y,, 1, 0). The next step is to rectify the
vector field v(y) = col (—2y,, 1, 0). Theorem 3.1 with k =2, and 6, (y) = 1, yields

el s 2
2 = i+ Zl(—l)‘vi—%Li”(Vl)(y) =y —y2(=2y2) + 2(-2) = y1 +)3
» R s=
=00 =4, —
3 = )3

The system is then transformed, via z = §(y), to the linear Brunovsky form

i1 = 2
Apr Z2=Az+buz<{ 7z = z3
Z3 = Uu.

The linearizing coordinates for the original system are thus obtained as a composition of
the two-step changes of coordinates

21 = X —2x2x§ —xg' + (x2 —|—x§)2 =X —I—x%
z=0op(x)2< 2 = x+3
3 = X3.

Of course, this linearizing coordinates could have been obtained directly or by other meth-
ods. What we want emphasize here is that the method works and is applicable for any
linearizable system.
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Example 6.2. We consider the following example

1 1
X1 = x4+ <5x2 - Ex3x4> u X3 = X4+xqu
. 1 .
X = Xx3+ §x3u X4 = U

Because of the strict feedforward structure, we showed in [18] (using a 4-step algorithm)
that the change of coordinates

1

71 = Xx1— 7 (12x2x4 —4x3xi +xﬁ)
5 (m-3%)

L) 2= -z —x
=) 2 2o\ 6.1)

1,

3 = X3—5x4

4 = X4

linearizes the system. We can recover such coordinates directly by applying the algorithm
given in the proof. Denote by f(x) = col (x2, x3, x4, 0) and

1 1 1
2 o(x) = col | =x) — —x3x4, = 1).
v(x) = g(x) =co <2x2 35304, 53, X4, >

The first step consists of rectifying the control vector field via Theorem 3.1. Since v4 =1,
hence 64 = 1, and we have

1/1 1 1 1
Lv(Vl) = 5 <5x3> - E (xi —I-X3) = EX3 — Exi,

and L2(v1) = £x4 — $x4 = 0 (thus L§ ! (v1) = 0, Vs > 3). It follows that

1 1 1
Q1(x) = x;1—x4vi(x)+ ExiLv(vl) =X XN + 8x3xi - ﬁxi.
We can also verify easily that Ly(V2) = 3x4, L3(v2) = %, and L~ (v,) = 0 for all s > 3.
Thus we get
1, 1 5.2
P2(x) = xz—xva(x) + 5xLe (V2) — XLy (v2)
1 1, 14 1 1,
= Xp— 5x3x4 + Zx4 — Ex4 =Xy — 5x3x4 + 8x4.
Similarly, Ly (v3) = 1, and Ly~ (v3) = 0 for all s > 3; which implies
1, 2, 1o 1,
Q3(x) = x3—xava(x)+ §x4LV(V2) =Xx3—X3+ 7%= X3 = 5

Because v4(x) = 1, we get @4(x) = x4, and the change of coordinates (6.1) rectifies the
control vector field g and linearizes the system at the same time.
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Notice that the algorithm described in [18] allowed only to find such linearizing coor-
dinates by computing a component at a time (holding other components identity) starting
from @3 then @, and finally ¢@; and updating the system at each step. A composition of
different coordinates changes gave (6.1). However, Theorem 3.1 allows to compute those
components independently to each other. >

Example 6.3. Consider the following example [14] motivated by a mixed-culture bioreac-
tor

X1 X1 X1 0
X |=((1=Inxz)xo| — [ x2 Jur+ | O Jua (6.2)
X3 —PX1X3 X3 1

with x; > 0,x, > 0,x3 > 0. An equilibrium point for this system is x3 = 1,u; = l,up =1
with x; and x; arbitrary. Define the new coordinates X; = x; — 1, u; = u; — 1 so the system
above can be written in the form

Lix=f(x)+gi(x)u; +ga2(x)uz

where
0 14+x3 0
f(x)= —(14+x7)In(1+x3) ,a(x)=—1 1+x and g,(x)=1 0
—p(1+x1)(14+x3) —x3 1+x3 1

We look for a change of coordinates y = @(x) that rectifies the distribution 2 = span {g1,g>},

i.e., such that (¢).D = B(y) {dy,,0,,} or equivalently (¢).g> = dy, and (@).g1 = 9y, +
Bi2(y)9dy;. Apply Theorem 3.1 withv = g; and 6, = —(1 +x,) L. Because

1 14+x4 14+x4

L oLV X x1=0
o:v(02V1) 14+x " T4+x  (14x)?
Low(cs) = L =

VAT T T (14 x0)2 T (14x0)?

it follows that L§ | (02v) = 0 and L, (02) = %lx(;;l)', s > 1. Thus the change of
coordinates

