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DECOMPOSITION THEOREMS FOR HILBERT MODULAR
FORMS

BENJAMIN LINOWITZ

Abstract: Let Y,:r (N, @) denote the space generated by Hilbert modular newforms (over a fixed
totally real field K) of weight k, level A and Hecke character ®. In this paper we examine the
behavior of 5": (N, ®) under twists (by a Hecke character). We show how this space may be
decomposed into a direct sum of twists of other spaces of newforms. This sheds light on the
behavior of a newform under a character twist: the exact level of the twist of a newform, when
such a twist is itself a newform, and when a newform may be realized as the twist of a primitive
newform. In certain cases it is shown that the entire space 5/’]:' (N, ®) can be represented as
a direct sum of twists of primitive nebenspaces. This adds perspective to the Jacquet-Langlands
correspondence, which characterizes those elements of Vlj (W, @) not representable as theta series
arising from a quaternion algebra as being precisely those forms which are twists of primitive
nebenforms. It follows that in these cases no newforms arise from a quaternion algebra. These
results were proven for elliptic modular forms by Hijikata, Pizer and Shemanske by employing
the Eichler-Selberg trace formula.
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1. Introduction

Let K be a totally real number field. In this paper we study the structure of
spaces of Hilbert modular cusp forms over K. Shimura [11] showed that these
spaces possess a newform theory, so it suffices to restrict our attention to spaces
of Hilbert modular newforms. In order to understand these spaces, one often
studies the behavior of newforms under character twists. Motivation for studying
newforms via their character twists ranges from Weil’s converse theorem [13] to the
Jacquet-Langlands correspondence [7, Theorem 16.1], which characterizes those
newforms not representable as a theta series arising from a quaternion algebra as
being precisely those which are twists of primitive nebenforms.

More specifically, we are interested in extending to the Hibert modular setting
a number of results about elliptic modular newforms which concern the behavior
under character twists of both individual newforms and spaces generated by new-
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forms. For the elliptic case there were two perspectives. The first was that of Atkin
and Li [1], who proved a number of important theorems about twists of newforms.
In particular they determined the exact level of the twist of a newform and shed
light on when the twist of a newform is itself a newform. The second perspective
was that of Hijikata, Pizer and Shemanske [6], who used the Eichler-Selberg trace
formula for Hecke operators in order to prove structural results about the space
generated by newforms of a fixed weight, level and character and in particular to
decompose such a space into sums of twists of other spaces generated by newforms.
The latter perspective, in which one studies the behavior of the space generated
by newforms under character twists, is an important strengthening of the former
perspective. Indeed, one can deduce many properties about twists of individual
newforms in a straightforward manner from the aforementioned decomposition
theorems.

It is not difficult to show that when one twists a (Hilbert modular) newform
by a character whose conductor is coprime to the level, the resulting modular
form is always a newform (of suitable character and level). The complementary
situation, in which the twist is by a character whose conductor is a power of a prime
dividing the level, is considerably more subtle and is the focus of this paper. That
the latter situation is indeed more subtle can be seen in the following theorem (our
Theorem 3.11), which makes clear the fragile dependence of the twist of a newform
being a newform upon both the conductor of the twisting character and the level
of the newform being twisted (see Section 2 for notation and terminology).

Theorem 1.1. Let N be an integral ideal which we decompose as N' =P Ny for P
a power of a prime ideal p coprime to No. Set v = ordy(P). Let ¢ be a numerical
character modulo N' and ® a Hecke character extending ¢p¢oo. Write ® = ®p®pr,
and denote the finite part of the conductor of ®p by p(*P). Let U be a Hecke
character whose conductor has finite part a power of p.

If0 <e(V) < % and e(Pp) +e(V) < v then
TN, )Y = TN, U20).

In the vein of studying twists of individual newforms we have Theorem 3.14,
which gives necessary and sufficient conditions for a newform to be represented as
the twist of a newform in terms of the vanishing of certain Fourier coefficients, the
level of the newform and the conductor of the twisting character.

Many of our theorems deal with the structure of the entire space generated
by newforms and its twists by various characters. Our motivation for studying
structural properties of twists of the space generated by newforms is the Jacquet-
Langlands correspondence, which implies that the complement of the subspace
generated by theta series arising from a quaternion algebra is a sum of twists of
primitive nebenspaces. A concrete realization of this can be found in [6], where
explicit structure theorems were developed in order to facilitate a solution to Eich-
ler’s basis problem [5].
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As the object of our study is the space generated by newforms, it is natural
to make use of Hecke theory. The general approach of Hijikata, Pizer and She-
manske [6] was to establish isomorphisms between spaces of newforms and twists
of spaces of newforms as modules for the Hecke algebra. They did this by estab-
lishing identities between traces of Hecke operators acting on these spaces. This
involves using the Eichler-Selberg trace formula and in particular Hijikata’s explicit
formula [4] for the trace of a Hecke operator acting on a space of cusp forms.

