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BOUNDEDNESS FOR MULTILINEAR MARCINKIEWICZ
OPERATORS ON TRIEBEL-LIZORKIN SPACES

LANZHE Livu

Abstract: In this paper we establish the boundedness in the context of Triebel-Lizorkin spaces
for muitilinear Marcinkiewicz operators.
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1. Introduction and results

Throughout this paper, M (f) will denote the Hardy-Littlewood maximal function
of f, @ will denote a cube in R™ with side parallel to the axes, and for a cube
Q.let fo =1|Q|™" [, f(z)dz and f*(z) = 3up [QI* f £(w) = foldy. For >0

and p > 1, let Ff"x’ be the homogeneous Triebel-Lizorkin space. The Lipschitz
space Ag is the space of functions f such that

1£lla, = sup [AR*1(@)| /1Al < o0,
z,heR"
hi#£0

where A¥ denotes the k-th difference operator (see [13]).

Fix A>1,0>0 and 0 <7 < L. Suppose that S™! is the unit sphere of
R™(n 2 2) equipped with normalized Lebesgue measure do = do(z'). Let Q be
homogeneous of degree zero and satisfy the following two conditions:

(i) Q(z) is continuous on S™! and satisfies the Lip, condition on S"~!
(0 <y <), ie.

Q") - Qy)| € M|z" - y'|", 2y e S"TH
(ii) fs,,_, Q(z)dz’ = 0.
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We denote ['(z) = {(y,t) € Ri“ : lr —y| < t} and the characteristic

function of T'(z) by xr(s). Let m be a positive integer and A be a function on
R™ The multilinear Marcinkiewicz integral operator is defined by

¢ nA dydt]"’”
() = [ // N (=) @S]

where
A — Uy ~-2z) Rmi(4;7,2)
Rey = [ R B E fo:
and !
R (Ai2,0) = A@) = Y —D° Az~ )"
faj<m
Set o )
- by—z
A= [ R e

We also define that

ualf)(z) = ( /] Ge=)” lFt(f)(y)l2fgf§)l/2>

which is the Marcinkiewicz integral operator (see [15]).

1/2
Let H be the Hilbert space H = {h: Rl = (ferH-l lh(t)[zdydt/t"+3) < oo}.
+

Then for each fixed z € R", FA(f)(z,y) may be viewed as a mapping from
(0,400) to H, and it is clear that

ni/2

pA(f)(@) = (M) FA (=)
nA/2

w00 =) RO

Note that when m = 0, u$ is just the commutator of Marcinkiewicz integral ope-
rator(see [15]). It is well known that multilinear operators are of great interest in
harmonic analysis and have been widely studied by many authors (see{2-5}{8][12]).
In [10][13], Janson and Paluszynski obtain the boundedness of commutators ge-
nerated by the Calderén-Zygmund operator or fractional integral operator and
Lipschitz functions on Triebel-Lizorkin spaces. The main purpose of this paper is
to discuss the boundedness properties of the multilinear Marcinkiewicz operators
in the context of Triebel-Lizorkin spaces. We shall prove the following theorems
in Section 3.
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Theorem 1. Let 0< d<n,0< G <1/2, 1 <p<n/d, 1/p—1/q=4/n and
DA € Ag for |a| = m. Then pf maps LP(R™) continuously into Ff*(R").

Theorem 2. Let 0 < § < n, 0 < 8 < 1/2, 1<p<n/5+ﬁ),1/p—-1/q-—
(6 +8)/n and D*A € As for |a| =m. Then uf maps LP(R"™) continuously into
LY(R™).

Theorem 3. Let 0 < 6§ <n,0< g < 1/2,8+4 <n and D*A € Ag for |a] =m
Then for any n > 0,

Hz e R™: pf(F)(@) > n}l < CC Y. 1D AYa, I fllLr/m)™/ 8=,

la|=m

2. Some Lemmas

We begin with some preliminary lemmas.

