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PAIRS OF ADDITIVE FORMS OF DEGREE p™(p — 1)
HEMAR GODINHO, TERTULIANO C. DE SOUZA NETO

Abstract: Let
f(l'l, ---axn) = alx’f + .4 a"‘z']rcr,
9(T1, ooy Tn) = b1k + -+ bpak

be a pair of additive forms of degree k = p™ (p—1). We are interested in finding conditions which
guarantee the existence of p-adic zeros for this pair of forms. A well-known conjecture due to
Emil Artin states that the condition n > 2k? is sufficient. Here we prove that

n>2(%>k2—2k

-1
is sufficient, provided that p > 5 and 7 > pT

Keywords: additive forms, Artin’s Conjecture, p-adic forms.

1. Introduction

We are interested in finding sufficient conditions which guarantee the existence of
non-trivial p-adic zeros for a pair of additive forms of degree k in n variables

k k
f=axi+ - +anz,

g:blx]f—|—~-—|—bnxf“ 1)

where the coefficients a;, b; are rational numbers.
There is a longstanding conjecture of E. Artin stating that, for pairs of additive
forms, n > 2k? could be such a condition. Many efforts have been made to prove
Artin’s Conjecture, starting with the pioneering works of Davenport and Lewis [2]
who confirmed the conjecture for the case of odd degrees. For even degrees, they
found that if n > 7k3 the existence of non-trivial p-adic zeros is guaranteed.
More recently, J. Briidern and H. Godinho [1] proved that n > 2k? does suffice
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to establish p-adic solubility of (1.1) unless the degree is basically of the form
kE=pT(p—1) with 7 > 1. And they also proved that for all degrees k there
is always p-adic solubility provided n > 4k?. In a recent paper [3], the authors
proved that any pair of additive forms of degree k = 37 X 2 or Kk = 57 x 4 in
n > 2(%)1?2 — 2k variables has common p-adic zeros. Here we extend these
results f%r other values of p, and our main theorem is presented below. For more
information on the subject we refer the readers to [1].

Theorem 1.1. Let f,g be a pair of additive forms of degree k =
rational coefficients, with p > 7. If n > 2(%)k2 —2k and T >
system (1.1) has g-adic solutions for all primes q.

p’(p—1) and
prl, then the

The proof follows a combinatorial approach of looking for zero-sum subse-
quences of the sequence of all column-vectors of the 2 x n matrix of coefficients of
the system (1.1). It is important to observe that for k = p”(p — 1) only the case
g = p need to be considered, since for all other primes ¢, the condition n > 2k? is
sufficient for g-adic solubility (see [1]).

We shall start with the Davenport and Lewis p-normalization process, an im-
portant technique that shall give the starting point for our analysis.

2. p-normalization
Let us consider a pair of additive forms of degree k in n variables

f(zy,.xn) =arzh + - +apxk

(21, ey Tn) = bk + - 4 bk (2.1)

with rational coefficients a;, b;.
Let vy, ..., v, be integers and A, 4, i1, p be rational numbers such that A\d—pup # 0.
Now define the following transformations of the pair (2.1)

Fi(xy,.zy) = f(p" 21, ..., p""xy)

2.2
Gl(l‘l,...,zn) :g(pvlzl7""pvnxn) ( )

Fy(z1, . 2p) = Af (21, o0y Tn) + pg(21, o0y Tn)
Go(x1, .y ) = pf(T1, ooy @) +0g(21, .oy Tpy)-
For each pair of additive forms, define the parameter

9(f,9) = [ [(aibs — a;bs).
i#j

(2.3)

Davenport and Lewis[2] proved that
19(F1a Gl) = p2k(n_1) 21}119(.12 g)

and
D(Fy, Ga) = (A§ — up)" " DI(f, g).
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Two pairs of additive forms are said to be p—equivalent if one can be obtained
from another by repeated applications of transformations (2.2) and (2.3). It is an
immediate consequence that if the pair f, g has a non-trivial p-adic zero, the same
holds for any pair of forms in its p-equivalence class.

