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SYMPLECTIC EMBEDDINGS FROM CONCAVE TORIC
DOMAINS INTO CONVEX ONES

DAN CRISTOFARO-GARDINER

Abstract

Embedded contact homology gives a sequence of obstructions
to four-dimensional symplectic embeddings, called ECH capaci-
ties. In “Symplectic embeddings into four-dimensional concave
toric domains”, the author, Choi, Frenkel, Hutchings and Ramos
computed the ECH capacities of all “concave toric domains”, and
showed that these give sharp obstructions in several interesting
cases. We show that these obstructions are sharp for all sym-
plectic embeddings of concave toric domains into “convex” ones.
In an appendix with Choi, we prove a new formula for the ECH
capacities of convex toric domains, which shows that they are de-

termined by the ECH capacities of a corresponding collection of
balls.

1. Introduction

1.1. The main theorem. It is an interesting problem to determine
when one symplectic manifold embeds into another. In dimension 4,
Hutchings” “ECH capacities” [14] give one tool for studying this ques-
tion. ECH capacities are a certain sequence of nonnegative (possibly
infinite) real numbers

0=co(X,w) <...<p(X,w) <o,

associated to any symplectic four-manifold (X,w). The key property
they satisfy is the Monotonicity Axiom: if there exists a symplectic
embedding

(M1, w1) — (M2, w2),
then we must have
(1.1) ck(My) < cp(Ma),

for all k. ECH capacities therefore give an obstruction to symplectically
embedding one symplectic 4-manifold into another.

In [3], the author, Choi, Frenkel, Hutchings, and Ramos used ECH
capacities to study symplectic embeddings of “toric domains”. A toric
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A concave domain A convex domain

Figure 1.1. A concave toric domain and a convex one.

domain Xq is the preimage of a region Q — R? in the first quadrant
under the map

p: C* - R?, (21,22) = (7w]z1]?, 7|22f?).

Toric domains generalize ellipsoids

2 2
E(a,b) = {(21,22)|”|21| + ”'f' < 1},

where ) is a right triangle with legs on the axes, balls B(c) := E(c,c),
and polydisks

2 2
P(a,b) = {(zl,@)\”l' <1 el 1},

a b

where € is a rectangle whose bottom and left sides are on the axes. The
paper [3] computed the ECH capacities of all “concave” toric domains,
and showed that these give sharp obstructions in several interesting
cases, for example, for all ball packings into certain unions of an ellipsoid
and a cylinder. The aim of the present article is to identify a large and
natural class of embedding problems involving toric domains for which
ECH capacities give a sharp obstruction. It turns out that in these
cases, ECH capacities can be computed purely combinatorially, and so
give considerable insight into the corresponding embedding problem.

To state our main theorem, first recall the “concave toric domains”
from [3]. These were defined as toric domains Xq, where € is a region
in the first quadrant underneath the graph of a convex function f :
[0,a] — [0,b], such that a and b are positive real numbers, f(0) = b,
and f(a) = 0. We call such an  a concave subset of the first quadrant
of R2.

We now define a related concept, see Figure 1.1.
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Definition 1.1. A convex toric domain is a toric domain X¢, where
) is a closed region in the first quadrant bounded by the axes and a
convex curve from (a,0) to (0,b), for a and b positive real numbers.

Similarly to above, we call such an  a conver subset of the first
quadrant. Note that our definition of convex toric domain differs slightly
from the definition in [15].

If X is a symplectic four-manifold, let cx(X,w) denote the k" ECH
capacity of X, reviewed in §5.1. We can now state the main theorem of
this paper:

Theorem 1.2. Let Xq, be a concave toric domain and let Xq, be a
convex toric domain. Then there exists a symplectic embedding

int(XQI) — int(XQQ)

if and only if
ek (int(Xq,)) < cx(int(Xq,))

for all nonnegative integers k.

We also remark that when an embedding of a concave toric domain
into a convex one exists, it is unique up to isotopy, see Proposition 1.5.
This is definitely not true for many other toric domains, see, for example,
[11].

Note that an ellipsoid is both concave and convex, while a polydisc
is convex. Thus, Theorem 1.2 generalizes well-known results of McDuff
[21] (where X, and Xq, are both ellipsoids) and Frenkel-Miiller [10]
(where Xq, is an ellipsoid and Xq, is a polydisc). As mentioned above,
a purely combinatorial formula for the ECH capacities of concave toric
domains was given in [3]. In the appendix, we give a formula for the
ECH capacities of convex domains that generalizes the formula from [15,
Thm. 1.11}, see Corollary A.12. These formulas involve counting lattice
points in polygons, and the combinatorics involved can be interesting
[9, 26, 4].

Here is an example of how one can use Theorem 1.2:

Example 1.3. Let Xq, be an ellipsoid and let X, be the convex
toric domain associated to a closed symplectic toric four-manifold X.
This means that Qs is a Delzant polygon for X (note that any Delzant
polygon is affine equivalent to a polygon €29 which is convex in the
sense of Definition 1.1). Then X contains the convex toric domain
Xq,, so Theorem 1.2 can be used to construct embeddings of ellipsoids
into X. In fact, it is shown in [7] that an ellipsoid embeds into X if
and only if it embeds into Xgq,. Thus, Theorem 1.2 can be used to
understand exactly when an ellipsoid embeds into a closed symplectic
toric four-manifold. This is studied in [7], and the stabilized version of
this embedding problem (as in [5, 6]) could be interesting to study as
well.
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More examples are given in §4.4.

Remark 1.4. One could try to extend Theorem 1.2 to other classes
of toric domains. However, it is important to note that ECH capacities
definitely do not always give sharp obstructions to symplectic embed-
dings, even for toric domains. A notable example of this is given by
Hind and Lisi in [12, Thm. 1.1], where it is shown that a polydisc
P(1,2) can be symplectically embedded into a ball B(a) if and only if
a = 3; ECH capacities only give the obstruction a > 2. Interestingly,
recent work of Hutchings [15] shows that embedded contact homology
can still be used to derive strong obstructions to symplectic embeddings,
even when the obstructions coming from ECH capacities are weak. For
example, in [15] Hutchings defines new obstructions to embedding one
convex toric domain into another that can be used to recover the result
of Hind and Lisi from above. It is an interesting open question to deter-
mine how sharp these new obstructions are, for example, for symplectic
embeddings of one four-dimensional polydisc into another.

1.2. Idea of the proof and relationship with previous work.
As mentioned above, McDuff showed that ECH capacities give a sharp
obstruction to symplectically embedding one four-dimensional ellipsoid
into another. Here we use a similar method.

Central to both methods is the symplectic ball-packing problem; for
target a ball, this is the question of whether or not there exists a sym-
plectic embedding

[ 8@ — B,

for positive real numbers A, ay, ..., a,. McDuff showed in [20] that the
question of whether or not one rational ellipsoid can be symplectically
embedded into another is equivalent to the question of whether or not
a certain symplectic ball packing of a ball exists. In [23], it was then
shown that since ECH capacities are known to give a sharp obstruction
to all four-dimensional symplectic ball packing problems of a ball, they
give sharp obstructions to ellipsoid embeddings as well. Here we first
show that the question of embedding a “rational” concave toric domain
into a rational convex one is equivalent to a certain symplectic ball
packing problem, see Theorem 2.1 for the precise statement, and we
then use this to show that ECH capacities give a sharp obstruction to
embedding a concave domain into a convex one.

1.3. Connectivity of the space of embeddings. McDuff also showed
in [20] that the space of embeddings of one ellipsoid into another is con-
nected. To prove Theorem 1.2 and Theorem 2.1, it will be helpful to
show that this also holds for embeddings of a concave domain into a
convex one:
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Proposition 1.5. Let Xq, be a concave toric domain, let Xq, be a
convex toric domain, and let gy and g1 be two symplectic embeddings:

Xq, — int(Xq,).
Then there exists an isotopy
{Uo<i<t @ int(Xq,) — int(Xq,),
such that o = id and V1(g1) = go.
The following corollary will be particularly useful:

Corollary 1.6. Let Xq, be a concave domain and let Xq, be convez.
Then there is a symplectic embedding

int(Xgq,) — int(Xq,)
if and only if there is a symplectic embedding
Xxo, — int(Xq,)
for all A < 1.

1.4. ECH capacities of convex domains and ECH capacities of
balls. As explained in §1.2, the fact that ECH capacities are sharp for
these embedding problems essentially follows from the fact that they are
sharp for symplectic ball packings of a ball. In fact, the ECH capacities
of both of these domains are closely related to the ECH capacities of
balls. In [3], it was shown that the ECH capacities of any concave toric
domain are determined by the ECH capacities of a certain collection
of balls, see [3, Thm. 1.4] for the precise statement. In an appendix
with Choi, we show that this is also true for convex toric domains, see
Theorem A.1.
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about this.

2. Weight sequences

In [20], McDuff introduced a set of real numbers determined by a
4-dimensional symplectic ellipsoid, called a weight sequence. We begin
by explaining how to extend this construction to concave and convex
toric domains.

