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MIN-MAX HYPERSURFACE IN MANIFOLD OF
POSITIVE RICCI CURVATURE

XIN ZHOU

Abstract

In this paper, we study the shape of the min—max minimal
hypersurface produced by Almgren—Pitts—Schoen—Simon [AF62,
AF65, P81, SS81] in a Riemannian manifold (M"1, g) of posi-
tive Ricci curvature for all dimensions. The min-max hypersurface
has a singular set of Hausdorff codimension 7. We characterize the
Morse index, area and multiplicity of this singular min—-max hy-
persurface. In particular, we show that the min—max hypersurface
is either orientable and has Morse index one, or is a double cover
of a non-orientable stable minimal hypersurface.

As an essential technical tool, we prove a stronger version of
the discretization theorem. The discretization theorem, first de-
veloped by Marques—Neves in their proof of the Willmore conjec-
ture [MIN12], is a bridge to connect sweepouts appearing natu-
rally in geometry to sweepouts used in the min—-max theory. Our
result removes a critical assumption of [MN12], called the no
mass concentration condition, and hence confirms a conjecture by
Marques—Neves in [MIN12].

1. Introduction

Given an (n + 1)-dimensional closed Riemannian manifold M"™*!,
minimal hypersurfaces are critical points of the area functional. When
M has certain topology, a natural way to produce minimal hypersurface
is to minimize area among its homology class. This idea leads to the
famous existence and regularity theory for area minimizing hypersur-
faces by De Giorgi, Federer, Fleming, Almgren and Simons, etc. (cf.
[FH, Gi, Si83]). In general cases, when every hypersurface is homo-
logically trivial, e.g., if the Ricci curvature of the ambient manifold is
positive, the minimization method fails. This motivates F. Almgren
[AF62, AF65], followed up by J. Pitts [P81], to develop a Morse the-
oretical method for the area functional in the space of hypersurfaces,
namely the min—max theory. The heuristic idea of developing a Morse
theory is to associate a nontrivial 1-cycle in the space of hypersurfaces
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with a critical point of the area functional, i.e., a minimal hypersurface.
In particular, denote Z,(M) by the space of all closed hypersurfaces
with a natural topology in geometric measure theory, called the flat
topology. Now consider a one-parameter family ® : [0,1] — Z,(M).
Let [®] be the set of all maps ¥ : [0,1] — Z,,(M) which are homotopic
to ® in Z,,(M). The min—max value can be associated with [®] as

(1.1) L([®]) = inf { xrg[%ﬁ] Area(¥(z)): ¥ € [D]}.

Almgren [AF62] showed that there is a nontrivial ® with L([®]) > 0 in
any closed manifold M; together with Pitts [AF65, P81], they showed
that when 2 < n < 5, there is a disjoint collection of closed, smooth,
embedded, minimal hypersurfaces {3;}!_, with integer multiplicity k; €
N such that 2221 kiArea(¥;) = L([®]). Schoen and Simon [SS81]
extended the regularity results to n > 6. Note that for n > 7, the
min—max hypersurface ¥; has a singular set of codimension 7. Later
on, there are other variations of the Almgren—Pitts min—max theory, cf.
[Sm82, CD03, DT09].

However, besides the existence and regularity, much is unknown about
these min—max hypersurfaces. For instance, a natural question is how
large can the area and multiplicity be? Moreover, in this Morse the-
oretical approach, one key open problem, raised by Almgren [AF65]
and emphasized by F. Marques [M14, §4.1] and A. Neves [N14, §8],
is to bound the Morse index of the min—max minimal hypersurface by
the number of parameters. It is conjectured that generically the Morse
index is equal to the number of parameters, and the multiplicity is one.
The importance of this problem lies in several aspects. First, finding
minimal hypersurfaces with bounded (or prescribed) Morse index is a
central motivation for Almgren [AF65] to develop the min—max theory.
Also the bound of Morse index plays an important role in application
to geometric problems. In his famous open problems section [Y, Prob-
lems 29 and 30], S. T. Yau stressed the importance of the estimates of
Morse index in several conjectures. In the recent celebrated proof of the
Willmore conjecture by Marques and Neves [MN12], a key part is to
prove that the Morse index of certain min-max minimal surface in the
standard three-sphere is bounded by 5. The major challenge of bound-
ing the Morse index comes from the fact that the min—max hypersurface
is constructed as a very weak limit (i.e., varifold limit), therefore, clas-
sical methods in nonlinear analysis (cf. [St00]) do not extend to this
situation. Here one difficulty of understanding the weak limit is due to
the existence of multiplicity (see [I95] for similar issue in studying the
singularity of mean curvature flow).

The current progress of understanding the min—-max hypersurfaces
mainly focused on the case of one-parameter families. Marques and
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Neves [MIN11] have confirmed the Morse index conjecture in three di-
mension when the Ricci curvature of the ambient manifold is positive,
where they proved the existence of minimal Heegaard surface of Morse
index 1 in certain 3-manifolds. This was extended to manifold M"+!
with positive Ricci curvature in dimensions 2 < n < 6, when the min—
max hypersurfaces are smooth, by the author [Z12]. In [Z12], we also
gave a general characterization of the multiplicity, area and Morse index
of the min—max hypersurface. In particular, the min—max hypesurface
is either orientable of Morse index 1, or is a double cover of a non-
orientable least area minimal hypersurface. Recently, the methods in
[MIN11, Z12] were used by Mazet and Rosenberg [MR15] to study the
minimal hypersurfaces of least area in an arbitrary closed Riemannian
manifold M" ! with 2 < n < 6. They gave several characterizations of
the least area minimal hypersurfaces similar to [Z12]. The work in this
paper will generalize the characterization of the min—max hypersurface
to all dimensions, even allowing singularities. Several new ingredients
are developed to deal with the presence of singularities.

Let (M™! g) be an (n+1)-dimensional, connected, closed, orientable
Riemannian manifold. We consider singular hypersurfaces which share
the same regularity properties as the min—max hypersurfaces. To be
precise, we set up some terminology. By a singular hypersurface with
a singular set of Hausdorff co-dimension no less than & (k € N,k < n),
we mean a closed subset X of M with finite n-dimensional Hausdorff
measure H"(X) < oo, where the regular part of ¥ is defined as:

reg(X) = {r € £ : I is a smooth, embedded, hypersurface near z};

and the singular part of X is sing(3) = X\reg(X) (see [SS81, 196]), with
the (n—k-+¢)-dimensional Hausdorff measure H"~#+¢(sing(X)) = 0 for
all € > 0. Clearly the regular part reg(X) is an open subset of . Later
on, we will denote ¥ = reg(X) and also call ¥ a singular hypersurface.
Given such a singular hypersurface %, it represents an integral varifold,
denoted by [X] (cf. [Si83, §15]). We say X is minimal if [¥] is stationary
(cf. [Si83, 16.4]). In fact, this is equivalent to the fact that the mean
curvature of reg(X) is zero and the density of [¥] is finite everywhere (cf.
(196, (3)(4)]). To simplify the presentation, in the following we simply
assume that the tangent cones (cf. [Si83, §42]) of [X] have multiplicity
one everywhere (which is satisfied by min—max hypersurfaces by Lemma
6.3). We use Ind(X) to denote the Morse index of ¥ (see §2.4). Denote

(1.2)
S ={¥": X is a connected, closed, minimal, hypersurface with a

singular set sing(X) of Hausdorff co-dimension no less than 7}.
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Let

(1.3) Ay = inf

{ H™(X), if ¥ is orientable }
Yes

2H™(X¥), if ¥ is non-orientable

If the Ricci curvature of M is positive, then the min—-max hypersurface
has only one connected component (Theorem 2.10), and we denote it
by X. Our main result is as follows:

Theorem 1.1. Assume that the Ricci curvature of M is positive;
then the min—maz hypersurface 3

(1) either is orientable of multiplicity one, which has Morse index
Ind(¥) =1, and H"(X) = A

(13) or is mon-orientable with multiplicity two, which is stable, i.e.,
Ind(¥) =0, and 2H™(X) = Ap.

REMARK 1.2. The fact that H"(X) = Apr or 2H"(X) = A says that
the min—max hypersurface has least area among all singular minimal hy-
persurfaces (if counting non-orientable minimal hypersurface with mul-
tiplicity two).

The main idea contains two parts. First, given a minimal hyper-
surface X, we will embed X into a one parameter family {¥;},c(—1
with g = X, such that the area of ¥ achieves a strict maximum, i.e.,
Area(3;) < Area(X) if t # 0. Second, we will show that all of such one
parameter families obtained in this way (from a minimal hypersurface)
belong to the same homotopy class. Then from the definition of the
min—max value (1.1), the family {¥;} corresponding to the min—max
hypersurface 3 must be optimal, i.e., max; Area(X;) < max; Area(3)),
where {X}} is generated by any other minimal hypersurface ¥ in the
first step. The characterization of Morse index, multiplicity and area
of ¥ will then follow from this optimality condition. Specifically, in the
first part, we will choose the one parameter family as the level sets of
the distance function to ¥. Note that the minimal hypersurface ¥ has
a singular set of Hausdorff codimension 7. To deal with the presence of
singularities, we will use an idea explored by Gromov [Gr] in his study of
isoperimetric inequalities. To show the homotopic equivalence of these
one parameter families, we need to use an isomorphism constructed by
Almgren in [AF62], under which the homotopy groups of the space of
hypersurfaces in M are mapped isometrically to the homology groups
of M.

One main difficulty is caused by the fact that two different topology
are used on the space of hypersurfaces Z,,(M). The geometric method
in the first part produces families of hypersurfaces which are continuous
under the flat topology. However, the Almgren—Pitts min—max theory
works under another topology, called the mass norm topology, which is
much stronger than the flat topology. A bridge is desired to connect
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the two topology. In fact, this is a very common problem in the study
of min—max theory (cf. [MN12, Z12, MN13, Mo14]). Pitts already
developed some tools in his book [P81]. Marques—Neves, in their proof
of the Willmore conjecture [MIN12], first gave a complete theory to con-
nect families continuous under flat topology to families satisfying the re-
quirement of the Almgren—Pitts setting (see also [Z12, MIN13, Mo14]).
Marques—Neves need a critical technical assumption for the starting
family, called no mass concentration condition, which means that there
is no point mass in the measure-theoretical closure of the family. How-
ever, in our situation the one parameter family does not necessarily
satisfy the no mass concentration condition due to the presence of sin-
gular set. In fact, in the same paper [MIN12, §13.2], Marques—Neves
conjectured that this assumption might not be necessary. Here we ver-
ify this conjecture under a very general condition. As this improvement
will be useful in other situation, we present it here (in a simplified form).