Let F, G be a pair of additive forms with integer coefficients and suppose that
¢ =v,(V(F,G)) < oo, where v, is the p-adic valuation (in [2] it is proven that we
can always assume 9(F, G) # 0). The pair F, G is said to be p-normalized if ¢ is the
least power of p diving in 9¥(f, g), for all pairs f, g having integer coefficients and
p-equivalent to F,G. The most important feature of the p-normalization process
is the affirmation that it is enough to prove Theorem 1.1 for a pair of p-normalized
additive forms, with all the nice properties described in the next lemma (see [2]
for a proof).

Lemma 2.1. A p-normalized pair of additive forms of degree k can be written
(after renumbering variables) as

f=fo+pfi+t-+"" fon

B 1 (2.4)
g=4go+pg1+--+p" "Gk-1,

where each variable in a pair of subforms f;, g; occurs with a coefficient not divisible
by p in at least one of these subforms. Moreover, if we denote by qo the minimum
number of variables appearing with coefficients not divisible by p in any form A fo+
g0, with A\, not both divisible by p, and define m; as the number of variables
present in the pair f;, g;, then

qo = n/2k and mo+---+m; = (j+1)n/k for 0<j<k—1.(2.5)

To guarantee the existence of non-trivial p-adic zeros, we are going to use the
following Hensel-type lemma also due to Davenport and Lewis[2].

Lemma 2.2. Let f, g be a pair of forms as in (1.1), of degree k = p™(p—1), p > 3,
and define v = 7+ 1. If the system

f=0 (modp”)

2.6

g=0 (modp”) (2:6)
has a solution (x1,...,x,) for which the matriz
a1y et ARy

( bizy -+ bpmy ) (27)

has rank 2 modulo p (i.e., for a pairi,j, (a;b; — a;b;)x;x; 0 mod p) then the
pair f,g has p-adic zeros.

3. Sequences over abelian groups

Let G = (G,+) be a finite abelian group and S be a sequence of elements of G
(repetitions allowed). For each g € G, define v4(S) as the number of times that
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the element g occurs in the sequence S. We say that T is a subsequence of S
if vg(T) < vy(S) for all g € G. Define the support of S to be supp(S) = {g €
G; vy(S) # 0} and the length of S as

1SI =" vy(9).

geaG

Here all sequences will be written in the multiplicative form, either as S =
gi...gr O
S = Hg”g(s), with supp(S) = {g1,-..,9r}-
geG

With S =g¢; ...g,, define the sum of S as
o(8)=> g €G,
i=1

and the set of all non-empty sums of subsequences of S as

2(8) = {Z&‘gi : g;€[0,1] and Zei > O} CG.
i=1

i=1
Definition 3.1. Let S be a sequence in a group G.

(i) If o(S) =0, we say that S is a zero-sum sequence.
(ii) If o(S) =0 and |S| € {1,...,exp(G)} (the exponent of G) we say that S
is a short zero-sum sequence.
(iii) If 0 ¢ X(S) we say that S is a zero-sum free sequence.

Definition 3.2. Let G be a finite abelian group.

(i) Define D(G) (the Davenport constant) as the smallest positive integer r
such that every sequence S over G of length r has a non-empty zero-sum
subsequence.

(i1) Define n(G) as the smallest integer r such that every sequence S over G
with length v has a short zero-sum subsequence.

In [4, 5], J. Olson proved:

Lemma 3.3. Let p be a prime number and C, the cyclic group of order p. Then

(i) DC,®Cp)=2p—1 and
(ii) n(Cp & Cp) =3p —2.

Definition 3.4. Let G be a finite abelian group and t € {1,...,p(G) — 1}, where
p(G) is the least prime divisor of |G|. We define sy = s:(G) to be the smallest
positive integer such that every sequence of nonzero elements of G of length s, has
a zero-sum free subsequence of length t.
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It is easy to verify that s1(G) = 1 and s5(G) = 3, for all groups G. Less obvious
is the fact that
Sg(G) =3, (31)

and its proof can be found in [3].

