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Abstract: Let Fge be a finite field, and let F 4 be a subfield of Fge. The value set of a polynomial
[ lying within F 4 is defined as the set of images {f(c) € F a: ¢ € Fge }. This work is concerned
with the cardinality of value sets of polynomials lying within subfields.
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1. Introduction

Let g be a prime power, let F, denote the finite field of order ¢, and let F; denote
the (cyclic) multiplicative group of F,. For integers 1 < d < e, Fya is a subfield of
the finite field Fge if and only if d divides e.

In this paper we consider the value set of a polynomial f € F.[z] lying within
a subfield Fya of Fye, or simply the subfield value set. The subfield value set is
defined as the set of images f(c) € Fya, where c runs over Fge. When the subfield
is omitted, the value set of f is simply the set of images of f. Das and Mullen [2]
study value sets of polynomials over finite fields; in particular, they obtain a lower
bound for the cardinality of the value set of a polynomial over F,.

The idea of studying functions on extension fields with their images in subfields
is a very natural one. For example, the absolute trace function defined for o € Fye
by

Tr(a) —a+al+ +al
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maps onto the subfield F, uniformly in the sense that it maps onto each element
of the subfield F, equally often. More generally, for each d dividing e, the trace
function defined for o € Fye by

e—d

Trd(a):oz+aqd+~-~+ozq

maps onto the subfield I« uniformly in the sense that it maps onto each element
of the subfield Fja equally often. These subfield ideas can be used to construct
sets of mutually orthogonal frequency squares (MOFS); see [7]. A connection to
maximal curves is given in [3].

From now on, let V(¢% ¢?) = {f(c) € Fya: ¢ € Fye} denote the subfield value
set of f that lies in the subfield IF .« as c ranges over the extension field Fge. Further
let |V (g% g%)| denote the cardinality of V(g% ¢?), that is, the number of distinct
elements in the image of f that lie in F a as ¢ ranges over the extension field F..
As a special case we note that Vy(¢%; ¢°) denotes the usual value set {f(c): ¢ € Fge }
of a polynomial f over the field Fe.

Further let Ny (g% %) denote the number of images f(c) (counting multiplic-
ities) of f : Fge — Fge that lie in the subfield F,a, as ¢ ranges over the elements
of the extension field F,e. We clearly have |V;(g% ¢?)| < Ny(q% ¢?), and of course
N¢(¢% q°) = ¢° for any polynomial f over the field Fge.

In this paper, we develop the notion of stratifying the image set of polyno-
mial mappings over finite fields by considering images laying within subfields. We
present formulas for the cardinalities of subfield value sets of basic polynomials
over finite fields, namely linearized polynomials (comprising all linear maps over
finite fields) in Section 2 and power polynomials (or monomials) in Section 3. The
main contribution of this paper, in Section 4, is determining the subfield value
sets of some Dickson polynomials, subject to a constraint on the parameter of the
polynomial. We conclude in Section 5 with an open problem on the general case
of the subfield value set of a Dickson polynomial.

2. Ko6nig-Rados and linearized polynomials

The Konig-Rados theorem gives a way of determining the number of zeroes of
a polynomial over a finite field in terms of the rank of a matrix. In this section, we
use the Koénig-Rados theorem to determine the subfield value set of a linearized
polynomial over a finite field. First, we present a subfield analogue of the Konig-
Rados theorem.

2.1. Konig-Rados theorem for subfields

Let n > 0, let f(z) = Y.i"ja;z" € Fylz] and consider the equation f(z) = 0.
The distinct roots of f can be found as the roots of ged(f,x? — ), which have
multiplicity 1. Thus, the number of distinct solutions of f(x) = 0 is equal to the
degree of ged(f,x? — x). It is trivial to determine if f(0) = 0 and so we consider
only the solutions to ged(f, 29! —1). Furthermore, since a?~! =1 for all a € Fy,
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the number of nonzero solutions of f(z) = 0 is the same as the number of nonzero
solutions of

(aO + aq—l) +a1x + a2x2 + .-+ aq_2xq72 =0.

Thus, without loss of generality, we assume that n < ¢ — 2.
The Ko6nig-Rados Theorem expresses the number of nonzero roots of a poly-
nomial in terms of the rank of a coefficient matrix.

Theorem 2.1. [6, Theorem 6.1] Let ¢ be a power of a prime, let

fz) = Zasxs € F,lz]
s=0

and denote by C' the left circulant matriz

ap a -+ Qg-3 Qg—2
aq as e Qg2 ao
C =
ag—2 Qo -+ Qg—4 Gg-3
The number of nonzero solutions of the equation f(xz) = 0 in F, is equal to

q—1—1k(C), where rk(C) is the rank of the matriz C.

We further extend the Kénig-Rados Theorem to determine the number of roots
of the polynomials occurring within a subfield.