Theorem 1.3. (See Theorem 5.1 for a detailed version) Given a con-
tinuous (under the flat topology) one parameter family of hypersurfaces
¢ :[0,1] — Z,(M), such that for each x € [0,1], ®(z) is represented
by the boundary of some set Q). C M of finite perimeter, and such that
maxg Area(@(a:)) < 00, then there exists a (1, M)-homotopy sequence
{¢i} (one parameter family in the sense of Almgren—Pitts, cf. §4.1),
satisfying
max Area(®(z)) = limsup max Area(¢;(z)).

T i—00 z

REMARK 1.4. The key step is to develop a new discretization pro-
cedure to connect the given family to a new family which satisfy the
no mass concentration condition (see Lemma 5.8 and the discussions
there). Under the same condition that the hypersurfaces are repre-
sented by boundary of sets of finite perimeter, the above result is also
true for multi-parameter families.

The paper is organized as follows. In Section 2, we give several pre-
liminary results concerning the topology, second variation and Morse
index for singular hypersurfaces in a manifold of positive Ricci curva-
ture. In Section 3, we show that the level sets of distance function to a
singular minimal hypersurface is a good one parameter family. In Sec-
tion 4, we introduce the Almgren—Pitts theory. In Section 5, we prove
Theorem 1.3. Finally, we prove Theorem 1.1 in Section 6.
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2. Preliminary results

In this section, we give several preliminary results about minimal
hypersurfaces with a singular set of Hausdorff dimension less to or equal
than n — 7.

2.1. Notions of geometric measure theory. For notions in geomet-
ric measure theory, we refer to [Si83] and [P81, §2.1].

Fix a connected, closed, oriented Riemannian manifold (M"*!, g) of
dimension n + 1. Assume that (M"*!, g) is embedded in some RY for
N large. We denote by

e I, (M) the space of k-dimensional integral currents in RY with
support in M;
e Z;.(A, B) the space of integral currents T € I (M), with spt(T') C
Al and spt(0T) C B? , where A, B are compact subset of M, and
B C A;
e Zi (M) the space of integral currents T' € I (M) with 0T = 0;
e V(M) the closure, in the weak topology, of the space of k-dimen-
sional rectifiable varifolds in RY with support in M;
e F and M, respectively, the flat norm [Si83, §31] and mass norm
[Si83, 26.4] on I (M);
e C(M) the space of sets 2 C M with finite perimeter [Si83, §14|[G1,
§1.6].
Given T' € I (M), |T'| and ||T’|| denote, respectively, the integral vari-
fold and Radon measure in M associated with 7. Iy (M) and Zi(M)
are in general assumed to have the flat norm topology. I(M,M) and
Z,(M,M) are the same space endowed with the mass norm topology.
Given T € Z,(M), BL(T) and BM(T) denote, respectively, balls in
Z (M) centered at T', of radius s, under the flat norm F and the mass
norm M. Given a closed, orientable hypersurface ¥ in M with a singu-
lar set of Hausdorff dimension no larger than (n—7), or aset Q € C(M)
with finite perimeter, we use [[X]], [[2]] to denote the corresponding in-
tegral currents with the natural orientation, and [X], [Q2] to denote the
corresponding integer-multiplicity varifolds.

2.2. Nearest point projection to 3. Here we recall the fact that the
nearest point projection of any point in M to ¥ (away from the singular
set of ¥) is a regular point of 3 when ¥ is minimal. Similar result for
isoperimetric hypersurfaces appeared in [Gr].

Lemma 2.1. Let ¥ € § be a singular minimal hypersurface in M.
Take a point p € M\, and a minimizing geodesic vy connecting p to 3
in M, i.e., y(0) = p, (1) = q € 3, and length(vy) = dist(p,%). Then q
18 a reqular point of X.

Lspt(T) denotes the support of T' [Si83, 26.11].
20T € 1,,_1(M) denotes the boundary of T [Si83, 26.3].



MIN-MAX HYPERSURFACE 297

Proof. Take the geodesic sphere of M center at 'y(%) with radius
%dist(p, Y)). The sphere is a smooth hypersurface near ¢, and 3 lies in
one side of the sphere. So the tangent cone of 3 (viewed as a rectifiable
varifold with multiplicity 1 by assumption) at ¢ is contained in a half-
space of R"*! (separated by the tangent plane of the sphere). As X is
stationary, by [Si83, 36.5, 36.6], the tangent cone of X at ¢ is equal to
the tangent plane of the sphere (with multiplicity 1), and hence ¥ is
smooth at ¢ by the Allard Regularity Theorem (cf. [Al72][Si83, 24.2]).

q.e.d.

2.3. Connectedness. For stationary hypersurface with a small singu-
lar set, the connectedness of the closure is the same as the connectedness
of the regular part. In fact, this follows from the strong maximum prin-
ciple for stationary singular hypersurfaces.

Theorem 2.2. [196, Theorem A]

1) If Vi and Va are stationary integer rectifiable n-varifolds in an
open subset  C ML, satisfying

H" 2 (spt(Vi) N ospt(V2) N Q) =0,

then spt(V1) N spt(Va) N = 0.

2) Assume that 3 is a stationary hypersurface in Q0 with a singular
set of Hausdorff dimension less than n — 2. If ¥ N is connected,
then reg(X) N is connected.

REMARK 2.3. By part 2, the closure of a singular hypersurface in our
setting is connected if and only if the regular part is.

Definition 2.4. A singular minimal hypersurface ¥ (with
dim(sing(¥)) <n —7) is connected if its regular part is connected.

2.4. Orientation, second variation and Morse index.

Definition 2.5. A singular hypersurface ¥ is orientable (or non-
orientable) if the regular part is orientable (or non-orientable).

A singular hypersurface ¥ is said to be two-sided if the normal bundle
v(X) of the regular part 3 inside M is trivial.

Lemma 2.6. Let M" ! be an (n+1)-dimensional, connected, closed,
orientable manifold, and ¥ C M a connected, singular hypersurface with
dim (sing(E)) < n—2, and with compact closure ¥3. Then ¥ is orientable
if and only if ¥ is two-sided.

Proof. The tangent bundle of M, when restricted to X, has a splitting
into the tangent bundle 7% and normal bundle v(X) of ¥, i.e., TM|x =
TY & v(X). By [H, Lemma 4.1], T'Y is orientable if and only if v(3)
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is orientable. By [H, Theorem 4.3]% | v(X) is orientable if and only if
v(X) is trivial. q.e.d.

When ¥ is two-sided, there exists a unit normal vector field v. The
Jacobi operator is

(2.1) Ls¢ = Dxo + (Ric(v,v) + |A]?) ¢,

where ¢ € C}(X), Ay is the Laplacian operator of the induced metric
on Y, and A is the second fundamental form of > along v. Given an
open subset 2 of ¥ with smooth boundary 0f2, we say that A € R is
a Dirichlet eigenvalue of Ly; on € if there exists a non-zero function
¢ € C§°(Q) vanishing on 09, i.e., ¢lpn = 0, such that Ly = —A¢.
The (Dirichlet) Morse index of €, denoted by Indp(£2), is the number
of negative Dirichlet eigenvalues of Ly, on € counted with multiplicity.

When ¥ is non-orientable, we need to pass to the orientable double
cover 3 of 3. Then there exists a unit normal vector field v along X3,
satisfying 7 o 7 = —p, where 7 : & — ¥ is the orientation-reversing
involution, such that ¥ = ¥/{id, 7}. The Jacobi operator Ly, is well-
defined using 7. Given an open subset Q C %, and its lift-up Q to 3,
we can define the Dirichlet eigenvalue and (Dirichlet) Morse index by
restricting the Jacobi operator Ly to functions b€ ct (Q) which are
anti-symmetric under 7, i.e., boT =—0¢. (In this case, o0 descends to
a vector field on X.) We refer to [Ro] for more discussions on Morse
index in the non-orientable case.

Definition 2.7. The Morse index of X is defined as,
Ind(¥) = sup{Indp () :  is any open subset of ¥
with smooth boundary}.

3l is called stable if Ind>: > 0, or equivalently, X is stable in the classical
sense on any compactly supported open subsets.

2.5. Positive Ricci curvature. We need two properties for singular
minimal hypersurfaces in manifolds of positive Ricci curvature. The
first one says that there is no stable, two-sided, singular hypersurface
with a small singular set. This generalizes an easy classical result for
smooth hypersurfaces [CM11, Chap 1.8]. When X is two-sided, the
fact that X is stable is equivalent to the following stability inequality:

(2.2) / (Ricy(v,v) + |As|*) p*dH" S/ IVo2dH™,
) s

for any ¢ € C°(%).

Lemma 2.8. [S10] Assume that (M™' g) has positive Ricci cur-
vature, i.e., Ricy > 0, and X is a singular minimal hypersurface, with
H"2(sing(X)) = 0. If ¥ is two-sided, then X is not stable.

3Tt is not hard to see that ¥ is paracompact, so [H, Theorem 4.3] is applicable.
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Proof. Suppose that ¥ is stable. Since H" 2(sing(X)) = 0, for any
e > 0, we can take a countable covering U;B;,(p;) of sing(¥X) using
geodesics balls { By, (p;) }ien of M, such that

Z 7“?_2 < €.

€N
For each 7, we can choose a smooth cutoff function fz, such that f; =1
outside By, (pi), fi = 0 inside By, (p;), and |V fi| < = 2 inside the annulus
Boy, (pi)\Br, (pi). Let fe be the minimum of all f;’s (Whlch is Lipschitz),
and plug it into the stability inequality (2.2),

[ (Rictw,v)+iasP) ane < / V£ 2
b
<4Z/ de”<4Z "< 4Ck.

ieN 7 ENBar ( ieN Z

Here we used the monotonicity formula [Si83, 17.6] to get the volume
bound H™ (XN By, (pi)) < Crl in the third “<”. Now let € tend to zero,
we get a contradiction to the fact that Ric(v,v) > 0. q.e.d.

