J. DIFFERENTIAL GEOMETRY
107 (2017) 373-393

THE NONEQUIVARIANT
COHERENT-CONSTRUCTIBLE CORRESPONDENCE
FOR TORIC SURFACES

TATSUKI KUWAGAKI

Abstract

We prove the nonequivariant coherent-constructible correspon-
dence conjectured by Fang—Liu—Treumann—Zaslow in the case of
toric surfaces. Our proof is based on describing a semi-orthogonal
decomposition of the constructible side under toric point blow-up
and comparing it with Orlov’s theorem.

1. Introduction

The nonequivariant coherent-constructible correspondence (NCCC)
is a relation between the derived category of coherent sheaves on a toric
variety and the derived category of constructible sheaves on a torus.
NCCC is discovered by Bondal [3] and formulated in terms of microlocal
sheaf theory by Fang-Liu-Treumann—Zaslow [4] as follows.

Let M be a free abelian group of finite rank and N be its dual
free abelian group. Let further > be a smooth complete fan defined
in Ng = N ®z R and Xy, be the toric variety defined by . We write
the bounded derived category of coherent sheaves on Xy, by DP (coh Xx)
and the bounded derived category of constructible sheaves on Mg /M
by DY (Mg/M). Here constructible sheaf means R-constructible sheaf
in the sense of [6, §8.4]. We define Ay, C T*Mgr/M as the coset of
As = U, ex (O‘J‘ + M) X (—0) C Myr x Ng = T*Mgr. We write the full
subcategory of DY (Mg/M) spanned by objects whose microsupports
are contained in Ay by Db (MR /M, E) It is known that there exists
a fully-faithful functor

wy; : DP (coh Xx;) < DE (Mg /M, Ay),
which will be defined in (3.12).

Conjecture 1.1 (NCCC conjecture [5, 11]). The functor kx is an
equivalence of triangulated categories

(1.1) D" (coh Xy) = DY (Mg/M, Ay).
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This conjecture is proved in special cases ([11, 10], see also Theorem
3.2). The equivariant version of this conjecture is called the coherent-
constructible correspondence and proved by Fang-Liu-Treumann—
Zaslow [4].

In this paper, we prove Conjecture 1.1 in dimension 2:

Theorem 1.2. Conjecture 1.1 holds for any 2-dimensional smooth
complete fans.

Our proof is based on Theorem 1.3 below.

Theorem 1.3. Let X be an n-dimensional smooth complete fan and )y
be its blow-up at a torus fixed point. Then there exists a semi-orthogonal
decomposition
(1.2)

DY (Mz/M, Ks) = (D(p.Cln-1).2)s s D(p-C7), DE (M /M, As) ).

Here p: Mr— Mg /M is the quotient map, D is the Verdier duality
functor, and Z is a locally closed subset of Mg which will be defined
in (4.1). This formula is an analog of Orlov’s theorem on the semi-
orthogonal decomposition of derived category of coherent sheaves under
blowing-up [9, 2]. In the situation of Theorem 1.3, Orlov’s theorem
says that the derived category of coherent sheaves on Xy has a semi-
orthogonal decomposition

(1.3)  DP (coh Xg) = <(9E((n —1)E),...,O0p(E), 7D (coh Xg)>,

where m: X — Xy is the blow-up morphism and E' is the exceptional
divisor. In Lemma 4.1, we will prove rg(Op(kE)) = D(p.Crz)[—n].
Then one can identify Theorem 1.3 with Orlov’s theorem via NCCC.
Comparing the semi-orthogonal components, we have the following:

~ Theorem 1.4. Let X be an n-dimensional smooth complete fan and
X be its blow-up at a torus fized point. Conjecture 1.1 holds for X if and
only if so is for 3.

In the case of toric surfaces, toric MMP and Theorem 1.4 allow us to
reduce Conjecture 1.1 to the case of P! x P! which is already proved by
Treumann [11].

Nadler and Zaslow [8, 7] identifies the derived Fukaya category of a
cotangent bundle with the bounded derived category of constructible
sheaves on its base space. By using this result, Fang—Liu—Treumann—
Zaslow [5] relates NCCC with homological mirror symmetry. Combining
their results with our results, we obtain a version of homological mirror
symmetry for toric surfaces:

Corollary 1.5. Let X be a 2-dimensional smooth complete fan. Then
there exists an equivalence of triangulated categories

(1.4) D" (coh Xy;) = DFuk (T*Mgp/M, Ay).
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The notations will be explained in Section 2.

This paper is organized as follows. In Section 2, we briefly recall
microlocal sheaf theory of Kashiwara—Schapira [6]. In Section 3, we
review an aspect of the NCCC and collect notations. In Section 4, we
prove Theorem 1.3. Finally, in Section 5, we give a proof of Theorem 1.2
and 1.4.
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2. Backgrounds from microlocal sheaf theory

Let Y be a differentiable manifold and DP (ShY') be the derived cat-
egory of Cy-module sheaves on Y. In this section, we always assume
that n > 2.