Theorem 2.2. Let g be a power of a prime, and let e, d be positive integers with

d dividing e. Let
q°—2

f@) = Y a® €Fyeal,
s=0

and denote by C' and B the matrices

1 1 e 1
aop al R Qge -3 Age -2 b1 b2 s bqe_l
ai a2 -+ Qge—2 ao b2 b2 b2
— — 1 2 e e—1
C = , B= 1 )
Age—2 Qo s Qge—4 Qge—3
e e e
q°—2 q°—2 q°—2
| b1 bl oo bge7 |

where by,ba,...,bge_1 are the distinct elements of ]F:; Denote by By the
(¢¢ — 1) x (¢% — 1) submatriz of B defined by the columns of B corresponding
to the elements of de. Then, the number of non-zero solutions of the equation

f(x) =0 inFya is equal to ¢ — 1 — tk(CBy).
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Proof. Let N be the number of solutions of f(x) = 0 and let N4 be the number
of solutions of f(x) = 0 occurring within F?,. We may assume that N < ¢° — 1,

otherwise f is the zero polynomial. In addition, suppose 29"=1 — 1 does not divide
f and thus Ny < ¢% — 1.

Let by, ba,...,bse—1 be the distinct elements of Fy., ordered so f(b;) # 0 for
1<i<q¢°—1-Nand bge_n,,bge—N 41, ,bge—1 € F;d. Define the Vandermonde
matrix B as in the statement of the theorem. Then det(B) # 0 since the elements
b1,b2,...,bge_1 are distinct.

Using o ~! =1 for all o € F¥., we obtain

I f(b1) f(b2) f(bge—1)
byt f(by) by f(ba) E b;equ(bqefl)
OB — by f(b1) by2f(ba) oo byt f(bge—1)
) b R b () |

The final N columns of C'B are all zero, and so rk(CB) < ¢°* — 1 — N, since B is
non-singular.

Let By be the (¢° — 1) x (¢ — 1) submatrix of B defined by taking the ¢% — 1
columns of B corresponding to the elements of Fa Since the elements of Fra
which are solutions of f(z) = 0 appear in the final columns of B, they also appear
as the final columns of By. Thus, the final N; columns of C'By are equal to 0 and
the rank of C'By is at most ¢¢ — 1 — Nj.

Let the nonzero solutions of f(x) = 0inFya be c1,¢a, ..., cqa_1_p, and consider
the submatrix of CBy

fle) f(ca) flegaziony,)
Cl_lf(cl) 02_1f(02) cee Cq_dl_l_Ndf(qu—l—Nd)
E— Cl_2f(cl) 62_2f(c2) T cq_d2_1_Ndf(qu71—Nd)
G TN p o) TN fey) e e TN flegaia )

The matrix E is invertible since det(E) = f(c1)f(c2)- - f(cqa_1-n,)det(E"),

where E’ is the Vandermonde matrix with defining row (c;',c5 ;... ¢ i1 N
q d
Thus, tk(CBg) = ¢% — 1 — N. |

We comment that if e = d, then By = B. Since By has full rank, rk(CBy) =
rk(C), and Theorem 2.2 reduces to Theorem 2.1.
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2.2. Linearized polynomials

Definition 2.3. Let Fge be the finite field with q¢ elements. A linearized polyno-
mial over Fge is a polynomial of the form

e—1
L(z) = Zaiqu € Fyelz].
=0

An affine polynomial over Fg is given by A(z) = L(x) + «, where L(x) is
a linearized polynomial over Fge and o € Fye.

Suppose L is a linearized polynomial over Fse. Then L is indeed linear over
F,, that is, L(a1 + o) = L(aq) + L(ag) and L(cag) = cL(aq), for all ag, ag € Fye
and ¢ € F,. Since linearized polynomials over F,. define linear transformations
Fge — F4e, we can consider L as a linear operator Fye — Fge, when Fge is seen
as a vector space over IF,. For the remainder of this paper we use the notation
Fse both to denote the finite field of degree e over F, and to denote the vector
space Fy over F,. In addition, we do not make the distinction between a linearized
polynomial L € Fsc[z] and the linear operator Fy — F¢.

To study the value sets of linearized polynomials, we need the following result
that determines when a set of elements forms a basis for a finite field.

Theorem 2.4. [6, Corollary 2.38] Denote by Fye the finite field with ¢¢ elements.
The elements By, B1,...,Be—1 € Fge form a basis of Fye over Fy if and only if

By BL - BT

a .. pat
S ) 2.1)
Beor By - B

It is well known when linearized polynomials define permutations over finite
fields, see [6, Theorem 7.9]. We use a technique similar to an alternate discussion,
given in [6, Page 362], to determine the value set of a linearized polynomial.

Theorem 2.5. Let q be a power of a prime, and let e be a positive integer. Denote
by Fye the finite field with ¢° elements and let L(z) = Z:;é a;z? be a linearized
polynomial over Fqe. Denote by M the e X e matrix

q q
ap  agy oAl
.

a; o} ad
>—1

q q°

Qe_1 Qg_q e ao

Then, L is a permutation polynomial if and only if det(M) # 0, where det(M)
denotes the determinant of the matrixz M. Furthermore, the value set of L, denoted
V5, satisfies |V | = ¢"K(M),
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Proof. The statement of the theorem is proven in [6, Page 362], except for the
final line. For the final assertion, we fix a basis {80, 81, ..., Be—1} of Fge over F,
and let v; = L(B3;),i=0,1,...,e — 1.

