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ON A HYBRID MEAN VALUE OF THE CHARACTER SUMS
OVER SHORT INTERVALS

ZHEFENG XU, WENPENG ZHANG

Abstract: The main purpose of this paper is to study the hybrid mean value of the character
sums over short interval and B(x), by using the mean value theorems of the Dirichlet L-functions,
and give an interesting asymptotic formula.
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1. Introduction

Let ¢ > 3 be an integer, x be a Dirichlet character modulo gq. The character sums

N+H

> x(a)

a=N+1

play an important role in analytic number theory. Polya [1] and Vinogradov [2]
given the first fundamental estimate

x
> x(a)| < cy/plnp,
a=1

where ¢ is a constant. Actually, one can establish the above inequality with the
constant ¢ = 1. For a primitive character x modulo ¢, A.V.Sokolovskii [3] proved
the existence of = with
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where [y] denotes the greatest integer which less than or equal to y. For any
positive integer h, D. A. Burgess [4] summed the mean value over all primitive
characters and obtained

Y

x mod g n=1

4
<877 (q)q* 12,

h
> x(n+m)

m=1

where Z* denotes the summation over all primitive characters modulo ¢ and
x mod g
7(n) is the Dirichlet divisor function.
In order to obtain an asymptotic formula for the higher moments of character
sums, the authors [5] studied the character sum over the interval [1, %):

a=1
and proved
2k—1 k—1
* q )‘2’“ _ J(a)d" (5)%—2 L e T
> ‘S (4’X 16 \8 I P2 11 P2
x(=1)=1 pla pt2q

+0 (qk+e) :

where Z denotes the summation over all primitive characters modulo ¢ such

—1)=1
that X>(<(—1)) = 1, € is any fixed positive number, J(g) the number of all primi-
tive characters modulo ¢ and H the product over all prime divisors p of ¢, and
plg

cn o= n,(mLLn),

In the present work, we will study the hybrid mean square value of S (%, X)
and B(x) which emerges in the zero expansion of logarithmic differentiation of
Dirichlet L-function L(s, x):

L'(s,x) 1. g 1T (3s+ 3a) < 1 1>
- = —ln- —-—2— 22 L B(x) + — 1+,
L(s,x) 2T T2 r (%s + %a) ) zp: 1—p »p

where Z denotes the summation over all nontrivial zero p of L(s, x) and
P

L Lo X1 =1
1, ifx(—1) = -1

About the arithmetic properties of B(x), none had studied it before. It seems
to be very difficult to estimate B(x) at all. As claimed in [6], the difficulty of
estimating B(x) is connected with the fact that L(s,x) may have a zero near to
s =0.
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Throughout this paper,

J(q) denotes the number of all primitive characters modulo ¢,
T'(s) is the Gamma function, A(n) is the Mangoldt function,

x4 denotes the primitive character modulo 4,
n
rm) =Y xa(@A (5).
d|n
e Jts denotes the real part of complex number s,

e c is any fixed positive integer.

Now we give the main result of this paper.

Theorem. Let g > 5 be an odd integer. Then we have the asymptotic formula

> |Beos (4)] = cart@) + 0t ),

4
x mod g
where
o G 3es  (In2 30y
272 2 472 gn2  op2 )™
C? Cyln2 (3 1
~1 ~2 1 —
* < 16 48 * 8 H p?
plg
and
(o] 2 [ee]
r#(n) xa(n)r(n)
(n,q9)=1 (n,q)=1
= In’n Inn
63 - Z:l n2 ) C4 - Z:l n2 b
(n,q)=1 (n,q)=1
1. ¢ 1TV /1 1, ¢ 1TV
Ci=gho 5?(5)7 Co=gho+sd)

In fact, our method also works for the higher moment as
* q 2k
x mod g

and

> [ (24)[*

x mod ¢
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2. Some Lemmas

To prove the theorem, we need the following lemmas.
Lemma 1. Let x be a primitive character modulo q. Then we have

5001 = [T + e

where
=1 (), (-1 =1
C(X): C_ll q 1T
27511;4-5

Proof. From the definition of B(x), we have

Lr'l,x) 11
L(l,x) C(X)+B(X)+zp:(1—p+p)’

where ) denotes the summation over all zeros p of L(s, x) and

) = {01 - ), i x(=1) = 1;

if x(—1) = —1.

s B
EASIENS
+ +
N[ D=

Cy =

N[ DO
—_—
===
—~
N[

—~
—_
~—

From the functional equation of Dirichlet L-function, we know that if p is a zero
of L(s,x) then 1 — 7 is also a zero of L(s, x). This implies

> () -2 (75+5)

Noting that

2RB(x Z(m—we )

p

see reference [6], we can write

IB(x)| = |B(x) — 2RB(x)| =

w0+ (30

w2 ()

- [y +eoo)

This proves Lemma 1. |
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Lemma 2. Let x be a primitive character modulo m with x(—1) = —1. Then we
have

=S bx(b) = 210D,
b=1

m
where T(x) = Zx(a)e <E> is the Gauss sum, e(y) = €™, and L(s,x) denotes
q
a=
the Dirichlet L-function corresponding to x.