Lemma 3.5. Let S be a sequence of nonzero elements of G and suppose
|supp(S)| > t. If there is g € G such that vy(S) > t — 1, then S has a zero-
sum free subsequence of length t.

Proof. Using the additive operation of the group, consider the following equations
lg+x =0, with ¢ € {1,...,t—1}.

Since each of these equations has a unique solution in G and |supp(S)| > ¢, there
exists h € supp(S) which does not satisfy any of these equations. Therefore

T=g"h
is a zero-sum free subsequence of length t. |
Lemma 3.6. Let p be a prime, p > 7. If 3 <t <p—1, then
5¢(Cp) < (p—1)(—2)+ 1.

Proof. Let S be a sequence of nonzero elements of G of length |S| = (p — 1)(¢t —
2) 4+ 1. If there is ¢ € G such that vy(S) > ¢, then T = g¢' is a zero-sum free
subsequence of length ¢, hence we may assume v4(S) < t—1 for all g € G. On the
other hand, the length of S implies that there must exist an element h € supp(S)
such that vy (S) =t — 1. But this fact also gives a zero-sum free subsequence of
length ¢, unless |supp(S)| < ¢, according to Lemma 3.5. Write then

S=g*-grr with v; <t—1 and r <t
If | supp(S)| <t — 1, then
S|=(t=1)=@-Dt-2)+1-(t-1)*=(t-2)(p—t—1) <0

which is impossible for ¢ > 3 and p > t+1. Hence |supp(S)| =t and |S| < ¢(t—1).
Now,

IS| = (tt—1) = 1) =pt —2p—t>+4>(t+2)(t—2) —t>+4>0
since p > t 4+ 2. Therefore
tt—1)—1<|S| <t(t—-1).

Suppose |S| =t(t —1). Then (p—1)(t—2)+1=t{t—-1)=(t+1)({t—-2)+2,
which implies (¢ — 2)(p —t — 2) = 1. And this is an impossibility, for ¢ > 3 and
p >t + 1. Hence we must have |S| = ¢(t — 1) — 1. Let us write

S=g " alig
and observe that (p — 1)(t —2)+1=t(t—1)—1 = (t+ 1)(t — 2) + 1, implies
t—2)t+1)=(p—-1)(t—2), thatis, t =p —2.
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Since p > 7, then t = p —2 > pT_l + 1, hence the sets {g1,92,...,9t—1} and
{291,292, ...,2g:} must intersect, and there should be a g € supp(S) such that
vg(S) =t —1 and 2g € supp(S). It follows that the subsequence

9" ' (29)

is zero-sum free, for (t — 1)g + 2g # 0 (mod p). |

3.1. Sequences over Z/p™Z

Let S = g1 --- g, be a sequence of integer numbers and p a prime number. Con-
sidering
w2 L — L[p'L (3.2)

to be the canonical epimorphism, define the sequence (the image sequence) m;(S) =
mi(g1) -+ mi(gr) in Z/p'Z.

Lemma 3.7. Let S be a sequence of integers coprime to p and of length r > 3p—2.
Then S has a short subsequence T such that w1 (T) is a short zero-sum sequence
in Z/pZ, but wo(T) is not a zero-sum sequence in Z/p*Z.

Proof. Let S = g1 --- g, and write these elements as g; = a; + pb;, where a; =
m1(g;) € {1,...,p— 1}. By Lemma 3.3(ii), the sequence

(alaﬂl(bl))a (aQ”n—l(bQ))a ceey (arvﬂl(br))

has a short zero-sum subsequence over Z/pZ @ Z/pZ, that is, there exists I C
{1,...,r} such that |I| < p and

Zai = Zbi =0 (modp).

i€l i€l

Zgi = Zarl-pri =0 (modp).

i€l icl icl

Therefore

Since 0 < a; < p for all i € {1,...,r}, we have

Zgi Z0 (modpQ).

icl
It is now clear that the subsequence T' =[], ; g; has the desired properties. W
The proof of next two lemmas can be found in [3].