For 0 <i,7 < e— 1 we have

. e—1 i "

@ ¢ pgstI

’71' - E as /87, ]
s=0

and taking subscripts (mod e), we have

e—1

qj - qj qs
Y = E :as—jBi .

s=0

We therefore have a matrix equation relating the conjugates of the v;, 3; and a,—;
of the following form

q q
Yo Yo RN (7} )
q q°”
st 7 N
-1
q q°
Ye—1 Ye—1 7 Ve—1
e—1 e—1
q q q q
50 /80 e 50 ao a671 “ .. al
—1 e—1
q q© q q
B B gL ... B a ol o A
e—1 e—1
q q q q
Bee1 Beoq v Bey Qe—1 Qg_g " O

Labelling the corresponding matrices I'; B and M respectively, by Theorem 2.4
the matrix B is non-singular and thus the rank of I' is equal to the rank of M.
Since the value set of the linearized polynomial L is equal to the image set of the
linear operator, we have |V | = ¢"(M), |

Corollary 2.6. Let L € Fye[z] be a linearized polynomial with value set of cardi-
nality ¢*M) | as given in Theorem 2.5. Every image is repeated ¢¢~ ™M) times.
Furthermore, N1(¢% q%) = |VL(¢%; ¢%)|q* ™M), where N1 (q%; q%) denotes the total
number of images of L in Fya, including repetitions.

Proof. Since L defines a linear operator F,e — F,e, we have, by the first iso-
morphism theorem, Fe / ker(L) = V. Since dim(ker(L)) = e — rk(M), the claim
follows. |

Suppose L € Fye[z] is a linearized polynomial and let A(zx) = L(z) + «, for
some o € Fye. Consider the subfield value set of A, V4(¢% ¢?), for any d dividing
e. We have trivially that [Va(¢% ¢%)| = |VL(¢% ¢%)|. If a € Fya, then [V4(¢%; ¢%)| =
Vi (a9l
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Example 2.7. Let L(z) = Try(z). Then L is a linearized polynomial and L
maps Fge onto Fpa. Let a € Fge with o & Fpa and let A(z) = L(x) 4+ a. Then
Va(a%q?) = 0.

If o € Vi.(¢%q°), that is, if o is an image of L, then for all § € Fge, A(B) =
L(B) + a = L(B + ), where a = L(). Thus, running over all 5 € F,, we have
that Vz(¢% q%) = Va(q%; ¢?) for all d dividing e. If o is not an image of L, then
the subfield value set of A depends on the additive cosets of the subfield value set
of L. It can be easily verified with a computer algebra program, such as SAGE or
Maple, that the cardinalities of subfield value sets of affine polynomials most often
vary from the subfield value sets of their corresponding linearized polynomials.

Lemma 2.8. Let q be a power of a prime, and let e be a positive integer. Let Fqe
be the finite field with ¢° elements and let L be a linearized polynomial over Fye

defined by L(x) = Zf;& a;z? . Then

e—1 )
Ni(g%q%) = |{5 : Z (azid-i-i - ai) gl = 0}|
i=0

and
V(g% q%)| = Np(q% %) /¢,

where M is the matrixz given in Theorem 2.5.

Proof. Let
e—1
L(z) = Z a;x?
i=0
and suppose that L(a) lies in F 4. That is,

p e—1 B ra e—1 ;
L(a)? = g al o =L(a) = g a;ad .
i=0 i=0

Rearranging, we find

e—1 B e—1 e—1 B
i+d 7 7
a“ gt L q Nl —
E aj « E a;af = E (ag_gp; —ai)a? =0,
i=0 i=0 i=0

where the subscripts are taken (mod e). Thus L(«) lies in the subfield F a of Fge
if and only if « is a root of the polynomial

e—1
d i

b(a) = (al ., —a;)z?. (2.2)

=0

The final expression for |V7(¢%; ¢%)]| is given by Corollary 2.6. |
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Counting the number of zeroes of the polynomial b in Equation (2.2) can be
done by the Konig-Rados theorem, see Theorem 2.1.

Theorem 2.9. Let L be a linearized polynomial over Fqe given by L(z) =
3:51 a;x’, that is a; = 0 for j # 1,q,4%,...,q¢°"*. Let C be the left-circulant
matriz of size ¢° — 1 with defining row

0 b 0---0 b 0---0 ba -+ be_ 0---0 be— 0---0
0 : 1 2 e—2 e—1 s
q—2times g2 _ g _ 1 times g®™t —¢°72 — 1 times q® —q°~ 1 — 2 times

where by are the coefficients of b in Equation (2.2). Then,

. qe—rk(C)
Ve(q%q%)| = ="

where M is given by Corollary 2.6.

Proof. Theorem 2.1 gives the number of non-zero roots of b is ¢¢ — 1 — rk(C).
Since 0 is a root of b, the claim follows. [ |

3. Power polynomials

We now consider the subfield value set Vy»(¢% ¢?) of the polynomial f(x) = a™.
Power polynomials are a special case of Dickson polynomial D,,(x,a) with a = 0,
as we will see in the next section. It is well known and easy to see that

q°—1
Vi (¢%:¢°)| = ————— + 1.
Verla®5a)] = gy

We first show the number of preimages of the subfield value set of a power
polynomial.

Theorem 3.1. The number of preimages of the power polynomial x™ is given by
Non(g%9%) = (n(g? = 1),¢° = 1) + 1.