REMARK 2.9. If we only require Ricy, > 0, the above proof will show
that the stable hypersurface must be smooth and totally geodesic, and
the restriction of Ricy to X is zero.

The second property says that any two such singular minimal hyper-
surfaces in manifold with positive Ricci curvature must intersect, which
generalizes the classical Frankel’s theorem [Fr66| for smooth minimal
hypersurfaces.

Theorem 2.10. (Generalized Frankel Theorem) Assume that
(M™*L.g) has positive Ricci curvature. Given any two connected, sin-
gular, minimal hypersurfaces X and ' with singular sets of Hausdorff

co-dimension no less than 2, then ¥ and X' must intersect on a set of
Hausdorff dimension no less than n — 2. Therefore, ¥ NY' # ().

Proof. First if X NY/ = (), then we can find two points p € ¥, p’ € ¥/,
such that d(p,p’) = dist(X,Y). By the argument as in Lemma 2.1,
both p,p’ are regular points of 3,%’. Then as in [Fr66, §2|, we can
get a contradiction by looking at the second variational formula of the
length functional along the minimizing geodesic connecting p to p’ when
(M, g) has positive Ricci curvature.

Then ¥ N Y # 0, so Theorem 2.2 implies that ¥ N %/ must have
Hausdorff dimension no less than n — 2. q.e.d.

2.6. Orientation and singular hypersurfaces. Now we list a few
properties related to the orientation of singular hypersurfaces. Similar
properties for smooth hypersurfaces were discussed in [Z12, §3].
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Proposition 2.11. Given a connected, minimal, singular hypersur-
face ¥ with a singular set of Hausdorff dimension less than n — 2,
then

1) X is orientable if and only if 3 represents an integral n-cycle.

2) If ¥ separates M, i.e., M\X contains two connected components,
then X s orientable.

3) When M has positive Ricci curvature, if ¥ is orientable, then 3
separates M.

Proof. Part 1. ¥ is a rectifiable set, and when ¥ is orientable, it can
represent an integer-multiplicity rectifiable current [Y] as follows:

Slw) = [ (el wlanan = [ w

where {(z) is the orientation form of ¥, and w is any smooth n-form
on M. Now we will show that [X] is a cycle, i.e., I[¥X] = 0. Given any
smooth (n — 1)-form w on M, take the sequence of cutoff functions f,
€ — 0, as in the proof of Lemma 2.8,
IZ](w) = [X](dw) = / dw = lim [ fedw
by s

e—0

=lim [ d(few) — dfe AN w.

e—0

The first term is zero by the Stokes Theorem, and the second term can
be estimated as:

|/df5/\w|< / |df€/\w\d’H”<C’Z/ de”<cZ el ),

€N EOBT ieN

Now assume that ¥ represents an integral cycle, and we will show
that X is orientable. In fact, assume that [%] = (3, £(2),0(x) = 1) is
an integral cycle, where £(z) is locally an orientation form. Given any
open subset U C M\sing(X), then d([X]LU) = 0 in U by definition. By
the same argument in [Z12, Proposition 6, Claim 4], [X]_U represents
an integral n-cycle in ¥ N U, hence by the Constancy Theorem [Si83,
26.27], [X].U = [£E N UJ]. Let U exhaust the whole regular part 3,
then [X]L(M\sing(X)) = [X]; hence the orientation of [¥] gives a global
orientation of X.

Part 2. The case for smooth ¥ is given in [H, §4 Theorem 4.5]. Now
we modify the proof to our case. Take a connected component U of
M\X, the (topological) boundary AU of U is then a closed subset of X.
By using local coordinate charts of (M, ) around any smooth point of
3, it is easy to see that OU N'X is an open subset of ». Hence as a
subset of ¥, OU N X is both open and closed, so OU N'Y = X since X
is connected, and then OU = Y. Using the same argument as in [H,
Theorem 4.2], the orientation of U induces an orientation for the normal
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bundle N of the regular part of OU, i.e., ¥. Note the splitting of the
tangent bundle T'M restricted on ¥: TM|y = TY @ N; hence TY is
orientable by [H, Lemma 4.1].

Part 3. By Part 1, ¥ represents an integral cycle [X], hence it rep-
resents an integral homology class [[X]] in H,(M,Z) [FH, 4.4.1]. If &
does not separate M, i.e., M\X is connected, we claim that [[f]] is non-
trivial in H, (M, Z). In fact, if [[$]] = 0, then there exists an integral
(n + 1)-current C' € I,,41(M,Z), such that 9C = [3]. Given any con-
nected open subset U C M\X, then 9(CLU) = 0 in U by definition. The
Constancy Theorem [Si83, 26.27] implies that CLU = m[U], for some
m € 7, where [U] denotes the integral (n+ 1)-current represented by U.
As M\X is connected (X does not separate M), we can take U = M\,
and hence CL(M\X) = m[M\Y]. As ¥ has zero (n + 1)-dimensional
Hausdorff measure, then C' = m[M], hence dC = mI[M] = 0, which is
a contradiction to the fact that C = [X].

Now we can take the mass minimizer T € [[]] inside the homology
class [FH, 4.4.4][Si83, 34.3]. The codimension one regularity theory
([Si83, Theorem 37.7]) says that Tj is represented by a minimal hyper-
surface Yo (possibly with multiplicity) with a singular set of Hausdorff
dimension no larger than n — 7, i.e., To = m[%o], where m € Z, m # 0.
Since m[Yg] represents a nontrivial integral homology class, X is ori-
entable by Part 1. Hence Yy is two-sided by Lemma 2.6. By the nature
of mass minimizing property of T', 3y must be locally volume minimiz-
ing, and hence ¥y is stable, contradicting the positive Ricci curvature
condition via Lemma 2.8. q.e.d.

3. Min—max family

In this section, by using the volume comparison result in [HK], we
show that every singular minimal hypersurface in a manifold with pos-
itive Ricci curvature lies in a nice “mountain-pass” type family. In
particular, the family sweeps out the whole manifold, and the area of
the minimal hypersurface (when it is orientable), or the area of its dou-
ble cover (when the hypersurface is non-orientable) achieves a strict
maximum among the family. Actually, in manifold with positive Ricci
curvature, the level sets of distance function towards the singular mini-
mal hypersurface will play the role.

3.1. A volume comparison result in [HK]. Let (M"*! g) be a
closed, oriented manifold. Given a singular minimal hypersurface 3 € S,
denote v(X) by the normal bundle of the regular part ¥ in M. Let
expy, : V(X)) — M be the normal exponential map. Given £ € v(2), the
focal distance in the direction of £ means the first time ¢ > 0 such that
the derivative of the normal exponential map at ¢, i.e., dexp, (t§), be-
comes degenerate. Denote € by the sets of all vectors £ in v(X), which is
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no longer than the diameter of M or the focal distance in the direction

of €.
Lemma 3.1. exp, : Q@ — M\sing(X) is surjective.

Proof. Any point x € M\X can be connected to ¥ by a minimizing
geodesic. Also by Lemma 2.1, the nearest point of x in ¥ is a regular
point of ¥; then the minimizing geodesic meets > orthogonally, and
hence exp, is surjective to M\sing(X). Moreover, if £ is the tangent
vector of the minimizing geodesic (parametrized on [0, 1]) connecting
x to X, then the length of ¢ is no more than the focal distance in the
direction of €. q.e.d.

Now we will introduce a Riemannian metric on v(X) (see also [HK,
§3]), such that v(X) is locally isomorphic to the product of ¥ with the
fiber. Let m: v(X) — X be the projection map. Denote D by the Rie-
mannian connection of M, and D+ the normal connection of v(X). The
tangent bundle of v(X) can be split as a sum of “vertical” and “horizon-
tal” sub-bundles Tv(X) = V4 H as follows. Given ¢ € v(X), the vertical
tangent space Vg contains tangent vectors of v(3) which are tangent to
the fibers and hence killed by 7, so V¢ is canonically isometric to the
fiber space v, ¢)(X). The horizontal tangent space H¢ contains tan-
gent vectors of v(X) which are tangent to D--parallel curves—viewed
as vector fields along their base curves (projected to ¥ by 7), so H is
canonically isometric to T2 under .. The metric on v(X) can be
defined as:

ol = vl + lvver |, v € Tew(5),

where vy, denotes the vertical component of v. It is easily seen that
under this metric, v(X) is locally isometric to the product of ¥ with the
fibers.

We need the following estimate of the volume form along normal
geodesics by [HK, §3]. Fix p € ¥ and a normal vector £ € v,(3). Given

an orthonormal basis ey, - - , e, of T,3, they can be lifted up to Tv(X)
as horizontal vector fields u;(s),- -+, u,(s) along the normal vectors s&.
By our construction above, uj(s),--- ,uy(s) form an orthonormal ba-

sis of Tyev(X), as mi(ui(s)) = e;. The distortion of the n-dimensional
volume element under the normal exponential map exp, : Tv(¥X) — M
is given by ||dexp,ui(s) A --- A dexpyun(s)|. Assume that the Ricci
curvature of (M, g) satisfies Ricy > nA for some A > 0. Consider an
(n + 1)-dimensional manifold M of constant curvature A, and a totally
geodesic hypersurface Y. Fix an arbitrary point p € 5, with a unit
normal v(p). Choose an orthonormal basis €y, - , &, of T 5(2), and a
frame @1(s), -, un(s) along sv(p) constructed as above. We have the
following comparison estimates:
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Lemma 3.2. [HK, §3.2.1, Case (d)]. Let sop be no larger than the
first focal distance of 2 in the direction of &, then for 0 < s < sq,

ldexpyui(s) A -+ Adexpyun(s)|| < ||[dexpyig(s) A -+ A dexpytn(s)].

It is easy to calculate that the n-dimensional volume distortion of
the constant curvature manifold M is given by ||dexp,di(s) A --- A

dexp,iin(s)|| = cos™(vV/As)||dexp, i (0)A- - - Adexp,iin (0)|| = cos™(VAs).
Corollary 3.3. Under the above setting,
|dexpyuy(s) A -+ A dexpyun(s)| < cos™(VAs).

3.2. Orientable case. Let ¥ € S be orientable, then ¥ is two-sided.
Denote v by the unit normal vector field along 3. When Ric, > 0, &
separates M by Proposition 2.11, i.e., M\Y = M;UMj;. Now the signed
distance function d¥ is well-defined by

dist(z,Y), if x € My,
(3.1) d%(z) = { —dist(x,Y%), if x € Mo,

0, if x € 3.

