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Abstract: For a class of strongly elliptic, second order systems L with rough coefficients on
a Lipschitz domain 2, we show that if Lu = 0 on Q and w vanishes on an open subset of the
boundary, then weak a priori hypotheses on the nontangential maximal function of u lead to
strong estimates on Vu, in nontangential and Besov norms, near this subset.
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1. Introduction

In this paper we are concerned with the regularity of elliptic PDE’s under minimal
smoothness assumptions. A specific question we address in this context can be
phrased as follows: given a variable coefficient, second order, symmetric, strongly
elliptic system L and a Lipschitz domain 2, how smooth is the solution of the
Dirichlet problem for L in Q0 away from the support of its boundary datum? The
coeflicients of the operator L are only mildly regular and the smoothness of the
solution is characterized both in terms of membership to Besov spaces, as well as
the size of the associated nontangential maximal function.

In order to be more specific, we need some notation. Consider a second-order,
strongly elliptic, formally self-adjoint operator L, acting between sections of vector
bundles over a compact, Riemannian manifold M. It is assumed that the metric
structures on M and the vector bundles in question have C! coefficients and that,
in local coordinates U C M over which the bundles are trivial,

Lu = Zk 8; AT* () Oju + Z B (x)0;u — V(2)u, (1.1)
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where A% BJ and V are matrix-valued functions with the property that
Ak et 9g>0 BieH"™, VelL, r>dimM. (1.2)

The metric structures on M and the vector bundles involved are assumed to have
C' coefficients.
We shall say that L satisfies the non-singularity hypothesis provided

VD(C M) Lipschitz domain, wu € LiO(D), Lu=0in D= u=0 in D.
(1.3)

As observed in [MT?2], if L is negative-definite on M then (1.3) is automatically
verified. Also, if L is strongly elliptic, then L — A\, A € R, satisfies the non-
singularity hypothesis (1.3) provided A is sufficiently large. This follows from the
Garding inequality which, as observed in [MMT], holds in our setting (despite
the fact that V' may be unbounded). Also, if L is strongly elliptic and negative
semidefinite, then L — \ satisfies (1.3) for any A > 0.

For L as above and ) a Lipschitz subdomain of M, consider the Dirichlet
problem

Lu=0 in Q, = fe L*09), u* <€ L*09). (1.4)

“|aﬂ

Above, u* denotes the nontangential maximal function of u (see (2.3)). Let BP4
denote the Besov scale of spaces (cf. the discussion in Section 2).

Theorem 1.1. Assume that L is strongly elliptic, formally selfadjoint operator
satisfying (1.1)-(1.2), and that Q C M s Lipschitz. Let Ty be an open subset
of 0. There exist p = p(Q,To, L) > 2 > q = q(Q, T, L) such that if u solves
(1.4) then

feLiof), suppf Ccly =

(Vu)* € LP(OQ\Ty) and u € Bffl/p(ﬂ \ To;loc).

(1.5)

O\

See also Theorem 3.1 for a more refined version. Our main results, Theo-
rems 1.1-3.1, are sharp. Indeed, take L := A, the Laplacian, define the Lipschitz
domain 2 and the harmonic function v : Q@ — R by

Q= {ZE(C:RQ: 2| <1 and 0 <argz <2(1-¥&)m}, 0<d<1,
and u(z) :=Imz’, 2€Q, where g:=1/(2 - 26),

and, finally, consider Ty a small neighborhood of {¢? : 0 < 6 < 2(1 — &)x} in 9Q
(in the relative topology induced by R? on 9€2). In this setting, we see that, given
any po > 2, it is possible to choose ¢ € (0, 1) such that both conclusions in (1.5)
fail for p = pgp.

When all structures involved are smooth, these issues are well understood on
all scales of smoothness, via pseudodifferential operators and Calderon-Zygmund
theory (a classical reference is [ADN]). However, as pointed out above (cf. also
Remark 3.1) there are natural limitations of the theory which can be developed in
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the presence of irregularities. The Holder regularity at the boundary in a general
scalar context was worked out by Stampacchia [St] (when the coefficients are only
bounded and measurable; for related results and more recent progress see also
[Ke]). Nonetheless, at the level of systems of PDE’s, much less is known. The
main goal of this note is to shed some light in this regard.