Proof. Recall that if o € Fye, then o € Fya if and only if a?’ = a. For c € Foes

if (c")qd = ¢", we have ¢"(?"=1) = 1. The number of solutions of this equation for
c € Fy., is given by (n(g? —1),¢° — 1), and the result follows. |

Since the multiplicative group F7. is cyclic, we have in Fy.

Nr” (qe;qd) _ (n(qd — 1)7qe 7 1)
(n7qe_1) 1= (n,qe—l)

We note that if (n,q® — 1) = 1 so that z™ is a permutation polynomial on
Fge, then [Vyn(gq®)| = Nun(g%q?) = ¢ since 2" must map F, onto itself.
In fact, if (n,q¢ — 1) = 1, then 2™ is a permutation polynomial on F,a and so
Ven (g:9%)| = .

[Vin (¢% ¢%)| = +1.
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Example 3.2. Let f(x) = 22 with ¢ = 3,d = 1,e = 2. Then we have

2
Ver (8:3)] = gy 1= 2
2 26-1.8)
|V,2(3%3)| = @.9) +1=3;
2. 92\ _ K.
[V,2(3%3%)| = @.8) +1=25;

N,2(3%3%) = (2(32 - 1),8)) +1=09.

We note, however, that the 5 elements counted in the third and fourth lines do
not represent the same five elements.

4. Dickson polynomials

For a € Fge, the Dickson polynomial D, (x,a) of degree n and parameter a is

defined by N ) n/2] NV o
n(x,a)-%ﬂ_j( ; >( a)'z" .
Dickson polynomials have been studied extensively since they play very important
roles in the theory of permutation polynomials over finite fields, and in the Schur
conjecture; see [5]. In [4], the use of Dickson polynomials in cryptographic systems,
particularly over finite fields, is generalized by considering Dickson polynomials
over Galois rings. Dickson polynomials have many properties which are closely re-
lated to properties of the power polynomial " = D,,(x,0), see [5]. For example, for
a € F;, Dy, (7, a) induces a permutation on the field F, if and only if (n, ¢?-1)=1.
Moreover, from [1] we have

g—1 q+1
2(n,q—=1)  2(n,q+1)
where a can be explicitly stated and is usually 0. In [3], if n is odd and n divides ¢—
1, it was shown that NDH(IJ)(C]Q; q) = (¢(n+1)—(n—1))/2, and Nqul(w’l)(QQ; q) =
(¢ +1)/2.

Let a € Fy.. If ¢ € Fye, then we can write ¢ = y + a/y for some y € F 2., and
we obtain a functional equation for Dickson polynomials, D, (c,a) = y"™ + a™/y™.
Thus, in order to have the image D, (c,a) in the subfield FF,a, we must have

+ «,

VD, (2,0) (@ Q)| =

d
a™ q a
(o) =i (41)
Yy Yy
If ™ € F,a, Equation (4.1) becomes, after simplification,
(v @Y~ —am) =0, (42)

that is, either y”(qdfl) =1lor y”(qdﬂ) = a". The following lemma is essential but
has an elementary proof which is omitted.
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Lemma 4.1. Fora € F., let C, be the set C, = {y+a/y:y € Fy. or Yyt =a}.
Then, Cq = Fge

We consider only the case when a™ € F 4, for otherwise, when a" ¢ F,a, Equa-
tion (4.1) does not seem to lead to a convenient factorization as in Equation (4.2);
see Section 5. We derive |Vp, (4.4)(¢% ¢%)| in detail for ¢ odd and note that the
derivation for g even is similar and therefore omitted.

In the following lemma, 7, is the quadratic character on IF ¢, so that 1, (a) = 1
if a € F}, is a non-zero square and n,¢(a) = —1if a € F;, is not a square. Moreover
Va is a square root in F 2 of a € .. For any number m, let r,, be the non-
negative integer satisfying 2" ||m, that is, r,, is the highest non-negative power
of 2 dividing m.

Lemma 4.2. Let Fya be a subfield of Fye with q odd. If a" € IF;d, then ¢ €

Vb, (2,a)(@%5 q%) if and only if ¢ = y™ + a™ /y", where y satisfies at least one of the
following requirements:

L y(qe—l»n(qd—l)) =1,

L a. for nge(a) =1 and nga(a™) =1,
(%)qﬂ-lnq—l)) 1,
2, (oo 1,
3. (%) a“+1n(g"+1)) —
b. for 1ge(a) = =1 and f4a(a™) =1,
L () H1n@=1) = 1 and rgeqn < Ppggaonys
2. ()t @) = 1 and rge—1 < Tp(gasn)s
3. (%) a“+n@’+) = 1 and rge1 < Tn(q?+1),
c. fornge(a) =1 and nga(a™) = -1,
(%) @+ 1) = 1 and 1, ga_1) < Tgets
2. (%) —Ln(e"+1) = 1 gnd Th(gd+1) < Tqe—1,
3. (%)(q“rl (@) = _1 gnd Tn(gi+1) < Tqe+1,
d. for ng(a) = =1 and nya(a™) = —1,
1. (%) a“+1n(@’ =) = 1 gpd Tqe+1 = Tn(qd—1);
9. (%)(q —1,n(g*+1)) _ =—landrge_1=r n(qd+1)
3. (%) “+1n(@*+) — 1 and Tqet1 = Tn(qd+1)-
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Proof. By Lemma 4.1,
{Dn(c,a):c€Fye} = {y" + (a/y)" 1y € Fye or y? T = a}.