Consider the levels sets of the signed distance function: ¥; = {x € M :
d%(x) =t} for —d(M) <t < d(M). Denote

(3.2) S ={¥" €S : X" is orientable}.
We collect several properties of the distance family as follows:

Proposition 3.4. Assume that Ric, > 0. For any ¥ € S, the
distance family {3 }re—a(m),dav) satisfy that:
(a) T =%;
(b) H™(Z4) < H™(X), with equality only if t = 0;
(¢) For any open set U C M\sing(X) with compact closure U,
{ZiU}e[—cq forms a smooth foliation of a neighborhood of %
n U, i.e.,

LU = {exp, (tv(z)) : 2 €XNU}, t€[—¢d.

Proof. (a) is trivial by construction.
To prove (b), consider the height-t section S;(X) = {€ € v(X) : € =
trv} of v(X) for —d(M) <t < d(M).

Lemma 3.5. Under the canonical metric of v(X), Sy(X) is isometric
to 2.

Proof. First, it is easy to see that the projection map 7 : v(X) — X
restricts to be a one to one map 7 : S;(X) — X. Also the tangent plane
TeSi(E) of Sy(X) at & = tv consists all horizontal vectors of T:v(X).
Then 7, : T¢Si(X) — Tr(e)® gives the isometry by the construction of
the metric on v(X). q.e.d.
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Recall that exp, : Q@ C v(¥) — M\sing(X) is surjective, so the
pre-image exp;!(X;) is totally contained in S;(¥) N €, and hence by
Corollary 3.3,

H'(S) < [ (derp,)dvolss|
St(Z)ﬂQ
(3.3) = / |dexp,ui(s) A -+ A dexpyun(s)||
St(E)mQ

< / cos™ (VAL)dH™ < cos™ (VAL H™ (D).
b

To prove (c), we first realize that v(X) is globally isometric to ¥ x R
when 3 is orientable, so that v(3) has a global smooth foliation struc-
ture. When restricted to the zero section, the normal exponential map
expy, : v(X) — M is the identity map, and has non-degenerate tangent
map. As the closure U is a compact subset of M\sing(¥), we can use
the Inverse Function Theorem to infer that exp, is a diffeomorphism in
a small neighborhood of exp, (X N U). Hence (c) follows. q.e.d.

3.3. Non-orientable case. Given ¥ € S non-orientable, ¥ does not
separate M by Proposition 2.11. Denote d”(x) = dist(x,X) by the
distance function (without sign). Consider the level sets of d™: ¥, =
{reM: d*(z) =t} for 0 <t < d(M). Denote

(3.4) S_ ={¥" €S : X" is non-orientable}.
We have:

Proposition 3.6. Assume that Ric, > 0. For any ¥ € S_, the
distance family {X¢}o<o<dq(ar) satisfy that:
(CL) Eo = E,’
(b) H™(Zy) < 2H™(X), for all0 <t < d(M);
(¢) Whent — 0, H"(X;) — 2H™(X), and X; converge smoothly to a
double cover of ¥ in any open set U C M\sing(X) with compact
closure U.

Proof. (a) is by construction.

For (b), let the height-t section of v(X) be Si(¥) = {£ € v(X) :
|€] = t} for 0 < ¢t < d(M). Similar as the proof of Lemma 3.5, the
projection map 7 : S;(X) — ¥ is locally isometric. Also as the fiber
of v(¥) is one dimensional, 7 is a 2-to-1 map. Hence 7 : S;(¥) — %
is an isometric double cover. The pre-image of the exponential map
exp, () is then contained in Sy N, with Q as above. By the volume
comparison estimates in (3.3),

H™M(Zy) §/~ ”(dexp,,)*dvolgt(z)n < 2/ COS"(\/Kt)d'Hn
(3.5) S (2)NQ b

< 2cos" (VAH™ ().
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For (c), to prove that H"(X;) — 2H"™(X), as t — 0, by (3.5), we
only need to prove that lim; .o H"(X¢) > 2H™(X), and this follows from
the smooth convergence ¥y — 2% on any open set U CC M\sing(X).
By similar argument as Proposition 3.4(c), when restricted to a small
neighborhood of exp, ' (X N U), exp, : v(X) — M is a diffeomorphism.
Therefore, the convergence ¥; — 2% on U follows from the fact that
S¢(%) converge smoothly to a double cover of the zero section, as t — 0.

q.e.d.

4. Almgren—Pitts min—max theory

In this section, we will introduce the min—max theory developed by
Almgren and Pitts [AF62, AF65, P81]. We will mainly follow [Z12,
§4] [P81, 4.1] and [MIN12, §7 and §8]. We refer to §2.1 for the no-
tions of Geometric Measure Theory. At the end of this section, we will
recall the characterization of the orientation structure of the min—max
hypersurfaces proved by the author in [Z12].

4.1. Homotopy sequences.

Definition 4.1. (Cell complex.)

1) For m e N, I = [0, 1], Ij* = 0I™ = I"\(0,1)™;

2) For j € N, I(1,5) is the cell complex of I, whose 1-cells are all
intervals of form [3%, ’;—Jl], and O-cells are all points [&5]; I(m, j) =
I(1,j)®---®I(1,7) (m times) is a cell complex on I";

3) ForpeN,p<m,a=a; ® - ® ay, is a p-cell if for each i, «; is
a cell of I(1,7), and Y ;" dim(a;) = p. 0-cell is called a vertex;

4) I(m, j), denotes the set of all p-cells in I(m,j), and Io(m,j),
denotes the set of p-cells of I(m,j) supported on I§*;

5) Given a p-cell a € I(m,j),, and k € N, «a(k) denotes the p-
dimensional sub-complex of I(m,j + k) formed by all cells con-
tained in a. For ¢ € N, ¢ < p, a(k), and og(k), denote, respec-
tively, the set of all g-cells of I(m, j + k) contained in «, or in the
boundary of «;

6) T(m,j) = I(m — 1,5) @ {[1]}, B(m,j) = I(m — 1,j) @ {[0]} and
S(m,j) = Io(m —1,7) ® I(1, ) denote the top, bottom and side
sub-complexes of I(m, j), respectively;

7) The boundary homeomorphism 0 : I(m, j) — I(m,j) is given by

Non®-@am) =Y (-1)°Da1®- ®00; ® - ® am,
i=1
where o(i) = 3,; dimf(ay), dla,t] = [t — [a] if [a,8] € I(1, /)1,
and 0dla] = 0 if [a] € I(1, j)o;

8) The distance function d : I(m,j)o x I(m,j)o — N is defined as

d(z,y) =3 3" [z — yil;
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9) The map n(i,j) : I(m,i)o — I(m, 7)o is defined as: n(i,j)(z) €
I(m,j)o is the wunique element of I(m,j)p, such that
d(z,n(i,j)(x)) = inf {d(z,y) : y € I(m, j)o}.

As we are mainly interested in applying the Almgren—Pitts theory to
the 1-parameter families, in the following of this section, our notions
will be restricted to the case m = 1.

Consider a map to the space of integral cycles: ¢ : I(1,5)o — Zn(M™1).
The fineness of ¢ is defined as:

(4.1) £() = sup {M(¢éf§l;;5(y)) L zyy € I(1,5)o, y}

o:1(1,5)0 — (Zn(M"+1), {O}) denotes a map such that qS(I(l,j)o) C
Z2(M" ) and @l 0 = 0. i 6(10]) = 6((1) = 0.

Definition 4.2. Given § > 0 and ¢; : I(1, ki) — (Z,(M"1),{0}),
1= 1,2, we say ¢1 is 1-homotopic to ¢y in (Z (M™+1) {0 }) with fine-
ness 0, if 3 kg € N, kg > max{ky, ko}, and

¢ (1, k3)o x I(1, k3)o = Zn (M"Y,

such that
o f(1p) <9;
o (i — 1],2) = di(n(ks, ki) (x)), i = 1,2;
e ¢(I(1,ks)o x Io(1,ks)) = 0.

Definition 4.3. A (1,M)-homotopy sequence of mappings into
(Zn(M"‘H), {0}) is a sequence of mappings {®; }ien,
¢i : 1(17 kl)(] — (Zn(Mn+1)7 {0})7
such that ¢; is 1-homotopic to @1 in (Z,(M™*1),{0}) with fineness
d;, and
o lim; ;o 6; = 0;
o sup; {M(¢;(z)) : x € I(1,ki)o} < +oo.

Definition 4.4. Given two (1, M)-homotopy sequences of mappings
S = {¢; tiew and Sy = {¢? }ien into (Z,(M™1),{0}), Sy is homotopic
with Sy if 3 {J; }ien, such that

e ¢, is 1-homotopic to ¢? in (Z,(M"),{0}) with fineness d;;

The relation “is homotopic with” is an equivalent relation on the
space of (1, M)-homotopy sequences of mapping into (Zn(M ntly {0})
(see [P81, §4.1.2]). An equivalent class is a (1, M) homotopy class
of mappings into (Z,(M"*1),{0}). Denote the set of all equivalent

classes by ﬂéﬁ (Zn(M"T1,M),{0}). Similarly we can define the (1, F)-
homotopy class (using another fineness associated with the F-norm in
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place of the M-norm in (4.1)), and denote the set of all equivalent classes

by 77 (Z,(M™ 1, F), {0}).

4.2. Almgren’s isomorphism. Almgren [AF62] showed that the ho-
motopy groups of Z,, (M) (under M and F topology) are all isomorphic
to the top homology group of M by constructing an isomorphism as
follows.

By [AF62, Corollary 1.14], there exists a small number vy > 0 (de-
pending only on M), such that for any two n-cycles T1, Ty € Z,(M"™+1),
if 7(Ty —T1) < vy, then there exists an (n + 1)-dimensional integral
current () € In+1(M), with 6@ =T, — 11, and M(Q) = f(TQ — Tl) Q
is called the isoperimetric choice for To — T7.

