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EXTENSION OF SATO’S HYPERFUNCTIONS
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Abstract: We characterize possible bounds for representing functions of arbitrary hyperfunc-
tions. Specifically, there are always representing functions decreasing rapidly outside each strip
near R. Also, exponential decrease of any type on any strip R x +i[c,C],0 < ¢ < C' < oo, can be
achieved. This will be used in [10] to define an asymptotic Fourier and Laplace transformation
on the space of hyperfunctions.
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1. Introduction

Fourier hyperfunctions have been introduced by Kawai [3] to provide a general
and natural frame for Fourier transformation. In fact, these Fourier techniques
may also be applied to general hyperfunctions. This is due to the important result
that any hyperfunction [u] € B(R) := H(C \ R)/H(C) may be extended to a
Fourier hyperfunction, that is, [u] admits a representing function h € [u] which is
of exponential type 0 on each strip outside the real axis, i.e.

Vi €NIC; >0: |h(z)] < Cjel®7if 1/j < |Imz| < j.
In fact, the following stronger result of Kaneko and Komatsu holds:

Theorem. Let F C C\R be closed and k € N. Then any hyperfunction [u] € B(R)
has a representing function h € [u] such that |h(z)| < 1/k on F.

The theorem was stated without proof by Sato [14]. Classical proofs are based
on Hérmander’s 0— techniques (by an idea of B.A. Taylor, see [8, Lemma 1]) or
on the flabbiness of the sheaf of hyperfunctions (see [2, Theorem 8.4.4] and also
[7] and [9]) which is usually also proved by solving the d— equation.

In the present paper, we will first present a new short proof of this central result
using the well known Kéthe duality and the surjectivity criterion [11, Theorem

2010 Mathematics Subject Classification: primary: 32A45; secondary: 46F15



34  Michael Langenbruch

26.1] for operators in Fréchet spaces, and we will then discuss the natural question
which are the possible bounds for representing functions of general hyperfunctions.

A more refined version of the above argument will lead to the following char-
acterization: let V := {v, | n € N} be an increasing system of continuous (weight)
functions v, : C\ R — [0,00[. Let F,,,n € N, be a closed exhaustion of C\ R and
let

HV(C\R):={f € HC\R) |Vn e N: sup |f(z)]e""*®) < co}.
z2E€Fy,

Using some mild assumptions on F,, and V we get (see Theorem 3.1)

Theorem. The following are equivalent:

(a) Any [u] € B(R) has a representing function h € HV(C \ R).
(b) HY(C\R)NH(C) #0
(¢) HV(C\R) N H(C\{0}) #0

Though there is no representing function of Dirac’s §—distribution decaying
at infinity faster than 1/|z| we finally get the following surprising improvement of
Kaneko’s and Komatsu’s theorem (see Corollary 3.3):

Let F C C\ R be closed and k € N. Then any hyperfunction [u] € B(R) has a
representing function h € [u] such that [2*h(z)| < 1/k on F and such that |2"h(z)|
is bounded on F' for any n.

For Fourier and Laplace transformation of hyperfunctions it is interesting to
notice that we can always find a representing function in the space

H_(C\R):={f € HCC\R) |Vk € N: sup  |f(2)]ef B2l < oo}
1/k<|Im z|<k

(see Corollary 2.4). o

Using the extension of [u] € B(R) to [u] € H_oo(C\ R)/H_(C) we can thus
define an asymptotic Fourier transform on B(R). This will be discussed in detail
in [10].

Representing functions with bounds as above also exist in the case of several
variables. Also, the results are easily transferred to the Fréchet valued situation
which is needed for applications e.g. to the abstract Cauchy problem.