In order to carry out our program we rely primarily on our work in [MMT],
[MT?2], where the global, well-posedness problem of the Dirichlet problem with
boundary data in Sobolev-Besov spaces on Lipschitz domains was addressed. The
latter theme is reviewed and further expanded in §2 (cf. especially Theorem 2.1),
while the main estimates are derived in §3. Our approach is rather flexible and
could, in principle, be adapted to other situations of interest.

Acknowledgments. The authors are grateful to the referee for a careful read-
ing of the manuscript and for making a number of suggestions which have been
incorporated in the present version.

2. Notation and preliminary results

Let M be a smooth, compact, boundaryless, Riemannian manifold of real dimen-
sion n, and let L be a second order differential operator (between two Hermitian
vector bundles over M). Locally, we assume that L is as in (1.1) and that the
(matrix-valued) coefficients are as in (1.2). The metric tensors on M and the
vector bundles are assumed to have C'! coefficients.

First, recall that a domain © C M is called Lipschitz provided 92 can be
described in appropriate local coordinates by means of graphs of Lipschitz func-
tions. Also, the Sobolev scale L2(M), 1 < p < oo, s > 0, is obtained by lifting
LP(R™) := {(I — A)*/2f : f € LP(R™)} to M. We denote by LP(Q) the restriction
of elements in L?(M) to the Lipschitz domain €. As is customary, for s > 0 and
1 < p,q <oowith 1/p+1/q =1, we set L” (Q) := (L{,(Q))*, where L% ,(Q)
stands for the space consisting of restrictions to € of elements from LP(M) with
support contained in €. Boundary Sobolev spaces LP(99Q), 1 <p < o0, 0 < s < 1,
can be introduced by starting with the Euclidean model, L2(R™"~1), via a partition
of unity and pull-back. These Sobolev scales are then related to Besov spaces via
real interpolation. For instance, we have the formulas

(LP(Q), L2(R)), , = BLI(9) (2.1)

and
(LP(09), LY (0%)) . = BP(9RQ) (2.2)

when 0 < s < 1, 1 < p,q < oo and k is a positive integer. Furthermore, the
trace operator Tr is well-defined from LP(Q) and BPP(Q) onto Bf’_pl/p(é‘Q) for
each 1 < p < ooand 1/p < s < 14 1/p. For a more detailed exposition, the
interested reader is referred to [BL], [JK], [Tt], [MT2].

Next, we let (-)* stand for the nontangential maximal operator. More specifi-

cally, if {y(x)}seoq is a family of nontangential approach regions with “vertices”

$,q
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at boundary points (cf. [JK], [MT1] for more details), and w is defined in € then
u*, the nontangential maximal function of u, if defined at boundary points by

u*(x) == sup{|u(y)| : y € v(x)}, x € 0N, (2.3)
We also set
u BQ(.%‘) = ?}gr:lr u(y), x € 09, (2.4)
ye(z)

i.e., for boundary traces taken in the nontangential limit sense, whenever mean-
ingful. Denote by u = PI f the solution operator for the Dirichlet problem (1.4),
whenever this is well-posed.

Theorem 2.1. Assume that L is a strongly elliptic, formally self-adjoint operator
satisfying (1.1)-(1.3), and that Q C M is Lipschitz. Then PI is well-defined and
there exists e = (0, L) > 0, C = C(0Q, L) > 0, such that

l(PTf)* | zro0) < Cllfllzran), 2—e<p<2+s, (2.5)
and
I(VPL) Leo0) < Cliflzzan), 2-e<p<2+e. (2.6)
Furthermore, for each p € (2 —¢€,2+ ¢), PI extends as a bounded operator
PI: L2(0Q) — B2 (Q), 0<s<1, (2.7)

(hereafter, pV 2 := max{p, 2}), as well as an isomorphism

PI: BPP(0Q)) — LP

sr1p(E)N BPP (Q)NkerL, 0<s<1. (2.8)

s+1/p

Remark 2.1. The fact that PI is well-defined on L?(952) answers a question raised
by E.Fabes on p. 78 of [Fal, in the context of general, variable coefficient systems
on Lipschitz domains.