Given ¢ : I(1,k)g — Z,(M™), with f(¢) < § < vy, then for any
Lcell a € I(1, k)1, with o = [t1, 2], F((th) — ¢(12)) < M(6(t}) —
¢(t2)) < £f(¢) < vap. So there exists an isoperimetric choice Qo €
L1 (M"Y with

M(Qa) = F((ta) = 6(ta), and 9Qa = é(ta) = (ta).
Now the sum of the isoperimetric choices for all 1-cells is an (n + 1)-

dimensional integral current, i.e., > e 7 ), Qo € L1 (M™). We call
the map:

(4‘2) Fa:¢— Z Qa
ae](l,k)1
Almgren’s isomorphism (the name comes from Theorem 4.5).

Given a (1, M)-homotopy sequence of mappings S = {¢;}ien into
(Z,(M™+1),{0}), take i large enough, and &; : I(1,k;)o — (Z,(M™H1),
{0}), such that f(¢;) < & < vas. Then

FA(@) = Z Qo
acl(1,ki)1
is an (n + 1)-dimensional integral cycle as ¢;([0]) = ¢;([1]) = 0, and
represents an (n + 1)-dimensional integral homology class
[ Y Qo] € Hypa (M™Y.
aEI(l,ki)l
Moreover, Almgren [AF62, §3.2] showed that this homology class de-
pends only on the homotopy class of {¢;}. Hence it reduces to a map
Fya oy (Zo(M™ M), {0}) — Hypr (M"Y,
defined in [AF62, §3.2] as:
(4.3) Fa:[{¢itien] = [ Y. Qal:
OcEI(l,ki)1

Almgren also proved that this mapping is an isomorphism.
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Theorem 4.5. ([AF62, Theorem 13.4] and [P81, Theorem 4.6]) The
followings are all isomorphic under Fa:

Hopt (M), i (Zo(M™, M), {0}), 7] (Za(M™H, ), {0}).
We also call this map Almgren’s isomorphism.
4.3. Existence of min—max hypersurface.

Definition 4.6. (Min max definition) Given IT € 7f (Zn (M, M),
{0}), define:
L:II>R",
as a function given by:
L(S) = L({¢:}ien)
= lim sup max {M(@(x)) : x lies in the domain of ¢z}
1—>00
The width of I1 is defined as
(4.4) L(II) = inf{L(S) : S € 1I}.

S € Il is call a critical sequence, if L(S) = L(II). Let K : II —
{compact subsets of V,(M" 1)} be defined by

K(S)={V: V = lim |¢;,(z;)|: z; lies in the domain of ¢;,}.
j—00
A critical set of S'is C(S) = K(S)N{V : M(V)=1L(S)}.

The celebrated min-max theorem of Almgren—Pitts (Theorem 4.3,
4.10, 7.12, Corollary 4.7 in [P81]) and Schoen-Simon (for n > 6 [SS81,
Theorem 4]) is as follows:

Theorem 4.7. Given a nontrivial I1 € W# (Zn (M1, M), {0}), then
L(IT) > 0, and there exists a stationary integral varifold V, whose
support is a disjoint collection of connected, closed, singular, minimal
hypersurfaces {Z‘i}ézl, with singular sets of Hausdorff dimension no
larger than n — 7, (which may have multiplicity, say m;), such that
V= 22:1 m;[%;], and

l
> mH (%) = LII).
=1

In particular, V' lies in the critical set C(S) of some critical sequence

S e II.

4.4. Orientation and multiplicity. As V lies in the critical set C(S),
V' is a varifold limit of a sequence of integral cycles {¢;, ()} en. It has
been conjectured that V' should inherit some orientation structures from
{¢i;(zj)}jen. In fact, we verified this conjecture and gave a character-
ization of the orientation structure of V' in low dimensions (where the
support of V' is the smooth) in [Z12, Proposition 6.1]. Some straight-
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forward modifications of the proof will give similar characterization for
singular min—max hypersurfaces (in all dimensions) as follows.

Proposition 4.8. Let V' be the stationary varifold in Theorem 4.7,
with V = 22:1 m;[2;]. If 3; is non-orientable, then the multiplicity m;
must be an even number.

REMARK 4.9. When a connected component 3; is orientable, it rep-
resents an integral cycle by Proposition 2.11. While a connected com-
ponent Y; is non-orientable, an even multiple of it also represents an
integral cycle—a zero cycle. This result will play a key role in the
characterization of the multiplicity in Theorem 1.1. (This result was
also used in [Z12, MR15] to characterize the multiplicity of min—max
hypersurfaces).

5. Discretization and construction of sweepouts

The purpose of this section is to adapt the families of currents con-
structed by geometric method (in §3) to the Almgren—Pitts setting (in
§4). Usually families constructed by geometric method are continuous
under the flat norm topology, but the Almgren—Pitts theory applies only
to discrete family continuous under the mass norm topology. Therefore,
we need to discretize our families and to make them continuous under
the mass norm topology. Similar issue was also an essential technical
difficulty in the celebrated proof of the Willmore conjecture [MN12],
and also in a previous paper by the author [Z12] which deals with the
same problem in low dimensions. A key technical condition in these
discretization type theorems in [MIN12, MIN13, Z12] is the no local
mass concentration assumption. Roughly speaking, it means that the
weak measure-theoretical closure of the family of currents does not con-
tain any point mass. However, the families used here do not necessarily
satisfy this technical assumption, so we will build up a stronger ver-
sion of the discretization theorem without assuming the no mass con-
centration condition. Actually, this issue was originally considered by
Pitts [P81, §3.5, §3.7] in another setting. Our strategy is motivated
by Pitts’s method, and is simpler than Pitts’s discretization procedure.
In this paper, we only deal with families of currents which are bound-
aries of sets of finite perimeter. This is already enough for the purpose
of many geometric applications, as all the known interesting geometric
families (cf. [MIN12, MIN13, Z12]) belong to this class. In fact, it
is conjectured by Marque and Neves [MIN12, §13.2] that the no mass
concentration assumption is not necessary, and our result confirms this
conjecture in the co-dimension one case. For the purpose of simplicity,
we only present the discretization theorem for one-parameter families.
The case for multi-parameter families is still true by similar arguments
as in [MIN12, Theorem 13.1] using our technical results Proposition 5.3
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and Proposition 5.10 in place of [MIN12, Proposition 13.3, 13.5], and
will be addressed elsewhere.

Another key ingredient which utilizes the big machinery by Almgren—
Pitts is an identification type result. We will show that all the dis-
cretized families corresponding to those families constructed in §3 be-
long to the same homotopy class in the sense of Almgren—Pitts. This
type of result was proved in [Z12] under the no mass concentration as-
sumption, and we will extend this identification type result to the case
without no mass concentration assumption. We prove this by showing
that the image of the discretized families under the Almgren’s isomor-
phism represent the top homology class of M. Then these families must
be homotopic to each other by Theorem 4.5.

The main result can be summarized as the following theorem. Recall
that C(M) is consisted by all subsets of M of finite perimeter.

Theorem 5.1. Given a continuous mapping
®:[0,1] = (Z,(M"T, F),{0}),

satisfying

(a) ®(x) = 9[[Q]], Qp € C(M), for all x € [0,1];
(b) supycpo) M(®(2)) < oo;

then there exists a (1, M)-homotopy sequence
¢i  I(1,k;)o — (Z,(M"T1, M), {0}),
and a sequence of homotopy maps
Wi I(1, K)o x I(1,ki)o — Zp(M™TH M),
with k; < kiy1, and {9; }ieny with §; > 0, 0; — 0, and {l;}ien, l; € N with
li = 00, such that ¥;([0],-) = ¢i, Yi([1],-) = Pit1lr(1 k)0, and
(4)
M(@(x)) < sup {M(@(y)) :x,y € a, for some 1-cell o € I(l,li)}—i—éi,

and hence

(5.1) L({i}ien) < il[gpl]M@(ﬂf));
(i) £(hi) < 0i;
(7i7) sup {f(qbz(:r) — <I>(x)) s xe I(1, ki)o} < ;5
(iv) If Qo =0, QO = M, then

Fa({¢i}) = [[M]],

where Fy is the Almgren’s isomorphism, and [[M]] is the funda-
mental class of M.
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REMARK 5.2. The proof of properties (7)(#7) (i) is based on the proof
of [MIN12, Theorem 13.1] and [P81, §3.5, 3.7]. The idea to deal with
the existence of mass concentration is motivated by [P81, §3.5, 3.7]. We
actually simplify the discretization procedure in [P81, §3.5] for currents
which can be represented by boundary of sets of finite perimeter using
some new observations (cf. Lemma 5.8). The proof of property (iv) is
based on the ideas in [Z12, Theorem 5.8].

Upon first perusal of this section, the reader might skip the following
technical proof and move to §6.

5.1. Technical preliminaries. The following two technical results are
parallel to [MIN12, Propositions 13.3, 13.5], while without assuming the
no mass concentration condition.

The first result is parallel to [MN12, 13.3], and it says that given
T € Z,(M™1), and I,m € N, there exists k € N, k > [, such that any
¢ which maps Ip(m, 1) into a small neighborhood of 7' (with respect to
the flat topology) can be extended to a map ¢ which maps I (m, k)o into
a slightly larger neighborhood of T' (with respect to the flat topology),
such that the fineness and maximal mass of ¢ are not much bigger than
those of ¢. Compared to [MN12, 13.3], we do not require the no mass
concentration condition, but we need to assume that the image of ¢ are
represented by boundary of sets of finite perimeter. Also, the extension
¢ will be mapped to a slightly large neighborhood. The idea to deal
with the mass concentration traces back to [P81, 3.5]. We will first
deform ¢ to certain local cones around the mass concentration points
(cf. Lemma 5.8), and then apply similar extension process as [MN12,
13.3].

Fix an integer ng € N.

Proposition 5.3. Given 6,L >0, l,m e N, m <ng+1, and
T e Z,(M)n{S:M(S) < 2L}, with T = 9[[Qr]],
Qp € C(M), then there exist 0 < € = €(l,m,T,6,L) < 9§, and k =
k(l,m,T,6,L) € N, k > 1, and a function p = pgm1s1L) R} — RL,
with p(s) — 0, as s — 0, such that: for any 0 < s <€, and
(5.2) ¢ : Ip(m,1)g — BI(T)N{S: M(S) < 2L}, with ¢(x) = d[[Q]],
Q, € C(M), x € Iy(m,l)o, there exists

cI(m, K)o — Bpf(s) (T), with ¢(y) = d[[y]],

¢
y € I(m, k), and satisfying
- -

0 ifm=1, and £(¢) < m(f(¢) +9) if m > 1;
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(iv) Ifm=1,8<vy,* ¢([0]) = 9[[Q]], &([1]) = d[[Q]], then
Fa(¢) = [ — ]],
where F4 is the Almgren’s isomorphism (4.2).