Definition 2.1 ([6, Definition 5.1.2]). For & € D (ShY), the mi-
crosupport SS(E) of € is a closed subset of T*Y defined as follows;
for (z,£§) € T*Y, (x,€) is not contained in SS(E) if there exists an
open neighborhood V of (z,¢) such that for any C' function v with
Graph(dy) C V and

(2.1) (RT (3} () 2ep(a)} € )z =2 0.

The microsupport detects the direction where the cohomology of the
sheaf does not extend isomorphically.
For a cone v C Ng, we define the dual cone vV as

(2.2) 7Y i={m € Mg | {m,n) >0 for any n € v}.

For a subset Z C Y, we write the interior of Z by Int(Z) and the relative
interior of Z by Relint(Z). We say a closed convex cone 7y is proper (or
strongly convex) if it satisfies v N (—v) = {0}.

Proposition 2.2 ([6, Proposition 5.1.1]). For & € DP (ShR") and
(x0,&0) € T*R™, (z0,&) € SS(E) is equivalent to the following: For
any neighborhood V' of xqy, any positive integer €, and any proper convex
cone & with & € Int(8), there exists x € V' such that

(2.3) RT(H N (z — 6),&) 2 RU (LN (z — 0),E),
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where
(2.4) H:={y e R" | ({y —z0,&) > —¢},
(2.5) L:={y e R" | (y — x0,&) = —¢}.

Theorem 2.3 (the non-characteristic deformation lemma [6, Propo-
sition 2.7.2]). Let I be an open interval in R, {Us}ser be a family of
open subsets in Y, and & € DP(ShY) satisfying the following:

(1) Us = UUt for any s € 1.
t<s
(2) U\Us is relatively compact for any (s,t) € I2.
(3) (Rfy\Uté’)x ~0 for any s <t and x € (=, CLUU,\Us)\Uy where
Cl denotes taking closure.

Then, we have RT (U,e; Us, €) = RL (Us, E) for any s € 1.

Theorem 2.3 holds even if Y is not a manifold but Y is simply a
Hausdorff topological space.

For a subset Z of Y, we define the strict normal cone N, Z C T,Y
of Z at x € Y as follows; the tangent vector £ € T,.Y is not contained
in N,Z if there exists a local coordinate U of x and two sequences
{z;}ien C U\Z and {y; }ieny C U N Z satisfying convergence conditions;
i, yi—x and x; — y;/|zi — yi|—=€&/€| in U. We define the conormal cone
N:Z of Z at x as the dual cone N, Z" of N, Z.

u>s

Lemma 2.4. Let v be a closed convexr cone in R™. Then we have
1) Nigv=+~", and

2) Ng(R™\y) = —".

Proof. These are clear from the definition of conormal cone. q.e.d.

We say a subset Z of R™ is polyhedral if it is defined by finite linear
inequalities.

Lemma 2.5. Let Z,W C R" be a polyhedral subset. Then we have
(2.6) N (ZNW)=N;Z+ N;W,
forze ZNW.

Proof. This is also clear from the definition of conormal cone. q.e.d.

Figure 1 shows some examples of Lemma 2.4.

Lemma 2.6 ([6, Corollary 5.4.9]). We use the same notation as in
the previous lemma. For £ € D (ShY'), we assume that SS(E)NN*Z C
{(x,0)}. Then, we have (RI'z(£)), ~ 0.

Lemma 2.7. Let v C R" be an n-dimensional closed polyhedral con-
vex cone. We assume that there exists a proper n-dimensional closed
polyhedral convex cone § C R™ such that —d N~ = {0}. For & €
DP (ShRR™), we further assume that there exists a neighborhood U of 0
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Figure 1. Some examples of conormal cone.

such that SS(E) NU x (Relint(yY) + 6Y) = & under the canonical iden-
tification T*R™ = R"™ x R™. Then, we have (RI';(£)), ~ 0.

Proof. We take a family of closed convex polyhedral cones {7s } s¢[0,00)
having the following properties;
(1) v\{0} C Int(ys) for any s € [0, 00),
(ii) vs C vy for s > ¢,
(iii) ﬂse[o,oo) Vs =7
(iv) =6 Ny = {0}.
Take x € Int(d), then 0 € (—Int(6) + cx) N~ for any ¢ € (0,1) and
t € [0,00). The assumption (iv) tells us that {(—=d + cx) N Y }eeo,1)
forms a neighborhood system of 0 in ~,. Hence we can take sufficiently
small ¢ such that (—§ + cz) Ny C U. In the following, we rewrite cx