Of course using trace formulae in the Hilbert modular setting might be seen as
a natural way to extend some of the aforementioned theorems. However, formidable
complications quickly arise, even when one tries to compute an explicit formula
for the trace of the Hecke operator T(1). In our generalization we are able in
a number of cases to avoid the use of trace formulae and use only properties of
newforms that were proven in the elliptic case by Li [8], and Atkin-Li [1], and
later extended to the Hilbert modular case by Shemanske-Walling [9]. Our results
are therefore new for Hilbert modular forms over totally real number fields other
than Q and provide simplified proofs when specialized to the elliptic case.

The following theorem (our Theorem 3.12; see Section 2 for notation and ter-
minology) adds perspective to the Jacquet-Langlands correspondence by showing
that in certain cases the entire space generated by newforms can be represented
as a sum of twists of primitive nebenspaces. In these cases it follows that no
newforms arise from theta series coming from a quaternion algebra.

Theorem 1.2. Let N be an integral ideal which we decompose as N = P Ny for
P a power of a prime ideal p coprime to Ny. Set v = ord, P. Let ¢ be a numerical
character modulo N' and ® be a Hecke character extending ¢doo which satisfies
5 <e(®p) = ordy(for,) <v. Then

W R = P AN, V),
e(V)=v—e(®p)

where the sum @e(@)zuie(ép) is taken over all p-primary Hecke characters W with
conductor p*~¢®?) and infinite part U (a) = sgn(a)! forl € Z" and a € KX,

It is our pleasure to thank Tom Shemanske for his encouragement and for
commenting on several drafts of this paper.

2. Notation and Preliminaries

For the most part we follow the notation of [9, 10, 11]. However, to make this
paper somewhat self-contained, we shall briefly review the basic definitions of the
functions and operators which we shall study.

Let K be a totally real number field of degree n over Q with ring of integers
O, group of units O and totally positive units (’)fr. Let 0 be the different of K.
If q is a finite prime of K, we denote by K, the completion of K at q, Oy the
valuation ring of Kg, and 7y a local uniformizer.



160 Benjamin Linowitz

We denote by K4 the ring of K-adeles and by K the group of K-ideles. As
usual we view K as a subgroup of K 4 via the diagonal embedding. If & € K, we
let &, denote the archimedean part of & and &g the finite part of &. If J is an
integral ideal we let &7 denote the J-part of a.

For an integral ideal N' we define a numerical character ¢ modulo A to be
a character ¢ : (O/ N)* — C*, and a Hecke character to be a continuous character
on the idele class group: ® : K /K* — C*. We denote the induced character on
K by ® as well. Every Hecke character is of the form ®(a) =[], ®, (o) where
each @, is a character @, : K — C*. The conductor, cond(®), of ¥ is defined
to be the modulus whose finite part is fo (see [3]) and whose infinite part is the
formal product of those archimedean primes v for which ®, is nontrivial. In the
case that f¢ is a power of a single prime g, we define the exponential conductor
e(®) to be the integer such that fo = q¢(®). We adopt the convention that ¢ and
will always denote numerical characters and ® and ¥ will denote Hecke characters.

For a fractional ideal Z and integral ideal A/, define

0o I7'v!

Fo(N,I)z{Ae(NID o

) cdet A e OF}.

Let 6 : OF — C* be a character of finite order and note that there exists an
element m € R™ such that 6(a) = "™ for all totally positive a. While such an m
is not unique, we shall fix one such m for the remainder of this paper.

Let k = (k1,...,ky) € Z7 and ¢ be a numerical character modulo V.

Following Shimura [10, 11|, we define My (T'q(N,Z),®,0) to be the complex
vector space of classical Hilbert modular forms on I'og(N, Z).

It is well known that the space classical Hilbert modular forms of a fixed weight,
character and congruence subgroup is not invariant under the entire Hecke algebra
(see the introduction to [12]| for a related discussion). We therefore consider the
larger space of adelic Hilbert modular forms, which s invariant under the Hecke
algebra. Our construction closely follows that of Shimura [11].

Fix a set of strict ideal class representatives 71, ..., Zp, of K, set 'y = To(N, 7)),
and put

h
mk(Na ¢7 9) = H Mk(r)\a ¢a 0)
A=1
We are interested in studying h-tuples (f1, ..., fn) € Mp (N, ¢,0).
Let Ga = GLy(K4) and view Gx = GL2(K) as a subgroup of G4 via the
diagonal embedding. Denote by G, = GL2(R)™ the archimedean part of G 4. For
an integral ideal A of O and a prime p, let

b o U@} X
Yp(/\/)—{A_<‘c’ d>€(/\/opop Opp):detAGKp,(a(’)p,N(’)p)_l},

Wy(NV) = {z € Y,(N) : detz € O) }
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and put

Y =Y(N)=G4xnN (Gm+ X HY,,(N)) ;o W=WW) = Gop x [[Wa(WN).
p p

Given a numerical character ¢ modulo A define a homomorphism ¢y : Y — C*
by setting ¢y(< Z I )) = ¢(an mod N).

