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Abstract

In this paper we have defined torse-forming projective N— curvature collineation
and discuss the existence of torse-forming projective N— curvature collineation in
NP — F, (normal projective Finsler space) and study the corresponding results for con-
tra, concurrent and special concircular transformations.
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1 Introduction
Let Fn be an n-dimensional Finsler space equipped with 2n line elements (x’, ') and posi-
tively homogeneous metric function F(x, x) of degree one in directional arguments .

The normal projective covariant derivative of a vector field X'(x, x) with respect to x* is
given by [1]

ViX' = 0pX" — (0;X" )T, 8" + XTI

where
. . i
I, = G, — ——G;,
kh k™ Dk
which form a connection called the normal projective connection and d = %, O = 2
g |k

preserve the vector character of X'.
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The functions H};h, Gj'(h and Gy, are symmetric in their lower indices and are positively
homogeneous of degree 0, 0 and -1 respectively in their directional arguments. The func-
tions G:, are the Berwald’s connection parameters [2]. The derivatives d,IT;, denoted by
H;kh is given by

i . 1 ‘ .
ben = Gl — m(sle};hr + X' Gl )

are symmetric in their lower indices and positively homogeneous of degree -1 in directional
arguments and satisfy the following relations

(a) ch.hf‘k = H;;kxk =G,

(b) I =Gy

() T, =0, (1.1)
(d) Hl]_'ki = Hzljik = Gljki,

(e) I, = 1 Gln.

Let us consider a point transformation
7 =x+ev(x), (1.2)

where V' is a contravariant vector field. Then Lie-derivative of a tensor T]? and the connection
coefficient H;k are characterized by [1]

£T] =V (Vi T}) = T/ (Vi) + TV V") + 06 T]) (Vo)
and ‘ . . ‘
£, = V; Vo' + Njy V! 4 TT  (Vo)s! (1.3)
respectively. The commutation formulae with respect to Lie-derivative and other for any
tensor Tj"k are given by

(a) £(ViT}) = ViE(T}) = (€11}, T, — (€11 T} — (4115, T},
(b) al(fok) - £(allek) =0.

The Lie-derivative of the normal projective curvature tensor N,i i expressed in the form

Vk(£n§h> —V;(£IT},) = ‘£Nlijh + (£lecm)xmnijh — (£IT},, )" - (1.4)
The corresponding curvature N j.kh (x,x) as called by[1], the normal projective curvature ten-
sor, is given by
. . Co —
N}kh = 2{a[jH;<]h"‘H;h[jnk]mxm"‘nﬁ[jnk]h}v
is skew-symmetric in j and k indices and satisfied the following relations

( i _ i
(a Ny = —Nijno

)
(b) ale'khxl = 07
) Nji = 2Ny,
d) Ny, = Nen,

i i
e) ijh = _Nijﬁa

f) Niakn = Hi.-

9}

(1.5)

N SN o~/
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where Hj‘ik is Berwald curvature tensor deviation. It is connected to Berwald curvature
i
tensor Y, by

@) Hyy == 30l »
(b) Hjl'khxj = Hli’/’l °
The Berwald’s curvature tensor satisfies the Bianchi identity
Hlyyy = Hij, + Hiyj + Hy e = 0. (1.7)

The commutation formulae for any general tensor, involving the curvature tensor are given
as follows

2V T = N T} = Nigii T — (01T} )N (1.8)
and
(0;Vi — V)T = T T — TU, T — T, X7 (9 T3). (1.9)

Definition 1.1.[4] The space F,, with normal projective connection parameter HZk and
normal projective curvature tensor N ;'kh. is termed as normal projective Finsler space and
usually denoted by NP — F,,.

2 Preliminaries

Torse-forming infinitesimal transformations in a Finsler space were discussed by R. B.
Misra and C. K. Mishra [7]. Special concircular projective curvature collineation in re-
current Finsler space was introduced by S. P. Singh[6].
Definition 2.1.[5] A Finsler space Fn is said to admit N-curvature collineation, if there
exist a vector field v such that
£NYy;, =0,

We also consider an infinitesimal transformation of the form
#=x+e(x), V' = vy + 7\.5};. 2.1

where A is a scalar function and g, being any non null vector field. Such a transformation
is called a torse-forming transformation[3].