as .
We define

%} f
(2.7) V. = or s <0,
(Int(—0) + sx)NU for s € [0,1).
Fix some s € [0, 1] and ¢ € [0, 00) we define
(2.8) Uy := Vs U (Vi\m),
for w € (—1,1). Here Vs = @ for us < 0. Then we obtain a family of
open subsets U := {Uy },e(—1,1)- Since (t—s)-x € Int(5) for s < ¢ € [0, 1),
we have V; C V;. Hence we have (1) of Theorem 2.3 for U.
We also have (2) of Theorem 2.3 since (—0 +x) N~y C U.
For any a < b, the set (.., ClL(U\U,)\Up is empty or OV,s N~y At
x € OVys Ny, we have
= Nz (R"\Vius) + Nz (R™\(Vi\ 1))
= =Ny (Vus) + Nz ()
o+

c>a

(2.9)

by Lemma 2.4 and Lemma 2.5. By the assumption (i), v,"\{0} is con-
tained in Relint(y") for ¢ € [0, 00). Hence, we have U x~,NSS(E) C {0}.
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Since OV Ny, C U, SS(E)NU x (6¥ +;") = {0}. Then, by Lemma 2.6,
{Uu}ue(~1,—1) satisfy (3) of Theorem 2.3. Hence we can use Theorem
2.3 and we have

(2.10) RI(Vs, &) = RT(Vi\y, E).

In other words, we have RI',, (Vi,&) ~ 0 for any s and t.
Taking the limit with respect to ¢, we have RI',(V;, &) ~ 0 for any
€ [0,1). Since —0 N~y = {0}, we know that {Vs N ~v}.g[o,1) is an open
neighborhood system of 0 in v. Finally, we have (RI',(£)), ~ 0. q.e.d.

Let £ =2 R" be a vector space and v C E be an n-dimensional closed
polyhedral convex cone. For a face 7 of 7V, we define a subset R, of E
by

(2.11) R, = ﬂ (TJ'\O'J'),
ety

where 7 < 0 means 7 is a face of o.

Lemma 2.8. Let v C E = R" be an n-dimensional closed polyhedral
convex cone. Let further § be an n-dimensional proper polyhedral closed
conver cone. For & € DP (Sh E), we assume the following:

(i) There exists a neighborhood V' of 0 such that (V\7y) x (6 +~Y)N

SS(E) € (V\) x {0} U pgr<pv Br X 7.
(ii) There exists & € Relint(y") N Int(8Y) such that (0,&) € SS(E).
In particular, v N (—0) = {0}.
(iii) (vY\Relint(y¥))NéY = {0}.
(iv) Int(y) NInt(d) # .
Then, for any neighborhood U of 0, there exists x € U such that
RIy (=0 +,&) # 0.

Proof. We note that (ii) and (iv) imply a family of closed subsets
{(x =0)N~y |z €Int(y) NInt(d)} forms a neighborhood system of 0 in
7. Combining with & € Int(6¥) from (ii), we can take a sufficiently
small € and x¢ € Int(y) N Int(§) such that W := (zg — ) NH C V. NU
where

(2.12) H:={yeV|{y&) = —e}.

We define an open neighborhood W of 0 by W := Int (W) Propo-
sition 2.2 and the property (0,&y) € SS(€) from (ii) ensures that there
exists € W such that

#

(2.13) RI'(HN(z—90),E) >R (LN (x—9),E),
where
(2.14) L:={yeV|[(y&)=—c}

By the definition of W, it follows that H N (x — ¢§), LN (x —9) C V.
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Let us assume that (z — §)Ny were empty. Then take yy € Relint((x—
dN~)NL). From & € Relint(y") of (ii), we can define a family of open
subsets V :={Vi} c(_114q) of H with

(2.15) Vs = (sz+ (1 —s)yo — Int(d)) N H when s € (0,1 + «),

where a > 0 is taken to be sufficiently small to satisfy Vi, C V\7.
The family V clearly satisfies (1) and (2) of Theorem 2.3. For s > ¢,
the subset (,~, CL(V,\Vs)\V; is @ or (sz + (1 — s)yo — d6) N H. Hence
the normal cone N;(VHQ\VS) is contained in & + 6 = §Y for y €
MNuss CL(VA\Vs)\V;. Since Vipq C V\7y, (i) and (iii) tell us that SS(£) N
Ny (Vita\Vs) = {y} x {0} for y € M,~, CL(Vu\V5)\V;. By Lemma 2.6,
V satisfies (3) of Theorem 2.3. Theorem 2.3 says that

(2.16) RI' (Vita, &) = RO (LN ((1+a)z — ayy —6),E),
for any sufficiently small . Taking o — 0, we have
(2.17) RT(H N (z —96),E) = RL (LN (z—9),E).

This contradicts to (2.13), hence we have (z — ) Ny # 2.

We again define a family of open subsets V!, := {V;a}se (—1.1)
with

(2.18) Vi =((s = 1)1+ a)z+ (1 - s)yo
+ ((1 + @)z — Int(6)\y)) N H when s € (0,1),

of H

where « is taken to be sufficiently small to satisfy Vi, C V. It is clear
that the family V!, satisfies (1) and (2) of Theorem 2.3. For s, we define
two sets:
(2.19)

Zi:i=((s—1)(A+a)z+ (1 -5y + (1 +a)x—05)\y))NH,
(2.20)

Zy:=(s =11+ )z + (1 -s)yo+ (1 + )z —35)NIy).