Lemma 3.8. Let S = g1g2- - - gp be a sequence of integers coprime to p and choose
any g; € supp(S). Then it is always possible to find a subsequence T of S with
gi € supp(T) such that m(T) is a zero-sum in Z/pZ.
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Lemma 3.9. Ifa,m,k € N, define recursively

Eo-lal 2], - |

ol = )

3.2. Sequences over Z/p™Z & Z/p™Z

Then

Let f,g be a pair of p-normalized forms and

~(3)-(x)

be the sequence of their coefficients (see (2.1)). According to Lemma 2.1, we can
rewrite the sequence & as

A = Mgy M (3.3)

where an element Zj ) of & is in #; if a;,b; are coeflicients of the pair of
j

subforms (p’f;, p'g;). The elements of .#; are said to be at level i.
Write F72 \ {(0,0)} as the disjoint union of the p + 1 lines Lo, L1, ..., Ly,

Fﬁ\{<o,0>}=i|;|)Li, (3.4)
b= {3 ( 1) a1}
and

Li:{)\< ' )| AE{L...,p—l}}

forall i € {1,...,p}.
Now, define (see (3.2)) the epimorphism

0i:ZXL—TL/IpLSL/p'L

oa _ mi(a)
()-8
With these in mind, let S be a subsequence of ., and for each 5 € {0,1,...,p},

define the subsequence of S

I;(S) = H g, where B; ={g € .#; ¢1(9) € L;}.
geB;

as
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We will say that an element g of S has color j if g € B;. Writing i,(S) = |I;(9)|
we have that

P P
S=][LiS), and [S]=) i(9). (3.6)
j=0
In an analogous way, if S is a subsequence of .#;, we can also write

I;(S) = H g%, where C; = {g € 4, ; p1(p~"g) € L;}
9€C;

and in this case we also say that g has color j (at level ) if g € C;.
It is simple to see that for any fixed subsequence S of .#;, we can always
assume

i0(S) = ip(S) = 1;(5) forall je{l,2,...,p—1}, (3.7

and thus define the sequence
P
Qo(S) =[] L(S),  with () =[Qo(5)I. (3.8)
j=1

Hence, for every subsequence S of .#;, we have
S=1(5)Qo(S) and  [S|=1i0(S)+ qo(S).

Lemma 3.10. Let S be a subsequence of .#; and suppose that there exists j €
{0,...,p} such that i;(S) > 3p — 2. Then S has a short subsequence T' such that
we+1(T) is a zero-sum sequence but gy2(T) is not a zero-sum sequence.

Proof. As seen above (see 3.7), we can assume io(S) > 3p — 2. Let U be a subse-
quence of I(S) of length 3p — 2

aq a3p—2
U— P ,
( by ) ( bp—2 )
Observe that for y € {1,...,3p — 2} we have

p‘a; 0 (modp) and p'b; =0 (modp).
Since the sequence of integers V = p~‘a; - - - p~‘az,_o has a short subsequence T*
(see Lemma 3.7) such that 71 (7) is a short zero-sum sequence but w3 (7*) is not
a zero-sum sequence, it is now simple to choose the short subsequence T' of U with
the desired properties. |

Lemma 3.11. Let S be a subsequence of #y. If io(S) = s5,(Z/pZ) and qo(S) >
5,(Z/pZ), then @er1(S) has a zero-sum free subsequence of length u + v over
Z/pé—HZ @ Z/pe'HZ.
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Proof. Let us consider

f— all CEEEEY a’r‘ Cl DR CS
=) () () ()
a subsequence of S containing r = s,,(Z/pZ) elements of Iy(S) and s = s,(Z/pZ)
elements of Qy(S). Then

wn=(5)(4)(8)-(5)

It follows from Definition 3.4 that the sequence A; --- A, has a zero-free sub-
sequence over Z/pZ of length u, and in an analogous way, there is also a zero-sum
free subsequence of Dj---D; of length v over Z/pZ. Denoting these zero-sum
free sequences as A;--- A, and D; --- D,, we have a sequence of length u + v of
Z/pZ & Z/pZ such that