2.1. The concave case. Weight sequences in the concave case were
defined by Choi, the author, Frenkel, Hutchings, and Ramos in [3]. We
begin by reviewing this definition.

First, recall that two subsets of R? are affine equivalent if one can
be obtained from the other by multiplying by an element of SLy(Z)
and applying a translation. Now let €2 be a concave subset of the first
quadrant of R%. The weight sequence of €2 is an unordered set of (pos-
sibly repeated) nonnegative real numbers w(f2) defined inductively as
follows. If €2 is a triangle with vertices (0,0), (0,a) and (a,0), then the
weight sequence of € is (a). Otherwise, let a > 0 be the largest real
number such that  contains the triangle with vertices (0,0), (0,a) and
(a,0). Call this triangle ;. Then the line x + y = a intersects the
upper boundary of € in a line segment from (z1,a — x1) to (z2,a — z2),
where 21 < z9. Let ), be the closure of the part of £ to the left of x4
and above this line, and let Q4 be the closure of the part of Q to the
right of x5 and above this line, see Figure 2.1. Then, as explained in [3,
§1.3], Q) is affine equivalent to a canonical concave subset of the first
quadrant, which we denote by €. Similarly, €2} is affine equivalent to a
canonical concave subset which will be denoted by 3. We now define
w(2) = w(Q) vw(Q2) vw(Q3), where U denotes the (unordered) union
with repetitions. In the inductive definition, note that w(f2) is defined
to be ¢ if Q = .

If Xq is a concave toric domain, then we define the weight sequence

of Xq to be w(Q).

2.2. The convex case. We now define a similar weight expansion for
any convex toric domain. The definition of the weight sequence for
convex toric domains is similar to the definition of the weight sequence
for concave toric domains. If € is a triangle with vertices (0,0), (0, b)
and (b,0) then the weight sequence of € is (b). Otherwise, let b > 0 be
the smallest real number such that €2 is contained in the triangle with
vertices (0,0), (0,b) and (b,0). Call this triangle ;. The line z +y = b
intersects the upper boundary of € in a line segment from (z1,b — x1)
to (x2,b — x2), with 21 < xo. Let Q) denote the closure of the portion
of 1\ that is to the left of z; and below the line x + y = b, and let
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Decomposition of a concave domain Decomposition of a convex domain

Figure 2.1. The inductive decomposition of convex and
concave toric domains.

2, denote the closure of the portion of 1\ that is below b — z2 and
below the line x + y = b, see Figure 2.1.

The key point is now that €, and Qf are both affine equivalent to
concave subsets, which we denote by €29 and €23, respectively. The
equivalence for € is given by translating down so that the top left
corner of €2 is at the origin, and then multiplying by the matrix M =
( _11 _01 ), while the equivalence for 2% is given by translating so that the
bottom right corner is at the origin, and then multiplying by the matrix
M= (% ). We then define

w(§2) = (b;w(Q2) L w(§23)).

Thus, the weight sequence for a convex set consists of a number, and
then an unordered set of numbers. We call the first number in this
sequence the head, and we call the other numbers the negative weight
sequence. If Xq is a convex toric domain, then we define the weight
sequence of Xq to be w(f).

2.3. Ball packings. To simplify the notation, for a convex (2, let
B(Q) =] [B(®),

where the b; are the negative weight expansion for €. Similarly, for a
concave €, let

B(Q) = L[B(ai),

where the a; are the weight expansion for €. Finally, call a concave or
convex domain rational if it has upper boundary that is piecewise linear
with rational slopes. This guarantees that the weight sequence for this
domain is finite.

Here is the key result that we want to prove, in order to prove The-
orem 1.2:
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Theorem 2.1. Let Xq, be a rational concave toric domain, let Xq,
be a rational convex toric domain, and let b be the head of the weight
expansion for Qo. Then there exists a symplectic embedding

il’lt(XQl) — int(XQQ)
if and only if there exists a symplectic embedding
int(B(Q1)) L int(B(Qs)) — int(B(b)).

Note that the “only if” direction of Theorem 2.1 follows from the
“Traynor trick” [33], see, e.g., [3, Lem. 1.8] for the version we need,
and the definition of the weight expansion.

3. Embeddings of toric domains and embeddings of spheres

We now begin the proof of Theorem 2.1. We already showed the
“only if” direction, so we now show the converse. In this section, we
give the first part of the proof, which involves showing that to embed
a concave toric domain into a convex one, it is equivalent to embed a
certain chain of spheres into a blowup of CP2.

3.1. Preliminaries. We start by recalling those details of the sym-
plectic blowup construction that are relevant to us. Let L denote the
homology class of the line in CP?, and let wy denote the Fubini-Study
form, normalized so that (wp, L) = 1. Now suppose there is a symplec-
tic embedding [[%; B(a;) — (CP? wp). We can remove the interiors
of the B(a;) and collapse their boundaries under the Reeb flow to get a
symplectic manifold, called the blowup of the ball packing, which is dif-
feomorphic to CP?#mCP?, with a canonical symplectic form w;. The
image of 0B(a;) in this manifold is called the i*" exceptional divisor. If
E; denotes the homology class of the i*" exceptional divisor, then the
cohomology class of wy is given by

m
PD[wi] = L — > a;E:.
=1

Another class which will be relevant for our purposes is the canonical
class K defined by

m
PD(K) := —3L+ Y E;.
i=1
The class K is ¢1(T*X), as defined by any almost complex structure
compatible with w;.

3.2. Blowing up a concave domain. Now let {2 be any rational con-
cave toric domain, and include Xq into some large ball int(B(R)), which
we can include into a (CP2?,w). We now mimic the definition of the
weight sequence to define a sequence of symplectic blowups of (CP?,w)
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that will produce one of the relevant chains of spheres, see Figure 3.1
for an illustration.

Let a be the largest real number such that €2 contains the triangle
with vertices (0,0), (0,a) and (a,0), let 6 > 0 be a sufficiently small real
number, and consider the triangle A(a+ ¢) with vertices (0,0), (0, a+¢)
and (a + 6,0). Thus, in Figure 3.1, A(a + 0) is the triangle with legs
on both of the axes. Then there is a symplectic embedding B(a + d) —
B(R). Blow up along B(a + §).

Now the upper boundary of A(a+0) intersects the complement of €2 in
the plane along a line segment between (z1,a+d—=1) and (z2,a+6—x2)
with 21 < z9. Let I'; be the closure of the subset of 2 which is to the
left of 1 and above the line x + y = a + J, and let I's be the closure of
the subset of Q which is to the right of x2 and above this line. Then, as
in the definition of the weight sequence, I'y and I'y are affine equivalent
to concave subsets.

In the present context, this implies that we can iterate the procedure
from the previous paragraph to perform a symplectic blowup for each
element of the weight sequence for 2. Each blowup produces a sym-
plectic sphere. The result of this sequence of blowups is a symplectic
manifold (CPQ#m@, w1) with a configuration of symplectic spheres
Ca,s,, with one sphere for each element of the weight sequence. Here,
0q denotes a sequence of small real numbers corresponding to the § for
each blow up.

Later, we will to speak of blowing up Xq with respect to an embedding
g : Xqg — M. This means performing the sequence of blowups from
above in M, via the embedding g, and we will denote the resulting
chain of spheres by Cyq) s, -

3.3. Blowing up a convex domain. We now define a similar se-
quence of blowups if 2 is a rational convex domain. Specifically, let b
be the head of the weight sequence for €2, and choose a small § > 0.
The line z +y = b— 0 intersects 2 in a line segment from (x1,b—0 — 1)
to (we,b — 0 — x2), where z1 < 3. Let A(b— 0) be the triangle with
vertices (0,0), (b — 6,0) and (0,b — J). Let I'y be the closure of the
region of the complement of € in A(b — ¢§) that is to the left of x1,
and let I's be the closure of the region of the complement that is below
b—0 — x9.

We showed in the definition of the weight sequence that I'; and I's are
affine equivalent to concave toric domains. We can, therefore, apply the
procedure from §3.2 to associate a symplectic blow up of (CP2, (b—§)wp)
to each term in the negative weight sequence for 2. This gives a sym-
plectic manifold (CP?#nCP2,wy) with a configuration of symplectic

spheres which we denote by Cqs,. As in the previous section, dqo de-
notes a choice of small real numbers corresponding to the ¢ in this blow
up construction.
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%/

Figure 3.1. Blowing up a rational concave domain Xg.
In this case, the upper boundary of ) consists of two line
segments; to blow up €2, we perform four blowups, which
are illustrated by the four thickened lines. The first blow
up removes the right triangle with legs on both axes, and
upper boundary a thickened line. The next two blow ups
correspond to the two regions that touch one of the axes;
the order in which we do these two blowups is irrelevant.
We then do one last blow up, corresponding to the trian-
gle with all edges thickened lines. The canonical weight
sequence decomposition of the domain is also shown, in
which we have partitioned €2 into four regions each of
which are affine equivalent to right triangles. The lines
demarcating these regions are thin.