Then, for s < t, 5, CL(Va \VI o) \Viy is @ or Z1 U Zy. If y €
Z1, the normal cone N (V{ \V{,) is contained in ¢", hence we have
SS(E) N N (V] ,\Vi,) = {y} x {0} by (i) and (iii). On the other hand,
we have a decomposition Zy = | | - v W, where W, is defined by

=0
(221) Wri=(s—1)1+a)z+(1—-3s)yo+ (1 +a)z =) NR N7).

Since yo — z € —Int(y), we have (yo — x,7"\{0}) < 0. Then we have
WTnUT-<O’-<’yv Ry U, -, Ry = @. Moreover, if o is not a face of 7 and

T is not a face of o, o N 7 is a proper face of ¢ and 7. For y € W, we
have

(2.22) Ny (Vi \Via) = {y} > (f(87) +7).
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where f(8") is one of the faces of 6V. By (iii), we can see o N (6" + 7)
is a proper face of 0. Taking intersection of Ny (Vl’@\‘/s’,a) with the
inclusion relation of (i), we have

(2.23) SS(€) NRelint (N, (V] ,\VZ ) = @.
By Lemma 2.7, the family V!, satisfies (3) of Theorem 2.3 and we have
(2.24) RT (HNV{,,E) = RO(LN((1+a)z —ay — 9),E).
Take a — 0, then (2.24) becomes
(2.25) RI(H N (z -6\, &) = RT (LN (z—96),E).
Combining this with (2.13), we have

#

(2.26) RI'H N (z—96),E) > RI(HN(z—9)\7,E).
Hence we have RI'y (H N (x —6),€) % 0. Since v C H, we conclude
RI, (x —0,€) # 0. q.e.d.

3. A review of NCCC

Let M be a free abelian group of rank n and N be the dual free
abelian group of M. We consider a smooth complete fan ¥ defined in
Ng := N ®zR and the associated toric variety Xy. For o € X, we write
the corresponding affine toric subvariety of Xy by U, and the open
immersion by i, : U, — Xx. The theta quasi-coherent sheaf associated
too € X is

(3.1) 0'(0) == O, := iy, Oy, € DP(QeohXy),

where DP(QcohXy) is the bounded derived category of quasi-coherent
sheaves. It is known that DP(coh Xyx) C <@(a)>062, where () denotes
the generated full subcategory [11, Proposition 2.6].

We define the theta quasi-constructible sheaf associated to o € X as

(3.2) 8(0) = pD(Cyv) € Db (Mz /M),

where p: Mr — Mg/M is the quotient map, D: DEC(MR) — DEC(MR)OP
is the Verdier duality functor, C,v is the zero-extension of the constant
sheaf on ¢V, and DEC(MR /M) is the bounded derived category of quasi-
constructible sheaves of C-modules. Here, quasi-constructible (weakly
constructible in [6]) means that it is locally constant along some strat-
ification but not necessarily of finite rank.

For m € 7V, one can define ), € HomODb(QCOhXE)(@(a),@(T)) the
multiplication by the character x™;

(3.3) 0 (o) X a(r).



NCCC FOR TORIC SURFACES 381

This correspondence induces an isomorphism
(3.4)
Cl[rYNM] when o D7 andi=0,

Homﬁ')b(Qcthz)(@(a)’@(T)) = {0 otherwise.

Similarly, for m € 7V, one can define 6,,, € Hom%B(MR/M) (6(0),0(7))
as the composition

no(r7y,,.) 50r)

. . Vv
where x™ is the character corresponding to m and v, : Cov—=Cov iy

(3.5) Om: O(0) = pD(Cov) = pD(Cov )

g
is the restriction map. This correspondence induces an isomorphism

(3.6)
- L Clr¥NM] whenoD7andi=0
Hom! O(0),0 = '
OmDB(MR/M)( () (T)) {0 otherwise.
The category F(E) is a dg-category whose set of objects is ¥ and
Hom-spaces are defined by

C[rV¥NnM] when o D7 and i =0,
0 otherwise,

(3.7) hom;@) (0,7) = {

with trivial differentials. We write the full sub dg-category of
D% (QcohXy) (resp. DZZ (Mgr/M, Ay;)) spanned by {@(0)}062 (resp.
{6(0)}, es) by /4y (resp. ©44). Then we have two quasi-equivalences
of dg-categories

(3.8) I'(Ag) — O,
(3.9) I(As) — Og44.