In view of infinitesimal transformation (1.2) in [1], defined a projective motion, if there a
homogeneous scalar function p of degree one in X's satisfying

£IT, = 28{ py), (2.2)

where
pj=29;p, (2.3)

and satisfy the conditions

(a)  Hp=p,
{ & it e
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Theorem 4.1 [3], have proved that the scalar function A appearing in (2.1) is a point function.
oA =0. (2.5)

We have the next particular cases:
A torse-forming transformation becomes
(1) a contra transformation, If A = 0 and u = 01in (2.1), such that

7 =x+e(x), V' =0. (2.6)
(2) a concurrent transformation, If u ;= 0 and A = ¢ (¢ being a constant) in (2.1), such that

F=x+ev(x), Viv' = c8,. (2.7)
(3) a special concircular transformation, If u; = 0 and A #constant in (2.1), such that

)Zi = xi —|—8vi(x), Vkvi = 7\.82 (28)

3 Torse-forming projective N—curvature collineation in NP — F;,

Definition 3.1. In NP — F,,, if the normal projective curvature tensor field N;kh satisfies the
relation

where £ represents Lie-derivative defined by the transformation (2.1), which defines a pro-
Jective motion, then the transformation (2.1) is called the torse-forming projective N —curvature
collineation.
Differentiating (2.1) partially with respect to x' and applying the commutation formula
(1.9), we have . _ . .
(0;Vi — Vid )V = (01 — ak,uj)vi = H;-klvl. (3.2)

Transvecting (3.2) by %/ and using (1.1)(c), we get
(ajvk - Vkaj)xjvi =0 or (3j#k - ékﬂj)fcjvi =0.

Since x’/ and V' is non zero, it implies

).V =V, 00
{ (a) a_] kY R ka]V ’ (33)
(b) 0ty = ak/Jj-
The normal projective covariant differentiation of (2.1), we have
ViV = vi/xj,uk+7»53~,uk (Vi) + A8, (3.4)

where

VA=A

If u; follows the invariance property with respect to normal projective covariant differenti-
ation, such that
Vi, =0. (3.5)
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In view of (3.5), the equation (3.4) reduces to
V Vi’ = v + A8 + A8 (3.6)

Interchanging the indices j and & in (3.6) and subtracting the equation thus obtained to (3.6),
we have . ' . . '
2V Vv =8 + 7L8’j,uk — kkS’j — M‘)}Ouj. 3.7

Using equation (3.7) in commutation formula (1.8), we get

NigV" = A8} + A8y, — My — A (3.8)

Transvecting (3.8) by i, we get
HiV" = (08 4+ A8 — M — M), (3.9)

in view of (1.5)(f).
Differentiating (3.9) partially with respect to i and using (1.6)(a), we have

H " = M8, 8] + M0y 8" — Ajgy i — ASju ;8] + 18,8 — 5. (3.10)

Adding the expressions obtained by cyclic change of (3.10) with respect to indices /, j and
k in cyclic order, we have

0 = AS8] + M08 — A8y " — A ;8] (3.11)
FAS) — M) + A, 8+ AD jua, S
—A8)0 juad" — A8y & + Ny 8;8" — 4,8,
NS48 + Mgt 8]" — NS Opany " — A&y, B
-+ 881 — A;8;8).

in view of (1.7).
Using (3.3)(b) in (3.11), we obtain

0 = Aud) —ASju; 8] +A;88) — Aidd) (3.12)
A8, — A8 8 + W8} — 1,8,
B8 — A8 8] + A58 — ;875
Contracting indices 4 and [ in (3.12), we derive
(n—2) (A — At + A8} — M) = 0, (3.13)
Contracting indices i and k in (3.13), we drive
(n=2)(n—1)(A; —Ay;) = 0. (3.14)
for n > 2, the equation (3.14) yields

Aj = A (3.15)
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Differentiating (3.15) partially with respect to &’ and using (2.5), we find
In view of (3.16), the equation (3.8) immediately reduces to
Applying (2.1), (2.2), (1.1)(c), (3.6) and (3.15) in (1.3), we obtain

8Pk +8ipj = Vi + ANy + Mu; S + N + 0,

where ui! = u.
Transvecting (3.18) by i and using (1.1)(c), we get

(8 i+ 8,p )" = (v + My + Mt 8 )4 + Nj "
Differentiating (3.19) partially with respect to x/, we have

(8 i+ 8pi)d + (Sipi + 8 ) = (Ve + Ahuy + Mt 8}) 87
(alN]ijk)thh —+ Nlijkvh.

Transvecting (3.20) by i and using (1.5)(b) and (2.4)(b), we derive
(Sj'Pk +8p )i = (Vi A8y + Mt 8) ¥ 4+ N] e
Contracting the indices 4 and & in (3.21), we get
Sj-p +i'p; = viyju+7»8§-u+xi?\,yj,

in view of (3.17).
Differentiating (3.22) partially with respect to i, we obtain

& pr+ 8+ prj = v+ ASpuy -+ a8
Contracting i and k in equation (3.23) and using (2.4)(b), we have

(n+1)(pj) = Vh,Uth + (n+ 1)y,

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

3.21)

(3.22)

(3.23)

(3.24)

Differentiating (3.24) covariantly with respect to indices x* and using equations (2.5) and

(3.16), we get
(n+1)(pij) =0,
which implies
Pkj=0.