Given a fractional ideal Z of K define T = (Z,), to be a fixed idele such that
Too=1and ZO =7. For A =1,..., h, set x\ = é I~O/\ ) € G 4. By the Strong
Approximation theorem

h h

GA = U GKI')\W = U GKLC;LW,
A=1 A=1

where ¢ denotes the canonical involution on two-by-two matrices.
For an h-tuple (f1,..., frn) € Mi (N, ¢, 0) we define a function £: G4 — C by

flawy w) = gy (w') det(wse) "™ (fx | we) (i)

for o € G, w e W(N) and i = (4,...,1) (with i = y/—1). Here

Y ( Ccl Z )(T) = (ad — be) % (e + d)7F fy (aﬂ'b)

ct+d

We identify 9 (N, ¢, #) with the set of functions f: G4 — C satisfying

1. flazw) = ¢y (w") f(z) for all @ € G,z € Ga,w € W(N),wee =1
2. For each A there exists an element fy € M} such that

flzy"y) = det(y)™ (fx | y)(i)

for all y € Gooy-

We denote by &, (N, ¢, 0) the subspace of cusp forms of My (N, ¢, 0).

Let ¢oo : K — C* be defined by ¢oo (@) = sgn(deo)*|doo|*™, where m was
defined in the definition of . We say that a Hecke character ® extends ¢¢o
if (@) = ¢(any mod N)poo(a) for all @ € KX x [, Op. If Poo denotes the
K-modulus consisting of the product of all the infinite primes of K, then any
Hecke character ® extending ¢¢., has conductor dividing N B... Henceforth we
will use the word conductor to refer to the finite part of the conductor.

If ¢ is a numerical character modulo P Ay where P = p? is a power of a prime
p and (p,Ny) = 1, then by the Chinese Remainder Theorem we have a decom-
position ¢ = ¢pon,, Where ¢p is a numerical character modulo P and ¢pr, is
a numerical character modulo Ny. If ®p is a Hecke character extending ¢p (i.e.
trivial infinite part) and @, is a Hecke character extending ¢, ¢oo then it is clear
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that ® = &p®,r,. Throughout this paper we shall adopt this convention and de-
compose a Hecke character ® extending a numerical character modulo P Ny as
® = ®pDpr, where ®p has trivial infinite part.

Given a Hecke character ® extending ¢¢., we define an ideal character ®*
modulo N B, by

P*(p) = (7p) for pt N and 7O = p,
®*(a) =0 if (a, V) # 1

For § € K, define f*(x) = f(32). The map § — (f— fa) defines a unitary
representation of K in My (N, ¢,0). By Schur’s Lemma the irreducible subrep-
resentations are all one-dimensional (since K is abelian). For a character ® on
K, let 4,(N, ®) denote the subspace of My (N, ¢, ) consisting of all f for which
f* = ®(5) f and let .7,(N, @) C (N, ®) denote the subspace of cusp forms. If
s € K* then f* = f. It follows that .} (N, ®) is nonempty only when ® is a Hecke
character.

If£=(f1,..., fn) € ML(N, ¢,0), then each f) has a Fourier expansion

f)\(T) :a,\(0)+ Z a}\(f)em‘tr(&).

0KEET

If m is an integral ideal then we define the m-th ‘Fourier’ coefficient of f by

C(m, ) = {év(m)%@g_g_im ifm=¢7;' O

otherwise

where kg = max{ky, ..., k, }.

Given f € M(N,¢,0) and y € G4 define a slash operator by setting
(£] )(@) = Eay).

For an integral ideal v define the shift operator B, by

ko 1 0
f| B. = N(v) z°f|<O E_1>.

The shift operator maps .# (N, ®) to 4 (t N, ®) and takes cusp forms to cusp
forms. Further, C(m,f| B,) = C(my~1,f). It is clear that | By, | Be, = f| Byjr,-

For an integral ideal v the Hecke operator T, = TtN maps (N, ®) to itself
regardless of whether or not (v, ) = 1. This action is given on Fourier coefficients
by

C(m,f|Ty) Z ®*(a)N(a)"~1C(a" *mr, ).
m+tCa
Like the shift operator, T, takes cusp forms to cusp forms. Also note that if
(a,tv) = 1 then B,T, = T,B,. Given f € (N, ®) we define the annihilator
operator A, by
fl|A, =f-f|T, | B,.
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Let ., (N, ®) be the subspace of .75 (N, ®) generated by all g | Bg where
g € S (N',®) for some proper divisor N of N' with QN’ | N. This space is
invariant under the action of the Hecke operators T, with (v, \) = 1.

