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1. Let f be an integer-value<l arithmetical function and let N > 2 be a given in­
teger. The function f is said to be weakly uniformly distributed ( mod N) (WUD 
( mod N)), provided it assumes infinitely many values prime to N an<l for all i, 
j prime to N the ratio 

#{n :S x: f(n) = i (mod N)} 
#{n"S:_x:f(n)=j (mod N)} 

tends to unity, when .r --, oc. In the case when f is a polynomial-like mult.iplica­
tive function (i.e. for k = 1, 2, ... one has f(pk) = Vk(P) for all primes p with 
suitable Vi, E Z[X]) a necessary and sufficient condition for WUD ( mod N) has 
been obtained in [2]. (See also [4] and the literature quoted there). This condition 
can be restated in a form making sense for multiplicative functions which are not 
necessarily polynomial-like and in [5] an attempt has been made to reveal its an­
alytical meaning. In that paper the notion of Dirichlet weak uniform distribution 
( mod N) (Dirichlet-VVUD ( mod 1Y)) has been considered and it turned out t.hat 
for a class of multiplicative functions (encompassing all polynomial-like functions) 
the said condition is both necessary and sufficient for Dirichlet-WUD ( modN) to 
hold. However, as noted in the corrigendum to [5] the class of functions to which 
this condition can be applied is in reality smaller t.han originally asserted. 

The aim of this note is to modify slightly the previous definition of Dirichlet­
WUD ( mod N) so that it will be applicable to all integer-valued multiplicative 
functions which assume sufficiently many values prime to N and obtain a necessary 
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and sufficient condition for Dirichlet-WU[) ( mod N) to hold for such a function. 
This new condition coincides with conditions considered in [2] and [5] for classes 
of functions to which they were applicable. 

2. Let N > 2 be an integer and denote by CN the set of all integer-valued 
functions for which the abscissa a of absolute convergence of the Dirichlet series 

F(s) = 
1 

n' 
(1) 

r, 
(f(n).S)=l 

is pos1t1ve. (Obviously we have o ::; 1 ). It is not difficult to show that if a function 
f does not belong to CN, then for every E > 0 one has 

#{n::; x: (f(n), N) = 1} = O(x'). 

We put also for (k. N) = 1 

A(s) 
1 

(2) 
71 

ns' 
f(n)=.k (mod V) 

the series being absolutely convergent for s > a. 
We shall say that a function f E C N is Dirichlet- WUD ( mod N) provided 

for all i, j prime to N one has 

1. Fi (s) 
lm --' = 1. 

s-o+O F1(s) (3) 

It follows from an old result of Dedekind (see e.g. [4], Lemma 5.4) that 
if / is \VUD ( mod N) and the series F ( s) diverges at s = o, then f is also 
Dirichlet-\iYUD ( mod N). It has been shown in [3] that if / is multiplicative and 
the series 

1 

p prime 
p 

(f(p),N)>l 

converges, then Dirichlet-WUD ( mod N) and WUD ( mod N) coincide. Cf. [l], 
where a simple criterion for \VUD ( mod N) has been obtained for this class of 
functions. 

It should be noted that if the series F(s) converges at s = ct, then it may 
happen that f is WUD (mod N) without being Dirichlet-WUD (mod N), as 
the following example shows: 

If we put bm = [mlog2 m + 1] for m = 1, 2, 3, .... then the series 

X 1 
L~ 

rn=2 n7 
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converges for c = 1 and diverges for all c < 1 . Define f by 

{ 
1 if n is a member of the sequence {am} 

J(n) = -1 if n is a member of the sequence 1 +{am}. 
0 otherwise 

Then f is vYUD ( mod 3) but on the other hand we have a = 1 and for i = l , 
j = 2 the ratio (3) tends to a number exceeding 1. 

3. Our criterion for Dirichlet WUD ( mod N) is contained in the following result: 

Theorem. Let N > 2 he an integer, let f E CN lie multiplicative and let o be 
the abscissa of absolute convergence of the series (1). Fur (k, N) = 1 denote by 
AA- the set of all prime-powers q = k(mod N) which sa.tisfy (f(q), N) = 1. Let 
R be the set of all residue clasHeH k (mod N), prime to N, for whirh the series 

diverges. Let C(N) be tlie multiplirative group of residues ( mod N) prime lo N 
a11d denote by H the subgroup of G(N) generated by R. 