Hence, we also have the quasi-equivalence of perfect dg-modules of dg-
categories Pery,0';, ~ Perg,04,. We write the equivalence induced on
the homotopy categories by

(3.10) Kzi <@>O’EZ i) HO (Perdg@dg) — HO (Perdg@dg) i) <@>UEZ'

By the definition, Ky, sends ©'(c) to ©(c) and 6!, to 6,, [11, Theorem
2.3].
To describe NCCC, we identify Mg x Ng = T* Mg and define

(3.11) A= (ai + M) % (—0) C T* Mg,

oceX
and Ay C Mg/M x Ng = T*Mgr/M as the image of the Ay under
the projection p : T* Mr—T*Mg /M. We write the full subcategory of
D?(Mpg/M) whose objects have microsupports in Ay by DP (Xx,Ax).
Treumann showed that the essential image of DP (coh Xx) by Ky is
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contained in DY (Mg/M, Ay) [11, Proposition 2.7]. Hence we obtain
the following functor

(3.12) Ky = Kx|pb(con xy) : D" (coh Xz) = DY (Mg /M, Ry).

The functor ky is fully-faithful, since it is a restriction of an equivalence.
Conjecture 1.1 is motivated by homological mirror symmetry. By
the result of Nadler—Zaslow [8] and Nadler [7], the derived Fukaya cat-
egory DFuk(Mg/M) of Mr/M and the bounded derived category of
constructible sheaves DY (Mg /M) on Mg /M are equivalent:

Theorem 3.1 (Nadler—Zaslow [8], Nadler [7]). For a real analytic
manifold X, there exists an equivalence of triangulated categories

(3.13) DP (X) = DFuk(T™* X).

Fang-Liu-Treumann-Zaslow [5] defined DFuk(7* Mg /M, Ay,) the es-
sential image of DP (MR /M, Tg) under Nadler-Zaslow’s equivalence.
Combining Theorem 3.1 with Conjecture 1.1, we have a version of ho-
mological mirror symmetry for toric varieties.

There are some results on Conjecture 1.1. We say a smooth complete
fan X is a zonotopal unimodular fan if ¥ is obtained from a hyperplane
arrangement and any linearly independent subset of the set of ray gener-
ators of ¥ can be extended to Z-basis of N. We say a smooth complete
fan Y is cragged when the following two conditions are satisfied:

1) For any subset S of ¥, the cone hull of S is a union of a subset
of .

2) For any linearly independent subset B of the set of ray generators
R, the lattice generated by Cone(B) N R has B as a Z-basis.

Theorem 3.2 (Scherotzke-Sibilla [10], Treumann [11]). Let ¥ be a
smooth complete fan.

1) Conjecture 1.1 holds when % is zonotopal unimodular [11, Corol-
lary 4.5].
2) Conjecture 1.1 holds when X is cragged [10, Theorem 6.11].

Both D (coh Xy;) and DY (Mg/M, Ay;) carry monoidal structures as
follows;

1) ® := ®%; derived tensor product in D (coh Xy;),
2) % :=my o X¥; the composition of

DP (Mg/M,As) x DY (Mg/M,As))
Db (Mg/M x My /M, Ry, x Ay)
DY (Mr /M, Rs),

where X is the exterior tensor product and m is the multiplication
map with respect to the group structure of Mg /M.
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Some general properties of ky; are known.

Theorem 3.3 (Fang-Liu-Treumann—Zaslow [4], Treumann [11]).
Let ¥ be a smooth complete fan and S be a smooth complete subdivi-
sion of ¥. Let further 7 : D" (coh Xx) — DP (coh XE) be the pull-back
along 7 : X¢— Xy which is the morphism associated to the subdivision.
Then we have the following:
(1) There exists a natural equivalence kg, o m° = 1o Ky where ¢ is the
inclusion functor D2 (MR/M, E) — DP (MR/M, TZ) implied by
Ay C As.

(2) The functor kx, is monoidal with respect to the monoidal structures
® and *.

(3) There exists a natural equivalence, D o ky, = a* o kyy o D where
D = RHom(—,0Oxy,) and o : My/M—Mg/M is the inversion
map x — —x.

4. NCCC and blow-up formula

Let M be a free abelian group with n :=rankM > 2, N be the dual
of M, and ¥ be a smooth complete fan defined in Ng. We write a
toric blow-up of Xy centered at a torus-fixed point by 7 : X5, — Xy,
the exceptional divisor by j : E — Xsx, and the corresponding ray by
pE € 3. We write the unique cone which corresponds to the affine toric
subvariety containing the blow-up point by o. € X. The cone o, is n-
dimensional and we write edges of o, by p1, ..., pn and the ray generator
of p; by e;. Then, we have e := Z?:l e; for the ray generator of pp.
Since o is smooth, {e;}I"; forms a basis of N. The dual basis of M is
denoted by {e/}™ ;.

We define a locally closed subset Z C My by
(4.1)

Z:={m e Mg | (m,eg) > -1} N{m € Mg | (m,e;) <0 for any i}.

Also recall that the functor

(4.2) kg, : D (coh Xx;) — D2 (Mg /M, Ay).