Proof. This can be easily deduced from Theorem 12.11 and Theorem 12.20 of [7].
[ |

Lemma 3. Let g > 3 be an odd number. For any nonprincipal character x mod g,
we have

g1 a+1
o o

—Zan 2a) Z(2a—1)x(q+2a—1)+q2x(2a— 1)
a=1 a=1

a+1

=S ax(a) a3 x(2a 1),

Noting that

we can write

q

(1-2x(2) Y _ax(a) =Y _ax(a) = Y 2ax(2a) =Y _ x(2a) = x(2)g Y _ x(a).
a=1 a=1 =

That is,

This proves Lemma 3. |
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Lemma 4. Let ¢ be an odd number and x be a primitive Dirichlet character
modulo q such that x(—1) = —1. Then we have

q 2+ x(2) —x(4) -
= =0 - L(1,x).
S (4,X) i TOOL(1,X)
Proof. We separate ¢ into two cases: ¢ = 1(mod4) and ¢ = 3(mod4). First, we

suppose ¢ = 1(mod4). From the properties of the Dirichlet character modulo g,
we can write

q—1 o 22 22 q—1
4x(4) Z ax(a) = Z dax(4a) + Z dax(4a) + Z dax(4a) + dax(4a)
a=1 a=1 a:# zw a= 3qz—1

+ ET:(ZLa +2q—2)x(4a —2) + zT:(lla +3q — 3)x(4a — 3)
=3 ox(@) + x> x(a 1)
a=1 a=1
+2x(4)qi><(a—2 4) +3X(4)qi><(a—3 4) (1)
a=1 a=1

g—1 g—1 I
Ax(4) Y ax(a) =Y ax(a)=x(*)g > x(a)
a=1 a=1 a= 2‘112
—2x(4)q i: x(a) — 3x(4)q i: x(a)
=> ax(a) = x(*)qg > x(a) = 3x(4)g>_ x(a)
a=1 (L:% a=1
q—1 Zt ot
= ax(a) = x(4)g > _ x(a) - 2x(4)g Y _ x(a), (2)
a=1 a=1 a=1
where we used the fact x(—1) = —1 and
> x@=- > x@
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Now, from (2) and Lemma 3, we can get

g—1 g—1 g—1 1
Ax(4) Y ax(a) = ax(a) — (x(2) - 2x(4) D> ax(a) — 2x(4)g >_ x(a)

a=1 2q a=1 2q a=1
Then from Lemma 2, we have
ot
3 vty = 2 X0 )

This proves Lemma 4 in the case of ¢ = 1(mod4). By the same method, we can
also prove

>ty = 2B X 0 ), (@)

if ¢ = 3(mod4). Combining (3) and (4), we can immediately get

4] o
S x(a) = XD =X 0y,

2

This completes the proof of Lemma 4. [ |

Lemma 5. Let g > 5 be an odd integer and x be a primitive Dirichlet character
modulo q such that x(—1) = 1. Then we have
q ix(4)

S (Z’X) = =5 70oxa) L, xxa),

where x4 is the primitive Dirichlet character modulo 4.
Proof. See Lemma 2 of reference [5]. |

Lemma 6. Let ¢ and r be integers with ¢ > 2 and (r,q) = 1, x be a Dirichlet
character modulo q. Then we have the identities

X mod ¢ d|(q,r—1)

and
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*
where Z denotes the summation over all primitive characters modulo q, and

x mod ¢q
J(q) denotes the number of all primitive characters modulo q.

Proof. See Lemma 4 of reference [8]. [ |

Lemma 7. Let q be any odd integer with q > 2, x be the Dirichlet character
modulo q. Then we have the following asymptotic formulae:

Z* IL(1, xxa)|” = 5 Z

x(-D=1 n=1
(n,q)=1

r'a,x|?