2. The theorem of Kaneko and Komatsu

We will give a new short proof of the theorem of Kaneko and Komatsu in this
section. Recall that [u] is a hyperfunction on R if

[u] € B(R) := H(C\R)/H(C)

and that h € H(C\ R) is called a representing function of [u] if h € [u].
Let F,, be a closed exhaustion of C \ R, that is,

F, is closed, F, Cint(F,4+1) for any n and U F,=C\R.
neN
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Let V := {v, | n € N} be an increasing system of continuous (weight) functions
vp : C\ R — [0, 00[. We define the Fréchet space HV(C \ R) by

HV(C\R) :={f € HC\R) |Vn € N: | f|, := sup |£(2)]e" ) < oo}
z€Fn
The main result of this section is the following slight improvement of the the-

orem of Kaneko and Komatsu mentioned in the introduction:

Theorem 2.1. Let F C C\ R be closed and let k € N. Then any [u] € B(R) has
a representing function h such that |zh(z)] < 1/k on F.

The proof of Theorem 2.1 is based on the Kéthe - duality: For a compact
K cCandve H(K) let S(v) := u, where

1

e 1/t - )t ¢ K.

Theorem 2.2 ([4]). Let K C C be compact. Then

Uy, (t)

S:H(K),— H(C\ K)/H(C)
is a topological isomorphism and
W) = [ wlO (e for any f € HU) (21)
¥
if U is a neighborhood of K and ~y is a path in U around K with clockwise orien-

tation.

Proof of Theorem 2.1. Choose a closed exhaustion F,, of C\R such that F; :=
F and set V := {Iny(|2])}.
(a) We first show that the mapping

T:HV(C\R)x H(C) — H(C\R),(f,9) = f+g
is surjective. Since the transpose of T is
"T(v) = (v |lnvew) v lae)  for ve HC\RY

we have to show the following (by the surjectivity criterion [11, 26.1]) :

B c H(C\R) is equicontinuous on H(C\R) if B is equicontinuous on HV(C\R)
and on H(C).

Since B is equicontinuous on H(C) there are n € N and C; > 0 such that B is
equicontinuous on H(K,), K, :={z € C| |z| < n}, and

luy(2)] < Cy sup [1/(z —€&)| < Cs if reBandn+1<|z|<n+2. (2.2
§eKn

Since B is equicontinuous on HV(C \ R) there are ng € N and C3 > 0 such that
we get for z € I,, := [-n—2,n+2] and | € Ny

|
[uf) (2)] = 2L'|<5Va (@ =< Callll(@ = - )7 lng < Call dist(z, Fry)™
s
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where the first equality is due to the fact that the difference quotients [1/(z— - ) —
1/(x +h— -)]/h,h € R, converge in H(C \ R). Hence the functions u, (being
holomorphic near R by Theorem 2.2) can be holomorphically extended such that
{u, | v € B} is uniformly bounded on {z € C | |Rez| < n+2,|Imz| < v/2} for
v := dist(I,, Fy,). By Theorem 2.2 and (2.2), this shows a).

(b) The mapping T is surjective by a) and hence open. Thus there are a
compact K C C\ R and Cs > 0 such that [u] € B(R) (with representing function
v € H(C\ R)) has a representing function f € HV(C \ R) such that

sup [z f(z)| < [|f[lx < Cs sup [v(z)].
zeF zeK

Since H(C) is dense in H(C\ R) by Runge’s theorem, we may choose v such that
Cssup, ¢k |v(2)| < 1/k. The theorem is proved. [ ]

The bounds obtained in Theorem 2.1 will be essentially improved in Corol-
lary 3.3 below.

As we mentioned already in the introduction, Theorem 2.1 directly implies
the extension of Sato’s hyperfunctions to Fourier hyperfunctions Q(R) and to
modified Fourier hyperfunctions R(R). For the convenience of the reader we recall
the respective definitions: Let F}, := {2z € C|1/n < |Imz| < n} and

Ocap(C\R) := {f € HC\R) | Vn € N: sup |f(z)]e *I/" < o0}
z€F,

and
Oap(C) :={f € H(C) |[¥Yn e N: sup |f(z)le”*I/" < c0}.

[ Im z|<n

The Fourier hyperfunctions are defined by Q(R) := Ocyp(C \ R)/Ocyp(C). The
modified Fourier hyperfunctions R(R) are defined similarly using the radial com-

pactification of C, especially F,, := {z € C|[Imz| > (1 + |Rez|)} is used instead
of F,, in the definition above (see [13]).