Remark 2.2. If n = dim M = 2,3 then as a consequence of (2.7) and embedding
results, .
PI: LY(0Q) — C*(Q), p>2, a=alp)>0. (2.9)

In particular, the Poisson integral of Lipschitz functions on 92 is globally Holder
continuous for n < 3 (if L is scalar, then this is true in general). This is related
to another question raised in [Fa] (cf. p. 79, loc. cit.).

Remark 2.3. It is also implicit in the proof below that any w satisfying u* €
LP(ON), 2 —e <p<2+e¢,and Lu = 0 in Q, is of the form u = PI f for some
f € LP(99Q). Also, if in addition (Vu)* € LP(99) then in fact f € LY (99Q).

Remark 2.4. In the case when the operator L is scalar, the range of indices s,
p for which the conclusions of Theorem 2.1 are valid extends considerably. The
interested reader is referred to [MT2] for details.
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Proof of Theorem 2.1. Since L satisfies the nonsingularity hypothesis (1.3) the
results in §3 of [MMT] imply that PI is well-defined and that (2.5)-(2.6) hold. In
fact, an inspection of the arguments in [MMT] reveals that

PIf=8(S7'f) in Q, (2.10)

where S is the so-called single layer potential operator associated with L in €2, and
S is its boundary trace. More specifically, if E(z,y) is the Schwartz kernel of L~*
and if do denotes the natural surface measure on 99 (induced by the metric on
M), then

Sf(x) = /8 (Ba) f) o). a e (2.11)

Also, we denote by Sf := Sf|aq, the boundary version of (2.11). The key ingre-
dient, proved in [MMT], is that

S LP(OQ) — LY (09Q), 2—-e<p<2-+e,
is an invertible operator. By duality and complex interpolation we also get that
S LP (09) — LY_(09), 2—e<p<2+e 0<s<1,
is invertible and, further, by real interpolation, that
S:BPP(ON2) — BYP (02), 2—e<p<2+e 0<s<]1,
is invertible. Next, recall from §7 of [MT2| that for each 1 < p < oo,

S: LY (09) — BYP2 (Q), 0<s<1,
and

S: BPP(0Q) — Bffs+1/p(9), 0<s<1,

are bounded operators. These, in concert with (2.10), justify the claim made about
(2.7) plus the fact that the operator in (2.8) is well-defined and bounded. That
the latter operator is also onto, follows from what we have proved so far with the
aid of the lemma below (itself, of independent interest). |

We now turn to the uniqueness result invoked above. To state it properly, we
recall a useful approximation result. Concretely, given a Lipschitz domain €2, it is
possible a family {Q;};en of domains in M satisfying the following properties:

(i) Each Q; is a Lipschitz domain whose Lipschitz character is bounded uni-
formly in j € N;
(ii) One has Q; C Q41 C Q and Q = U,y Q3
(iii) There exist a family of bi-Lipschitz homeomorphisms A; : 022 — 09, j € N,
such that A;(z) — = as j — o0, in a nontangential fashion;
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(iv) There exist non-negative, measurable functions w; on 09, j € N, which are
bounded away from zero and infinity uniformly in j € N, and which have the
following properties. First, w;(xz) — 1 as j — oo, for a.e. € JQ. Second,
for each integrable function g : 9€2; — R the following change of variable

formula holds
/ gdojz/ goAjw;do,
o9, oQ

where o; is the canonical surface measure on 9€;.

In other words, the Jacobians of the transformations ' = A;(x) are bounded
away from zero and infinity, and converge pointwise a.e. to 1. In the Euclidean
setting, this has been proved in [Ne|, [Ve|, and a further adaptation to the manifold
setting can be found in Appendix A of [MT1|, where other pertinent properties
are presented.