L(1,x)

and

Y PR =5 Z M | o),
L(1,x)
x(—1)=1 ’

(n q) 1

Proof. We only prove the first formula. By the same argument we can get the
second one. From

L'(1,x) _ <= A(n)x(n)
L(1, x) _nz::l

and

we can write

L(1,x) — n
where r(n Z A(d ( ) Then from Abel’s identity we have
d|n
L'(1, x x(n)r(n) [ Ay, x
LX) 71 ) = > / %d@/,
L(1,x) i N
where

Aly, ) = Y. x(n)r(n)

N<n<y
and N is a parameter with ¢ < NV < ¢*. Similarly,

L'(1,x) X(n)r(n) /°° Ay, X)
L1 —Z 2 dy.
L(]-a)_() XX4 Z N y2 Y

1<nN
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So we can write

* Ll(laX) : — 2
> (1, xxa)|
L(1
e | LX)
_ Z* Z x(n1)r(ni1) X(n2)r(n2)
x(—1)=1 \1<n <N 1<na2 <N "2
Ay, X
I Z Z X ni)r(ny) (/ (ZIQX)d ) (5)
x(=1)=1 \1<n <N N Yy
X(n2)r(n2) Ay, x)
DS ([ 2Xay)
x(=1)=1 \1<n2<N N
<A
+ Z (/ yX)dy> (/ Mdfa =: My + Ma + M3 + Mjy.
x(Cn=1 N N Y

Now we calculate each term in the expression (5).
(i) From Lemma 6 we have

S =5 X 0@ =5 X x@+y X x(-a)

x(—1)=1 2 X mod g x mod g x mod ¢
=2 2 w(Dew+y X w(?) o
d|(g,a+1)

d|(g,a—1)
Hence we can write

M, = Z* Z an (n1)

x(—1)=1 \1<n1 <N

DD > w(%)ew

711”2

3 X(n2)r(n2)

UP)
1<n <N

1<n1 <N 1<na <N d\(q,n-znlq)
1 q
D > (—) o(d)
2 nlnz ~ d

1< <N 1<na <N d\(q nzn1+1)

1 q

SEMICETID S o

2d\q d 1<n1<N1<n2<N Cmng
na=n1( mod d)

1 q

2 d 6

S n(Gew ¥y k) ©

dlq 1<n1 <N 1<na <N
na=-n1( mod d)

!
where Z denotes the summation over n from 1 to N such that (n,q) = 1.

1<n<N
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Now we calculate the first summation. For convenience, we split the sum over
ny or ny into following cases: i) d < n1 < N,d < ny < Njii)d < n; < N,1 <
ne <d—1;ii) 1<ny <d—1,d<na < N;iv) 1 <ny <d—1,1 < ny <d. Sowe
have

3 2) Z Z
a <d nlng
dlq d<n1§N d<na<N
na=n1( mod d)

r(rid+l1)r(red + 1)
<o) > Y Z Z
d|q 1< < 1<Ky h=llh= (rid+ ) (rad + o)
lo= ll( IIlOd d)

[(rid 4+ 1) (rod + 11)]°
<<Z¢ Z Z Z 7“1d+11 7“2d+ll)

dlq 1<r1<7 1<ra <Y =
¢ Tld—l-l ’I“Qd—l— 1)]6
ey oy lndrnl
dlq 1< <A 1< <y
<5,

Voo 3y )

Sou(Gew ¥ S

d|q d<ni1 <N 1<na<d—1
na=n1( mod d)

< Z¢ Z Z (Tlngd)eil

dlg 1<m <& 1< <d—1

< q¢°

and

q
Su(Gow YT TR
d|g 1<n1 <d—1d<na<N
na=n1( mod d)

< Z ¢(d) Z Z (’I’Ll’l“gd)e_l

dlg 1< <d—11<r, < &

< ¢,

where we have used the estimate r(n) < n¢.

For the case 1 < n; < d—1,1 < ny < d— 1, the solution of the congruence
ng = n1(modd) is ng = ny. Hence,
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q ! 1 r(ng)r(ng)
dou(Z)e@ > > =
dlq (d) 1<mi<d—11<na<d—1 172

na=n1( mod d)

=S (B 7”27(1?) (7)

dlq na<d—1
OOI 2
=Y u(d)ed - 7(1?) +0(g")
dlq nao=1

r2

0D n(f)+0(qe).
(a1

Similarly, we can also get the estimate

1 q / ! r(nl)r(ng)
= = d I ARe)
s u(B)e Yy T
dlq 1<n1 <N 1<na <N
na=—n1( mod d)

3 n(few X5t

d|q 1< <N 1<na <N
no+ni=d
! q ! 1 r(ny)r(ng)
53 n($)ow TS
2 d nins9
dlq 1<n1 <N 1<na <N

natni=ld, 1>2

< o) %ﬁ;)")

d|q 1<n<d—-1
d /! [—N—Z"Ll—] T(nl)r(ld o nl)
- Z #(d) Z Z ldny —n
dlq 1<ni <N =[] 42 1
o(d) r(n)r(d —n)
< X T
dlq 1<n<d—1
N-an
¢(d) ' n(Id — ny)e
+ Z d Z Z . 2
d|q ISt SN 1=[ 2] +2 n—
N N
€ ¢(d)d61 nilel
<q+y ; % e
dlg ni=11=1