Shimura defines ((2.28) of [11]) a Petersson inner product (f,g) for f,g €
% (N, ®). With respect to this inner product the Hecke operators satisfy

" (m)(f | T, ) = (£, 8| Twm)

for integral ideals m coprime to N. Let 5”,:' (N, ®) denote the orthogonal com-
plement of . (N, ®) in (N, ®). It follows from our discussion above that
ST (N, @) is invariant under the Hecke operators T, with (¥, \') = 1.

Definition 2.1. A newform f in S, (N,®) is a form in (N, ®) which is
a simultaneous eigenform for all Hecke operators Ty with q a prime not divid-
ing N'. We say that f is normalized if C(O, f) = 1.

As in the classical case, if f € (N, ®) is a newform with Hecke eigenvalues
{Ap : pis prime}, then C(p,f) = X\, C(O,f) for all primes p t .

Since {T} : 1 N'} is commuting family of hermitian operators, .7;" (N, ®) has
an orthogonal basis consisting of newforms. If g € ., (N, ®) is a simultaneous
eigenform for all T, with q{ N then there exists a newform h € .5 (N, ®) with
N’ | N having the same eigenvalues as g for all such Tj.

Finally, if f,g € (N, ®) are both simultaneous eigenforms for all Hecke
operators Ty with q a prime not dividing A having the same Hecke eigenvalues,
then we say that fis equivalent to g and write f ~ g. If f is a newform and f ~ g,
then there exists ¢ € C* such that f = ¢g. This follows from Theorem 3.5 of [9].

3. Twists of Newforms

Throughout this section p will denote a fixed prime ideal of O.

Fix an integral ideal A/ and write N' = P ANy where P is the p-primary part
of N and (P,Np) = 1.

Fix a space (N, ®) C Gx(N,¢,0), where @ is a Hecke character extend-
ing ¢Poo-

Definition 3.1. If f€ % (N,®) and ¥ is a Hecke character then we define the
twist of f by ¥, denoted fy, by

fol@) =7(0) N W(detz) D Tl (rfu ) F] (1), (@),

refgto-1/0-1

where T(W) is the Gauss sum associated to VU defined in (9.31) of [10] and the
subscript 0 denotes the projection onto the nonarchimedean part. Additionally, set

SN, @)Y ={fy : fe ST (N, ®)}.
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Proposition 3.2. Let notation be as above and set L = lem{N,fq v, }
If f€ S (N, ®) is a normalized newform then fg, € S (L, ¥2®) and C(m, fy) =
U*(m)C(m, f) for all integral ideals m.

Proof. This follows from Propositions 4.4 and 4.5 of [11]. |

The following proposition is trivial to verify using the action of the Hecke
operators on Fourier coefficients.

Proposition 3.3. Let notation be as above and q be a prime with q 1 fu. For
F€ (N, @) we have fy | Ty = ¥*(q)(f| Ty)w-

Although Proposition 3.2 gives an upper bound for the exact level of fy, one
can obtain better bounds in certain special cases. Of particular interest to us is
the case in which ¥ = ®p. The following proposition gives an improved bound on
the level of fy in this special case and generalizes Proposition 3.6 of [1].

Proposition 3.4. Let § be the conductor of ®p. Set
[ N ifordy(f) < ord,(P)
pN  if ord,(§) = ord,(P)
If fe yk(./\/', (I)) then f57> S yk(ﬁ,qu)No).

Proof. The proof of Proposition 3.4 is analogous to the proof of Proposition 3.6
in [1], though somewhat more tedious as we work adelically. We therefore provide
a rough sketch of the proof and leave the details to the interested reader.

Let « € Gk, z € G4 and w € W (L) with wo, = 1. We must show that

f5,, (azw) = (o, dp)y (w')fg, ().

The first step of the proof is to show that given r € f~10~! /07! there is a unique
r’ € 71071 /o~ such that

(o 3), =0 1), @

for some w' € W(N).
By definition,

f5, (azw) = 7(p) ' Bp(detazw)) Y Bp(rfo)f] (}1), (azw)
ref=lo-1 /ot
= 7(2p) " ®p(det(z))Dp(det(w))
X Z 5 (r o) flazw (§ ’{)O) (3.2)
reftol /ol

The proof proceeds by substituting equation (3.1) into equation (3.2). Straight-
forward manipulations now suffice to finish the proof. |
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Throughout this paper we will examine the behavior of normalized newforms
under character twists. The case in which the conductor of the twisting character
is coprime to the level of the newform is straightforward in light of the following
theorem.