To prove Theorem 1.3, we prepare the following lemma.
Lemma 4.1. For k > 1,

(4.3) k5(0p(kE)) =~ D(p,Cz,)[—n],

where Zy, := k- Z and p: Mg — Mg/M is the quotient map.
Some examples of the subsets Z;, are depicted in Figure 2.

Proof. To calculate kg (Op(kE)), we first consider the following res-
olution;

(4.4) 0—0— O(FE) = Op(E)—0,
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Figure 2. Z; inn =2, Z; and Z5 in n = 3.

where we write Ox, by O.

Next, we take Cech resolutions:
(4.5)

0 ) . O(E) Op(E)

[ Tn [rn]

0—— @ Oy, —= @ Ou, (E)

o€8(n) o3 (n)

l l"'n—l [Tn—l]

0—= P o, "= P 0u(E) > Coker(en—1) —0
o€ (n—1) o€ (n—1)

| |

0

Coker(e,) —=0

Hereafter, we will ignore cones in 3 which do not contain pE, since they
are irrelevant for the calculation of Og(E) in the above diagram.
By definition, Oy, = ©’(¢). On each affine toric variety U,, we can

take some e; such that Xe]V Oy, (FE) = Oy, as asubsheaf of the constant
sheaf of the function field. We fix such j and write e; := eY. The exact
triangle,

46)  (0) X T(o) = Coker(x®?) M (o)1),

in DEC(MR/M) is sent to

(4.7) @(U)K&%(U) —— g, (Coker (x%) ) - B0

by k.
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On the other hand, there exists the following exact triangle in
D][;C (MR/M)

(4.8) Cov—ey ——= Cov —o Cz, [1] — Cov[1]

where the left arrow is the restriction map and Z, := (¢V —eY)\(c").
Note that Z, does not depend on the choice of e?. Applying p; oD to
this triangle, we have

ns(x7) Wy

(4.9) 6(0) O(0) pD(Cz,) —

Comparing (4.9) with (4.7), we have s, <Coker <Xeg>> =~ pD(Cyg,).
We next calculate xg([rg]). For o € (i +1) and 7 € (i), the

YooY
restriction map O, (E)—O;(E) is translated into ©'(c) 25 0/(r).
We define the sheaf C,v := Cyv_ey on Mg, then the restriction map

Cyv —>@Tv is mapped to kg <X5¥_6X> by applying pID. On the other
hand, we can see from the definition of £y, that the morphism induced on
Coker(e;)—Coker(€;—1) is mapped to the composition of the restriction
map Cz, —Cz_ and pD. By summing up the restriction maps Cov—Crv
with Cech signs and applying piD, we have ks (ri). Hence, we conclude
that g ([rs]) is obtained by summing up the restriction maps Cz, -Cz,
with Cech signs and applying piD.

Note that C, does not depend on a specific choice of e,. We can

observe that {ZU}pECaei@) forms a Vcovering of Z,,\Z1. Moreover,
{25}, coesy coincides with the Cech covering obtained from

{ZU}pECUei(Q)' Hence, we have

(4.10) Cy ~ @ Cz,—— P Cz— P Cz |,

oes(1 o€ (n—1) o€ (n)

where the differentials in the RHS are the Cech differentials, and we
regard the first term in the RHS is in degree 0.
To sum up, we have

(4.11)
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~ K ( EB Coker (Xeg) [n]— EB Coker (Xeg> n]—---

o€3(n) o€ (n—1)

— Coker (Xeg> [n] | [-n]
ses(1)
~ rg(Op(E)).
By Theorem 3.3 (2) and (3), we have
hg(Op(kE)) = D(Cyzy)) * -+ +D(Cp(z,)) -]
~ D(p.Cgz,)[—nl.
This completes the proof. q.e.d.

(4.12)

Proof of Theorem 1.3. We note that rs(Op(kE)) is exceptional for 1 <
k < n—1, since ks, is fully-faithful and Og(kE) is exceptional. We write
the triangulated hull of Og(kE) by Dy. Then, xs(Dy) is an admissi-
ble full subcategory of DP (MR /M, A_Z) We have a semi-orthogonal
decomposition [1],

DY (M /M. )
—t </€2(D_n+1), ey /ii(D_l),l </€2(D_n+1), ey H/i(D—l)>>-

Hence, it is enough to show that *(kg(D_pi1),...,ka(Do1)) =
DY (Mg/M, As).

(4.13)

Step 1 (C). For € € DE (Mr/M, Ay;), we have
(4.14) RHom(&,D(p«Cy,)) ~ RHom(p,Cz, ,D(E)).