Corollary 2.3. The canonical (restriction) mappings
R: 9(R) — B(R) and R(R) — B(R)
are surjective.
Proof. This follows from Theorem 2.1 with F := {z € C | |Imz| > 1/(1 +
[ Re(2)])}- u

The next example provides an elementary theory of Fourier and Laplace trans-
formation (see [10]) : let

H-oo(C\R):={f € HC\R) |V¥n € N: sup |f(2)]e" Be?l < 00}

1/n<|Im z|<n

and
H_ oo(C):={f € H(C)|VkeN: sup |f(z)le"IF* < oc}.

| Im z|<k
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Corollary 2.4. The canonical (restriction) mapping
R:H_(C\R)/H_o(C) — B(R)
18 surjective.

Proof. For [u] € B(R) and f(z) := e* let h be a representing function for f[u] :=
[fu] by Theorem 2.1 with F :={z€ C||Imz| > 1/(14 |Re(z)|)}. Then h/f is a
representing function for [u] as desired. |

In [2, 8.4.5] representing functions h were obtained such that, for fixed k& € N,
|h(z)|e*!?! is bounded on each strip F,.

H_o(C) is the space of test functions for the Fourier ultra-hyperfunctions
(see [12]).

The decay of representing functions in Corollary 2.4 can easily be improved.
By essentially the same proof we obtain:

Remark 2.5. Let F, :={z€C|1/n<|Imz| <n}and V:= {e"‘ReZ‘k | n € N}
for fixed k € N. Then the canonical (restriction) mapping

R:HV(C\R)/HV(C) — B(R)
is surjective.

Proof. Apply the proof of Corollary 2.4 with f(z) := e*' for | > k even. |

3. Bounds for representing functions

In view of the different bounds obtained so far for representing functions of hy-
perfunctions it is an interesting question how far we can push the bounds for
representing functions. From now on we will generally assume that HV(C \ R)
is invariant under real shifts and finite derivatives. To have this guaranteed (by
application of Cauchy’s formula) we will use the following assumptions:

VneN,z e R3Ik>n,v>0: F, — By(x) C Fj. (3.1)
VneN,z e R3k>n,v,C >0z € F,: vn(z)<C+| iIgl‘f< ve(z—€). (3.2)
T—SIRY

(3.1) is clearly satisfied by the standard choices F,, :={z € C|1/n < |Imz| < n}
or I, ={z€C||Imz| > (1+|Rez|)/n} used for the examples above.
We now have the following characterization:

Theorem 3.1. Let F,, and V satisfy (3.1) and (3.2). The following are equivalent:

(a) Any [u] € B(R) has a representing function h € HV(C \ R).
(b) HY(C\R)NH(C) #0
() HV(C\R)NH(C\{0}) #0
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Proof. “(a) = (b)” Ift HY(C\ R) N H(C) = 0, then the mapping
T:HV(C\R) x H(C) — H(C\R),(f.9) = f + 9,

is injective. Since T is surjective by assumption, T is a topological isomorphism,
hence H(C) is a closed subspace of H(C\R), a contradiction, since H(C) is dense
in H(C\ R) by Runge’s theorem.

“(b) = (¢)” This is evident.

“(¢) = (a)” We modify the proof of Theorem 2.1: Let B C H(C \ R)" be
equicontinuous on H(C) and on HV(C \ R). Then there are n € N and C; > 0
such that

lv(h)] < Co sup |h(z)] if v€ Band h e H(C) (3.3)
1<
and thus
luy (2)] < Cy if reBandn+1<|z|<n+2 (3.4)
and such that
lv(h)| < Cal|h||n if v € B and h € HV(C\R). (3.5)

Choose g € HV(C \ R) N H(C \ {0}) by assumption. Then h(z) := g(z)z~% also
satisfies the assumptions for ¢ since for any j

|h(2)| < |g(2)|(dist (0, F;)) ¢ for z € Fj.

We may thus assume that the singularity of g at 0 is not removable. By Theorem
2.2, g then is a representing function for 0 # p € H({0})’, that is,

g=u,+h for some h € H(C).