The function f will be Dirichlet WUD (mod N) if and only if for every 
non-principal character x(modN) which is trivial on H there is a prime p for 
which 

(4) 

Proof. Our argument is a modification of that in [5]. For every character x 
( mod N) define for s > o 

and for prime p put 

thus for s > o one gets 

In view of 

F(s. x) = ~ x(f(n)) 
L 71s 
n=l 

A (s x) = ~ x(f (pk)) 
P ' L ks ' 

k=O p 

F(s, x) = IT Ap(s, x). 
p 

F(s, x) = L x(k)Fk(s) 
(k,N)=l 

(5) 
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and 
1 ,-

~(N) H(8) = L x(k)F(s, x). 
'f. X 

(where Fk is given by (2)) one sees that f will be Dirichlet WUD ( mod N) if 
and only if for every non-principal ('haracter x( mod N) we would have 

lim F(s,x) =0. 
.Ha+o F(::;) (6) 

If the series F( s) converges for s = o then R is empty, fl consistto of the 
unit element and (6) is equivalent to F( o, x) = 0 for all non-principal x and as 
the equality (5) holds in this case also for s = o. the assertion follows. So we may 
assume that F(s) diverges at s = ex. Put j = 1+[1/ex], so that 1/j <ex~ 1/(j-1) 
holds and split the set of all primes into three parts by put.ting 

Po= {p: p > 21, (f(p;).N) > 1 for i = 1,2 ... .. j -1}. 

P1 = {p : p ~ 21} and defining P2 to be the set of all remaining primeto. If for 
i = 0, 1. 2 we put 

B;(s,x) = IT Ap(8,X)-
pEP, 

then Bo(.s,x) and B 1(s,x) will be continuous for s 2:: n and Bo(ex,x)-/- 0. 
Moreover none of the factors Aµ(s.x) of B2 (s.x) rnanishes at s = a. If a(x:) 
denotes the order of the possible zero of H1 (s, x) at s = a then we can write for 
s>o 

F(s. x) = (s - nt(xJ B2(s, x)g(8. x), 

where g(s, x) is a function continuous for .s 2:: ex and not vanishing at s =a. 
The number a(x) is positive if and only if there is a prime p ~ 2J for 

which Ap(o, x) vanishes, and thus for the principal diaracter Xo we have a(xo) = 
0. Since for p > 21 . s 2'. n and every character x one has IAl'(.s,x)-11 < 
I:~1 p-b < 1, we can write for s > a 

with g 1(s,x) bounded for-"> n. 
For s > ex put 

E(s. x) = a(x) log (-1-_) + ' ~ x(f(pk)) - xo(f(pk)) 
S-Q LL pks 

pEP2 lc=l 

= a(x) log (-1-) + ' (x(r) - 1)' -4-, s -n L L q"' 
r (mod N) q 



Dirichlet weak uniform distribution of multiplicative functions 257 

where the inner sum is taken over all powers q of primes in P'2 for which f ( q) = r 
(mod N). Observe that f is Dirichlet WUD ( mod N) if and only if for every 
non-principal character X (mod N) the real part of E(s, x) tends to -oo when 
s > a tends to ci,. This statement will remain true, if the summation over r in 
the formula for E( s, x) will be restricted by the condition r E R. 

If now f is Dirichlet WUD ( mod N) but the assertion of the theorem fails, 
then there exists a non-principal character x trivial on H for which (6) does not 
hold for any choice of the prime p. This implies a(x) = 0 and since for r ER we 
have x(r) = 1, the equality E(s. x) = 0 follows, giving a contradiction. 

Conversely, assume that the condition given in the theorem is satisfied and let 
x hP non-principal. If x(r) = 1 holds for all r ER, then E(s, x) = a(x) log(l/(s-
1)) and since ( 6) implies a(x) > 0 we get 

Jim . \R(E(s. X)) = -oc. (7) 
s--><x+O 

If however for some r ER we have x(r) i 1, then ~(:y(r) - 1) > 0 and since for 
all k one has ~(x(k) - 1) ~ 0 we again obtain (7). 

Thito concludes the proof of the theorem. 
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