In view of equation (3.25), the equation (3.23) may be written as

& i+ 8pj = Vi + A8y + M8

(3.25)

(3.26)
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Equations (3.18) and (3.26) gives
(Njje =T}, v = 0. (3.27)

h

Since v" is non zero, therefore the equation (3.27) implies

Nij =TT} . (3.28)

Interchanging the indices j and k in equation (3.28) and subtracting the equation thus ob-
tained to (3.28), we obtain . .
(N;ljk - llzkj) =0. (3.29)

Transvecting (3.29) by v/ and using (3.17), we get
VN i = 0. (3.30)

Since V!

is a non zero Lie-invariant vector for infinitesimal transformation (1.2), we have
£/ =0. (3.3D

Taking the Lie derivative of (3.30) and noting (3.31), we get

VEN; ;= 0. (3.32)

which implies
£N;ljk =0. (3.33)

Thus we state:

Theorem 3.1. In NP — F,(n > 2), the torse-forming transformation (2.1), which admits
projective motion, is the torse-forming projective N—curvature collineation.

4 The study of some other transformations

Case 1 In NP — F,, the contra transformation (2.6), which defines projective motion and
admits the relation (3.1), is called contra projective N—curvature collineation.
In view of (2.6) the commutation formula (1.8) gives

N =0. (4.1)
Contracting (4.1) with respect to indices i and j and using (1.5)(d), we get
Ny = 0. 4.2)
Using equations (2.2) and (2.6) in (1.3), we obtain
& pr+8;p; = Nj " (4.3)
Contracting indices i and j in (4.3) and using (1.5)(e) and (1.5)(d), we get

(n+1)px = Ny (4.4)
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Transvecting (4.4) by v* and using (4.2), we get

(n+ l)pkvk =0. 4.5)
Since v¥ is non zero, therefore the equation (4.5) implies
(n+1)pr =0, (4.6)
forn > 1, (4.6) gives
pr=0. 4.7

In view of (2.2) and (4.7), the equation (2.3) reduces to
£N;j, =0. (4.8)
Accordingly we state:

Theorem 4.1. In NP — F,(n > 1), the contra transformation (2.6), which admits projective
motion, is the contra projective N—curvature collineation.

Case 2 In NP — F,, the concurrent transformation (2.7), which defines projective mo-
tion and admits the relation (3.1), is called concurrent projective N—curvature collineation.

Theorem 4.2. In NP — F,(n > 1), the concurrent transformation (2.7), which admits
projective motion, is the concurrent projective N—curvature collineation.

Proof. The proof is analogous to theorem (4.1). O

Case 3 In NP — F,, the special concircular transformation (2.8), which defines projec-
tive motion and admits the relation (3.1), is called special concircular projective N—curvature
collineation.

In view of (2.8) the commutation formula (1.8) gives

A8 — B’ = Nig . (4.9)
Transvecting (4.9) by %" and using (1.5)(f), we get
(A8, — M8 )" = Hi". (4.10)
Differentiating (4.10) Partially with respect to X/, we have
(A8 — Ned)8) = H o, (4.11)

in view of (1.6)(a) and (2.5).
Adding the expressions obtained by cyclic change of (4.11) with respect to indices [/, j and
k in cyclic order and using equation (1.7), we have

(M8 — Me8))8] + () — Mi8}) 8] + (WS — 1;8))5; = 0. 4.12)
Contracting (4.12) with respect to indices / and / , we drive

(n—2)(A;8, — L&) =0, (4.13)
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for n > 2, the equation (4.13) gives
A = M. (4.14)

From (4.9) and (4.14), we get .
NigV" =0. (4.15)

Using (2.2) and (2.8) in (1.3), we obtain
& pr+8ip;j = A8} + Nj " (4.16)
Transvecting (4.16) by v* and using (4.15), we get
8 pi +p' =, (4.17)
Transvecting (4.17) by i and using (2.4)(a), we obtain
S;pvk +pjvixk = Kjxkvi. (4.18)
Contracting indices j and & in (4.18) and using (2.4)(a), we get
(2p—Ljx W =0,

which implies 4
2p = \x/. (4.19)

In view of (4.19) and (4.14) the equation (4.16) reduces to
Njav" =0. (4.20)
Contracting indices i and k in equation (4.14), we get
(n—=1)A; =0, 4.21)

forn > 1, equation (4.21) give
A;j=0. (4.22)

From equations (4.16), (4.20), (4.22)and (2.2), we get
1T = 8 p+ 84 p; = 0. (4.23)
In view of equation (4.23), the equation (1.4) immediately reduces to
£Nij, =0. (4.24)
Accordingly we have:

Theorem 4.3. In NP — F,,(n > 2), the special concircular transformation (2.8), which ad-
mits projective motion, is the special concircular projective N—curvature collineation.
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