By (3.1) and (3.2) we know that ¢)( - —z) € HV(C\R) for = € R, hence we get
forx € I, ;== [—n—2,n+ 2] by (3.3) and (3.5)

Yty (2)| = e n ), (2= €7 = S e Gy (€ — =)™ ))

ev,ull (€ — 2))| < (e, g V(€ = @) + [{ev, RV (€ — @)
< CollgV (- = @)l + Csl! < Cally "' (|lgllx + 1) (3.6)

where k and v are chosen uniformly for 2 € I,, by compactness and by (3.1) and
(3.2). Using also (3.4), the functions u,., can thus be holomorphically extended
such that {u,., | ¥ € B} is uniformly bounded on {z € C | |Rez| < n+2,|Im z| <
v/2 or n+1 < |z| < n+2}. Therefore, {v*u | v € B} is equicontinuous on H(C\R)
by Theorem 2.2. Since the convolution operator fix is surjective on H(C \ R) for
any 0 # p € H({0})" by [6] this implies that B is equicontinuous on H(C \ R).
The theorem is proved. |
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Of course, for given k € N the representing function h in Theorem 3.1 can be
chosen such that ||h||r < 1/k (by part b) of the proof of Theorem 2.1).

The decay at infinity of the representing function in Theorem 2.1 seems to
be optimal since there is no representing function for Dirac’s J—distribu- tion
decaying on C at infinity faster than the standard representing function —1/(27iz).
However, on the closed exhaustion F,, := {z € C| |Imz| > 1/n} of C\ R much
better bounds for representing functions can be obtained. The relevant result is
the following

Theorem 3.2. Let F,, :={2€ C||Imz| > 1/n}. LetV satisfy (3.2) and
HV<I<1lVneN: va(2) = O(|2]°)  on F,. (3.7

Then any [u] € B(R) has a representing function h € HV(C\ R) if for any k €
N there is 0 # g € H(C\ {0}) such that |g||x < oo and such that |g(z)| <
C; exp(C}|2|°) on F; for any j.

Proof. We modify the estimate for |(¢, g()(¢ — z))| in (3.6): For 6 < a < 1 let
fm(2) := e (732%™ for Tm(z) > 0 and f,(2) := e~ )"/™ for Im(z) < 0 where
()* is chosen positive on |0, 00[. Then there is € > 0 such that

| fm(2)] < exp(—¢|z|¥/m) <1 on C\R. (3.8)

This implies that
Bom = fimgP (- —x) € HV(C\R)  for [ € Ny (3.9)
since also [g()( - — )| < éjeéﬂ‘ME on any F; by Cauchy’s estimate and therefore

|fm(2)gV (2 — 2)| < éj exp(—elz|*/m + 5j|z\5) < Dje ) on F

by (3.7). Since f,, — 1 uniformly on compact subsets of C\ R we have lim,, h,, =
gV (- —2)in H(C\R). We thus get for = € I, := [-n — 2,n + 2] by (3.9), (3.5)
and (3.8)

[{ev, 91" (€ = 2))] = lm (e, hm)| < Crsup |||

<CillgV (- =)l < Callylgll

where k and v are chosen uniformly for « € I,, by compactness and by (3.2). The
conclusion now follows as in the proof of “(c¢) = (b)” of Theorem 3.1. |

Corollary 3.3. Let F C C\ R be closed and let k € N. Then any [u] € B(R) has
a representing function h such that |z*h(z)| < 1/k on F and such that |z"h(z)| is
bounded on F for any n.

Proof. Choose a closed exhaustion F,, of C\R such that F; := F. We may apply
the proof of Theorem 3.2 for g(z) := 27" since the special form of F,, assumed in
3.2 is not needed in the present case. In fact it is clear that hy, := f,g®(- —z) €

HV(C\R) for I € Ny and that ||g)( - — )|, < C1CLI!. [ |
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Andreas Schmidt [15] has studied rapidly decreasing hyperfunctions [u]
(ie. [2"u(z)| < Cp if 1/n < |Imz| < n for any n) in connection with asymp-
totic expansions at oo and quantum field theory.