3.4. Inner and outer approximations. Our blowup procedure is
closely related to the inner and outer approzimations from [20]. To
elaborate, consider first the blow up procedure for rational concave €.
Our blowup procedure shows that we can define another concave toric
domain, called an outer approrimation to €2, such that the sequence of
blowups removes the interior of the outer approximation and collapses
the boundary of the outer approximation to the configuration of spheres
Cq,s. Denote the outer approximation to 2 by Q¢"*. For example, in the
situation illustrated in Figure 3.1, the outer approximation is the max-
imum concave set bounded by the axes and segments of the thickened
lines.

Similarly, if €2 is convex, then our blowup procedure shows that we can
define another convex toric domain, called an inner approximation to €2,
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denoted Qg”, such that the sequence of blowups removes the complement
of the inner approximation in B(b — ¢) and collapses the boundary of

the inner approximation to the configuration of spheres Cq s,

3.5. Embedding equivalences. The previous subsections defined
chains of spheres CQl’gﬂl U 5927592. Define a symplectic embedding of
this chain into a symplectic manifold X to be a map of the disjoint
union into X such that the image of the spheres intersect transversally,
the map restricts to each individual sphere as a symplectic embedding,
and the intersection matrix of the chain in X agrees with the intersec-
tion matrix of the chain Cthﬂl L 5927592. (Note that our intersection
matrix includes the self-intersections of each sphere.)

Proposition 3.1. Let Q1 be a rational concave toric domain, and
let Qo be a rational convex toric domain. Let m be the length of the
weight expansion for Q1, and let n be the length of the negative weight
expansion for Qa. If there is a symplectic form w on CP?#(m + n)CP2
such that there is a symplectic embedding

CQ17591 o 5927592 - ((sz#(m +n)CP?,w),
then there is a symplectic embedding

Xq, — int(XQQ).

To prove the proposition, we will need to use the following result:

Theorem 3.2. (Gromov-McDuff [25, Thm. 9.4.2])

Let (M,w) be a connected symplectic 4-manifold with no symplec-
tically embedded 2-spheres of self-intersection —1. Assume that there
exists a symplectomorphism

T :RUNV - M\K,

where K < M is compact, and V < R* is compact and star-shaped with
respect to the origin. Then for every open neighborhood U of K, (M,w)
is symplectomorphic to (R*, wyq) by a symplectomorphism that agrees
with =1 on M\U.

We can now give:

Proof of Proposition 3.1. By assumption, there is a symplectic em-
bedding

CQM;Ql ] 6927592 - (sz#(m + n)CPQ,w).

We can make a small perturbation to this embedding so that all in-
tersections are symplectically orthogonal, see, for example, [20, Lem.
2.2].

Now consider the embedding

CQ1,591 - ((CPQ#(’ITL +n)CP% w).
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A version of the symplectic neighborhood theorem [31, Prop. 3.5] now
implies that a neighborhood of these spheres can be identified with a
neighborhood of the chain of spheres in the manifold (CP?#mCP2, wy)
that was constructed in §3.2 by blowing up the outer approximation.
We can, therefore, remove the Cghgﬂl and glue in a copy of XQ%tl to

get a new symplectic manifold Z which admits a symplectic embedding
of X, whose image avoids a small neighborhood of €Q27592. By again
applying the symplectic neighborhood theorem [31, Prop. 3.5], this
neighborhood can be identified with a neighborhood of the chain of
spheres constructed in §3.3 by blowing up the inner approximation.
Let Z denote the complement of (?92,592 inZ. As above, we can glue in

a copy of R‘L\th(%nég y to Z. This gives a symplectic manifold (M, w).
]

Since Ho(M) = 0, M cannot contain any symplectically embedded —1
spheres. For r < 1 close to 1, we can choose a symplectomorphism
U: MK — IRA‘\XT,Q;TL(S for some compact K < M. The set X, qin
00 29Q9
is star-shaped with respect to the origin, since if v € XT,Q% then so
' 00,
istvforall0 <t <1asr- 227;592 is itself star-shaped with respect
to the origin. Now regard Z as a neighborhood of K in M, and apply
Theorem 3.2 to M with U = Z. This produces a symplectomorphism
between (M,w) and (R, wgy) that maps Z to Xin(ain, - qg.e.d.
i Q2

4. Applying inflation

In this section, we prove Theorem 2.1.

Let € be concave and )y convex. We already proved the “only
if” direction of the theorem, so we just have to produce an embedding
int(Xq,) — int(Xgq,), assuming that a certain ball packing exists. By
Proposition 3.1, it suffices to find a symplectic embedding

Co 50, U 592,592 — (CP?*#(m + n)CP?,w),

where w is any symplectic form. If we choose r sufficiently small, then
we can construct a symplectic embedding

CT'QL591 o 592,592 - ((CPZ#(m +n)CP% w),

for some w, by the procedure in §3.2 and §3.3. We now want to change
the areas of the spheres in C',‘.Q17591, keeping them symplectic. We
accomplish this by using the “inflation” method, from (for example)
20, 24, 1].

4.1. Review of inflation. We begin by reviewing the inflation method.

We first need to recall the aspects of Taubes’ “Seiberg—Witten = Gro-
mov” theorem that we will need. Let (X,w) be a closed symplectic 4-
manifold, and let b (X) denote the dimension of the maximal subspace



SYMPLECTIC EMBEDDINGS FROM CONCAVE TORIC DOMAINS 211

HY (X,R) of H*(X,R) on which the intersection form is positive defi-
nite. If A € Hy(X;Z) and by (X) > 1, then Taubes’ Gromov invariant
Gr(A) is defined by counting certain mostly embedded J-holomorphic
curves in class A, for generic w-compatible almost complex structure
J, see, for example, [16, §2] for details. A symplectic form w defines a
spin® structure s, and the “Seiberg-Witten = Gromov” theorem [32]
states that there is an equivalence

(4.1) Gr(A) = SW(A),

where SW(A) denotes the Seiberg—Witten invariant of the spin® struc-
ture s, + PD(A), see [18]. When b; (X) = 1, which is the situation in
the present work, the Seiberg—Witten invariant also depends on a choice
of “chamber”, which we can identify with a choice of orientation of the
line Hy (X;R); in this case, in (4.1) we choose the chamber determined
by the cohomology class of the symplectic form.

Now recall that a symplectic divisor is a union of symplectically em-
bedded surfaces which intersect transversally and symplectically orthog-
onally, while an exceptional class € € Ho(X) is a class € represented by
a symplectically embedded —1 sphere. Here is the main result from the
theory of inflation that we use:

Proposition 4.1. [24, Lem. 1.2.11] Let (X,w) be a symplectic man-
ifold, A€ Hy(X), and S a symplectic divisor. Assume:
(i) A-A>0,
(i) A-E =0 for all exceptional classes &,
(iii) A-S; =0 for every component S; of S,
(iv) X has nonzero Gromov invariant in class A.

Then for any s = 0, the class
[w] +sPD(A)
has a symplectic representative that is nondegenerate on S.

The idea of the proof of Proposition 4.1 is that since the manifold
X has nontrivial Gromov invariant in class A, we can find a symplectic
submanifold 7" in class A. We use condition (ii) to guarantee that 7' is
connected, and then (i) to guarantee that 7" has positive self intersec-
tion. We then deform w locally around 7' in the normal direction by
adding a certain closed 2-form that is 0 along T, see also Remark 4.2
below. The condition (iii) is needed to guarantee that these deforma-
tions of w remain symplectic along S. A significant complication occurs
when S has at least one component that cannot be made J-holomorphic
and transverse for any J because of index considerations, because one
cannot simultaneously guarantee that S is J-holomorphic while J is also
suitably generic for defining Taubes’ Gromov invariant; however, these
difficulties can be overcome. For more details, see [24].
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Remark 4.2. The simpler case where A- A =0, S is empty, and A
has an embedded connected symplectic representative 1" is illustrative.
Since A - A = 0, the normal bundle of C is trivial, and a neighborhood
of C can be identified symplectically with the symplectic product

(4.2) (C x D*,wlc x wsta),

where D? is a small disc. To find a deformation through symplectic
forms as in Proposition 4.1, we locally add (0, g(r)wstq) to w in the
neighborhood given by (4.2), where g(r) is a nonnegative bump function.

In general, we can identify a neighborhood of T" with a neighborhood
of the zero section in a complex Hermitian line bundle 7= : £ — C of
degree A - A, so that the symplectic form is given by

™*(w|o) + d(7r?B),

where r is the radial distance function, and S is a certain connection
1-form on the unit circle bundle. We can now add

—d(g(r)B)

to the symplectic form, where g(r) is an appropriately chosen bump
function, see, e.g., [22, Lem. 1.1] for the details. The requirement
A-A = 0is required to ensure that the form remains symplectic for large
s; in Proposition 4.1, we demand, in addition, that A- A > 0 to avoid
potential complications coming from multiply covered torii in Taubes’
Gromov invariant, although this assumption could be weakened.