Since a” € Fyu, y" +(a/y)" € Vb, (a,)(¢%¢") if and only if y” ~! = Lory” ™! =a
and y™(@"~Y =1 or y™@"+1) = " by Equation (4.2).

If y9°~1 = 1 and y"(qdfl) =1, then y(qtl‘”(qdfl)) = 1 and Case I holds. In
Case II, we prove only (b.1). All other cases can be proved in similar ways.

Suppose 7,4(a”) = 1 and 14 (a) = —1. Then (Va)"@' =1 =1 and (y/a)?" ~! =
—1. The last equality is equivalent to (y/a)? *! = —a.

Case IL.b.1: Suppose y?*' = a and y”(qdfl) = 1. These two equations

) q°+1 n(q?—1) )
are equivalent to (%) = —1 and (%) = 1, respectively. Thus,
Y (2(g°+1),n(g* 1)) Y (g°+1,n(g*-1))
(ﬁ) =1 but (ﬁ) —1, and 80 7gey1 < Typga1)-

We can now evaluate Np, (;.q)(¢% q%).

Theorem 4.3. Let q be odd and let a € Fge with a™ € Fya. For integers m and
k, let Smer =1, if m < k, and S, =0, if m > k. Also, let 0y, = 1, if m =k,
and Opm=r, =0, if m # k.

a. Ifnge(a) =1 and nya(a™) =1, then

Np, (z.0)(@% q%)
(¢° —1,n(¢" = 1))+ (¢° — 1,n(¢? + 1)) — (¢° — 1,2n)
2
(¢° +1,n(q — 1)) + (¢° + L,n(q? + 1)) — (¢° + 1,2n)

+ 5 .

b. If nge(a) = =1 and nga(a") =1, then

Np, (w,a) (2% 0%)
(¢° = Lin(¢" = 1)) + Orge 1 <rygqayny (4° Ln(g* +1))
2
_(1 - 5rn<rqef1)(qe - 1»”) + 6qu+1<Tn(qd,1) (qe + la n(qd - 1))
2
Orge i1 <rygayny (@° F Ln(g" + 1)) = (1= 0p, <) (0" + 1,m)
2

+
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c. If nge(a) =1 and nga(a™) = —1, then

ND,,,(I,(L) ((Ie; qd)
(" L ("~ 1)) 4 0 uy<res (@~ Lnle 1))
2
5T1L(qd71)<r‘1e+1 (qe + 17 n(qd - 1)) + 5Tn(<1d+1)<rqﬂ+1 (qe + 1’ n(qd + 1))
5 .

d. If nge(a) = =1 and nya(a™) = —1, then

Np, (2. (a°3 %)
(¢° = Lin(g? = 1)) + 6qu_1:rn
2
. Or o= ga_ry (0" L0(q" = 1)) 4 Grpeimr sy (6 + Ln(a? + 1)).
2

(¢9+1) (qe - ]-7 n(qd + 1))

Proof. We prove this theorem according to the cases in Lemma 4.2. We only
prove Case b and comment that the proof of this case is a typical example of the
proofs of the remaining cases.

Case b: nge(a) = —1 and 14a(a™) = 1. Let

By = {y € Fye :yl 7m0 =0) — 1},

y (a¢+1,n(q?-1))
E2 ERNES ]Fq2e : <\/a> = —1 and Tge+1 < rn(qd—l) y

Yy (qe_lvn(qd+1))
Eys=qycFg: <\/E> =—1 and rge_1 <rpgi_1) ¢, and

E4: {yG]Fq2e : <\/a

The definition of E; comes from Case I of Lemma 4.2. We note that |E;| =
(¢° = Ln(g" = 1)), |Bs| = (¢° + Ln(¢? = 1)), [Bs| = (¢° = 1,n(¢" + 1)), and
|Es| = (¢° + 1,n(q? + 1)).

For y € Es, y can be written as y = u+/a with w2+ D)n(a*=1) _ 1 4pg
wd"t! = —1. This implies that 2"2*+» divides the order of u. Moreover, if
y € E3, then 2™~ divides the order of u. Since either ¢° —1 =0 (mod 4) or
¢ +1 =0 (mod 4), 8 divides the order of u. However w4 +1) =1 = 2@~
would imply u* = 1, a contradiction. So, Fy()|FE3 = &. Similar arguments show
that ElﬂEQ = E1 ﬂE4 =E3HE4 = .

Let y = uy/a. Then y € Ez () Ey if and only if u(2(a°+1)n(a!-1)) 1wt =
—1 and w@@ +Dm(@"+1) = 1. These are equivalent to (2@ +1:27) = 1 and

(¢°+1,n(q%+1))
> = —1 and rgeq1 < Tp(gaqr) ¢ -
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wltt = —1. So, if Tget1 > Tp, then |Eo () Ey| = 0, while if rgeyq < 7y, then
|[E2 N E4|l = (¢° + 1,n). By similar arguments, we have that |Ey () E3| = 0 if
Tge—1 > Ty, and |Eqp (| Es| = (¢° — 1,n) if rge_1 < 1y

Combining all of the results above together, we have, by the inclusion-exclusion
principle,

NDn(a:,a) (qe; qd)