Lemma 1. (see [13, Lemma 1.5]) Let 0 < 3 <1, 1 < p < o0, then

Wlggon = |fsup iz [ 17) — falde ;
. 1
gt e [, 1)~ li]

Lemma 2.. (see [13, Lemma 1.5]) Let 0 < 3 < 1,1 < p € 00, then

1 1 1 o \'P
Ml = sup o /Q\f(m%fq\dmwgpw(@ [ i) = sapaz)

Lemma 3. (see [1, Lemma 2]) Let 1 <1 < o0, 6 >0 and

1 1/r
Ms, (f)(z) = sup (W'/Qlf(y)\rdy) :
Suppose 7 < p < n/§ and 1/qg=1/p— &/n. Then ||Ms(f)||« < Cl|fllLr.
Lemma 4. (see [7, p.14]) Let Q1 C Q2. Then

[fo - sz! < C”f“/\ngﬂﬁ/n‘

Lemma 5.. (see [5, Lemmal) Let A be a functionon R™ such that D*A € LY(R")
for |a| = m and some q > n. Then

1/q
1
(AT, ) € Clx = y™ e DA(2){%dz ,
|Rm(4;2,)| < Clz - 9| mgm(m(x,y)l o) (2)] )

where Q(x,y) is the cube centered at x and with side length 5y/n|z — y|
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Lemma 6. (see {2, Theorem 2.3]) Let T4 be the multilinear operator defined by

Ta(/)(=) =/R Bons S22 i)y

v |z — z|mtn—d

Ifo<f<1,0<d<n,1<p<n/(B+0),1/g=1/p—(G+08)/n and D*A € Ag
for ol = m. Then T, is bounded from LP(R™) to L%(R™), that is

ITa(Hlle < ClIflLr

Lemma 7. Let 0< 4 <1,0<d<n,1<p<n/(8+6),1/g=1/p—(G+8)/n
and DA € Ag for |a| = m. Then uf maps LP(R") continuously into LI(R™),

that is
Mt (Dl C D IID*Alls, I f)] Lo
jaef=m

Proof. Notethat |t — 2| <2t, y—z| 2z —2| -t 2 |z — 2| - 3t and |z — 2| <
1 4 2%y € 2542y — 2] > |z — 2] — 2% when [z —y] < t, [y - 2| < ¢,
|z — y| < 25+t and |y — 2| < t. By the Minkowski inequality, we get

u ()

S/ (g ) (B MmN 2

nA
m+1(4; 7, 2)|| f(2) / / xr(z)(y,t) dydt d
SC\/ .’L'*-Z‘m t+ix_yl ('1'_21“"302"—26_2 tn+3 2

jz—ylgt

+C/ Rmg1(Aiz, 2)14(2)

|z — z|™

B

(S [

2

y wi ¢ " X (v )t dydt "
t+ |z -y (|lz — 2| — 2k+3¢)2n—26-2
0 *k=0gkp |z -ylgor+1t

2

Reir (A2, I FEN | T dt
<Cf +_;___Z|m+l/2 / (7 — 2] — 3t)2n-2 dz

z—z|/2

1
2

o0
iRm+1(A;:L‘,Z)]|f(Z)I = —~knArgkyyng—n 2%dt
+C |~ z|m+1/2 Z 2 (2°)" (|z — 2| — 2k+3¢)2n-28 4z
Rx. k:OZ“z“"I:c-z[
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<C/ IRm+1(452,2)||f(2 d +C/ |Rm+1(A;z, 2)|| f (Z)] {szn(l—,\)r

$- z‘m+n -8 II__ z§m+n [
k=0

_C/‘Rm+l i_f; Z,S{If( )|dZ,

thus, the lemma follows from Lemma 6.

3. Proofs of theorems

Proof of Theorem 1. Fix a cube Q = Q(xo,l) and ¥ € Q. Let C? = 5,/nQ
and A(z) = A(z) - ) Z:—!(D“A)Qa:a, then Rn(A4;z,y) = Rn(A;z,y) and

al=m

DA = D*A - (D*4)g for |} = m. We write, for f; = fxg and fa = fXgng,

F ()

_ (y — 2) Rm+1(A z,z R (4;z,2)
_/iwzl"‘“ P [ R T
Jy—z|<t jy—z|<t
—2)*
Z — I_ —D%A(z) f1(2)dz,
PN /1 PRl
then

4 (@) - (£2)(a0)

(rimy) B -1 ()
() (2o
+ Z a, (H';wyl)nmﬂ(i(j:_'}):,o"zifl)(y)

t nA2 . nx/2
(m) FLA(f2)($;y) - (m) FLA(f2)($0,y)