To apply Proposition 4.1, we need conditions guaranteeing that cer-
tain classes have nonzero Gromov invariant. By (4.1), it is equivalent to
find spin® structures with nonvanishing Seiberg—Witten invariant. The
Seiberg-Witten invariants of blow ups of CP? were studied by Kro-
nheimer and Mrowka in [17]. Their results, combined with (4.1) and
known properties of the Seiberg—Witten invariant give the following, see
Remark 4.4 below:

Proposition 4.3. Let (M,w) be a symplectic blow up of CP?, and
let Ae Hy(M;Z). Assume that

(4.3) A —K-A>0, [w] - (PD(K) — A) < 0.
Then Gr(A) # 0.

Remark 4.4. A sketch of the proof of Proposition 4.3 is valuable in
order to understand why the conditions (4.3) appear. The equation

(4.4) [w] - (PD(K) — A) < 0

guarantees that the manifold M has vanishing Gromov invariant in the
class PD(K) — A, since (4.4) implies that any curve in class PD(K) — A
would have to have negative area. Now the Seiberg—Witten invariants
satisfy a basic symmetry, called charge conjugation. In the case where
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by > 2, charge conjugation states that the Seiberg—Witten invariants of
a spin® structure and its dual structure are the same up to sign, which
one expects from examining the unperturbed equations and applying
complex conjugation. In the situation of Proposition 4.3, where by =
1, a similar fact holds except that there is an additional complication
coming from the choice of chamber; the upshot for our purposes is that
when we combine the charge conjugation relation in the case by = 1
with (4.1), we find that

(4.5) Gr(A) — Gr(PD(K — A)) = w(4) mod 2,

where w(A) is the wall-crossing number which is defined as the difference
between the two chambers of the Seiberg—Witten invariants of the spin®
structure corresponding to A, counted modulo' 2. This wall-crossing
number was computed in the cases we need by Kronheimer—Mrowka: as
explained in [29, Thm. 9.9], the condition

A2 - K-A>0
implies that
(4.6) w(A) = 1.

Since Gr(PD(K) — A) = 0 as explained above, combining (4.5) with
(4.6) implies that Gr(A) # 0.

We will also need a “family” version of Proposition 4.1. To state
the variant that we use, recall that two symplectic forms are called
deformation equivalent relative to a symplectic divisor S if there is a
family of symplectic forms between them that restrict to nondegenerate
forms on S; they are called isotopic relative to S if one can choose
this family to have constant cohomology class. We call such a family a
connecting 1sotopy.

Theorem 4.5. [24, Thm. 1.2.12] Let (M,w) be a symplectic blow up
of CP? and let o' be any symplectic form in the same cohomology class
as w. Assume that w and &' are deformation equivalent relative to S.
Then w and W' are isotopic relative to S. Moreover, if w = w' near S
then we can choose the connecting isotopy to be constant near S.

The assumption in Theorem 4.5 that (M,w) is a blowup of CP? is
sufficient for our purposes, but can be weakened; probably all that is
needed is that b5 (X) = 1 so that X has enough nonvanishing Seiberg—
Witten invariants, see [24, Rmk. 1.2.14].

'There is a version of (4.5) that holds without reducing modulo 2 but we do not
need this.
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4.2. Connectivity. Having reviewed the inflation method, we can now
give the proof of Proposition 1.5, which states that the space of embed-
dings from a concave domain into a convex one is connected. We also
prove Corollary 1.6.

Proof of Proposition 1.5. The proof closely follows the proof of [20,
Cor. 1.6].

First, assume that ; and {29 are rational, and let gy and g; be
symplectic embeddings of Xq, into int(Xq,). By applying Alexander’s
trick, see, e.g., the proof of [30, Prop. A.1l], we can assume that gy and
g1 agree with the inclusion of X,q, into int(Xgq,) for sufficiently small r.

We will produce an isotopy between gy and ¢; by using Theorem 4.5.
Namely, as explained in §3.2, we can blow up Xq, with respect to go
to get a symplectic manifold (Xp,wp) with a symplectic divisor S =
690(91)7591 U 5927592. We can produce a family of symplectic forms on
X starting at wg by first blowing up t- X, with respect to gg as ¢ ranges
from 1 to r, and then blowing up ¢t - Xq, with respect to g; as ¢ ranges
from 7 to 1, while identifying the underlying smooth manifolds of these
blow ups with Xy as in Step 2 of [22, §3]. This implies, in particular,
that the symplectic form w’ on X, given by blowing up along g, is
deformation equivalent to the symplectic form w = wg. We can assume,
in addition, that w = w’ near S.

Now apply Theorem 4.5. This gives an isotopy of symplectic forms
on X that is constant near S. By Moser’s trick, this gives an isotopy
U, of the symplectic manifold Xy, which we can blow down to get an
isotopy W, of Q9 taking go to g1.

Step 2. We now deduce the general case from the rational one.

We can extend the embeddings gy and g; to an open neighborhood
of 1, and so we can find a rational concave set €] satisfying

0 <9,
such that gg and ¢, give symplectic embeddings
XQll — int(Xgq,).
We can then pick a rational convex set ) with
0 < Q,

so that the images of Xq, under go and g; lie in int(Xq, ). By the previ-
ous step, we can find an isotopy of int(X%) taking gg to g1. Moreover,
since the isotopy of symplectic forms in the previous step was constant
near S, we can extend this isotopy to int(Xgq,). q.e.d.

Proof of Corollary 1.6. Since for A <1, X)q, < Xq,, an embedding
int(Xgl) — int(XQ2)
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induces an embedding
int(Xo,) — int(Xq,)
by composition.
In the other direction, given symplectic embeddings
X, — int(Xgq,),

for all A < 1, we can choose a sequence of embeddings

gn * X(1-1/my0, — Int(Xa,).

By applying Proposition 1.5, we can further assume that this sequence
of maps is nested. We can, therefore, construct the desired symplectic
embedding by taking the direct limit. q.e.d.

4.3. Inflating the spheres. We can now complete the proof of Theo-
rem 2.1 by using the inflation procedure.

Proof of Theorem 2.1. Let €2 be concave and {2y convex. We already
showed the “only if” direction of the theorem, so we just have to prove
the converse.

Step 1. By assumption, there is a symplectic embedding

(4.7) int(B(Q)) L int(B(Qs)) — int(B(b)).

Let the a; be the weights for €27 and the b; the negative weights for 29,

as defined in §2.
Because of the existence of the embedding (4.7), we can find a sym-
plectic embedding

(1) (B@) o (] BE) - ntB).

where the a and the b} are strictly smaller than the corresponding a;
and b;, but otherwise as close as we wish. For any A > 1, we can, in
addition, choose the a}, b} so that (b;d},...,b),) is the weight sequence

1) 7
for a rational convex toric domain Q) with the property that

(49) Q/2 c A QQ,

while the a are the weights for a rational concave toric domain ] with
1
(4.10) 3 0 < int ().

We can also assume that b, the a and the b are all rational.
We will show that because of the existence of an embedding (4.8),
there is an embedding

Step 2. Let r be small enough that r - Q) < int(€,). Since r -] is
a concave toric domain, and €2} is a convex toric domain, we can apply
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the iterated blowup procedure from §3.2 and §3.3 to conclude that there
is a symplectic embedding

S = Crﬂ’l,ér.ﬂ’l - Cﬂé,é% - ((CP2#(m +n)CP? wy).

Let L denote the homology class of the line in this blowup, let
Eq, ..., E, be the exceptlonal classes associated to the blow ups for
r- Q) and let E1, .. E be the exceptional classes associated to the
blow ups for . Let € =PD(L), let e; = PD(E};), and let €; = PD(E]).
By §3.1 we know that the cohomology class of w; is given by

[wi] = bl — Era z”:; —err(

where err(d) denotes the error term coming from the §; parameters in
the iterated blowup construction, and limits to 0 as the d; do.

To show that a symplectic embedding (4.11) exists, we will show that
there is a symplectic embedding
Coy 5y 5 Corys, — (CPE(m + m)CP%,w),

2
for some symplectic form w, so that we can appeal to Proposition 3.1.
The intersection matrix for the configuration CQ/1 Sey I_ICQ/T(;Q, is the same
1 2

as the intersection matrix for S. Our strategy is then to find a symplectic
form ws, different from wq, that restricts to .S as a nondegenerate form
with the property that the spheres in S have the same areas as the
spheres in Cor 5., 1 Cqy s, -
. 1 2.
Step 3. Consider the rational homology class

m n
A:=bL — Z a;EZ - Z b;Ej,
i=1 J=1

and choose a positive integer k such that kA is integral. We want to ap-
ply Proposition 4.1 to kA on the manifold M = (CP?#(m+n)CP2, w,),
for sufficiently large integer k. To do this, we have to check that the
four conditions in the assumptions of Proposition 4.1 are satisfied.

The conditions in (4.3) are satisfied for sufficiently large k, so by
Proposition 4.3 we can assume that the manifold M has nonzero Gromov
invariant in class kA. The condition k2(A - A) > 0 holds because of the
existence of the embedding (4.8), since symplectic embeddings have to
preserve volume.