Lemma 2.2. Retain the same hypotheses as in Theorem 2.1, and fiz a sequence
of approximating domains Q; /€ as discussed above. Then there exists € > 0 so
that for any u € CP (2),

Lu=0 in Q, lim [ul**do; =0=u=0. (2.12)
i Jog,

Proof. As in the proof of Theorem 2.1, there is no loss of generality assuming
that L satisfies the nonsingularity hypothesis (3.3) of [MMT]. Then the conclusion
follows from the estimate (3.51) of [MMT]. |

Some comments are in order here (they are particularly useful in the various
applications of the above lemma). Concretely, consider a sequence of approxi-
mating domains 2; " Q, as above. Then, so we claim, if Tr and Tr; denote,
respectively, the trace operators on 92 and on 0§,

(Trjw)oAj — Trw in LP(99), Vwe L’S)Jrl/p(Q)7 (2.13)

whenever 1 < p < 00, s > 0. Indeed, since the norms of the operators Lg 41 /p(Q) e
w— (Trjw) o A; € LP(0Q) are bounded uniformly in j, it suffices to check that

(2.13) holds for w in a dense subclass of LZ;H/p(Q)7 such as C*°(Q). In this latter

case, granted our assumptions, the desired conclusion follows from Lebesgue’s
Dominated Convergence Theorem. A statement similar to (2.13) holds when

w e Bffl/p(ﬂ).
As a consequence, if u = v + w with w € L§+1/p(Q) U Bffl/p(Q), 1<p< oo,

s > 0, and v* € LP(9NQ) is such that v|gn exists in the nontangential sense, then
Joq lulP do = lim; faﬂj |ulP do;.

The above considerations readily yield the following useful corollary.
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Corollary 2.3. Let L, Q) be as in Theorem 2.1. Then there exists € > 0 such that
forp > 2—e and s > 0 the following is true. If Lu = 0, u = v+w with v* € LP(9N)
and v|pq exists in the nontangential sense, while w € L’S’H/p(Q) UBgfl/p(Q), then

ulog € BLI(0N), 2—e<q<2+e 0<a<l=—

we Ll (QNBY, (Q)

(2.14)

Also, corresponding to o =0 and o =1 in (2.14), we have

ulpg € LY(N), 2—e<q<2+e=u* € LIN) and u e BY1*(Q), (2.15)

1/q
u|aQ€L({<aQ>, 2-e<q<2+¢e—= (2.16)
(Vu)* € L9(09) and we BF? (@)

3. Main estimates

Retain the notation and assumptions made in §1-2. In particular, the hypotheses
of Theorem 1.1 are enforced throughout this section. Also, if Q C K C Q, we
denote by B29(K;loc) the space of functions u defined in © and enjoying the
following property. For each x € K, there exits an open set O containing x and
such that QN O is a Lipschitz domain and u|p € B21(Q2 N O).

We are ready to present the

Proof of Theorem 1.1. There is no loss of generality in assuming that L satis-
fies (1.3). More specifically, fix some constant A € (0,00) so that, in the current
setting, L — A is negative-definite on L?(M). Also, pick B > A and set B; =
Bj(x) = B(1—xo0,) where, for some fixed p € Q, O; := {x € M : dist(x,p) < 1/j}.
Then it has been proved in [MT2] that

L — B, is negative-definite on M for some large j,.

Now, since both the hypotheses and the results we seek to establish are local in
nature, one can assume that 2 is small enough so that 2 C O, . This ensures that
the alteration B; vanishes on (2, as desired.

Moving on, let K CC TI'y and assume that supp f C K. Pick x € C5°(M),
equal to 1 on a neighborhood of K and to 0 off a slightly larger neighborhood U
of K; in particular, x vanishes on a neighborhood of 992 \ T'y. Consider v := yu
on 2. We have