The assumption (3.7) is not very restrictive for our problem since there are no
representing functions h decreasing exponentially on F), := {z € C | |Im z| > 1/n}.
More precisely we have

Remark 3.4. Let F,, ;== {z € C | |[Imz| > 1} and V := {nlny(|z[)|n € N}. If
0 # h € HV(C,) then |h(z)|es!Re#l is unbounded on any strip F.(yo) := {z € C |
|Im z — yo| < €} for any yo > € > 0.

Proof. If |h(z)|es! B2l is bounded on F.(yo) for some yo > & > 0, then H(t) :=
h(t+iyo) is holomorphic for | Im(t)| < ¢ and |H (t)|e*I R¢*l is bounded for | Tm(t)| <
e, hence H is in the Gelfand/Shilov space S} (see [1]) and therefore also H € S!
(see [1]). Especially, H is holomorphic on a strip near R. Since h € HV(C,) we
get by Cauchy’s theorem for any n € Ny and any y > 0

EOO] = [ @+ i) e+ ig)dol < Cr [ Jo+ilao + )] 2o —0
R R

for y — o0o. Hence H™(0) =0 for n € Ny and thus H = 0 and h = 0. |

It is not known if any [u] € B(R) has a representing function h such that for
some & > 0, SUP| 1y 2(>1/n |h(z)|e|z|6 < oo for any n € N.

4. Hyperfunctions supported in [0, oo|

The results obtained sofar can also be proved for hyperfunctions [u] with support
in [0, 00], i.e. for
[u] € B([0, 00[) := H(C\ [0, 00[)/ H(C).

We will only state the part of the results here which is needed in [10]. The formu-
lation of the remaining statements is left to the reader. Let

Gp={2€C||Imz| <k}\{z€C|Rez>—-1/k and |Imz| < 1/k}

and let V := {v,, | n € N} be an increasing system of continuous (weight) functions
v : C\ [0, 00[— [0, oo[. We define the spaces HV(C\ [0, oo]) similarly as before by

HV(C\ [0,00]) :={f € H{C\ [0,00[) | VYR € N: Zzucg) |£(2)]e’®) < oo},

Notice that representing functions in HV(C\ [0, oo[) also satisfy bounds near —oo,
hence the following result is stronger than Theorem 2.1 in that respect.

Theorem 4.1. Let F C C\ [0,00] be closed and let k € N. Then any [u] €
B([0,00[) has a representing function h such that |zh(z)| < 1/k on F.
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Proof. We repeat the proof of Theorem 2.1 with C\ [0, oo[ instead of C \ R and
x € [0,n + 2| instead of x € I,,. |

The following example will be used for an elementary theory of an asymptotic
Laplace transformation in [10]: let

H_oo(C\ [0,00]) := {f € H(C\ [0,00[) | Vk € N: sup If(2)|e"Re?l < o0},

As before we get

Corollary 4.2. The canonical (restriction) mapping
R: Moo (C\ [0,00[)/H o0 (C) — B([0, 00])

s surjective.

5. Vector valued hyperfunctions

Using the w—tensorproduct it is no major effort to transfer our results to hyper-
functions with values in Fréchet spaces. This is interesting for application of the
Laplace transform to the abstract Cauchy problem for closed operators in Fréchet
spaces (see [10]). Similarly, results for hyperfunctions in several variables can be
obtained from the single variable case considered sofar. Both extensions of the
preceding results are shortly discussed in this section.

Let X be a Fréchet space with system (|| ||.)nen defining the topology. The
space of X-valued holomorphic functions on an open set U C C is denoted by
H(U,X). The space of X-valued hyperfunctions on R (supported in [0, oo[, re-
spectively) is by definition

B(R,X):=H(C\R,X)/H(C,X)
(and B([0, [, X) := H(C\ [0,00[, X)/H(C, X), respectively).