To see that the second condition in Proposition 4.3 holds, let £ be an
exceptional class. Then by a result of Li-Li [19], F is an exceptional
class for any symplectic form on CP?#(m + n)CP2. In particular, the
symplectic form w that comes from blowing up along the ball packing
(4.8) has positive pairing with £, which implies that k- A does as well.
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Finally, we can see that kA intersects any sphere in S nonnegatively
as follows. First, let S; be an element of CQ/2 6o, - Then the homology
2

class [S;] of S; is in the span of L, Ei,....E,, so
A-[Si] = (bL = Y V3E;) - [Si].
j=1
Since [w1] - S; > 0, we have
(4.12) (bL — > ViEy) - [Si] — err(6) - [Si] > 0.
j=1

We can choose the §; in the blow up construction as small as we would
like, and the relation (4.12) remains true. Hence, since err(d) goes to 0
as the 0; do, we have A - [S;] = 0 by continuity.

The case where S; is an element of CQ/1 o is analogous. In this case,

[S;] is in the span of Ej, ..., E,,. Hence,
A [Si] = (= D] alEy) - [Si].
i=1

Now choose R such that €} < R-int(€2,), and blow up to get a symplectic
form on CP?#(m + n)CP2. This form pairs positively with [S;], so we
can repeat the argument from the previous paragraph to conclude that
A - [Si] = 0 in this case as well.

Step 4. By the previous step, we are now justified in applying Propo-
sition 4.1. For any s > 0, this gives a symplectic form w; s in cohomology
class

[wi,s] = [w1] + sk - PD[A],

that is nondegenerate along S. Now consider the symplectic form
ﬁwl,s. We have

1 _ . o, [+ sk 1
1—|—sk[('dl’s]_bZ j;bjej Z,ZZ;%(l—I—sk)eZ 1+sk€rr(5)'

By choosing k sufficiently large, this gives an embedding

CT'Q/DST-Q’I [ CQ/2>6Q’2 — ((CPQ#(T)’L + 7’L>(CP27(J)),

for r < 1 arbitrarily close to 1, and appropriate choice of ST.Qll . Hence,
by Proposition 3.1, there is a symplectic embedding

XT~Q/1 - XQ/Qa
hence, by Corollary 1.6 a symplectic embedding
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Step 5. By combining (4.9), (4.10), and (4.13), we, therefore, have

an embedding
1

A2
for any A > 1. Hence, by Corollary 1.6, there exists an embedding
th(XQl) — Xq,,

which must necessarily have image in the interior of Xq,. This com-
pletes the proof of the theorem. q.e.d.

XQl - XQza

Remark 4.6. It is a very interesting problem to try to understand
embeddings of other kinds of toric domains. For example, one can ask
under what conditions on (a, b, ¢) there exists a symplectic embedding

(4.14) P(a,b) — B%(c).

It does not seem possible to answer this question using only the methods
in this paper. For studying embeddings as in (4.14) in a systematic way
using something like the method we develop here, a first step would be
to find an analogue of Proposition 3.1 for embeddings with domain a
polydisc, such that there exists a natural symplectic embedding of the
resulting chain of spheres up to differences in symplectic areas. The
method in §3.2 cannot be used to do this.

It would be valuable to explore whether any scheme at all like what
is done in this paper could be used to study (4.14), or to study similar
problems. Certainly new ideas would be needed for this. It is important
to warn though that there are definitely differences between embeddings
of concave toric domains into convex ones, and embedding problems like
(4.14). For one thing, as has been already pointed out, ECH capacities
do not always give a sharp obstruction to (4.14). Also, by Proposi-
tion 1.5, symplectic embeddings of concave toric domains into convex
ones are unique up to isotopy when they exist, which is known not to be
true for certain problems like (4.14). There are natural symplectic pack-
ings of polydiscs by balls, and one could hope for some generalizations
of the weight sequence and Theorem 1.2 along these lines. However,
this looks problematic as well. For example, the polydisc P(1,2) has a
natural decomposition into four disjoint B*(1), but it is not true that an
embedding of L}, B4(1) implies the existence of an embedding P(1,2)
since the former domain embeds into B*(2) but as stated in the intro-
duction the domain P(1,2) does not.

4.4. Examples. We now present several illustrative examples.

Example 4.7. Weight sequences are not unique. Let € be the rectan-
gle with vertices (0,0), (1,0), (0,1) and (1,1), and let Q be the triangle
with vertices (0, 0), (2,0) and (0,1). Then Xg is a polydisk and X, is an
ellipsoid. Both € and ' are convex (we could also regard €’ as concave,
although for this example we do not want to), and the weight sequence
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for both is given by (2, 1,1); in particular, both have the same weight
sequence. This shows that weight sequences are not unique. Also, by
Theorem 2.1, a concave domain embeds into Xq if and only if it em-
beds into X¢q. This generalizes a result of Frenkel and Mueller [10,
Cor. 1.5], which proves this when the domain is an ellipsoid (our proof
is also different from theirs).

Example 4.8. Constraints on weight sequences? Let (ao, ..., ay,) be
any finite sequence of nonincreasing real numbers. We now explain why
we can always construct a concave toric domain with weight sequence
(ag,...,an). This concave domain will have the property that at each
step in the inductive definition of the weight sequence, the domain 2
from §2 is empty (we will call such a domain short). By induction,
we can assume that we can construct a short rational concave domain
Qo with weight sequence (a1, ...,a,). Now, consider the triangle A(ag)
with vertices (0, 0), (ap,0) and (0, ag). Multiply Q¢ by the matrix ((1) _11)
and then translate the result by (ag,0). Let £ be formed by taking the
union of this region with A(ag). Then by construction {2 is a short
concave domain with weight sequence (ag, ..., a,). Thus, any possible
ball packing problem of a ball can arise by applying Theorem 2.1. This
is to be compared with the case of embedding an ellipsoid into a ball.
For example, it is shown in [26, Lem. 1.2.6] that if a = p/q is rational,
then the weights (a1, ..., an) of E(1,a) are required to satisfy

m m 1
2

Zai=a, Zaiza—i-l—f.

izl -1 q

Example 4.9. Billiards. Another simple example of a symplectic
four-manifold is the Lagrangian bidisk

P = {(p1,q1,p2,02) eR* | pf +p3 < 1,4 + 5 < 1}.

The domain Py, is the state space for a circular billiard table, and is
of interest in dynamics. After the first version of this paper appeared,
Ramos [28] showed that the interior of Py, is, in fact, symplectomorphic
to the interior of a concave toric domain. Thus, Theorem 1.2 can be
used to produce embeddings of int(Pr) into many targets. Ramos used
Theorem 1.2 to produce optimal embeddings of int(Pr) into balls and
ellipsoids, for example, he showed that there is a symplectic embedding

P, — B(3v/3),

and no embedding into a smaller ball exists, answering a question of
Ostrover.

Ramos’ argument involves producing a toric action on subsets of Pr,
and examining the moment image. As mentioned in Example 1.3, con-
vex toric domains naturally arise from toric actions on closed symplectic
manifolds, and it would be interesting to look for situations as in the
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case of P, where concave toric domains naturally arise from toric actions
on noncompact sets.

Example 4.10. Flexibility. For convex toric domains Xq, determin-
ing the set of a such that there exists a symplectic embedding

. a .

(4.15) int(E(1,a)) — ol(Xa) -int(Xq)

is often subtle. Here, by vol(Xq) we mean twice the area of €2; the
equation (4.15) then implies that the ellipsoid fills all of the volume of
the target, so we call such an embedding a full filling. For example, let
T be the trapezoid with vertices (0,0), (0,1),(1,1) and (2,0); this is the
moment polytope for the first Hirzebruch surface. The weight sequence
of X7 is (2;1). By combining Theorem 2.1 with the algorithm from [2,
§2.3], there exists a symplectic embedding

E (1,3 (49/30)%) — 49/30 - int(X7),

in particular, for a = 3 - (49/30)? ~ 8.0033 a full filling of int(X7) as in
(4.15) exists.

However, for 8 < a < 3-(49/30)2, no such full filling exists. We can
see this as follows. First, as we explain in the appendix, we can compute
the ECH capacities of X7 using Theorem A.1. We can also compute the
ECH capacities of F(a,b) by the formula we review in §5.1, see (5.1).
In particular, we have

ci7s5(X7) =30, ci175(E(1,8)) = 49,

so by the Monotonicity Axiom for ECH capacities (1.1) and the Scaling
Axiom (5.3), if for a = 8 there exists a symplectic embedding

int(E(1,a)) — X -int(X7),

then we must have A\ > 49/30. In particular, if a > 8, then the same
constraint on A must hold, so for 8 < a < 3-(49/30)? we cannot have a
full filling, as claimed.

Example 4.11. A sample calculation. We now work through a more
extended example in detail, see Figure 4.1.
Let 21 be the domain whose upper boundary has vertices

(0,10/3),(2/3,4/3),(4/3,2/3),(7/3,0),
and let Q5 be the domain whose upper boundary has vertices
(0,1),(1,2),(5,0).

Then the weight expansion of ) is (2,2/3,2/3,1/3,1/3) and the weight
expansion of 9 is (5,3,2,1), see Figure 4.1.