0 Aq A, Ch Cy
(o) e=((5)- (%) (5)~(5))
concluding this proof. |
4. Proof of Theorem 1.1
From this point on we are considering the pair of forms f, g to be p-normalized,

with all the properties described in Lemma 2.1. Since k = p”(p — 1) and n >
2(%%2 — 2k, inequalities (2.5) give

Q0> 5o > kLo —1=pT -1,
and
¢ n »
;;m>(£+nk>2w+n<k%_l)0.
Hence

4
o=p ™ and Y mi>200+ )T - 1). (4.1)
1=0

In order to guarantee the existence of p-adic zeros for this pair of additive
forms, it is sufficient, by Lemma 2.2, to obtain a solution of rank 2 to the system
(see (2.7))

ala:]f + -+ anxﬁ = (HlOd pﬁy)
k

0
. (4.2)
by + -+ bpxy, =0 (mod p?).

Since v =7+ 1 and
k=p"(p-1

~—

=p(p"),
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(where ¢ is the Euler function), the above system is equivalent to the equation

(Zi)sl+"~+(zz>sn:<8> (4.3)

in Z/p"Z ® Z/p"Z, with €; € {0,1}.

Definition 4.1. We will say that a subsequence S of o = My... Mp—1 5 a
non-singular zero-sum sequence modulo p’ if p;(S) is a zero-sum sequence and
supp(¢1(S)) Nsupp(p1(Ap)) contains at least two elements of distinct colors (see

(3.6)).

The system (4.2) and the equation (4.3) presents a correspondence between
the problem of finding solutions of rank 2 for a pair of additive forms f, g and the
question of existence of a non-singular zero-sum subsequence sequence modulo p”

of the sequence
A = Mgy My — ( ‘b” )( Zn )
1 n

of the coeflicients of the forms f, g.

Definition 4.2. Let S be a subsequence of o = My... Mx—1. If S is a non-
singular zero-sum sequence modulo p, we will say that o(S) is a Primary Element
at level 0 or higher. If po(S) is a zero-sum sequence but @yy1(S) is not a zero-sum
sequence, we will say that o(S) is a Secondary Element at level £. We will denote
by Pe the sequence of the primary elements at level ¢ (or higher), and % the
sequence of the secondary elements at level £. Let Sy be the sequence Sy - My (it
is only natural to considerer the elements of My as secondary elements at level £).
Let us denote by

pe = |Pel and  sp=|Sl. (4.4)

The next theorem, proved in [2], give us a lower bound to the length of P;.

Theorem 4.3. If f,g is a p-normalized pair, then

oz ([ 525) [3]).

It now follows from Theorem 4.3 and (4.1) that the minimum number of pri-
mary elements that can be obtained at the first level is (since mg > 2p™+1 — 1)

As pointed out by the inequality in Theorem 4.3, to produce a primary element
at level 1, we can use only zero-sum sequences of length at most 2p. Hence to
produce p; primary elements at level 1, we are using at most p” sequences of
maximum length 2p at level zero. Thus we define

so=mg—2pxXp" =mg—2p L. (4.6)
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Lemma 4.4. If p; > p and i;(S¢) > p — 1, for some j € {0,1,...,p}, then we
can produce a primary element at level £ + 1 or higher using at most p primary
elements and p — 1 secondary elements

Proof. Suppose that the p, primary elements are at level ¢ (otherwise we already
have a primary element at level £+ 1 or higher) and i5(S¢) > p—1 (see (3.7)). Let

a a c Cp—
=) () () ()
be a subsequence of Sy containing p primary elements and p — 1 elements of the
sequence Io(S¢). Then, for ye€ {1,...,p—1}
p~‘c; # 0 (modp) and d; = 0 (mod p**1).
If there is 4 € {1,...,p} such that b; = 0(modp’*!), then we must have a; #

0 (mod p**!), and Lemma 3.8 tells us that there exists J C {1,...,p — 1} such
that