For a closed exhaustion Fj of C\ R and a system V of weight functions we define
HV(C\ R, X) by

HV(C\R,X):={f e HC\R,X) |VneN: seuI? [1£(2)|lne’® < oo}
z€F,
The spaces HV(C, X) (and HV(C\ [0, oo, X)) are defined similarly (see also Sec-
tion 4).
Theorem 5.1. Assume that
VneNdImeN: vn(2) +2In(1 4+ |2]) K C +vn(z) on Fy. (5.1)
If the canonical mappings

R:HV(C\R) — B(R) (and R:HV(C\ [0,00[) — B([0,0]), resp.)
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are surjective, then the canonical mappings
R:HV(C\R, X)— BR,X) (and R:HV(C\ [0,00[,X) — B([0, ][, X))
are surjective.
Proof. By assumption the mappings
T:H(C)xHV(C\R) — H(C\R),  (f,9)—=f+yg
and
T:H(C) x HV(C\[0,00]) = H(C\[0,00[),  (f,9) = f+yg

are surjective. Since X is a Fréchet space, the mappings
T®id: HC)®:X x HV(C\R)®,X — H(C\R)®,X

and
T:H(C)®:X x HV(C\ [0,00))®+X — H(C\ [0,00))&rX

are also surjective by [5, §41.5(7)]. H(U) is nuclear for open U C C. By the
mean value property of holomorphic functions and (5.1), the spaces HV(C \ R)
and HV(C \ [0,00]) could be defined using L;—norms instead of sup —norms.
Hence these spaces are also nuclear. This shows the claim since H(U,X) =
H({U)®.X,HV(C\ R, X) = HV(C \ R)®,X and HV(C \ [0,00[, X) = HV(C\
[0,00[)®xX by nuclearity. |

The following Corollary will be applied in [10]:

Corollary 5.2. Let X be a Fréchet space. The canonical mappings
R:H_(C\R,X) — B(R, X) and R : H_o(C\[0,00[, X) — B([0, 0], X)
are surjective.

We finally discuss representing functions for hyperfunctions on R* and hyper-
functions supported in the cone [0, oo[k7 respectively. These can be treated similar
to the vector valued case. We shortly recall the respective definitions: Let F' C C
be closed and let

CMFF .= (C\ F)*
and
CFg;F* .= (C\ F) x -+ x (C\ F) xCx (C\ F) x --- x (C\ F)

where the factor C is put in the j** place. The spaces of hyperfunctions on R¥
(and of hyperfunctions supported in [0, co[¥, respectively) are defined by

k
B(R*) := H(CMR*)/ Y H(C*4,;RY)

Jj=1
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and
k
B([0,00[") := H(C*$[0,00[")/ > H(C*;[0, 00[").

Jj=1

Let Vj := {vjn | n € N},j = 1,...,k, be systems of weight functions on C\ R
as before and set V := {v,(z) = Zle vin(2z;) | n € N} For j =1,...,k let
F;n,n €N, be closed exhaustions of C\ R and set F}, := Fy, X --- X F, ,. Then

HV(CFRF) := {f € H(C*R*) | Vn e N: sup |f(2)]e?®) < oo}
zE€F,

Theorem 5.3. Let V; satisfy (5.1) for j < k. If the canonical mappings
R; s HV;(C\R) — B(R) (and R, : HV;(C \ [0, 50]) — B([0, ¢}, resp.)
are surjective for j =1,... k, then the canonical mappings
R : HV(CFRF) — B(RF)  (and R : HV(C*4[0, 0o[F) — B([0, 00["))
are also surjective.

Proof. The proof is given only for HV(CF#R*). The other case is treated similarly.
The mappings

Tj: HV;(C\R) x H(C) — H(C\R),  (f,9) = f+y,
are surjective by assumption. Since X is a Fréchet space, the mapping
~k ~k ~k
T:=®;,T;: ®,_, (HV;(C) x H(C\R)) - ®,_, H(C \ R) = H(C*R")

is surjective by [5, §41.5(7)]. (5.1) implies that the spaces HV,;(C \ R) are nuclear
and hence

HV(CHRF) = HV1(C\ R)&y ... &, HV(C \ R).

Since also H(C \ R) is nuclear, similar equations hold for the tensor products of
some factors H(C) and some factors HV;(C \ R). Since these tensor products are

all contained in Z?zl H(C*§;R¥) the theorem is proved. |

Corollary 5.4. The canonical mappings
R:H_oo(CFR*) — B(R®) and R : H_ . (C*4[0, 0o[*) — B(]0, co[¥)

are surjective.
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