SYMPLECTIC EMBEDDINGS FROM CONCAVE TORIC DOMAINS 221

Q,

Figure 4.1. The target for Example 4.11. We have
drawn the canonical decomposition given by the weight
sequence (remember that the weight sequence for {2y
gives a decomposition of the complement of {25 in a ball).
The upper boundary of the inner approximation of {29 is
also shown.

By Theorem 2.1, to see if int(Xq, ) embeds into int(Xq,), it is equiv-
alent to see if there is a ball packing

int(B(2/3) L B(2/3) L B(2) L B(1/3)
(4.16) L B(1/3) L B(3) L B(2) u B(1)) — B(5).

One can check, e.g., by applying the algorithm from [2, §2.3], that, in
fact, such a ball packing exists. Hence, there is a symplectic embedding
int(Xq,) — int(Xq,). In fact, this embedding is optimal (e.g., by [2,
§2.3] again applied to (4.16)), in the sense that no larger scaling of
int(Xq,) embeds into int(Xgq,).

To illustrate the concepts from the previous sections, note that there
are five spheres in the chain of spheres corresponding to the blow up
of r- . Each sphere corresponds to a blow up, and if we label these
spheres in the order that they appear as edges of the outer approxi-
mation (with the first sphere the left most edge), and label the blow
ups they correspond to accordingly, then the spheres, from left to right,
have homology classes F1, Fo — F1, B3 — Ey — Ey — E5, Ey and Fy — Ey.

There are four spheres in the chain of spheres corresponding to the
blow up of 23 (including the sphere corresponding to the line at infinity).
If we label these spheres and the blowups with the same ordering con-
vention as above, then they have homology classes Eb Ez — El — Eg, E’g,
and L — EQ — Eg.

The cohomology class of the symplectic form on the blow up is given
in this notation by
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[wi] = 5L — (2/3)re1 — (2/3)rea — 2res
— (1/3)req — (1/3)res
—e; — 3ez — 2e3

(4.17) — Z err;(01)e Z err;(da)e

5. ECH capacities give sharp obstructions to embeddings of
concave domains into convex ones

In this section, we prove Theorem 1.2. We will first review the defi-
nition of ECH capacities in the cases that we need. We will also review
some formal properties that will be used in the proof.

5.1. Embedded contact homology. Let Y be a closed oriented three-
manifold. A contact form on Y is a one-form A satisfying

AAdN> 0.
A contact form determines a canonical vector field R by the equations
AMR) =1, dX(R,-)=0.

The vector field R is called the Reeb vector field, and the closed orbits
of R, called Reeb orbits, are of considerable interest. A contact form A
is called nondegenerate if all Reeb orbits for A are cut out transversally,
see [16, §1.3] for the precise definition.

Let (Y,\) be a closed three-manifold with nondegenerate contact
form. The embedded contact homology of the pair (Y, ), denoted
ECH,(Y,\), is the homology of a chain complex ECC(Y,\). The
chain complex ECCy (Y, \) is freely generated over Z/2Z by finite orbit
sets

a = {(vi, mi)},

where the ~; are distinct embedded Reeb orbits and the m; are positive
integers, with the constraint that m; = 1 whenever ~; is hyperbolic. (We
could also define the chain complex over Z, but for the applications in
this paper we do not need this.) The chain complex differential d counts
“ECH index 1”7 J-holomorphic curves in R x Y, for a generic compatible
almost complex structure J. The ECH index induces a grading # on
ECC such that the differential decreases the grading by 1. Taubes has
shown that there is a canonical isomorphism

ECH,(Y,\) =~ HM (Y),

where HM denotes the Seiberg—Witten Floer cohomology defined by
Kronheimer-Mrowka in [17]. In particular, the homology FCH (Y, \)
depends neither on the choice of almost complex structure J, nor on A,
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and so we sometimes denote it ECH(Y). For more details about the
above, see [16].
Reeb orbits v have an action A(y) = S'y A which we can extend to a

filtration on EC'H. Specifically, if o = {(;, m;)} is an orbit set, define

the action of «
Ala) = 2 mzf A,
i ¥

and let ECCY(Y,)\) denote the subspace generated by orbit sets o
with A(a) < L. The differential restricts to ECCT, so the homol-
ogy ECH® (Y, )) is well-defined and there is an inclusion induced map
ECH"(Y,\) - ECH(Y). If o is a nonzero class in EC'H, we can define
the action required to represent it by

co(N) := inf{L | 0 € Im (ECH"(Y,\) > ECH(Y)) }.

The number ¢, () is called the spectral invariant associated to o. When
A is degenerate, we can still define ¢, (A) by taking the limit of ¢, (\,)
as A, — A in CY, see [14].

5.2. ECH capacities. We would like to use EFC' H to define symplectic
capacities. This is most natural when (X,w) is a symplectic 4-manifold
with boundary, such that w = dA and A|sx is a contact form. When
0X is oriented positively with respect to w?, we call such an (X,w) a
Liouville domain. For example, any concave or convex toric domain is
a Liouville domain.

In our case, where X is a concave or convex toric domain, 0X = S3.
The embedded contact homology of S? has a canonical Z grading in this
case, and FCH,(S?) is given by

ECH,(S*)or = Z)27,k =0,  ECH,(S®) = 0, otherwise,
as explained in [16]. In particular, for each nonnegative integer k, there

are canonical nonzero classes oy, in grading 2k. If w is concave or convex,
we now define the k" ECH capacity

Ck:(X7w> = CO’k(A)7

where A is the restriction of the standard one-form Mgy = %Zz(xldyz —
yidz;) on R* to 0X. One can modify this definition to define ECH
capacities for any Liouville domain, and, in fact, ECH capacities can be
defined for any symplectic 4-manifold, see [14].

Example 5.1. The ECH capacities of the ellipsoid were computed
in [14]. The k" ECH capacity of the ellipsoid F(a,b) is the (k + 1)
smallest element in the matrix
(51) (ma + nb) (m,n)€Z>0 XZ)0'

For example, the ECH capacities of the ball F(1,1) start with
0,1,1,2,2,2,3,3,3,3,....
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We will give a formula for the ECH capacities of convex domains in
terms of ECH capacities of balls in Theorem A.1.

As mentioned in the introduction, the ECH capacities satisfy the
key Monotonicity Property (1.1). To state another property that they
satisfy, recall the sequence summation operation from [14], defined for
sequences S and T indexed starting at k = 0 by

(S#T)y, = sup; ;1 (Si + Tj).

Here, the notation A; denotes the " term of the sequence A. We
can now state the Disjoint Union axiom [14] for the sequence of ECH
capacities cpog, which says that for Liouville domains X1, Xo,

(5.2) CECH(XQ1 HXQZ) = CECH(XQ1)#CECH(XQ2>'

Another useful axiom is the Scaling Axiom, also proved in [14], which
says that

(53) Ck(XaT'w) :T'Ck(Xaw)v

for any positive real number r.

5.3. Sharpness for the ball packing problem implies sharpness
for ECH capacities. We now explain the proof of Theorem 1.2. The

key point is that it was shown in [14] that ECH capacities are known
to give sharp obstructions to symplectic ball packing problems.

Proof of Theorem 1.2. Let € be concave and 22 convex. We need to
show that int(Xq,) embeds into int(Xq,) if and only if ¢ (int(Xgq,)) <
c(int(Xq,)) for all k. The fact that a symplectic embedding

int(Xgl) — int(XQ2)
implies that
(5.4) cx(int(Xq,)) < cx(int(Xo,)),
for all k follows from the Monotonicity property (1.1).
Step 1. We first prove the converse assuming that 2y and €y are
rational.

By the Monotonicity Axiom (1.1), the Disjoint Union property (5.2),
and the proof of the “only if” direction of Theorem 2.1, we know that
(cpen (int(Xa,))#epon (int(B(22))k < cx(B(D)),

for all k. We also know that for any k,

Ck(int(B(Ql))) < ¢k (int(X91>).
Since sequence sum against a fixed sequence respects inequalities, we
can combine (5.4) with the above inequalities to find that

(5.5) cr(int(B(Q1)) L int(B(Q2))) < ex(B(b)),
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for all k. It is known that ECH capacities give sharp obstructions to all
(open) ball packings of a ball, see, e.g., [14]. Hence, (5.5) implies that
there exists a symplectic embedding

int(B(Q1)) L int(B(Qs)) — B(b).
Hence, by Theorem 2.1, there exists a symplectic embedding
int(Xgq,) — int(Xq,),

hence, the theorem in the rational case.

Step 2. We now deduce Theorem 1.2 in general by using the result
from the previous step.

Given €27 concave and € convex, for each A > 1 we can find a rational
concave set 2] and a rational convex set Q) such that

1
XQl cint(Q)) < O,

and

Qs < int(2) < M.
By combining the above inclusions with (1.1) and (5.4), it follows from
the previous step that there is a symplectic embedding

Hence, by again applying the above inclusions, there is a symplectic
embedding
1
22
By letting A tend to 1 and applying Corollary 1.6, we, therefore, get a
symplectic embedding

- Xa, = Xa,-

int(XQI) — Xq,,
which must necessarily have image in the interior of Xq,. q.e.d.