Zp_[cj +pfa; =0 (modp).
jed

a; Cj . 0
| ()= (5))-(5)
jeJ
giving a primary element at level £ + 1. So, let us assume b; # 0 (modp‘t!)

for i € {1,...,p}. Again by Lemma 3.8, there exists I C {1,...,p} such that
>icr P~ ‘b; = 0 (mod p), hence

an(2(5))-(8)

If @ = 0 (mod p**1), we have a primary element at level £+1. So assume p~‘a #
0 (mod p), and repeating the arguments above, we can find J C {1,...,p—1} such

that
(S (0)-2(7))=(3)

iel jeJ

Therefore,

giving a primary element at level £ + 1 or higher, and completing the proof. W
Lemma 4.5. Let ¢ > 0. Then

se—3(p° — 1)J _

Sg41 = Myq1 + { »

Proof. This result is a consequence of Lemma 3.10, since a secondary element at
level /41 can always be produced, unless for every y € {0,1,...,p}, ,;(Se) < 3p—3.
Thus there would remain at most (3p—3)(p+1) = 3(p?—1) elements at level /. B
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Lemma 4.6. If{ > 1, then

{Ziwwﬁﬂwﬂ@+UW—UJ
Sg = o .

Proof. (Induction on ¢) For ¢ =1, Lemma 4.5 gives

5035521)J _ {pml +50p3(p2 - 1)J '

512m1+{

Now, from Lemmas 3.9, 4.5 and the induction hypothesis, it follows that

{Ze 1P m1+5073(p+1)(1)[‘_171)J 32— 1)

pl—l

Sg = My + »

=1 4 0—1 0—1(,2
m —3(p+1 3 -1
s> my {Zl 1p'mi + 50— 3(p ;Ep 1) —3p~(p )J

L in . _ ‘_
w>{zfmmH30f@+n@ DJ. =
p

Lemma 4.7. Suppose £ > 1 and p > 11. If p, > p and s, > p*> — 6p + 5, then
we can obtain a primary element at level £ + 1 or higher using at most p primary
elements and p — 1 secondary elements.

Proof. We have (see (3.7))

. S¢
> >n—0.
io(Se) = LH_ 1—‘ >p—6

By Lemma 4.4, we can also assume i(S¢) < p — 2. And since p > 11, we have
i0(S¢) = 5 =83(Z/pZ), according to (3.1). On the other hand, Lemma 3.6 give us

qo(Se) = s¢ —io(Se) = (p—1)(p—6) + 1 > 5,4(Z/pZ).

Now we can use Lemma 3.11 to find a zero-sum free subsequence T of S; over
Z/p" 7 ® Z)p* 17 of length 3+ (p—4) =p — 1.

Observe that the sequence T'Py has length m > 2p—1, and according to Lemma
3.3(i), it has a subsequence U such that ¢g1(U) is a zero-sum sequence. Since T
is zero-sum free sequence, the sequence U must contain at least one element of Py,
hence o(U) is a primary element at level £ + 1. |

Lemma 4.8. Suppose p =7 and ¢ > 1. If pp > 7 and sy > 41 we can obtain a
primary element at level £ 4+ 1 or higher using at most 7 primary elements and 6
secondary elements at level £.
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Proof. Since iy(Sy) > {%1 > 6, the result follows immediately from Lemma 4.4.
||

Lemma 4.9. Suppose, for £ € {1,...,7 — 1}, that

p’=5p+4 if p=11
S¢ =
47 if p=T1.

Then
Dey1 2 {MJ .
p

Proof. Let us assume that p, > kp. If £ < 2 we can apply Lemmas 4.7 and 4.8
to obtain k primary elements at level £+ 1 or higher, since p> —5p+4—(p—1) =
p? — 6p + 5 and 47 — 6 = 41. Now suppose that, for any ¢t < k, if there are tp
primary elements at level ¢, we can then obtain ¢ primary elements at level £+ 1 or
higher. Since we are assuming k > 3, we can use Lemma 3.3(ii) to obtain a primary
element at level £ 4+ 1 or higher and still have left (k — 1)p primary elements at
level £. By the induction hypothesis we can obtain other k — 1 primary elements
at level £ 4 1 or higher, concluding this proof. |

4.1. Conclusion

The final step of this proof is to guarantee the existence of a non-singular zero-
sum at level v, that is, to prove that p, # 0, and this is accomplished in the
next lemmas. From this point on, we are assuming the validity of the conditions
(4.1),(4.5), (4.6), p> 7 and 7 > 1.