Theorem 3.5. Let f € .7 (N,®) be a normalized newform and ¥ be a Hecke
character whose conductor is coprime to N'. Then fg is a normalized newform of

<5ﬂl:r( %IlNa \112@)
Proof. This is Theorem 5.5 of [9]. |

The situation when the conductor of ¥ and the level of f are not coprime is
much more subtle and will be studied throughout the remainder of this paper.
Clearly it suffices to consider characters whose conductor is a power of a single
prime dividing the level /. We therefore suppose that ¥ is a p-primary Hecke
character.

Henceforth we assume that ¥ is a Hecke character with conductor dividing P.
The infinite part of ¥ has the form V., (a) = sgn(a)!|a|’" for | € Z", r € R™ and
a € KX. In what follows we shall always choose ¥ so that r = 0.

We will see that the vanishing of C(p,f) lies at the heart of the question of
whether or not fy is a newform of % (A, U2®). We present a slightly strengthened
version of Theorem 3.3 of [9], which will allow us to determine when C(p, f) # 0.

Theorem 3.6. Let f be a normalized newform lying in (N, ®).

1. The Dirichlet series attached to f, D(s, f) = Y co C(m, f)N(m)~™° has an
FEuler product

(s, )= J[ 0 = C(a0, HN(a0) ")~

qo|NV

X H 1—C(q1, HN(q1) "% + ®*(q1)N(q)ko— 17271
Q1fAf

(ko 1)

2. If ¢ is not defined modulo N p~*, then |C(p
2 |N and |C(p. f)|? =

3. If ¢ is a character modulo N'p~*, then C(EJ
N(p)f=2 if p2 { N
Proof. The statement of this theorem differs from Theorem 3.3 of [9] only in that
part 2 of the latter showed that either C(p,f) = 0 or |C(p,f)| = N(p)@ and
that C(p, f) was non-zero for a set of primes having density 1. Kevin Buzzard has
recently shown that in fact, C(p, f) is never zero (see [2|), allowing us to state the
above theorem in its strengthened form. |

5 |
h=

Henceforth we use the letter v to denote ord,(P) = ord,(N).

Lemma 3.7. Assume that v > 2 and that e(®p) < v. If f € S F(N,®) is
a normalized newform then fgy, = f. In particular,

FEN, )Y = SN, D).
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Proof. It follows immediately from Theorem 3.6.(3) that C(p,f) = 0. Because f
is an eigenform of T}, with eigenvalue C'(p,f), C(Fp,f) = C(SF,f)C(p,f) = 0 for all
integral ideals .#. Thus the annihilator operator A, acts as the identity operator
on the newforms of level N and character ®. The first part therefore follows from
the observation that fy, = f| A,. As newforms generate the space 5’,:' (N, D),
we have the second part as well. |

Proposition 3.8. Assume that v > 2 and that 0 < e(®p) <v. If f€ SN, ®)
is a normalized newform then fg € Y]j(/\/', OpDp,) is a newform as well.

Proof. Let f € Yki(/\/ ,®) be a normalized newform. By Propositions 3.3 and
34, 5, € (N, @pPp;,) and is an eigenfunction of all the Hecke operators
T, with g . Thus there exists an ideal Nj | Ny, an integer u satisfying
1 < e(®p) < p < v and a newform g € 77 (p" Nj, @pdyy,) such that f5 ~ g
We claim that N, = No. Note that f= f5 .0, ~ 8s, by Lemma 3.7, where gg,
has level p* A for some non-negative integer A\. Thus N | N, hence Ny = N.

If p = v then f5, and g are of the same level and are both normalized, hence
f5, = g is a newform, finishing the proof. We may therefore suppose that p < v.
We claim that e(®p) < p. To show this, we will assume that e(®p) = e(Pp) = p
and derive a contradiction.

Because f5, ~ g, we have f@;tb,; ~ 8o, as well. By Lemma 3.7, f5p<1>7> =f
hence f ~ gg . By Proposition 3.4, gg, € S%(p""' Ny, ®). Therefore v < p+ 1,
meaning that

p+1>v>p

It is thus clear than v = g+ 1. This means that fis a newform of level p**+1 Nj
and character ® and gg_, is a normalized cuspform in the same space which is
equivalent to it. Therefore f = g4 .. As C(p,g) # 0 by Theorem 3.6(2), this
contradicts Corollary 6.4 of [9], which implies that gg, is not a newform of any
level.