» —X1+Z ngszvl (o2v1)(x)
X1 —Xp
= X1 —X2(62V1)(X) = sz

=Y T o))

y= (P(X) = x:olQ ( l)x ) ( l)xil( 1)'
:x:Z:l s! } (14+xp)*
_ XE(IJ;XZ)‘Y — In(1+x)
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transforms ¥ into

19

Ly =)+ & 0)i + g2t

where
§ (1+y1)In(1+y3) 0 0
fy) = In(1+ys) , &1(y) = 1 and §2(y)= | 0
Ay1,y2,y3) —1—y3 1

where

A=—pe 2(1+y1)(1+y3)—y3

This system is in feedback form and the following change of coordinates

2= ) =n
2=0(0)29 2 = 62(y)=(1+y1)In(1+4y3)
o= 0:3(0) =3

with feedback v; = LJ;-(T)Q (v),va =1y — (1 4+y3)it; +A(y1,y2,y3) brings the latter system into
the linear form

21 = 22
Liz=f)+81(@)vi+ @2z = v
3 = V.

We deduce that (6.2) can be linearized by the composition of coordinates changes z; =

x‘x;zxz,zg = % Inxz,z3 = x3 — 1 with the relations between old and new control inputs given

by x1x3(Inx3)? —px%x3 + X1X3U1 +X1Up = Xpx3Vy and — pxx3 — xou) +uy = v,. Notice that
the coordinates transformations are not unique and the following change of coordinates
71 =1In(x1/x2),z2 = Inx3, z3 = Inx; with appropriate feedback has been proposed in [14] to
linearize the system. We recovered this latter change of coordinates and feedback in [25]
using the linearizing approach for strict feedforward systems.

Example 6.4. Consider the system X : x = f(x) + g1 (x)u; + g2(x)uz described in the coor-
dinates x = (x1,...,xs5)T € R® by

x2(14x3) 0 0

x3(14x1) —X 0

f) =] x+xs+xq |, g1(x)=[ I+x [, andga(x)=| 0
X5 +x3 0 0

0 0 1

We rectify the vector field g (x). Put v = g;(x) and apply Theorem I.2 withn =5 and 63 =
(1+x3)~, thus 63v = —x3(1 +x3) !9y, + 0y, Since V| = v4 = vs = 0 we have @ (x) =
X1, 94(x) = x4 and @s5(x) = xs5. On the other side v,(x) = —x; implies

L63V ((53\/2) =2x3 ( 1—|—X3) -2 , L(253v ((53\/2):—6)62 ( 143 ) -3
which recurrently gives

Lg\} (o3v2)=(—1)"slxp (1 +x3)".
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It follows that
)X
—x —|—Z 3L§53\} (53\/2)()6):)62(1-1—)63).

To calculate @3(x), notice that Lc3v(<53) —(1+x3)"% and L3, (03)
, S

= 2(1+x3)73. Thus
a simple recurrence shows that LY j63 = (—1)" (s — 1)!(14x3) " 1,

> 1, which implies
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We apply the change of coordinates

y=0(x) =4 y3=In(l+x3)

Y5 = X5

whose inverse is given by (Theorem 3.1 (ii) can be used)

X1 =1
=ye
=9 ()] m=et-1
X4 = Y4
X5 =Ys
to transform the original system into
yio= »n
v2 = (L+y1)e (e — 1) +y2e ™ (y1 +ys +7)
L2033 = e P(n+ys+y)+um
Vo = Y5+
s = up.

The system is in feedback form and can be put into the linear Brunovsky form via

2= 0y =
2 = hl)=»
2=00y) =8 zz = 03(y)=(1+y1)e? (e —1)+y2e 7 (y1 +y5 +¥7)
X4 = 5)4()’) = Y4
xs = §s(y)=ys+yi
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with vi = a} 2y -+ a)5y5 and v, = a>1y1 + et a>5y5 The composition z = ¢ o @(x)
gives the hnearlzmg coordinates

X1 = X1

2 = x(l+x)

2z = (14x31)x3(1+x3) +x2(x1 +x5 —I-X%)
24 = X4

5 = X5 -I-x%

with appropriate feedback.
Example 6.5. Consider a simplified model of a VTOL with dynamics [17] (see Fig. 1.)