Lemma 4.10. Under the conditions above we have, for £ € {1,...,7 — 1},
s¢ > 20p* — 3p — 4, (4.7)
and
sr>p° —4dp—4. (4.8)

Proof. The conditions (4.1) and (4.6) give

¢ ¢
Zpimi > Zmz >2(0+1)(p™ —1) and sg=mg—2p" "L
=0 =0

Hence Lemma 4.6 gives

F:f—o pim; —2p™ = 3(p+1)(p" — 1)J
Sy 2 ’

ol
thus

WV

. {2(( +D)(p™ —1) =2 = 3(p+ 1)p* +3(p+ 1)J

pé
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giving

se =2 _3(p4+1) + Pp —2 1J .

Pl
Now, since we are assuming p > 7 we have
2 if £=1
J 0 if 3p>22—1land/?>1

{3p2£+1
—1 if 3p<2f—1and?>1.

pé

Therefore, for £ € {1,...,7—1}
se = 2p" Tt —3p— 4 > 20p% — 3p — 4,

. . p—1
and, since we are assuming 7 > 5

p—1

Sy =2 2(—— )

W—3p—4=p>—4dp—4. |
Lemma 4.11. Under the conditions above we have

Dr 2 P.

Proof. From Lemma 4.10 it follows that s, > 20p®—3p—4, for £ € {1,2,...,7—1}.
Since 2¢p? —3p —4 > p? —5p+ 4 if p > 11, and 20p? — 3p — 4>471f]0—77 we
can apply Lemma 4.9 and inequality (4.5) to obtain p, > p™~("=1 = p, |

Lemma 4.12. Under the conditions stated above and for p > 11 we have
pr41=py # 0.
Proof. It follows from Lemmas 4.10 and 4.11 that
>p’—4p—4 and  p; >p.

Since p > 11, we have p? — 4p — 4 > p?> — 6p + 5, hence we can apply Lemma 4.7
to obtain p, 75 0. |

Lemma 4.13. Under the conditions stated above and for p =7 we have
Pri1 =Dy # 0.
Proof. Again, it follows from Lemmas 4.10 and 4.11 that
>p?—dp—4=17 and pr2T,

hence i0(S;) > { -‘ > 3.
=

If i9(S;) > 6, the result follows from Lemma 4.4. If i4(S,) = 5, then we have
q0(S7) = s —i0(Sr) = 12 > s53(Z/7Z) (see (3.1)) and also io(S;) = s3(Z/7Z). It
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follows from Lemma 3.11 that we can find a subsequence S of S; such that ¢, 1(5)
is a zero-sum free subsequence of length 6 over Z/7" "1 Z & Z/7717Z. Observe that
the sequence SP; has length m > 13, and according to Lemma 3.3(i), it has
a subsequence U such that ¢,11(U) is a zero-sum sequence. Since S is zero-sum
free sequence, the sequence U must contain at least one element of P, hence o(U)
is a primary element at level 7+ 1 = ~.

Hence we may assume 3 < ig(S;) < 4. Now we have ¢o(S;) = s; — i9(S;) =
13 > s4(Z/7Z) (see Lemma (3.6)) and also i(S;) > 3 = $2(Z/7Z) (see (3.1)).
Again, it follows from Lemma 3.11 that we can find a subsequence S of S, such
that p,41(9) is a zero-sum free subsequence of length 6 over Z/7" " Z & Z /771 7Z.
Now, as above, the result follows from Lemma 3.3(i), since the sequence SP; has
length m > 13. ]
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