Appendix A. The geometric meaning of ECH capacities of
convex domains (by Keon Choi and Daniel
Cristofaro-Gardiner)

A.1. The main theorem. We assume below that the reader is familiar
with the definitions and notation from the body of this paper. There,
the second author showed that ECH capacities give a sharp obstruction
to embedding any concave toric domain into a convex one. The basic
idea of the proof was to show that a concave domain embeds into a
convex one if and only if it is possible to symplectically embed a certain
collection of balls into another ball. This suggests that there should be
a close relationship between the ECH capacities of concave or convex
toric domains, and the ECH capacities of balls.

In [3], the authors and Frenkel, Hutchings and Ramos showed that
ECH capacities of any concave toric domain are given by the ECH



226 D. CRISTOFARO-GARDINER

capacities of the disjoint union of the balls determined by the weight
sequence of the domain, see Theorem A.5 for the precise statement.
The purpose of this appendix is to prove a similar formula for convex
domains.

To state our formula, we recall the sequence subtraction operation
that is implicit in [14] and was first explicitly defined in [13]. This is
given for nondecreasing sequences S and 7T, indexed starting at 0 and
with T' < S, by

(Al) (S - T)k = infl>0 Sk+l - Tl

(Here, the notation 7' < S means that T; < S; for every index i.) The
operation # and — are related by the inequalities

(A.2) (S — T)#T < S < (S#T) — T.

For our purposes, the sequence subtraction operation is significant
because of the following:

Theorem A.1. Let Xq be a convex toric domain, let b be the head
of the weight expansion for 0, and let b; be the it" term in the negative
weight expansion for Q). Then

(A.3) cecn(Xa) = cecu(B(b)) — CECH(L[ B(b;)).

Note that it follows from the Monotonicity and Scaling axioms that
ck(Xq) = ¢x(int(Xq)) for any convex toric domain X¢q. Note also that
even when () is not rational, the above formula still makes sense, see
[3, Rmk. 1.6]. For the formula for the ECH capacities of a ball, see
Example 5.1.

Remark A.2. If T'< S, and
write T' < S. If T < S, then we are justified in replacing the infimum
in (A.1) with a minimum. When X; and X5 are Liouville domains
with all ECH capacities finite, and T' = cgopg(X1) and S = cpop(X2)

are sequences of ECH capacities, we have T' < S whenever vol(X;) <
vol(X3). This follows from [8, Thm. 1.1].

We can regard Theorem A.1 as expressing a fundamental limitation
of the strength of ECH capacities of convex domains. For example, we
have:

Corollary A.3. Let ) be conver and let X be any Liouville domain
with all ECH capacities finite. Let b be the head of the weight expansion
for Q, and let b; be the it term in the negative weight expansion for ).
If we have

(A.4) (X u (L[ B(b:))) < cx(B(b)),



SYMPLECTIC EMBEDDINGS FROM CONCAVE TORIC DOMAINS 227

for all k, then we must have
(A.5) ck(X) < ck(Xa),
for all k.

Proof. By combining the Disjoint Union axiom (5.2) and (A.4), we
have

CECH(X)#CECH(L[ B(b;)) < cecu(B(D)).

Now subtract cgcr (] [; B(b;)) from both sides of this equation and ap-
ply (A.2) to get

cecu(X) < cgcnr(B(b)) — CECH(L[ B(b;)).

Now apply Theorem A.1 to get (A.5). q.e.d.

Remark A.4. The analogue of Theorem A.1 was proved in the con-
cave case in [3]. There, the authors show:

Theorem A.5. [3, Thm. 1.4]
Let Q be concave, and let a; be the i*" weight of Q. Then

(A.6) cr(Xq) = ck(H B(a)).

Equation (A.6) will be used in the proof of Theorem A.1.

A.2. Lattice points and 2-lengths. The ECH capacities of concave
and convex domains are related to certain lattice point counts. We now
introduce the terms we need to make this precise.

We first define the upper boundaries of the regions we need to con-
sider.

Definition A.6. Let A : [0,c] — R? for some ¢ > 0 be a polygonal
path in the plane, with vertices at lattice points. Assume that the
tangent A’ is nonzero on [0,c]\{0 = ¢y < -+ < ¢,, = ¢}, where the A(c;)
are the vertices of A. In addition, for any nonzero vector v € R?, let 6(v)
be the number 6 € [0, 27) so that v is a positive multiple of (sin 6, cos ).

e An edge of A is the displacement vector between consecutive ver-
tices of A.

e A is a lattice path if its vertices are lattice points and A(0) =
(0,y(A)) and A(c) = (z(A),0) for nonnegative integers x(A) and
y(A).

e A is concave if §(A’) is nonincreasing and takes values in (7/2, 7).

e A is convez if §(A’) is nondecreasing and takes values in (0, 37/2).

The paths A have an Q-length, defined by the domain 2, which will
also be important.
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Definition A.7. Let X be a convex toric domain and A a convex
lattice path. If v is any vector in R?, let pa,, be a point on the boundary
of 2 such that (2 lies entirely in the “right half-plane” of the line through
pa, in the direction v. More precisely, for any p € ), we have

(A'7> (p _pQ,V) xv =0,
where x denotes the cross product. Define
(A.8) lo(v) = v X po,

and if A is a convex lattice path, define
(A.9) la(A) = > lav).
veEdges(A)

If Xq is a concave toric domain and A is a concave lattice path, fo(A)
is defined by (A.8) and (A.9), where pq , is a point on the boundary of
Q° := [0,0)2\Q so that Q¢ lies entirely on the “left half-plane” of the
line through pq , in the direction v.

We will also want to count lattice points in regions bounded by A.
We now make this precise.

Definition A.8. If A is a convex lattice path, let Lo(A) denote the
count of lattice points in the region enclosed by A and the axes, including
all the lattice points on the boundary. If A is a concave lattice path,
let E(A) denote the number of lattice points in the region enclosed by
A and the axes, not including lattice points on A itself.

Example A.9. Using this terminology, we can state an alternative
formula for the ECH capacities of concave toric domains. Namely, we
have:

Theorem A.10. [3, Thm. 1.21] Let Q2 be concave. Then
(A.10) cx(Xq) = max{lo(A)|L(A) = K},
where the maximum runs over all concave lattice paths.

We will also use this fact in the proof.

Remark A.11. When € is convex, /g is, in fact, a (non-symmetric)
norm: it satisfies the scaling axiom fq(c-v) = ¢ - lq(v) whenever ¢ = 0,
and it satisfies the triangle inequality

(A.11) lo(v + w) < Lg(v) + Lo(w).
To see why (A.11) holds, for a fixed v € R? consider the function
r—v-x

on R?. This is maximized over Q on 09, at points « at which v is normal
to 2 and pointing outward. (When 02 is not smooth, we consider any
vector v such that (A.7) holds a tangent vector, and we consider any
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vector normal to a tangent vector a normal vector.) It follows that
x — v x x is maximized at the point pg, from Definition A.6. We,
therefore, have

lo(v+w) = (V+ W) X Poytw < U X Doy + W X PQw,
hence, (A.11).

A.3. ECH capacities of convex domains. We can now give the
proof of the main theorem of this appendix.

Proof of Theorem A.1. Recall from §2 that the first step of the weight
expansion for Xq determines regions €21, Q2 and Q3 such that Xq, is a
B(b) and Xq, and Xq, are concave toric domains. For a given k > 0,
we claim a series of inequalities

cr(Xa) < kfgilgk{Ckl(Xm) - Cl(H B(bi))}

kl_gi—l}c;,»:k{ckl (Xay) — ey (Xa,) — crs(Xay)}

min{lo(A) | L(A) = k + 1}
ck(Xa),

which proves the theorem. (We are justified in writing a minimum rather
than an infimum throughout, by Remark A.2.) Here and throughout
the proof, ki, ko, k3 and I denote nonnegative integers. We now explain
the proofs of the above inequalities.

Step 1. By the definition of the weight expansion, there is a symplec-
tic embedding

(A.12) <
<

Xo o (] [int(B(b:) — BO)

2
It then follows from the Monotonicity axiom (1.1) and the Disjoint
Union property (5.2) that for any k; and [

ck (Xo) + Cl(H B(bi)) < cx,11(B(D)).

This proves the first inequality of (A.12).
Step 2. Since the weights of (25 and €23 collectively correspond to the
negative weights of {2, we have

L {0 (Xos) + 0 (X0} = e 3 (B00) = ] 509

by (A.6). This proves the equality on the second line of (A.12).

Step 3. To prove the third inequality of (A.12), given any convex
lattice path A with £(A) — 1 = ko > k, we show how to choose ki, ko
and k3 with k1 — ko — k3 = k so that

(A.13) la(A) = g, (Xa,) — ey (Xa,) — ks (Xay).-
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Write A as a concatenation AgA;A3z of paths so that 6(A%), A(A) and
0(A%) take values in (0, 37/4), {37/4} and (37/4,37/2), respectively. As
in the definition of the weight expansion, Ay and Aj are affine equivalent
to concave lattice paths A and Ag, respectively. Also, let A1 denote the
linear path from (0, a) to (a,0) extending Ay. We take ky = £(Ag), ks =
L(As3) and ky = k+ kg + k3. Observe that £(A1) —1 = ko+ ko + ks > ki.