REMARK 5.4. (i) controls the fineness of the extension ¢; (ii) says
that on the boundary vertices Iy(m, k)g of the cell complex I(m, k), the
extension gg directly inherits from ¢; (iii) controls the increase of the
mass; (iv) calculates the image of ¢ under the Almgren’s isomorphism
when m = 1.

Proof. We use the contradiction argument. If the statement is not
true, by Section 7.1, there exists kg € N large enough, py > 0, and a
sequence of € < 1/k, and

or : To(m, D)o — B (T) N {S: M(S) < 2L},

or(z) = O[], QF € C(M), such that there is no extension ¢ of ¢y,
from I(m, ko) to Bg;( ), i.e., dp : I(m, ko)o — B o (1), satisfying all the
above properties (i)(ii)(iii)(iv).

The next lemma is an analog to [MN12, Lemma 13.4] without assum-
ing the no mass concentration condition, and uses some new ideas moti-
vated from [P81, §3.5]. Proposition 5.3 will be proved using Lemma 5.5.

Lemma 5.5. With ¢y, €1, as above, there exist N = N(I,m,T,0,L) €
N, N > [, and a subsequence {¢;}, and a sequence of positive numbers
pj — 0, as j — oo, such that we can construct

@Z}j . I(l,N)o X Io(m, l)[) — BZ;;(T),

satisfying
(0) 5(y. ) = O[[Ral], Yo € C(M), (y,x) € I(L,N)o x Lo(m, D)o;
(4) (¢;)<5me—1 andf(wj)<f(¢j)+5 ifm > 1;
(( g ;([0],) = @5, wi([1],-) =T

sup{M(wj(y,a:)),(y,x) € I(lvN)O X Io(m, Z)O}

0
< sup Ml(oi(x)) + ——;
IGIo(m,l)o ( J( )) no + 1

() Ifm=1,6 <wn, ¢;([0]) = 0[[Q;0]], ¢;([1]) = O[[j1]], then
Failiamoxqon) = [Qr=Qoll,  Failia,mexiny) = [Qr—2a]],°
where F4 is the Almgren’s isomorphism (4.2).

4yar is defined in Section 4.2.
"Here we identify I(1, N)o x {[0]} and (I(1, N))o x {[1]} with I(1, N)o.
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Proof. As a subset in V,, (M) with uniformly bounded mass is weakly
compact, we can find a subsequence {¢;} of {¢y}, and a map
V. IO(m7l)0 — V?’L(M)v

such that lim;j_, |¢;(z)| = V(z) as varifolds, ||V (z)|(M) < 2L, for all
x € Io(m,1)g. Also as €; = 0, limj_,o ¢j(2) =T as currents.
Now we need to separate our discussion into two cases:

Case 1: ||V (2)|(p) <6/5, for all p € M, = € Ip(m,1)o;
Case 2: The set S.,,° = {g € M : ||[V(2)|/(g) > /5 for some x €
To(m, Do} 0.

Lemma 5.6. In Case 1, there exist Ny = Ni(l,m,T,d,L) € N, and
j : I(1, Nu)o x To(m, 1)o = BZ(T),
satisfying properties (0)()(i)(ii)(iv) in Lemma 5.5.
REMARK 5.7. The proof is a straightforward adaption of [P81, 3.7]

[MIN12, Lemma 13.4][Z12, Theorem 5.8], so we omit some identical
details. See Figure 1 for illustration of notions.

Proof. By the lower semi-continuity of weak convergence
limj_,oo ¢j ((L‘) — T,
I711(B-(p)) < IV(2)(Br(p), ¥pe€M,r>0.

As [V (2)]|({p}) < &/5 for all x € Iy(m,1)o, p € M, we can find a finite
collection of pairwise disjoint open balls {B,,(p;) : 1 <i < v}, p; € M,
r; > 0, v € N, such that for all € Iy(m,1)o,

Fact 1. 1) |T)(Bu(p)) < V(@) (Br(p)) < 6/3;
2) [T (M\ Uiy Br,(pi) < IV ()| (M\ Uy Br,(pi)) < 6/3;
3) |IT1(0By,(pi)) = |V (2)[| (9B, (pi)) = 0;
4) v depends only on l,m,T,d, L by compactness of varifolds with
bounded mass.

By [AF62, Corollary 1.14], for j > 1, z € Iy(m,1)o, there exists
isoperimetric choices Q;(z) € L1 (M™*1), such that

(5.3) 0Qj(x) = ;(x) =T, M(Q;(x)) = F(¢j(x) —T) <¢; <1/j.

For each i = 1,--- ,v, let d;j(z) = dist(p;,x) be the distance function
to p; on (M, g). Using the Slicing Theorem [Si83, 28.5], for each i =
1, -+ ,v, we can find a sequence of positive numbers {7“]} such that

! N\ i, such that for all z € Iy(m, 1), the slices (Q;(x), d;, 7‘2> eI, (M),
and

(54)  {Qj().di,r]) = 0(Q;(2)B,s (1)) — (¢;(x) —~ T)LB,; (pi)-

5The notion S.., means “set of mass concentration points”.
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Figure 1. This figure illustrates the geometric objects
using in Lemma 5.6.

Also as lim;_,oo M(Q,(z)) = 0, by [Si83, 28.5(1)], we can choose {rf}
so that for j large enough,

v ] 5
(5.5) > Y M((Q)(), diyr)) < o+ 1)

xGIo(m,l)O i=1

Using Fact 1 and the lower semi-continuity of mass functional, for j
large enough,

(656)  les@(Bye)) <6/3.  ITI(B @) < /3

(5:7) 165 (M\UL, By (p1)) < 6/3, ITI(M\UL, By (pi)) < 6/3;

J (s 0
(53) (T = 1@ (B 00) < 50"y

foralli=1,---,v, and = € Iy(m,1)o.

Let v+1 =3, N; € N, then N; depends only on I,m, T, 6, L. Define
1/1]' : I(l,Nl)o X I()(m,l)o — Zn(Mn—H) by,
(5.9)

1

%’([W],ﬂﬁ) =o;(x) — Za(Qj(x)l_Brg(pa)), for 0 <4< 3™ —1,
a=1
vt a) =T

Similar arguments as in the proof of [MN12, Lemma 13.4] using
(5.4)(5.5)(5.6)(5.7)(5.8) in place of [MIN12, (67)(68)(69)(70)(71)] show
that 1/)]-([3%1],35) € BZ;(T) for all 1 < i < 3M x € Iy(m, 1), and that
{1;} satisfy properties (i)(ii)(iii) in Lemma 5.5.

Now let us check property (0) in Lemma 5.5. We assume that 7" # 0
(the case T' = 0 is easier). Denote ¢;(x) = 0[[Q;(x)]], Q;(x) € C(M),
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then by Lemma 7.3, for j large enough, the isoperimetric choices Q;(z)
in (5.3) satisfy that:
Qj(x) =[[Q(z) — Qr]], forall x € Iy(m,1)o.
Hence by (5.9), for 0 <4 <3N — 1,

Uil la) =0 Za ~ LB, (pa)

- a{[[szj(x)L(M\ Uit By (0a)]
+ ([ (Ui B,y ()11}

This proves Lemma 5.5(0) as Q;(z).(M\ U._; B, (pa)) + Qr( Ui
B, (pa)) € C(M).

Finally, let us check property (iv) in Lemma 5.5. Assume that m = 1,
and ¢ < vy Let wus calculate Fa(v;|r1,n)oxf[0)}) and
Fa(¥jlranyoxqyy)- First we do Fa(i;lr1,n)ox{0)y)- By the defini-
tion of Almgren’s isomorphism (4.2),

v+1

Fa(¥ilra,nox{o)}) ZQJ i

where @);;(0) is the isoperimetric choice of w]([dfvl] [0]) — wj([Tl] [0]),

i=1,---,v,and Qj,+1(0) is the isoperimetric choice of T'— 1/1]([%] [0]).
By (5.9),
) -1
Uil 10) — (s 1 10) = ~0(@;(2) By (o).
and hence by Lemma 7.2, Q;:(0) = —-Q;(z).B(p;) = [[Qr —

Q;(0)]]uB,;(p;). Similarly,

T — (5571, [0) = =9(Q;s () [M\ ULy B, (1)),
and hence by Lemma 7.2, Q;j,+1(0) = —Q;(z).[M\ U{_, Brzj_' (pi)] =
[[Qr — Q;(0)]][M\ UY_, Brzj_- (pi)]. Summing them together,

v

Fa(jlra,noxion) = 2 _Qr — Q;(0)]]-B,.; (pi)

i=1
+ [[Qr = QO))L M\ Uiy B, (pi)]
= [[Q27 — ©;(0)]].

Similar arguments show that Fa(v;]ra1,n)exq)y) = [ — 25(1)]], and
hence property (iv) (in Lemma 5.5) is proved. q.e.d.
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Lemma 5.8. In Case 2, there exist No = Ny(l,m,0,L) € N, and a
subsequence (still denoted by) {¢;}, and a sequence of positive numbers
pj — 0, as j — oo, and

’Lﬂj : I(l,Ng)o X I()(m,l)o — Bp}; (T),

satisfying:
(0) ¥5(y, ) = O[a]], V) € C(M), (y,) € I(1, Na)o x Io(m Do;
(i) £(y) <6 if m = L, and (1) < £(6;) +0 if m > 1;
(1) ¥;([0],-) = &5,
]ll)nolo ;i ([1], 2)| = V(2)LGp(M\Seon) " as varifolds for all x € Io(m,1)o;
(ii4)
sup{M (v;(y, z)),(y,z) € I(1, Na)o x Ip(m,1)o}

)
= zelsol(lng,l)o M(¢]($)) * ng+1’
(iv) Ifm=1,0 <wvm, ¢;([0]) = 9[[Q;0l], ¢;([1]) = O[[1]], ¥;([1]®

[0]) = [[QQOH Y[ @ 1)) = a[[€,],® then
Fa(jl1,59)0x{101}) = [[5.0= 2011, Fa(@ilra,ng)ox ) = (25,1 =251,

where Fy is the Almgren’s isomorphism (4.2).