_ B UEUEsU By
2
(qe - 13 n(qd - 1)) + 57”q€_1<7'”(qd,1) (qe - 15 n(qd + 1))
B 2
_(1 - 67‘n<rqe,1)(qe - 17”) + §qu+1<,rn(qd—1) (qe + 17n(qd - 1))
+
2
5T'qe+1 <7‘n(qd+1) (qe + 1a n(qd + 1)) - (1 - 6T‘n<7'q6+1)(qe + 17 n)
+ .
2
This completes the proof. |

The result of Theorem 4.3, Case a is a generalization of the results in [3] stated
before. Indeed, if n is an odd divisor of ¢ — 1 (and so n properly divides g — 1),
then (¢> — Lin(g—1)) = (¢ = 1)(¢+1,n) =q¢—1, (¢* = Lin(¢g+ 1)) = n(g+1),
(¢> —1,2n) = 2n, and (¢> + 1L,n(g—1)) =2 = (¢*+ 1,n(q¢+ 1)) = (¢* + 1,2n).
So, ND"(I,l)(qQ;q) = (¢(n+1) — (n—1))/2. Moreover, in the case n = ¢ — 1, we
obtain Np,_,(2.1)(¢% q) = (¢> +1)/2 using similar arguments.

We now present some lemmas for computing |Vp, (z,q)(q%; q)|.

Lemma 4.4 ([1, Lemma 7). If 2 € Fee with z = y+a/y fory € F;,., then

y" = (a/y)" if and only if D, (x,a) = +2a™/? where a™? is a square root of a™
m F*,.
q

Lemma 4.5 (|1, Theorem 9]). Forxzg € Fye, let D,;* (D, (xo,a)) be the preimage
of Dy (o, a) with a € F}.. Suppose that 2"||(¢** —1). Let condition A hold if either

1. 2Yn with1 <t <r—1, nge(a) = -1 and Dy (z0,a) = +24"/2, or

2. 2'||n with 1 <t <7 =2, ¢ (a) = 1 and Dy(xo,a) = —2a"/%.
Then

| D5 (D (o, a))]
(n,q® — 1), if Nge (v3 — 4a) = 1 and D,,(vg,a) # +2a™/?,
(n,q¢ +1), if Nge (22 — 4a) = —1 and D, (w0, a) # +2a"/2,

) q;71), if nge (23 — 4a) = 1 and condition A holds,
(Wligﬂ), if Nge ¢(2% — 4a) = —1 and condition A holds,
w, otherwise.
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We are now ready to compute |Vp, (z.4)(¢% ¢%)| with a” € Fa.

Theorem 4.6. Let g be odd and let a € Fy. with a™ € Fya. For integers m and k,
let Omer =1, if m < k, and o<, =0, if m = k. Also, let §p—, = 1, if m =k,
and Spy—r, = 0, if m # k. Suppose that 27||(¢*¢ — 1).

a. If nge(a) =1 and nea(a™) =1, then

(¢° —1,n(¢" = 1) + (¢° = 1,n(¢" + 1))

Vo, (e, (0% 4%)| =

2(¢° —1,n)
(¢° + Lin(g" = 1) + (¢° + 1,n(¢" + 1))
2(¢¢+1,n)
3+ (—=1)ntt

2

b. If nge(a) = =1 and nga(a™) =1, then

VD, (20)(2°: 47|
(0° = 1,n(g" = 1)+ 0rpe i< (payy (0° = Ln(g? + 1)
2(¢¢ —1,n)
. Orger<ryga_ry (€ F L(q? = 1) +0r ey ar ) (€ + Ln(g? + 1))
2(q° +1,n) '

= _5r71<rn +

c. Ifnge(a) =1 and nga(a™) = —1, then

|VDn(x,a)(qe§qd)|
(qe - 17n(qd - 1)) + §Twr(qd+1)<’"qe—1(qe - 17n(qd + 1))

2(qe - 1? n)
5Tw(’1d—l)<rqe+1 (qe +1, n(qd -1)+ 5rn(qd+1)<rqe+1 (¢°+1, n(qd +1))
! 20+ 1,) |

d. Ifnge(a) = =1 and nga(a™) = —1, then

|VDn(x,a)(qe§qd)|
(qe - 17n(qd - 1)) + §Tq671:7‘n(qd+1) (qe - 17n(qd + 1))
2(¢g° —1,n)
57“q6+1:7“n(qd_1) (qe + 17 n(qd - 1)) + 5qu+1:7“n(qd+1) (qe + 17 n(qd + 1))
2(q¢ +1,n) '
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Proof. We prove only Case a. The proofs of the remaining cases are similar. Let

By = {y e By gl h) 21,

y (qe+17n(qd71))
EQZ yEFqQEZ(\/a> =1 s
y (¢°—1.n(q%+1))
E3 = Yy S ]qu : (ﬁ) =1 y and

y (a°+1n(g?+1))
E4: yEFq%:(\/E) =1 .