= I(z) + I (z) + [ 1I(z),

+
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thus

WIHW/ 121 (@) - 1 (f2)(z0) | d
Q

L 1
< |Qi’iﬁ/" /I(x)d“' |Q;11+ﬁ/n /II(I)dI+W/III(I)dI
Q 5 }

=TI+ IT+ 111

Now, let us estimate I, II and III, respectively. First, for £ € Q and z € Q,
using Lemma 2 and Lemma 5, we get

|Rm(A;2,2)] <Clz—2|™ ) sup|D*A(z) - (D*A)4|

|afe=rm T€Q
<Clz - z™QI™ Y |IDYAll4,,
lal=m

thus, taking r,s such that 1 <r <p and 1/s=1/r—§/n, by (L7, L*) bounded-
ness of u) (see Lemma 7) and the Holder inequality, we obtain

1<C Y 0%l [l
Q

laj=m
<C Y DAl A ()l QI

|aj=m

<C Y DAl Al QI

|aj=m

1/r
aql |t r
<C 3 ID°4lla, I@gl-ra/n!*f(y)* dy

|af=m
<C ) 1D All7,Msr(£)().
lal=m
Secondly, using the following inequality(see [13])
(D*A— (D*A)g) fxgller < ClQIVH/™| DAl Ms,.(f),
we gain similarly to the proof of I, that

1< Q,lw S lIual(D2A ~ (D% A)g) )]l QI /°

{a]=m

<ClQITAMIT 37 (DA~ (D7 4)q

lal=m

<C Y ID*AllA, Ms.r(f)(E):

lal=m
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For I, we write

e (e

/ (t+ Iz ~ )nA/z [{z wlzg 7o _lz!m] Ay "Iz)}jz!({f lz)fz( z)

fy—z|<t

+ / ( t )"'\/2 | 2y — 2)f2(2) [Rm(fi;:v,z) - Rm(f{; zg,2)|dz

Wi t+ ]z -yl y— 2|81 zg — 2|™
y—z| <t
t nd/2 ¢ nA/2 Qy — 2) R (4; I(],Z)fg(z)
+i _/m {(H-vawyl) '(Htrm—yl) } v e — e
nA/2 a ni/2 a
(z—2) t (zo = 2)
“,a,;,a'] /1 {(Hfr— 5) e () l:vo~z{”‘}
Oy - DA f2(2)
PEFES

=11+ 11T, + 1113 + 111,

Note that |z — z| ~ |zo — 2| for z € Q and z € R™\ Q. By the condition of
and similar to the proof of Lemma 7, we obtain

1
Q

C / / |z — ol |Rm(4;z,2)||f(2)]dz | dz

< lopear B
J\J

"\Q

e Spay [ EEE e

lal=m k=0,

2"+1Q\2k*lo
o - 1
<C Y ID%Allx, > 2 km / |£(2)]dz
|ct|=m k=1 2% G

<C ) IID"AMZ.? Ms1(f)(z)

|aj=m

<C Y D% Allx, Mo (f)(E).

lal=m
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For IT1;, by the formula (see [5])

- - 1 -
Ry (A;z,2) — Rm(Ajz0, 2) = Z =R (D" A; 2, z0)(z — 2)”

{nj<m

and Lemma 5, we get

|Rm (457, 2) = Rn(A;20,2)| < C Y [ID*Al|4,[Q°™z — zol|zo — 2|™".

@rlm/]}lllﬂlda:
Q

<C 1 / / IRm(A;m, z) — Rm(ﬁ;xo’z)i]f(z)]dzdx

Q[1+8/n |zg — 2|03
Q@ R"\Q
<C 3 |pea) A,,Z | e
lat=m “Oer1g\24
<C Y ID A4, IQIP™ M5 o (£)(F)-
laj=m

For III3, by inequality a'/2 — 4'/2 < (a — b)/2 if a > b > 0, we gain

1
W/HIIInga:
Q
3

c "2z — 20| 2xr(a) (, 1) f2(2)] |Rin(A; 0, 2)] 2dydt

(t + II — yD(nA+1)/2}y — z!n—l-& |:I70 — zlm tn+3
m(4; 20, 2)|| f2(2) ]z — w2 i
[1+ﬁ/n [IO — z|m+n+1/2 5