Lv=Xu=:g in Q, (3.1)

where X is a first-order differential operator whose coefficients have smoothness
properties dictated by those of L. More specifically, Xu = 9;(a;u) + b;0;u + cu
where a;,b; € C'" 9 >0and c € H'", r > dim M. By Theorem 2.1, we have

u € Bf/zq(Q) — L(ll/q_g(Q), V4§ > 0, which further forces g € L‘iH_l/q_é(Q), for

any 6 > 0. In fact, extending u across 0 as an element of B'ffq(M ) provides,
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via (3.1), an extension § € L’1_1+1/q_5(M), 0 > 0, of g. We can now produce

a neighborhood O of Q and w € L'{_H/q_&((?), § > 0, such that Lw = § on
O. It follows that (u — v)|sq = 0 on 9Q and L(u — v +w) = 0 in Q. Since
wlon € B%(09), § > 0, Corollary 2.3 entails u — v € L’fﬂ/qﬂs(ﬁ) for any § > 0,
granted that ¢ is sufficiently close to 2. This is a bit weaker than the conclusion
in (1.5), so we proceed.

Consider ©; := Q\ U which, by picking U appropriately, can be assume to be
a Lipschitz domain. Set Uy := U N and also let K7 := Uy N Q = Uy \ Ty. We
have

Lu=0 in Ql, UEL({+1/q_5(Ql),

and
“|ale = f1, suppfi C K CcCIy,

where Fl = K1 @] (FO \ 6U0), SO an \F1 =00 \ Fo.

Now pick x1 € C3°(M), equal to 1 on a neighborhood of K; and equal to 0
off a slightly larger neighborhood U; of K3, in particular on a neighborhood of
01 \ I'1. Counsider vy := xyu on ;. We have the analogue of (3.1); i.e., Lv; =
Xiu =: g1, with g1 € L? (Q1) extendible to g; € LY (M). We can then

1/q=6 1/q—6
pick a neighborhood O; of € and w; € Lgﬂ/qﬂ;((’)l) such that Lw; = §; on O;.
Thus,
Llu—vi+w)=0 in Qq, u — v1 —|—u}1|891 :wl‘an‘ (3.2)

This time we apply the trace theorem as follows: (Vwi)|ao, € By%5(0%) —
LP(0Q), for some p > 2; in particular, w1|6§21 € L¥(0Q). Using this back
in (3.2), it follows from Corollary 2.3 that we have the non-tangential maximal
function estimate

(V(u—v1 +wyp))" € LP(0y), for some p=p(Q,L) > 2. (3.3)

Now wv; vanishes on a neighborhood of 90\ I'y = 91 \ I'1. On the other hand,
we can assume supp g is disjoint from 99 \ I'y, so w; € C37¢ (for all € > 0) on
a neighborhood of 9y \ T'; = 92\ T'g. Thus, the first conclusion in (1.5) follows
from (3.3).

Finally, note that u —v; € B} /p(Ql), which ultimately accounts for the type
of Besov regularity for u indicated in the statement of the theorem. |

Remark 3.1. Assume that L is a homogeneous, constant coefficient operator and
that Q C R™. For each r € (0,diam ] and each boundary point zy, denote by
Sy(xo) the surface ball B,(z9) N dQ. Then there exist p > 2 > ¢ such that

f e Li(0Q) and supp f C S, (xg) =

1/ 1/
(/ [(V PLf)]? da) P < Cp~H(n=1(/p—1/q) (/ Fik do) q’
6Q\Sz7v(aj0) S,,.("Eo)

where C'= C(Q,p) > 0 is independent of f and r. Indeed, due to the translation
and dilation invariant nature of the estimate at hand, matters can be reduced to
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the case r = 1 via a rescaling argument. This is, however, implicit in what we
have proved so far.

The following is a refinement of Theorem 1.1, requiring a slightly more elabo-
rate proof.

Theorem 3.1. Let Q, L be as in Theorem 1.1. Also, let T' be a closed subset of
0Q, and I' a_neighborhood of I' in OS). There exist p > 2 > q, depending only on
Q,L,T and T, such that

Lu=0in Q, u'lzeLli(l), ulz=0=

(vu)*|[‘ € LP(I') and u € Bffl/p(ﬂ U T loc).