Similar to the proof of Theorem 4.3, we have y = u+/a € E; () E3 if and only if the
order of u divides (¢ — 1,2n) and y = u\/a € Ey() E4 if and only if the order of
u divides (¢° + 1,2n). In both situations, we have y"™ = (a/y)”. From Lemma 4.4,
for 2o = yo + a/yo, yo € (E1 () E3) U(E2 (N Ey) if and only if D,,(z¢,a) = +2a™/2.
Every element zp = yo + a/yo with yo € (E1JEs3) \ (E1[)Es) satisfies
Nge (£ —4a) = 1 and D,,(z9,a) # 2a™/2. From Lemma 4.5, the total number I; of
images D, (zo,a) with o = yo + a/yo for all yo € (E1J E3) \ (E1[) E3) is

(¢° —1,n(q" = 1)) + (¢° — 1,n(q” + 1)) — 2(¢° — 1,2n)
2((]6 - 1)”)

I =

Similarly, the total number Is of images D, (zo,a) with g = yo + a/yo for all
Yo € (E2UEs) \ (B2 Ey) is

Lo @+ n(q? —1)) + (¢° +1,n(¢" + 1)) — 2(¢° +1,2n)
2 2(¢° + 1,n) '

We have seen that |F1(Es| = (¢° — 1,2n), |Ex(\E4| = (¢¢ + 1,2n), and
(E1 N E3) N(E2 Es) = {£/a}. Let t be the non-negative integer satisfying 2||n,
and let 7 be as in Lemma 4.5. If 1 < ¢t < r—2, then either (¢°—1,2n) = 2(¢°—1,n)
and (¢° 4+ 1,2n) = (¢° + 1,n) or (¢¢ — 1,2n) = (¢¢ — 1,n) and (¢ + 1,2n) =
2(¢°+1,n). Furthermore, (¢¢ —1,2n) = 2(¢* — 1,n) and (¢¢+1,2n) = 2(¢°+1,n)
if t =0, while (¢° — 1,2n) = (¢ — 1,n) and (¢ +1,2n) = (¢° + 1,n) if t > r — 1.

For zg = yo+a/yo € Fye, if yo € E1 () E3, then nye(v3—4a) = 1, while if +\/a #
Yo € Ex() Ey, then nge(2f — 4a) = —1. Moreover, every element yo € Eq () E3
can be written as yo = uy/a with u(@ =127 = 1. So, if 29 = yo + a/yo € Fye
with yo € E1 () E3, then D, (xg,a) = y§ + a"/yy = 2ul? =17 (/a)". Hence, if
(¢° — 1,2n) = (¢¢ — 1,n), then for all elements yo € E1() Es, Dn(yo + a/yo,a) =
2(y/a)™. If (¢° — 1,2n) = 2(¢° — 1,n), then for half of elements yy € E;[) Es,
D, (yo + a/yo,a) = 2(y/a)™ and for all other elements yo € E1 () E3, Dn(yo +
a/yo,a) = —2(y/a)™. Similarly, if (¢¢ + 1,2n) = (¢° + 1,n) then for all elements
yo € Ex(E4, Dy(yo + a/yo,a) = 2(v/a)™, and if (¢¢ + 1,2n) = 2(¢° + 1,n) then
for half of elements yo € Ea () Es, Dn(yo + a/yo,a) = 2(y/a)™ and for all other
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elements yo € Ey(\Es, Dp(yo + a/yo,a) = —2(y/a)". Combining all of these
results together, we have, from Lemma 4.5, that the total number I3 of images
D, (yo + a/yo,a) with yo € (E1(Es)((E2()E4) equals either 1 if 2¢||n and
t > r —1, or 2 otherwise.

We have for the value set |Vp, (z.)(¢%q%)| = I + I> + I3. We now compute
VD, (z,a)(a%; q?)| according to the value of ¢.

Case 1: t =0 (n is odd). We have (¢° — 1,2n) = 2(¢° — 1,n), (¢° +1,2n) =
2(¢° + 1,n) and I3 = 2. From the result above, we have

(¢° —1,n(¢* = 1)) + (¢° — 1,n(q? + 1)—2(¢° — 1,2n)

e, d — 2
|VDn(z,a)(q 3 q )| + 2(qe _ ]_,Tl)
(¢°+1,n(¢* — 1)) + (¢° + 1,n(¢? + 1)) — 2(¢° + 1, 2n)
_|_
2(¢¢ +1,n)
_(¢°—1n(¢" - 1))+ (¢° — Ln(¢" +1))
2(¢¢—1,n)
(¢° +1,n(¢" = 1) + (¢° + 1,n(¢? + 1))
+ -
2(¢g¢ +1,n)

Case 2: 1 < t < r—2. We have either (¢° — 1,2n) = 2(¢° — 1,n) and
(¢°+1,2n) = (¢°+1,n),or (¢°—1,2n) = (¢*—1,n) and (¢ +1,2n) = 2(¢°+1,n).
In this case, I3 = 2 and

(¢ —1,n(¢" = 1)) + (¢° — 1,n(¢" + 1))

I +1, =
1 2 —1,m)
Ll ln@@ - )+ Ln(¢'+ D)
2(¢¢ +1,n) '
Thus,
“—1,n(¢" - 1))+ (¢° = 1,n(¢" + 1))
v, v e. d _ (q 9 )
| Dn( ) )(q ’q )| Q(qe_ l,n)
Ll Ln(g" = 1)) +(¢° +1,n(g"+1))

2(¢¢ +1,n)

Case 3: t 2 r—1. We have (¢° —1,2n) = (¢° — 1,n), (¢°+1,2n) = (¢°+1,n)
and I3 = 1. Therefore, the value set satisfies

e 1n(gd—1 e~ 1,n(¢?+1
|VD,"(w,a)(qe;qd)| = v 4 Q(q)e)ji?n) —
(¢° + 1,n(g* — 1)) + (¢° + 1,n(¢* + 1))
2(¢° +1,n)

-1

This completes the proof. |
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The following corollary is the most important special case, which appears as
[1, Theorem 10].