We conclude that e(®p) < p. If > 2 then Theorem 3.6(3) implies that the
p-th coefficient C(p, g) of g is zero. Since C(p,g) = 0 we have g =g | A,. But

f5, =cogtepg | By

and one easily checks by comparing Fourier coefficients that co = 1 and ¢, =
—C(p,g). Thenfy =g-C(p,g)g| By =g | Ay = g. Therefore f5  is a newform
and we're done.

Now suppose that g = 1. Then e(®p) < p implies that ®p is trivial. This
contradicts our hypothesis that ®p is nontrivial. |

Proposition 3.9. Assume that 0 < e(¥) < & and e(®p) +e(¥) < v.
If f€ S F (N, @) is a normalized newform then fy € %7 (N, V%®) is a new-
form as well.
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Proof. We begin by noting that our hypotheses imply that v > 3. By Proposi-
tion 3.2, fg € Z%(p¥ No, ¥2®). Thus there exists an ideal N | Mo, an integer
p satisfying 0 < e(®p¥?) < p < v and a newform g € 7, (p* Njj, U2®) such
that fg ~ g. An argument identical to the one used in Proposition 3.8 shows that
Ny = N,

We will show that e(®p¥?) < p by assuming that e(®p¥?) = p and deriving
a contradiction. Let L = max{u, e(®pV¥?)+e(¥),2e(V)}. As fg ~ g, we have, by
Lemma 3.7, f = f,5 ~ gz where gg € %% (p Ny, @) by Proposition 3.2. Therefore
L > v. We have three cases to consider.

Case 1: L = 2e(¥). In this case 2¢(¥) > v implies that e(¥) > &, contradict-
ing our hypothesis that e(¥) < %.

Case 2: L = e(®pW¥?) + (V). We have three subcases to consider. First
suppose that e(®p) > e(¥). Then e(®p¥?) = e(®p), hence L > v implies that
e(®p) +e(¥) > v, contradicting our hypothesis that e(®p) +e(¥) < v. If e(¥) >
e(®p), then e(¥) > e(®pV¥?), hence L > v implies that 2e(¥) > v, which we have
already seen results in a contradiction. Finally, suppose that e(®p) = e(¥). Then
e(¥) < ¥ implies that e(®p) < % and consequently that e(®p¥?) < 4. But this
means that L = e(®p¥?) + e(¥) < v, contradicting the fact that L > v.

Case 3: L = p. This case cannot occur as we have assumed that e(®p¥?) = p,
meaning that e(®pW¥?) + (V) > p by the non-triviality of .

We conclude that e(®pW¥?) < p . Suppose first that g > 1. Then Theorem
3.6(3) implies that ¢(p,g) = 0. As in the proof of Proposition 3.8 we may easily
show that fy = g | A,. But we’ve just shown that g | A, = g. Therefore fy is
a newform and we’re done.

We show that the case u = 1 cannot occur. Indeed, suppose that = 1 (and
hence e(®pW¥?) = 0). Then g is a newform of .7 (p Ny, ®). As fg ~ g, we also
have f,5 ~ gg. Our hypotheses imply that v > 3, so Lemma 3.7 implies that
f = fy,g; hence f ~ gy. Theorem 6.1 of [9] implies that gy is a newform of
F1(p%¢Y) N, @), hence Theorem 3.5 of [9] implies that in fact we have f = gg.
By comparing the levels of f and gg, we see that this means that 2e(¥) = v; i.e.

e(V) = §. We assumed that e(¥) < § however, so we obtain a contradiction,

finishing our proof. |

Theorem 3.10. If e(®p) < v then 7F (N, ®) = 77 (N, Dpp, ) 7.
If e(®p) = v and f is a normalized newform in ;7 (N, @p®@ys,), then

fo,=9-Cp,9) 9| By
for some normalized newform g in y,:' (N, D).

Proof. When K = Q this is Corollary 3.4 of [6].

Note first that the theorem is vacuously true when e(®p) = 0. We therefore
assume that e(®p) > 1. As a consequence, v > 2.

Let f € 5’,:' (N, ®pdp,) be a newform. Applying Proposition 3.8 shows that
fo, € .77 (N, ®) is a newform. As .7, (N, ®p®y,) is generated by newforms, we
have the inclusion

FTN, Bpdp,)*” C ZFH (N, D). (3.3)
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Now let f € .77 (N, ®). Then as above f5_ € 77 (N, ®p®y;,) (by interchang-
ing ®p and ®p in equation 3.3), hence f5.0, € ST (N, @p®yp,)®7. This gives
us the chain of inclusions

FEN,®)2P2P ¢ FHN, Bpdp, )27 C T (N, ®).
Lemma 3.7 shows that . (N, ®)®*7®» = (N, ®), and it follows that
TN, @) = S F (N, Dpd,)*7.