< q¢°. (8)
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Then from (13), (15) and (16), we have

w3 o

1

(n)=1

(ii) From the partition identity

=2 ) AM)x(n) Y x(m)xa(m) =2 Y A(n)x(n) Y x(m)xa(m)

n<vi m< ;e me
[ > A > x(m)xa(m)
n<\/Y m<L/y

+1 S A | | Y xm)xa(m) |,

n<V'N m<VN
and the Pdlya-Vinogradov inequality

b

> x(n)

n=a

< y/qlng,

noting that A(n) < Inn we can easily get

|A(y,x)| < ¢?y® Inylng. (10)

Then we have

o 2 (2 (0

x(=1)=—1 \1<m <N

< Y / IA(y,x)l dy (11)

1<ni <N x(— 1

> g% Ingy? In % In
<<N6/ TR gy <« L2
N y Nz7¢
(iii) Similar to (ii), we can also get

¢ Ing

5—

Mz <«

(12)

(iv) From (18), we can get the estimate

> AW PP <yttt In’ g
x(—1)=1
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Hence, by the same argue in section (ii), we can write

e () (2

[e.¢] [e.¢] 1 * B
<[] =5 ¥ MG vl

N

x(—=1)=1
(o) 1 [ele] 1 s 2 , 2
< v 2y 2 Z |A(y, X)| Z |A(z, x) dydz

x(—1)=1 x(—1)=1

00 2 27,2
qlngqg q°In“q
—d . 13
/N ys y) < N (13)
Now, taking N = ¢®, combining (13)-(21) we obtain the asymptotic formula

L'(1,x)|*

L(1, x)

o
IL(1, xxa)|” = 5 Z

1

5

x(=1)=1

(=1
This proves Lemma 7. u
Lemma 8. Let g be any odd integer with q > 2, x be the Dirichlet character
modulo q. There holds:
S poak = =@ T (1- %) + o).
» XX4 - 16 q p

x(=1)=1 plg

Proof. From the same method of proving lemma 7, we can also get

Z* |L(1, Xx4)| =— Z

x(—h=1 n=1
(n,q)=1

Noting that
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we can write

3 (n) =1 =1 > 1 3 1
1 _
oY Y w5 Y g i@l (%)
n=1 n=1 n=1 n=1 p‘q
(n,q)=1 (n,2q)=1 (n,q)=1 (n,q)=1
Pl
8 p?
plg
where we used the fact ((2) = %2. This proves lemma 8. |

Lemma 9. Let q be any odd integer with ¢ > 2, x be the Dirichlet character
modulo ¢ and m > 0 be a fixed integer. Then we have the following asymptotic
formulae:

2

* L'(1, x
> wen|fed| e
Dt (1,x)
1 = Inn > In®n .
= geprd@ | mn2 Y —+ > — | +0(¢),
n=1 n=1
(n,q)=1 (n,q)=1

* m L,(]-vX) 2 1 > Inn 6
x(=1)=-1 ( n=)1 )
n.,q)=

* —(om Ll(laX) 2
> oxe )Ty )]

x(—1)=-1

1 mm21n?2 1 . lnn .
:2m+1J(q) 6 H(l__2)+ Z 2 +0(q")

plq p n=1
(n,q)=1
and
* m 2 7T2 1 €
> XML X)) = JmiT 3 3J(q)H 1- o + O(q°).

x(—1)=-1 pla

Proof. By using the same method as proving Lemma 7 and Lemma 8, we can
also obtain these formulae. |

3. Proof of the theorem

In this section we will complete the proof of the theorem. It is clear that |7(x)| =
V/q if x is a primitive character. So from Lemma 1, Lemma 4 and Lemma 5,
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we can write

x mod g
= Y [pos(§) + 3 [Boos (§)f
x(—1)=1 x(—=1)=-1
/ 2 . ’
- %X(_zl:)21 I[//((ll::))‘ |L(17XX4)|2+ %X(zl:) 12((11:;))|L(1,XX4)|2
L9t Vgl + S Y (2o
. x(CD=1
/ 2
bl X 6@ -2 43 - 2x) [ F Y] 1z
x(=1)=-1 ’
% S 6+ x(2) - 2v(4) + ¥(2) - (4))LL'((1’;<))|L(1, )2
x(=1)=-1 ’
Cag W L'(1L,x) 5
o T 6 =)+ X0 250 0 )

Now applying Lemma 7, Lemma 8 and Lemma 9 we can easily get

> [Bos ()] = cas@ + 0+

x mod g
where
oo Giee  Be (2 3Ch
o2 2 472 sr2 o2 )4
C? (Oyln2 C3 1
1 Z2 1— —
+ (16 48 + 8 H p2 )’
rlg
and

b=y r(;l) o — Z:l m(z);(n)’

n=1 n
(n,q)=1 (n,q)=1
oo oo
In?n Inn
C3 = E Cq4 — E — -
n2 n?
n=1 n=1
(n,q)=1 (n,q)=1

This completes the proof of Theorem.
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