(3.4)

Proof. Select some function ¢ € C§°(M) such that ) = 1 on a neighborhood Vy
of I' and ¥ = 0 off a slightly larger neighborhood V' of T', in particular equal to 0
on a neighborhood of 9\ I'. Consider v := ¢u on . Parallel to (3.1) we have
Lv = Xu =: g with X a first-order differential operator. This time we do not have
q,2 .
U € Bl/q(Q), so extra arguments are required.
For starters, u|yng € LY(VNQ), so we can say g € L? () and, extending u, we

have an extension § € L? (M) of g. Take a neighborhood O of Q and w € L{(O)
such that Lw = g on O. Now we have v|spg = 0 and hence

Llv—w)=01in Q, (v— w)|aQ = 7w|aQ € Bffl/q(ﬁﬂ).

From Corollary 2.3 it follows v —w € L{(£2) and, hence, we have v € L(€). Thus,
with  := QN V, (assumed to be Lipschitz), we see that u € LY(€2), which is more
than enough to yield u*|,g € L9(09), by Theorem 2.1. At this stage Theorem 1.1
applies (cf. also Remark 2.3), and the desired conclusion follows. |

Remark 3.2. The same domain and function constructed in (1.6) can be used to
show that the conclusion in Theorem 3.1 is in the nature of best possible.

Remark 3.3. Under the hypotheses of Theorem 3.1 and assuming that n = 2, 3,
the following holds. There exist o = «(Q,I',L) > 0 and ¢ = ¢(2, ', L) < 2 such
that if Lu = 0 in , u*|1~, € LI(T) and u|1~, = 0, then u is Holder continuous of
class C® on a neighborhood of I" in Q.

References

[ADN] S. Agmon, A. Douglis, L. Nirenberg, Estimates near the boundary for so-
lutions of elliptic partial differential equations satisfying general boundary
conditions. I, Comm. Pure Appl. Math. 12 (1959), 623-727.

[BL] J. Bergh, J. Lofstrom, Interpolation spaces. An introduction, Springer-
Verlag, 1976.

[Fal E. Fabes, Layer potential methods for boundary value problems on Lips-
chitz domains, Springer-Verlag, LNM, no. 1344, 55-80.



184 Marius Mitrea, Michael Taylor

[JK]
[Ke]

[MMT]

[MT1]

[MT2]

[Nel

[St]

| Tr]

[Ve]

D. Jerison, C. Kenig, The inhomogeneous Dirichlet problem in Lipschitz
domains, J. Funct. Anal. 130 (1995), 161-219.

C. Kenig, Harmonic Analysis: Techniques for Second Order Elliptic
Boundary Value Problems, American Math. Society, 1994.

D. Mitrea, M. Mitrea, M. Taylor, Layer potentials, the Hodge Laplacian,
and global boundary problems in nonsmooth Riemannian manifolds, Mem-
oirs AMS, no. 713, 2001.

M. Mitrea, M. Taylor, Boundary layer methods for Lipschitz domains in
Riemannian manifolds, J. Funct. Anal. 163 (1999), 181-251.

M. Mitrea, M. Taylor, Potential theory on Lipschitz domains in Rieman-
nian manifolds: Sobolev-Besov space results and the Poisson problem,
J. Funct. Anal. 176 (2000), 1-79.

J. Necas, Les Méthodes Directes en Théorie des Equations Elliptiques,
Academia, Prague, 1967.

G. Stampacchia, Le probléeme de Dirichlet pour les equations elliptiques du
second ordre a coefficients discontinnes, Ann. Inst. Fourier Grenoble 15
(1965), 189-258.

H. Triebel, Function spaces in Lipschitz domains and on Lipschitz man-
ifolds. Characteristic functions as pointwise multipliers, Rev. Mat. Com-
plut. 15 (2002), no. 2, 475-524.

G. Verchota, Layer potentials and boundary value problems for Laplace’s
equation in Lipschitz domains, J. Funct. Anal., 59 (1984), 572-611.

Addresses: Marius Mitrea: Department of Mathematics, University of Missouri, Columbia,
MO 65201, USA;
Michael Taylor: Department of Mathematics, University of North Carolina, Chapel Hill,
NC 27599, USA;

E-mail:

mitream@missouri.edu, met@email.unc.edu

Received: 23 May 2008; revised: 2 February 2009