REMARK 5.9. This lemma is the key part towards Theorem 5.1. As
the proof is very subtle, we sketch the main ideas here. Let us focus
on a simpler case when S, contains only one point ¢ (Part I in the
proof), and the general case (Part II) follows from straightforward in-
duction. For j large, we will find points p; — ¢ and radii r; — 0,
such that the mass of the slicing M[0(¢;(x).B(p;,7;))] — 0 (Fact
2). To get rid of the mass concentration, we will connect ¢;(z) to local
cones 0x0(¢;(x)B(p;,7;)) inside B(p;, ;) in finitely many steps simul-
taneously for all x € Iy(m,l)g. To keep the fineness small during this
procedure, we will find finitely many concentric annuli inside B(pj, ;)
(Fact 3), and do the deformation step by step on each annulus (Step 1
to 3). The number of annuli can be chosen to depend only on I, m, ¢, L
(Fact 3.4). All the properties (0)(i)(ii)(iii)(iv) are checked in Step 4
and 5.

As we are working on a manifold, so all the cone construction should
be passed to the tangent plane using exponential map. We summarize
the related formula for local exponential maps in §7.2.

"G, (U), U C M denotes the n-Grassmannian bundle over U [Si83, §38].
8We introduce new notions QJ 0, %1 to simplify presentation, and according to

(0), o = Q[1] o and 1 = Q[l] [
“Here we identify I(1, NQ)() x {[0]} and (I(1, N2))o x {[1]} with I(1, N2)o.
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Proof. For all basics facts about the local exponential map, we refer
to §7.2.

C(m,1) denotes the number of vertices in Ip(m,{)o.

Denote o = /5, then the set Sgo, has at most C’(m,l)% points.
Given q € Scon, then ||V (2)||(q) > «, for some x € Iy(m,1)g. Choose
a neighborhood Z = Z, of ¢ satisfying the requirement of §7.2, with
respect to some fixed € < n/2. We can make sure that the sets {Z, :
q € Scon} are pairwise disjoint by possibly shrinking Z,,.

Part I: First assume that S,,, has a single point, i.e., Seon, = {¢}, and
write Z = Z,. We will discuss the general cases using induction method
later.

We need the following facts:

(A) By basic measure theory,
tim [V (@) (B(a. 7)\{a}) = 0. ¥ € Io(m. Dy,

(B) Given a set of integral currents {T'(z) € Z,(M"™*!) : z € Iy(m,1)o},
by [P81, 3.6], the set

{peZ: |T(x)|(0B(p,t)) =0,Vt>0,B(p,t) C Z}

has a full measure in Z;

(C) Fix p € Z, and s > 0, with B(p,2s) C Z. Then by the slicing
theorem [Si83, 28.5] and §7.2(d), (T (z).B(p,t)) € Zp—1(M) for
(L' almost all) t € [s/2,2s], and

2||T(x)[|(Alp, 5/2,25)) > Lip(ry) | T(2) || (A(p, /2, 25))
2s
> M[O(T (z)_B(p, t))]dt.
s/2
Hence by the Pigeonhole Principle, there exists r € [s/2,2s], such
that for all x € In(m,1)o,
— 8(T(x)LB(p, r)) = (T(z),1p,7) € Zp_1(M"™H1);10

2C(m, DT () (A(p, 5/2,25)) > ;sM [0(T(2).B(p,7))]

> SrM[O(T (@) By, 1))

Now denote T)j(x) = ¢j(z), x € Ip(m,1)o,
Claim 1. We can find (possibly up to a further subsequence of {¢;}),
e a sequence of points p; € Z, pj — q as j — 00;
o sequences of numbers sj,r; € R, with 0 < s;/2 < rj < 2sj,
limjﬁoo Sj = 0,’
satisfying

(T rp,7) denotes the slicing of T by the function r, (see §7.2) at r [Si83, 28.4].
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(i) B(q,s;/8) C B(pj,sj/4) C B(pj,2s;) C B(q,4s;);

(ii) | T;(x)||(0B(pj,t)) =0, for all x € Iy(m,1)o, 0 < t < 2sj;

(4d1) 1imj o0 MaXye 1 (m, )0 175 () || [A(pj, s/2,255)] = 0;

(iv) 8( J(@)LB(pj,r5)) = (Tj(x),rp,,75) € Zna(M);

(W) r N M([0(T;(z) B(pj.r))] < 8/3C(m,)|T;(x) | (Alp;, s5/2.
2s;

(vi) limj o0 |Tj(2) LG (B (pj, 7)) = V() Gn(M\{q}) as vari-
folds. ™t

Now let us check the claim. By fact (A), we can find s; > 0, s; — 0,
as j — oo, such that

lim max [[V(2)||(B(g,4s;)\{q}) = 0.

j—oo zely(m,l)o

As |Tj(x)| = |¢j(x)| converge to V(z) as varifolds, we can possibly take
a subsequence of {¢;}, still denoted by {¢;}, such that
lim max ||T;(x)]/(A(g, s;/8,4s;)) =0, and

j—o0 zelo(m,l)o
Jim |T5(2)|-Gn(B(g, 5/8)) = V(@)-Gn(M\{q}),

as varifolds, for all x € Iy(m,1)o.
(In fact, for any j one can find j/ > j, such that ||Tj(x)||(A(g, s;/8,
1sj)) < 2||V( ) (B(g,4s;)\{q}) and || Ty (2)[|B(g, s;/8) < [IV(2)l| B(q,
5;/8) + j, and {¢;j(z) = Ty (x)} satisfies the requirement.)

By fact (B), we can find a sequence p; € Z, p; — ¢, such that
B(q,5;/8) C B(pj,si/4) C B(pj,2s;) C B(g,4s;), and || T;(x)||(9B(p;,
s)) = 0, for all € Iy(m,l)o and s > 0 with B(p;,s) C Z. Hence
(i)(ii) are true. (iii) is true as A(pj,s;/2,2s;) C A(q,s;/8,4s5). Now
for each j, by fact (C), we can find r; € [s;/2,2s;], such that (iv)(v) are
true. (vi) is true as B(p;,1;) C B(q, s;/8) and B(p;,r;)\B(q,s;/8) C
A(q,s;/8,4s5).

Then we have the following facts:

Fact 2. Given 6; > 0 (to be determined later), 61 < §, by Claim
1(11i)(v), there exists J large enough, such that if 7 > J,

(5.10) 2 M [0(y () Bl )] < 01/
(5.11) vol (B(pj,r5)) < 61/5;
(5.12) vol (0B(pj,r)) < 61/5, for allr <r;.

1 B¢(p,r) denotes the complement of B(p,r) in M.
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Now we are going to connect Tj(x).B(p;,r;) to the cones
Ey [60XE;#18(1}-(x)\_B(pj, rj))] using discrete sequences with controlled
fineness simultaneously for all x € Iy(m,1)o.

We separate the whole procedure into several steps. For notions
E, 1(N), h(r), we refer to §7.2.

Step 0: Now fix j > J, and forget the subscript “;” now. So T'(x)
and B(p,r) satisfy (5.10)(5.11)(5.12). Recall that T(x) = 9[[Q(x)]],
Q(x) € C(M). For simplicity, we will identify Q(x) with [[Q(z)]] in
the following of the proof. By the Pigeonhole Principle and the Slicing
Theorem [Si83, 28.5], we have that

Fact 3. we can find finitely many numbers r; > 02 , i =1,--- v,
for some v € N, with r > r1 > rog > -+ > 1, > 0, such that for all
.I'EIo(m,l)(], 1< <v—1,

) T ()| A(p, i1, i) < 6/5, | T ()| B(p,ry) < 0/5;

2) a(T(x)'—B(parz)) € anl(MTH_l);

3) (Ux),rp, i) = 8(Q(x)|_B(p, TZ)) —T(2)_B(p,r;) € I,(M"™1);

4) v can be any integer no less than C(m,1)(6/6)"! x
maxXye o (m,), M(T(x)Z), and hence depends only on m,1,9, L.

Step 1: (See Figure 2) For each x € Iy(m, 1), let
S1(@) = By { 00x B 0(T (@) B(p, 1) — n("1) 4 B (T (@) B(p, )] J:
then by (5.10) and §7.2(k), spt(S1(z)) C A(p,r1,7), and

M(S;(x)) < 2rn 1 (1 — (

(5.13) —)IM(A(T(2)oB(p, 1))
< 2rn ' M((T (). B(p,7))) < 81/5,

1

For each x € Iy(m,1)o, define

Sl(x)7 in A(p7rlvr)7
(5.14)  Ri(z) = { (Eoh(ri)o E™Y)uT(x).B(p,r), in B(p,r),
T(z), outside B(p,r).

Claim 2. For each = € Iy(m,1)o, Ri(x) = 0Q1(x) for some Qq(x) €
C(M).

Proof. For each x € Iy(m,1)p, by the definition of slices [Si83, 28.4],
the slices (Q(x), 7p,75) is represented by the set Q(x) N IB(p,r;), which
has finite perimeter as 9(Q(z),rp,7;) = —0(T(x)_B(p,7;)). Denote

2Note that r;’s are different from the r;’s in Claim 1, and we will forget the
subscript “j” of r; until Step 5.
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(E o h(ry) o BV 4T (2).B(p,)

Figure 2. This figure illustrates Step 1 in the dis-
cretization process with point mass. We omit the vari-
able z € I(m,l)o.

Oi(x) = Qx) N OB(p,r;) = (Ux),rp, i), O(x) = Qz) N IB(p,r) =
(Q(z),rp, 7). Define a subset of M as'?