By (5.1) and the fact that the ECH capacities of any symplectic
manifold are nondecreasing, we then have

o, (A1) = Crotha+ks (B(b)) = ek, (B(D)).
By (A.10),
la,(A2) < ey (Xay),
and
Loy (A3) < ey (Xay)-
Moreover, by the argument in Step 4 of [3, §2.1],
lo(A) = Lo, (A1) — Lo, (A2) — Lo, (Ag).
We substitute the previously obtained bounds into the above to obtain
(A.13).

Step 4. Consider a dilation © of by a factor A < 1 about an interior
point of Q. Then, Xg is a disk bundle over T2, and by [14, Thm. 1.11],

there is a closed convex path A with corners on lattice points so that

~ ~ ~ A~

[,A(A) =k + 1 and /5(A) = cx(2). Here, L(A) denotes the number of
lattice points in the region enclosed by A, including the ones on the

boundary, and fg(A) is defined by (A.9) as in the case of a convex
domain.

Consider the part A of the path A consisting only of edges with 0 <
O(v) < 3m/2. Then A is a convex lattice path (after translation if
necessary) with L(A) > k+ 1 and KQ(]X) = Mq(A). Hence, by the
Monotonicity axiom,

la(A) = cr(Q)/A < cr(Q)/A.
Taking the limit as A — 1 proves the last inequality. q.e.d.

We close with the following analogue of the formula from [14, Thm.
1.11].

Corollary A.12. Let Q) be a convex toric domain. Then
cx(Xq) = min{lo(A)|L(A) = k + 1},
where the minimum is over convex lattice paths A.

Proof. As part of the proof of Theorem A.1, we saw that this formula
holds when the minimum is taken over A with £(A) > k + 1. Thus,
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to prove the theorem, it suffices to show that given any lattice path A,
there is another lattice path A’ with

(A.14) LN)=L(A) =1,  lo(A) <Lg(A).

We can define such a path by using an analogue of the “corner rounding”
operation from [15]: specifically, given A we define A’ by choosing any
vertex other than the origin, removing the lattice point corresponding
to that edge, and taking the convex hull of the remaining lattice points.
This satisfies the first equation in (A.14) by definition, and it satisfies
the second equality by the triangle inequality (A.11). q.e.d.

References

[1] P. Biran, Symplectic packing in dimension 4, Geom. Funct. Anal. 7 (1997), no. 3,
420-437, MR1466333, Zbl 0892.53022.

[2] O. Buse and M. Pinsonnault, Packing numbers of rational ruled 4-manifolds, J.
Symplectic Geom. 11 (2013), no. 2, 269-316, MR3046492, Zbl 1302.53093.

[3] K. Choi, D. Cristofaro-Gardiner, D. Frenkel, M. Hutchings, V. Ramos, Symplec-
tic embeddings into four-dimensional concave toric domains, J. Topol. 7 (2014),
no. 4, 1054-1076, MR3286897, Zbl 1308.53125.

[4] D. Cristofaro-Gardiner, D. Frenkel, and F. Schlenk, Symplectic embeddings of
four-dimensional ellipsoids into integral polydiscs, Algebr. Geom. Topol. 17
(2017), no. 2, 1189-1260, MR3623687, Zbl 1362.53085.

[5] D. Cristofaro-Gardiner, R. Hind, Symplectic embeddings of products, Comment.
Math. Helv. 93 (2018), no. 1, 1-32, MR3777123, Zbl 06856858.

[6] D. Cristofaro-Gardiner, R. Hind, and D. McDuff, The ghost stairs stabilize to
sharp symplectic embedding obstructions, J. Topol. 11 (2018) no. 2, 309-378,
MR3789827, Zbl 1394.53080.

[7] D. Cristofaro-Gardiner, T. Holm, A. Mandini, and A. Pires, in preparation.

[8] D. Cristofaro-Gardiner, M. Hutchings, and V. Ramos, The asymptotics of
ECH capacities, Invent. Math. 199 (2015), no. 1, 187-214, MR3294959, Zbl
1315.53091.

[9] D. Cristofaro-Gardiner and A. Kleinman, Ehrhart polynomials and symplectic
embeddings of ellipsoids, arXiv:1307.5493.

[10] D. Frenekl and D. Miiller, Symplectic embeddings of 4-dim ellipsoids into cubes,
J. Symplectic Geom. 13 (2015), no. 4, 765-847, MR3480057, Zbl 1339.53082.

[11] J. Gutt and M. Usher, Symplectically knotted codimension-zero embeddings of
domains in R*, arXiv:1708.01574.

[12] R. Hind and S. Lisi, Symplectic embeddings of polydisks, Selecta Math. (N.S.)
21 (2015), no. 3, 1099-1120, MR3366927, Zbl 1326.53115.

[13] M. Hutchings, Fun with ECH capacities, blog post at floerhomology.
wordpress.com.

[14] M. Hutchings, Quantitative embedded contact homology, J. Differential Geom.
88 (2011), no. 2, 231-266. MR2838266, Zbl 1238.53061.

[15] M. Hutchings, Beyond ECH capacities, Geom. Topol. 20 (2016), no. 2, 1085—
1126, MR3493100, Zbl 1338.53119.



232

(16]

(17]
(18]
(19]
(20]
(21]
(22]
23]

(24]

(25]

[26]

(27]
28]
29]

(30]

D. CRISTOFARO-GARDINER

M. Hutchings, Lecture notes on embedded contact homology, Contact and Sym-
plectic Topology, Bolya Society Mathematical Studies 26 (2014), 389-384,
Springer, MR3220947, Zbl 06489482.

P. Kronheimer and T. Mrowka, The genus of embedded surfaces in the projective
plane, MRL 1 (1994), no. 6, 797-808, MR1306022, Zbl 0851.57023.

P. Kronheimer and T. Mrowka, Monopoles and three-manifolds, Cambridge Uni-
versity Press, 2008, MR2388043, Zbl 1158.57002.

B. Li and T. Li, Symplectic genus, minimal genus and diffeornorphisms, Asian
J. Math 6 (2002), no. 1, 123-144, MR1902650, Zbl 1008.57024.

D. McDuff, Symplectic embeddings of 4-dimensional ellipsoids, J. Topol. 2
(2009), no. 1, 1-22, MR2499436, Zbl 1166.53051.

D. McDuff, Corrigendum to “Symplectic embeddings of 4-dimensional ellip-
soids”, J. Topol. 8 (2015), no. 4, 1119-1122, MR3431670, Zbl 06525836.

D. McDuff, From symplectic deformation to isotopy, in Topics in symplectic
4-manifolds, 85-99, International Press (1998), MR1635697, Zbl 0928.57018.

D. McDuft, The Hofer conjecture on embedding symplectic ellipsoids, J. Differ-
ential Geom. 88 (2011), no. 3, 519-532, MR2844441, Zbl 1239.53109.

D. McDuff and E. Opshtein, Nongeneric J-holomorphic curves and singular
inflation, Algebr. Geom. Topol. 15 (2015), no. 1, 231-286, MR3325737, Zbl
1328.53106.

D. McDuff and D. Salamon, J-holomorphic curves and symplectic topology,
Coll. Publ. 52, Amer. Math. Soc., Providence, RI (2004), MR2045629, Zbl
1064.53051.

D. McDuff and F. Schlenk, The embedding capacity of four-dimensional sym-
plectic ellipsoids, Ann. of Math. (2) 175 (2012), no. 3, 1191-1282, MR2912705,
7Zbl 1254.53111.

E. Opshtein, Problemes de plongements en géometrie symplectique, Habilitation
a diriger des recherches.

V. Ramos, Symplectic embeddings and the Lagrangian bidisk, Duke Math. J. 166
(2017), no. 9, 1703-1738, MR3662442, Zbl 1370.53057.

D. Salamon, Spin geometry and the Seiberg—Witten invariants, available at
people.math.ethz.ch/~salamon.

F. Schlenk, Embedding problems in symplectic geometry, de Gruyter Expositions
in Mathematics, 40, Walter de Gruyter GmbH and Co., KG, Berlin (2005),
MR2147307, Zbl 1073.53117.

M. Symington, Symplectic rational blowdowns, J. Differential Geom. 50 (1998),
no. 3, 505-518, MR1690738, Zbl 0935.57035.

C. Taubes, Seiberg—Witten and Gromov invariants for symplectic 4-manifolds,
International Press, 2000, MR1798809, Zbl 0967.57001.

L. Traynor, Symplectic packing constructions, J. Differential Geom. 42 (1995),
no. 2, 411-429, MR 1338484, Zbl 0861.52008.

MATHEMATICS DEPARTMENT
UNIVERSITY OF CALIFORNIA

SANTA CRUZ, SANTA CrUz CA 95064
USA

E-mail address: dcristof@ucsc.edu




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType true
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 100
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 100
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /FlateEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