We now prove the second assertion. Suppose that e(®p) = v. First note that
by Proposition 3.4, fp,, € S (p* ™1 No, ®). By Proposition 3.3, fs, is a Hecke
eigenform for all T, with q a prime not dividing A. Thus there exists an integer
p with e(®p) = v < p < v+ 1 and a normalized newform g € .7, (p* N, @) such
that fp, ~ g. We claim that the case y = v+ 1 cannot occur. Indeed, if p =v+1
then g and fp,, would both lie in .%,;" (p* ! N, @) and our remarks at the end of
Section 2 would imply that f3, = g is a newform. But Theorem 3.6 shows that
C(p,f) # 0, so that Corollary 6.4 of [9] implies that fp,, is not a newform of any
level. This contradiction allows us to conclude that g = v. It then follows from
Proposition 3.4 that gz, € (P No, @p®yr,). Using the fact that g is an
eigenform of T}, (as follows from Theorem 3.5 of [9]), we see that

g—C(r.g) gl By=8-8|T | By = (85,)epr = (c1f+eaf| By, = cifa,
Comparing Fourier coefficients yields ¢; = 1. |

Theorem 3.11. If0 < e(V) < & and e(Pp) + (V) < v then
TN, @)Y = 75 (N, 029).

Proof. When K = Q this is Theorem 3.12 of [6]. We begin by noting that our hy-
potheses imply that v > 3. Let f € 5”,:' (N, @) be a newform. By Proposition 3.9,
fy € (N, V%) is a newform. As .77 (N, ®) is generated by newforms, we
have the inclusion

FEN, @)Y ¢ SFN,U20). (3.4)
Twisting by U yields:

SN, @)Y C SN, U20)Y, (3.5)

We claim that e(¥?®p) + e(¥) < v. We have two cases to consider.

Case 1: e(®p) < 4 - By hypothesis e(¥) < 4. Therefore e(V2®p) < 4, hence
e(V2®p) + e(V) < v.

Case 2: e(®p) > § - We have two subcases to consider. Suppose first that
e(®p) > e(¥?). Then e(¥?Pp) = e(Pp) < v — e(¥). Now suppose that e(Pp) <
e(¥?). Then e(®p) < e(¥?) < e(¥) < ¥. But Case 2 assumes that e(Pp) > %, so
this subcase cannot occur and we have shown our claim.
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Having shown that e(¥?®p) + e¢(¥) < v, we apply Theorem 5.7 of [9] and
Proposition 3.9 to show that

SN, )Y C SN, D). (3.6)
Combining equations (3.5) and (3.6) gives us the chain of inclusions:
SN, ®)YY C SN, 020)Y C .7 (N, D).

Lemma 3.7 implies that .7 (N, ®) = . (N, ¥26)7.
Twisting by W then yields:

FEN, D) = SN, ¥25) 7Y

As e(U2dp) < v, Lemma 3.7 shows that .77 (N, U2®)7Y = 75 (N, U2®),
finishing the proof. |

Theorem 3.12. If § < e(Pp) < v then

SN = P AN, PR)T,

e(V)=v—e(®p)

where the sum ®e(\11):u—e(¢>77) is taken over all Hecke characters W with conductor
pY=¢®?) and infinite part U (a) = sgn(a)’ for 1 € Z" and a € KX .

Proof. When K = Q this is Theorem 3.9 of [6].
We begin by noting that our hypothesis § < e(®p) < v implies that v > 2.
By Theorem 3.6(3) above and Theorem 6.8 of [9] we have the inclusion

SEN @) Y AN, vR)T

e(V)=v—e(®p)

Our strategy to complete the proof will be to prove the reverse inclusion and then
show that the sum is direct.

Let ¥ be a Hecke character with conductor p*~¢(®?) and infinite part ¥, (a) =
sgn(a)!, and let £ € .7 (p°(®?INy, U2®) be a newform. By Theorem 5.7 of [9]
we have fg € %% (N, ®) where N is the exact level of fi. By Theorem 3.6(2),
C(p,f) # 0, so by Theorem 6.3 of [9], f5 is a newform. Therefore for all p-primary
Hecke characters ¥ with (V) = v — e(®p) we have the inclusion

FHpEPPING, U2)Y C SN, D).
We have therefore shown that

SEWN @) = Y PN, URe)Y. (3.7)

e(V)=v—e(®p)
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It therefore remains only to show that the sum on the right hand side of
equation 3.7 is direct. We do this by showing that

dim(Z (N, @) = Y dim(.7 (p*PING, B20)Y).

e(V)=v—e(Pp)

Given a Hecke character U with e(¥) = v — e(®p) and infinite part U (a) =
sgn(a)!, fix a basis Sy of . (pe(®P)Np, U2®) consisting of normalized newforms
f1,..., £,

Define

S=|J{fg:fe Su}.