We will show that this cohomology vanishes for 1 <k <n — 1.
Let us first reduce the vanishing of (4.14) to (2) of Lemma 4.2. We
define

(4.15) F:= {m = aie) € Mg

i=1

—1<a; < 0}\M,

and Zy, == Z N F, then
(4.16)

Zi\Zy,

n

= U {m = Z aieiv € 7

1<j<k i=1
11+~~~+lj=—k‘

12{11772J}C{1,,n}

lp<ap<lp+1 for any pel,
—1<aq<0 for any ge{1,....k}\I (~
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By induction, we only have to show
(4.17) RHom(p*(CZk,]D(é')) ~ 0,

to prove the vanishing of (4.14). Since there exists an exact triangle for
k>2

1
(4.18) (CZk—XCZk—)(CZ,FI u) Czk[l],
where Zk = Zk — Zk_l, we can further reduce the vanishing to
(4.19) RHOHl(p*(CZk,]D)(S)) ~ RT, 7, (Mg/M,DE) = 0,

where we define Z; := Z;.
We define the subset Uy of Myr/M by

(4.20) Uy = p(Uk>,
(4.21) Uy, == F\Zy_1,

then p(Zk) is a closed subset of Uy, (Figures 3, 4 and 5). Here we set

Zy = @. In the following, we fix an integer k with 1 < k < n — 1. Then,
we have the following exact triangle:
(4.22)

(1]
RFP(Zk)(Uk,DE)%RF(Uk,]DS)—>RF(U;€+1,Dg)%RFp(Zk)(Uk,Dﬁ)[l].
Now the following lemma is clear:
Lemma 4.2. For £ € DP (MR/M, TE), the following are equivalent:

(1) RHom(E,D(p«Cy,)) ~0 for 1 <k <n-—1.
(2) RT (Ug,DE) = RT (Upy1,DE) for 1 <k <n— 1.

We will show the isomorphism (2) above in what follows. Let us
define the family of open subsets V := {V;}_ ) of Uy (Figures 6 and

7) by
Uk+t1 for s € (—00,0),
Uk+1Up<<l~]k—1—;s-eE)ﬂF) for s € [0,1).

Then, V obviously satisfies (1) of Theorem 2.3.
For s <t < 1, we have
(4.24)

Vt\VSZ{

(4.23) V= {

g or
p((Uk—l—;S-eE) N{ne Ne|(n,en) Z—k—t}ﬂF).

It follows that V;\V is relatively compact in Uy, i.e., V satisfies (2) of
Theorem 2.3.
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0]

Figure 5. Us and Us in n = 3.

For s < 't, we have

(4.25) () CLVA\VI\V; = {p((aﬁk —Lep)NF) ifs=t>0,
1%}

w>s otherwise.

Take y € p(((?(jk — % . eE> ﬂF). We can see that there exists a

neighborhood B(y) of y such that v := N, (U;\V;) and Uy \V; is canoni-
cally isomorphic in B(y). The cone + is an n-dimensional closed polyhe-
dral convex cone which is contained in e}, under the canonical identifica-
tion Ty Mgr/M = Mg. Take an n-dimensional proper closed polyhedral
covex cone § C Ng such that Y | R>q-¢;\{0} C Int(d) and § C Int(e)).
We also have v C e},. Hence we have —§ N~y = {0}. We can also see
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Figure 7. Vy, Vo5 and V4 in n = 3.

that 6Y\{0} C 7 | Rsg - e} and

V= N © N ({0 -

n
C ZRZO - €.
=1

Hence we have Relint(y") + 8" C > | Ry - €;.

Since SS(DE) = —SS(£) C —Ay, we have Uy x (UL, Rsoei) N
SS(DE) = @. Hence, by Lemma 2.7, we obtain (RI'y,\y, (DE)), =~ 0.
Then we can use Theorem 2.3 for V and we know the middle ar-
row of (4.22) is an isomorphism. By Lemma 4.2, we conclude that

€ et (hg(Dont1), s kg (D1)).
Step 2 (D). Conversely, take £ € “(kg(D_y41), ..., gy (D—1)). We have
to show that SS(€) C Ay, or equivalently,

421 ssEn U p(Rehnt<(al + M) N F)) x (—0) = &.

ppCocx
dimo<n

1—s

- E)) NI (p(F))
(4.26)

For a proof by contradiction, we assume that there exists an element
([zo], —&o) in the LHS of the above (4.27). Since SS(£) is a conic La-
grangian subset [6], we can assume that & € Relint(o) for some o € 3
such that pp C o and dimo < n. Fix k € {1,..,n — 1}, then we can
take the unique lift 29 = Y ;" | azef € Mg satisfying —1 < a; < 0,
Z?:l a; = —k.
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We can see that there exists a neighborhood B([zg]) of [xg] such that
¥ = Nz (U \Ug41) is canonically isomorphic to Up\Uk41 in B([zo]).
Moreover, via the canonical identification T[xO}MR/M =~ Mg, we have
4 = ¢Y. On the other hand, we can take an n-dimensional proper
polyhedral closed convex cone § such that 37 Rsq-e)\{0} C Int (5),

6¥ N (3Y\Relint(5")) = {0}, and & € Int (5V>

The cones 4 and & clearly satisfy (ii)~(iv) of Lemma 2.8. By the
definitions of 4 and 0, (SV + ’yv> C Y7 Rxo-e). Since SS(E) C As,
we have

(128)  SSE)N (Bzo)\7) x (5 +7)

In the second line, we use the canonical identification B ([xo]) <
Tipo)Mr /M = Mg. This shows that § and 7 also satisfy (i) of Lemma 2.8.
By Lemma 2.8, there exists x near xg such that

(4.29) RT 0,00 (p((a: . 5) N Uk\ﬁk+1> , ]DE) £ 0.
We define S := p(ﬁk\ﬁk.i_l N (m — 5)) Then we have

(4.30) RT (U1 U S, DE) % RT (Ugs 1, DE).