% = —sin(0)L +cos(9) 20 F
j = —cos(0)L +sin(9)20LF g (6.3)
0= 211 cos oLF

where M, J, [ and g denote the mass, moment of inertia, distance between wingtips and grav-
itational acceleration. The control inputs are the thrust 7', and the rolling moment due to the
torque F', whose direction forms a fixed angle o with the horizontal body axis. The position
of center mass and the roll angle with respect to the horizon are (x,y), and 8 while (x,y)
and 0 stand for their respective velocities. Let Xx; = x, X, =%,X3 = 0,x4 = 0,Xs = y,X¢ =Y
with control inputs u; = 211 cosOF and uy = —cos(8) 1 + s1n(6)2‘1l‘,}1°‘F —g. The system
rewrites in the form

Z:X:f(X)‘i‘gl(X)Ml—i—gz(X)uz’X: (le"'7X6) GRG

with
X2 0 0
gtanxs n(x3) tanxsz
o= ¥ | am=| | |minm=| |
X6 0 0
0 0 1

where 1(x3) = Ztanc <°052x375i“2x3> . Put v! = g; and v> = g. We look for z = @(x) that

Ml COSX3
rectifies the distribution D = span {v',v?}, i.e., such that (¢),D = B(z) {0.,,9;}. Apply
Theorem 3.1 first to v! = g1 (x) with n = 6 and 64 = 1. Since L} Y(vl)=0forall s >2 it
follows that

Y =X
= (—1)%x

Ya=Xo+ ) ( ) 4L§5 i (04v3) (%)
s=1

) :Xg—X4V}(X) = X — X47M(X3)
_= X)=
y=0X)=9
Y4 =Xy
Y5 =X5

Yo = X6.
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The distribution D is transformed into

0 0

0 tanys
o1 w2 0 0
(9).D = span{V',v*} = span E 0
0 0
0 1

7

Now we look for z = §(y) such that ($),V?> = d,,. Similar to the steps above we obtain
=¥
— S (_ y6 LS 1 2
=y + Z:l (56\/2( VZ)(Y)
S=

=y2— Y6\~’§(Y) =y —Yyetan(ys)

z=0(y) = _y,
4 =Y4
i5=Ys
26 =Ye6-

Hence the previous distribution is straightened by latest change of coordinates. Thus, the
change of coordinates z = ¢ o ¢(x)

1 =X]
20 = Xp — X41M(X3) — Xg tan(x3)
c=pogr)zq
24 =Xy
5 =X5
26 = X6

takes the original system X into ¥ : Z = f(z) +byu; + bous, z € R® with

22+ 2zaM(z3) +z6 tan(zz)
gtanzz —1'(z3)z] — 2624 sec?(z3)

flz)= ZS

26
0

Slnce i 0, the integrability condition fails to be satisfied and the system is not feedback

hnearlzable The algorithm stops. What is worth noticing here is, though the system is not
feedback linearizable, this method provides an easy way of verifying that fact. Indeed, the
classical method would require, in general, to verify that the distribution

"% = span {g,-,adfg,-, .. .,ad;’-*zg,-,i: 1,.. .,m}
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YA

0 > X1

Figure 1. Forces acting on the aircraft.

is involutive by calculating all Lie brackets. Even once we check that all distributions are
involutive, finding linearizing change of coordinates and feedback is another challenge.

Other applications of the flow box theorem include solving explicitly systems of ordi-
nary differential equations and finding symmetries of vector fields. We refer to our work in
progress for further details on those issues. We want just illustrate here with one example.

Example 6.6. Consider the simplest system of ordinary differential equations

with initial condition x;(0) = a;,x2(0) = a. Obviously, a solution is obtained directly
by integrating the second order system associated X; +x; = 0 and X, +x, = 0. We get
x1(t) = ajcost +aysint and xp(¢) = —ay sint + apcost. We will recover this solution by
extended the system as follows

X1 = X2
X2 = —X1
X3 = 1

with initial condition x;(0) = a1,x2(0) = a2,x3(0) = 0. Let v(x) = col(xp, —x1, 1) be the
vector field associated with the extended system. It is straightforward to verify that 2% (v;) =
(—1)xy and L2°~1(v{) = (—1)*x; on one side and L2°(v,) = (—1)*"!x; and L2~ (v;) =
(—1)*x; on the other side. Since o, - Ly™"'(vi) =0and 9, - Ly (vo) =0 for all i > 1,
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we deduce from Theorem 3.1 (ii) that the change of coordinates x = y(z) is given by

w o= a+id (‘z (-1)cia, Lé”(W)(Z)) —a+ ¥ AL

s=1

2s 0 2s5+1
= aut+X éi)!(—l)‘vzl+Y§0%(—1)‘YZ2 =71 €0823 +228inz3

s—1 s
xn = o+tLli (Z (=D'Ga, 'Li’l(Vz)(Z)> —a2tL L (v2)(2)

o 2s e 2s5+1

= ot 21 (12— ZO%(—U% = —z;sinzz +22c0823
S§= s=

X3 = 23

Since x3 =1 (3 = 1 and x3(0) = 0) we then have x; () = zj cost +zp sint, xp(¢) = —z; sinz +
zpcost and using the initial conditions we arrive to the solution above.

Conclusion

In this paper we have provided explicit formulas for finding a diffeomorphism rectifying a
non singular vector field as well as its inverse in terms of power series of functions that are
Lie derivatives of the components of the vector field along itself. We have established the
convergence of those series and extended the results to the Frobénius case, and we have also
provided several examples as well as an application to the linearization of control systems.
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