We have already shown that the elements of S are all newforms of .7, (\, ®)
and in fact span the space. It therefore suffices to show

1. The (distinct) elements of S are linearly independent
2. #S = Ze(\ll):y—e((bp) #S\I/ = Ze(\l]):y—e((i)p) dim(‘ykj—(pe(@’l))NO?\IjQ(p)qj)‘

Note that (2) is equivalent to the statement that all the elements fg of S are
distinct.

We show that the elements of S are linearly independent by assuming the
contrary and obtaining a contradiction. Suppose that there is a nontrivial relation

i=1

where h; € S (for all i), the h; are all distinct, and each ¢; is a non-zero scalar.
Also assume that m > 2 is minimal in the sense that the elements of any subset
of S having fewer than m elements are linearly independent.

For a prime q which does not divide A/, we can apply the linear operator
Ty — C(q,hy)Id to equation 3.8 to get

m

> ci(Cla,hi) = C(a,hu))h.

=1

Note that the coefficient of h; is zero in the above sum. This means that the
sum has fewer than m summands and hence must be trivial by the minimality of
m. As each ¢; is non-zero, we conclude that C(q,h;) = C(q,h;) forall1 <i,j <m
and q{N. As only finitely many primes divide A/, Theorem 3.5 of [9] shows that
h; = hy, = --- = h,,. This contradicts our assumption that the h; are distinct,
proving that the elements of S are linearly independent.

To prove that

#S= 3 #Se= Y dim(H UM, TPR)T),

e(V)=v—e(Pp) e(V)=v—e(®p)
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it suffices to show if f € 77 (p(®P)Np, U2®) and g € 7, (p*(*P)Np, V2®) are
normalized newforms (with Wy, ¥y Hecke characters satisfying e(¥g) = e(¥;) =
v —e(®p)) such that f7 = g, then Vo=V, and f=g.

Suppose that f, g are as in the previous paragraph and fg = gg, . If ¥o =,
then Theorem 3.5 of [9] shows that f = g. Consequently, we may assume that
\Ifo # \Ifl. Then

f| Ap - fﬁo‘I’o = 87,7,

Observe that e(®p¥?) = e(Pp) (as e(Pp) > e(¥y)) and
0 < e(T1 W) < max{e(¥y),e(To)} < % < e(®p)

by hypothesis. By Corollary 6.4 of [9], g3, ¢, € ST (pe(®p)re(Pido) AL W2O) is
a normalized newform. As f~ f| A, and f| 4, = g5, we must have f = gg
(by Theorem 3.5 of [9]). This means that f = f | A,. In particular, the p-th
coefficient of f is zero, contradicting Theorem 3.6(2) and finishing the proof. N

We conclude by presenting an application of the preceding theorems. This
application makes clear the centrality of determining the vanishing of the p-th
‘Fourier’ coefficient of a Hilbert modular form in the study of character twists.
This is a Hilbert modular analogue of Theorem 3.16 of [6].

Before stating the theorem however, we need a definition.

Definition 3.13. A newform g € (N, ®) is said to be p-primitive if g is not
the twist of any newform of level N' where N is a proper divisor of N by a Hecke
character by a Hecke character whose conductor is a power of p.

Theorem 3.14. Let fe Y;(N, ®) be a normalized newform. The following are
equivalent:

L C(p,f)=0

2. p? | N and e(®p) < v

3. f= gy for some newform g in ;7 (N, @@2) for some ideal N' dividing N
and some p-primary Hecke character W.

Further, assuming (1), if e(®p) > § then in (3) g may be chosen so that
ordy(N") < ordy(N) and g is p-primitive.

Proof. (1) implies (2) follows immediately from Theorem 3.6. Now assume (2)
holds. We have two cases to consider. If ®p is trivial then let ¥ be a p-primary

Hecke character with 0 < e(¥) < %. Theorem 3.11 shows that .7, (A, @2(1)/\[0)\1/ =

SN, @y, ) and that there exists a newform g € .7, (N, @2@\/0) such that f=
gy- Now suppose that ®p is nontrivial. Then Theorem 3.10 shows that there exists
anewform g € .7 (N, ®p®y,) such that f = gg_. We therefore take N/ = A and
¥ = ®p. Finally, assume (3) holds. Then C(p,f) = C(p,gy) = V*(p)C(p,g) =0
by Proposition 3.2.
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For the final assertion, note that § < e(®p) < v implies, by Theorem 3.12,
that there exists a newform g € .7, (p°(®7) N, ¥2®) such that f = gg, where
U is a p-primary Hecke character with e(¥) = v — e(®p). We show that such
a g is p-primitive. It clearly suffices to show that C(p,g) # 0, which follows from

Theorem 3.6 as e(V2®p) = e(®p) = ord, (p*(*?) Ny). [ ]
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