We define a family of open subsets V' := {V{}s¢(_oo0,1) in Uy (Figure 8)
by
(4.31)
V! =

s

Ugt1US for s € (—00,0),
{Uk+1 USUp(Fﬂ (s- (Uk —x) +x)) for s € [0,1).

We can see that the family 1’ satisfies (1) and (2) of Theorem 2.3.
For s <'t, we have

(4.32) () CLVAVINV, =

u>s

WiuWeuUuWs s=t2>0,
%] otherwise,
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Figure 9. S, W, in n = 2.

where
(4.33)

Wi :=p(Fﬂ (s- (aﬁk - x) —i—x))\(Cl (U 1) U S),
Wy := 08 ﬂp(Fﬂ (s- ((ij — :c) +£L’))\W3,

W3 ::p({meMR | (m,eg) = —k—1}N (s- (8(7k—x) —|—x>>

Some examples of W; are depicted in Figure 9.

We take y € (1,5, CL(VA\VI)\V, for 0 < s < 1 and define a cone ¥
as 4 := Ny (U, \VJ). There exists a neighborhood B(y’) of y' such that
7 is canonically isomorphic to Ug\V/ in B(y').

If y € Wy, we have 4V C Y 7" | R>¢-¢; via the canonical identification
T Mg /M = Ng. Since DE does not have its microsupport in its first
quadrant at y, we have (RT,\yy (]D)é'))y ~ ( by Lemma 2.6.

If y € Wi, we have 4¥ C >, R>¢ - ¢;. On the other hand, the
microsupport of DE at y is contained in a face of > 1 | R>( - ¢;. Hence
we have (RTp,\v: (]D)S))y ~ 0 by Lemma 2.7.
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If y € W3, 4 is contained in some o € S such that pe C o. Hence,
again by Lemma 2.7, we have (RFUk\VS' (D& ))y ~ 0.
Then, by using Theorem 2.3 for V', we have

(4.34) RT (Uk, ]Dg) ~ RI' (Uk+1 U S, ]D)g)

As a consequence, we have the following commutative diagram:

(4.35)  RT (Upsy U S, DE) RT (Uys1, DE)

RT (Uy, DE)

Since all arrows in (4.35) are restriction morphisms, this diagram is
commutative. The upper arrow is (4.30) and the right arrow is the
isomorphism (4.34). The left arrow is also an isomorphism by the as-
sumption and Lemma 4.2. This diagram is obviously absurd. Hence,
([zo],&0) & SS(E). This completes the proof. q.e.d.

5. Proofs of the main theorems

Proof of Theorem 1.4. First, suppose that rg: DP (coh Xi) —
Db (MR/M , TZ) is an equivalence. Then, semi-orthogonal decompo-
sition described in Orlov’s theorem (1.3) implies

(5.1) s (OBKE))) pan 1 = Fs (W*Db (coh Xg)).
On the other hand, Theorem 1.3 implies

(5.2) kg (OB(kE))) cpany = L(DE (Mg /M, @)).
Hence,

(5.3)

o <Db (coh XE)) P <7T*Db (coh Xg)) 2 (kg (OB(KE))), Spcn

= (D (Mz/M,Ks) ) = Db (M /M, K5),

where the equivalence in the first line is Theorem 3.3 (1).

Conversely, we assume that Conjecture 1.1 holds for 3. Take £ €
ks (DP(coh X)), then € € kg(Op(kE))t for 1 < k < n—1 and
& € kg(m*DP coh(Xy)) = «(DP(Mr /M, Ax))*. Hence, by Theorem 1.3,
£ = 0. This completes the proof. q.e.d.

Using Theorem 1.4, we have a proof of Conjecture 1.1 for smooth
complete toric surfaces.

Proof of Theorem 1.2. We use toric minimal model program for toric
surfaces. For any toric surfaces, after some toric blow-downs, we have
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P2, P! x P! or Hirzebruch surfaces F,,. By Theorem 1.4, it is enough to
show that Conjecture 1.1 holds for these toric minimal models. More-
over, P2 and F,, are obtained by successive blow-ups and blow-downs
of P! x P'. Hence, all cases may be reduced to the Conjecture 1.1 for
P! x P'. The last case has already been shown by Treumann (Theorem
3.2 (1)). This completes the proof. q.e.d.

Finally, we obtain Corollary 1.5 by combining Theorem 1.2 with The-
orem 3.1.

(1]
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