Corollary 4.7. Let q be odd and let a € ;. Suppose that 27(|(¢* = 1). Then we

have 1 +1
q— q
VD, (w0) (4 9)| = + i
VD, (2.a)(¢:9)] 2(n,g—1)  2(n,q+1)

where
if 27 || and ny(a) = —1,
if 2t |n with 1 <t < r — 2,

otherwise.

O = =

Proof. This is a special case of Theorem 4.6 with ¢¢ = ¢ = ¢. Determining
the value of o depends on the parity of n and the value of n,(a); the details are
omitted. ]

We now state the results of Np ;. 0)(ge:qt) a0d |V, (2,a)(¢%: ¢%)| for ¢ even.
The derivation of these results is similar, but slightly simpler, to those of ¢ odd
and is therefore omitted.

Theorem 4.8. Let g be even and let a € Fy. with a™ € Fga. Then

<qe - 17n(qd — 1)) + (qe B lan(qd + 1)) — (qe B 1777/)
2
(¢ +1L,n(¢? = 1)+ (¢¢ + 1,n(¢? + 1)) — (¢° + 1,n)

+ 5 .

Theorem 4.9. Let q be even and let a € Fye with a™ € Fga. Then

NDn(z,a) (qe; qd) =

(¢° —1,n(¢" = 1)) + (¢° — 1,n(¢" + 1))
2((]6 - 17”)
(¢° +1,n(¢" — 1)) + (¢° +1,n(¢" + 1))

+ — 1.
2(¢°+1,n)

Vo, (e, (0% 4%)| =

Corollary 4.10. Let q be even and let a € Fy. Then we have

q—1 q+1
2(n,q—1)  2(n,qg+1)

Vb, (z,0) (@ Q)| =

5. Open problem

We conclude with an open problem. In all of our work concerning Dickson poly-
nomials, we have assumed that the parameter a has the property that a™ € Fga.
The reason for this assumption is that in this case, Equation (4.1) leads to the
simple factorization in Equation (4.2). For this equation, we are able to calculate
the number of solutions to each factor as well as the number of solutions which
simultaneously satisfy both factors.
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For a" ¢ F 4, we do not know how to find |VDn(z’a)(qe; qd)| in general. How-
ever, we know that if ged(n, ¢?¢—1) = 1, then Vb, (z,0)(@%0) = ¢ = Np, (2,0)(a% q)
because D, (x,a) is a permutation polynomial over Fye. The following is an ex-
ample in the other extreme case, namely |Vp, (2.4)(¢°;¢)| =0 = Np,, (2,0)(¢%; q)-

Proposition 5.1. Let ¢ =7 (mod 8) be a prime power and let a € IFZQ be a prim-
itive element of Fy2. Then ‘VD(q—l)(q2+1)(wta) (¢%;q)| = 0.

Proof. Since a € . is a primitive element, ala=1D)(@*+1) ¢ F,. At first, we

1

consider D4_1)(q2+1) (y+ %,a) with y € IFZQ. In this case, qu_ = 1 and so

ala—D(a®+1) g2la—1)

2
we have Dg—1)(g2+1) (y + %7“) =y V@D S = ) 4+ o

Hence, D4—1)(4241) (y + %, a) € I, if and only if

2(q—1 2(g—1)\ ¢ 2(q>—
y2(q—1) + a (e-1) _ (y2(q—1) + a a )) — y2(q2—Q) + M

y2(a—1) y2(a—1) y2(a*=a)
—2(qg—1 2(g—1
=y 2l 4 afziqq) =3 1, y2ah) @ (qf : )
y—2(a—1) a2(a—1) y2(a—1)

This implies that D,_1)g241) (y + %, a) € F, if and only if either a2la=1) — 1 or
y*a—D = —¢2@=1 We have that a2(?~1) =1 cannot hold because a is primitive
in Fz2. Also, y*@1) = —a2(@=D cannot hold because a is primitive in F 2 and
—a?la=1) = qla=DC+a+1)/2) with the fact that 2 4+ (¢ + 1)/2 = 2 (mod 4) from
q =7 (mod 8). So, what we have shown is that D¢_1)(g2+1) (y + %,a) g Fy in
this case.

Finally, we consider y? *1 = a. In this case,

(a=1)(a*+1)
a 1 2.1 a 1
D(q_l)(QZH) <y * y,a) B y(q e+ y(qfl)(q2+1) = 2a""",

is trivally not in F,. Combining this with the result above, we have
2. —
|VD(q_1)(q2+1)(I,G)(q 7Q)| = 0. u
In general, a € Fye is such that a” ¢ Fa, then Equation (4.1) seems to not

yield a simple factorization like that occurring in Equation (4.2). In such a set-
ting, how does one proceed to calculate the cardinality of the subfield value set

|VDn(a¢,a) (qe; qd)l?
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