<C Y (D" All, Z? Mg (£) ()

|aj=m

<C z |D°A[|,\ﬁM¢s.1(f)(j)‘

lal=m

For 111y, by Lemma 4, we get
|D*A(z) - (D A) ] < ID* All5, 170 — 2°.
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Thus, similarly to the proof of I1I; and II1l3, we obtain

1
W/HIIL}HQIZE
qQ
i1

_ o p11/2 .
< [ T [ (St + s ) 1) D Adada

Q |a[_~mRn

<C ) ID*All, Z (2FD) 4 2ROV D) M, (£)(2)

laj=m k=1

<C Y ID*Allo,Msa(£)(E)-
laf=m

Thus

HILC Y |ID*Alla, Msa(f)(3).

laj=m

We now put these estimates together, and taking the supremum over all @ such
that # € @, and using Lemma 1 with Lemma 3, we obtain

i (Dl <C D DA, NI llLe-
laj=m
This completes the proof of Theorem 1.

Proof of Theorem 2. By the same argument as in the proof of Theorem 1,
we have, for 1 s <p and 1/r =1/s~6§/n,

ol / AN @) - 1f () w)ldz < C S D Alls, (Masar(f) + Massa (£)),

laj=m

thus
W (N* <C D D" Alla, (Marsr(f) + Mpesa(f)).

|aj=m

Now, using Lemma 3, we gain

Haf (A)lles < CNa () [l
<C Z DAl 4, (1Ma+ér(fllLa + [1Mprs1(HllLe) < Cliflee.

la|=:m
This completes the proof of Theorem 2.

Proof of Theorem 3. First we prove the following estimate

|t <C Y D Alla, WP MF@) + nl P WAL (M ()7,

jal=m
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for any n; > 0 and n/(n—8—3) < r. In fact, for the fixed the cube Q = Q(z, A1),
similarly to the proof of Lemma 6, we have

l / lf(z HRm+l A €T, Z)Idz

lx_zm+n 3

WRm+1(Asz, 2
—C(f /) lf(zil_zr,igna JIPRE

For & > 0 we put

An(y) = A) — Y (D" Angu

fal=m
Then, by Lemma 5, for z € 27%Q,

|Rma1(Akiz, 2)| < C ) [ID%Al|4, (27 m)Plz - 2™

laj=m
Thus, by Lemma 5 and Lemma 6
= IF @) Rm1 (Ax; 2, 2)|
h < CZ |z = z|mn—3 dz
F=0h-r\2-k-10
a Izl
C Z D /4“,»\!j 2(2 1]1 / mdl’
{al=m 2-kQ\2-E-1Q
<C Y (DAl Z(Q'km A B
faj=m 2-kQ\2-k-1Q

<C YD Alan T M(f)(2).

lai=

For I, taking € > 0 such that (n +¢)/(n~ 48— 3) < r, we write n — 4§ =
(n+¢e)/r+n/r’ —eg/r— 4§, then, by Holder’s inequality,
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r’ tr
(Q/ w~z|"+s) (Q/ ]g;—zn (6+a/r)r (iRmI;I_(i;i:Z)I) dz)

1/r

I3

<C Yl | e [ s

laj=m k=0 jr—z| <2k )

w i(zkAl)Br’ / lf(Z)le

£ - |z — 2|n- O/
2-*Q\27F-1Q

1/r
<C D iDeAlls, (Z 27Rn M (f) (e )) gy ORIl

laf=m
1/
izk(5+ﬁ—n/r'+s/1‘)r’ / If(2)|dz
k=0 2-kQ\2-k-1Q
<C S D Allx,m (M) @) ol T
jal=m
<C IZ DAL, m 2 AT (M) ()
farf=m

Thus, the desired estimate holds. Now we can prove Theorem 3. For any
n >0 and f € LY(R"), taking m = (30;,=m |[D*All4 ﬂHfHLm”l)l/("““‘S ) in
above estimate, we gain, by the weak type boundedn&ss of M,

l{z € R™: ux (f)(z) > n}|

n
<i{z€R": Mf(z) > }
{ 2C Y g 1D All 3, m 7

., T T] r
{ &R M) > (2050,_,” 1D Al 7y "/"nfn}/f) }
<C S WD Alla,n Al /n 4+ CCS WD Alla,md > NI /)

jal=m ja]=m

CCY DAl Nl /) oA,

lal=m

_+_

This completes the proof of Theorem 3.
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