E{0x[E~'O m)—%E*IO x)|t, in A(p,ri,7),
(5.15) Q(x) = { Q({x),[ in(BO(p7 r1) and (ogt]s}ide B(p, 7“<)p v

Clearly ©Q4(x) is a set of finite perimeter, i.e., Q(x) € C(M), as each
part supported in B(p,r1), B(p,r), A(p,r1,7) is. We will show that
Ry (z) = 0Q1(x). By [Si83, 28.5(2)],

00 (x) = 0[Q(z)LB(p,r)] + OE{0x[E'O(x) — %E’IO(x)] }

+ 0[Q(z)Bo(p, 1)]

= T(2)B(p, 1) — (), 7p,7) + O(a)
— (Bou(=) o B7)40)
— By {dox[E;'00(2) — p(21) 4 B 90 ()]}
+ T(x).B(p,r1) + (Qx),rp,71)

= T(x).B(p,7) + T(x).B(p,m1)
~ (Bou(=) o E71)40() + O1(a)
+ Ey{box[EL'O(T () B(p,r))
— u(=H) 4B (T (@) B(p.7)]

130xS denotes the cone in R*™! over S ¢ R*H1.
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So together with Claim 1(ii),
Ri(x) — 0 (z) = (Eo h(rl) o Eil) [T(x)l_A(p, T, 7“)]

+ (EOM( 5) o E71)40(x) — O1(x)
(E ° h(rl) E™Nu(T(x) Ap,r1,7)

(z) = O ( )

(E oh(ry)o )#8(Q(IIZ>LA(p, 7“1,7"))

= 0(E o h(r1) o B™1) (Qz) Alp, 11, 7))

=0,

where we used the fact that h(ry) = p(*t) on 0B(p,r) in the second
“="_and the fact that any integral (n+ 1)-current on an n-dimensional
manifold 0B(p,r1) is zero in the last “=”. Hence we finish the proof of
the claim. q.e.d.

As Ri(x) = 0Q1(x), using (5.12) it is easily seen that
(5.16) M (R (z)L0B(p, 1)) < vol(0B(p,r1)) < 61/5.

The set {Ri(z) : © € Iy(m,l)o} satisfies the following properties.
First using Claim 1(ii), Fact 3.1, (5.13)(5.16), we have the continuity
estimate,

(5.17)
M (R (z) — T(z)) < M(T'(z) A(p,71,7)) + M(R1(z).0B(p, 1))
+ M(S1(z))
< §/5+261/5.
Using Claim 1(ii), (5.13)(5.16), we have the mass estimate,
M(Ri(x)) < M(T(@).B*(p,1)) + M(81 (@)
(5.18) + M(Ry(2).0B(p,r1)) + M(T(2)_B(p,71))
< M(T(z)) + 26 /5.
If m > 1, given z,y € Iy(m,1)o, such that d(x,y) = 1, then
Ri(z) = Ra(y) = (Si(2) = S1(y)) + (Ri(z) — Ri(y)).0B(p, 1)
+(T(x) = T(y))-B(p,m1) U B(p,7);
hence using (5.13)(5.16), we have the fineness estimate,
(5.19)
M (R (z) — Ri(y)) < M(Ry(z).0B(p,71)) + M(R1(y)L0B(p,r1))
+M(S1(x)) + M(S1(y)) + M(T(x) - T(y))
< 461/5+£(9),
where f(¢) is the fineness (4.1) of ¢.
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Step 2: Now for 2 < i <w, z € Iy(m,1)o, we can similarly define

Si(w) = Ey{ 00 [E5 (T (@) B(p.1)) — p(*) 4 B3 (T (2)-B(p. )] }:

then by (5.10) and §7.2(k), spt(S;(x)) C (p, ri,r), and
T

) =

)
M(Si(z)) < 2rn~ ( — (C)"MA(T()B(p, 7))
(

<2rn”"M(9(T(z).B(p,r))) < 01/5.

(5.20)
Similarly define

(5.21) Ri(x)= 1< (Foh(r)o E‘l)#T(x)LB(p, r), in B(p,r;),

{ Sl(x)a in A(p7ri7r)a
T(z), outside B(p,r).

The same argument as in Claim 2 with r; changed to r; shows that
Ri(x) = 0Q4(x), Qi(x) € C(M) for all 2 <i < v, x € Iy(m,l)y, with

E10 E_lO(:C)—%E_lO(x) , in A(p,ri,T),
(5.22) Qi(z) = { Q({xf[ in By(p,r;) and ougs}ide B(p, )p
and hence by (5.12),
(5.23) M (R;(x).0B(p, ;)

Using (5.20)(5.23) in place of (5.
Step 1, the currents {R;(z) : 2
followmg properties:

(5.24)

M(Rz(m) - Ri,l(az)) < M(T(:L‘)LA(p,ri,m,l)) + M(Ri(x)L8B(p, 7“1))
+M(R;—1(z).0B(p, i-1))+ M(S;(z) — Si—1(z))
<§/5+ 361/5.

M(Ri(x)) < M(T'(2)oB“(p, 7)) + M(Si(x))

(5.25) + M(R;(z).0B(p, i) + M(T(z).B(p, 1))
< M(T(z)) + 26, /5.

If m > 1, given z,y € Iy(m,1)o, such that d(z,y) = 1, then

(5.26)

M(Rl(ac) - Ri(y)) < M(R( )OB(p,r; ) + (Rz(y )LOB(p, n))

+ M(Si(2)) + M(Si(y)) + M(T(z) — T(y))
< 461/5+ f(9).

(8B (p,7i) ) < 61/5.

5.16) and similar estimates as in
< v,x € Io(m,l)o} satisfy the

)(

13
<

Step 3: Define the cones

Sa1(@) = By {025 0T (2) B(p.v)) |
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then by (5.10) and §7.2(k), spt(S,+1(x)) C B(p,r), and

(5.27) M(S,11(x)) < 2rn 'M(O(T(2)_B(p,7))) < 61/5.
Define
(5.28) Bypi(w) = { 5”?;35x), outslil(lieBép(}:&).

Similar argument as in Claim 2 with r; changed to 0 shows that
Ryi1(x) = 0Q41(x), Qui1(x) € C(M) for all z € Iy(m,1)o, with

529 ) = { gl D s
Using Claim 1(ii), Fact 3.1, (5.23)(5.27), we have that
(5.30)
M(Ry41(7) = Ry(2)) < M(T(2)B(p,7v)) + M(Ry(2).0B(p, 7))
+M(Sy11(z) — Su(z))
<0/5+261/5.
M(Ry41(z)) < M(T(2).B(p, 7)) + M(Sy11(z))
< M(T(z)) + 01/5.
If m > 1, given z,y € Iy(m,1)o, such that d(z,y) = 1, then
(5.32)
M (Ryi1(2) — Rusa(3)) < M(Si(2)) +M(Si(y)) + M(T(x) — T(»))
< 261/5 4+ £(9).

(5.31)

Step 4: Take v+ 1 = 3N for N € N, then N depends only on I, m,d, L
by Fact 3.4. We can define a map

¢ I(1,N)g x In(m,1)g = Zn(M™1),

by ¥(0,2) = T'(z) = ¢(x), ¥([;5l.2) = Ri(z) for 1 < i < v+ 1L
Now we check that 1 satisfy Lemma 5.8(0)(i)(iii)(iv). By combining
(5.17)(5.18)(5.19)(5.24)(5.25)(5.26)(5.30)(5.31)(5.32) and our construc-
tion, we have
(0) ¥([55], ) = Ol (2)]], Qi(x) € C(M);
(i) £(¢) < 6/5+38,/5if m =1, and £(¢) < max{6/5+38,/5,£(¢)+
461/5} if m > 1;

(iid) max{M(y([55],2))} < max{M(¢(x))} + 261/5.

Ifm =1, 6 <‘ vn, let us calculate FA(MI(LN)OX:{[O]}) and
Fa(l 11,5y qupy)- First focus on FA(w‘I(l,N)OX{[O]})' We will use no-
tions as above. By the definition of Almgren’s isomorphism (4.2),

v+1

Fa(li,mox o) = 2_ Qi(0);
=1
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where Q1(0) is the isoperimetric choice for R;(0) — 7°(0), and Q;(0) is
the isoperimetric choice of R;(0) — R;—1(0), 2 < i < v+ 1, with R;(0)
given by (5.14)(5.21)(5.28). Recall that 7'(0) = 9€2(0), R;(0) = 9€;(0),
with ©(0),£;(0) € C(M), and that €;(0) — €;_1(0) are all supported in
B(p,r) by the construction (5.15)(5.22)(5.29), so M(£2;(0) —Q;—1(0)) <
vol(B(p,r)) < 1/2vol(M), as r is very small. By Lemma 7.2, Q1(0) =
21(0) — 2(0), Qi(0) = ;(0) — ©2;_1(0) for 2 <i < v+ 1, hence

v+1

FaWl 105y qo) = 21(0) = 2(0) + Y (€:(0) — 25-1(0))
=2

=Q,41(0) — 2(0).
Similarly we can prove that FA(WI(l,N)Ox{[l]}) = Q,41(1) — Q(1). By
changing the notions, we showed that
(iv) Ttm =1, 6 < var, ¢([0]) = 9[[]], ¢([1]) = O[], »([1][0]) =
O[], v([1) @ (1) = o[[Q4]], then
FA(W[(LN)OX{[()]}) = [[€% — oll, FA(WI(LN)OX{D]}) = [[Q) — ]].

[{e}]

Step 5: We now pick up the subscript “j7. For each ¢;, j > J, we
can construct ¢; : I(1, N)g x Ip(m,1)o — Z,(M™*1) as above. Denote
¢j(x) = 0[[Q(@)]], and ¥;(y,x) = Rji(z) = [[Qi(2)]] for y = [Z5],
with Q;(z),Q;:(x) € C(M). By the construction (5.15)(5.22)(5.29),
Qji(x) — Qj(x) are all supported in B(pj,7;). Recall that r; — 0 by
Claim 1, so

F (i (y, o), 65 (x)) < M(Qj4(x) — Qj(x)) < wol(B(pj,rj)) =0,

uniformly for all (y,z) € I(1,N)g x Io(m,1l) as j — oo.
Define

pj = €+ max{F(¢;(y, x), ;(x)) : (y,x) € I(1, N)o x Io(m, )0},
where ¢; is given in Lemma 5.5; then p; — 0, as j — oo, and
F(i(y, ), T) < Fihj(y, x), ¢5(x)) + F(¢;(x), T) < pj, so

Wy I(1,N)o x Io(m, 1)o = B}, (T).
Finally, we claim that
(i)

(5.33) Jlglolo [w;([1], )| = V(2)cGp (M\{q}), as varifolds.

In fact, by (5.28), ¥;([1],2) = ¢;(x) outside B(pj,r;), and inside
B(pj,rj), by (5.27) and Claim 1(iii)(v),

M(¢j([1],x)LB(pj,rj)) < 2rjn71M(8(]}(x)\_B(pj,Tj))) — 0,
as j — 00.

Therefore, (5.33) is a directly corollary of Claim 1(vi).



MIN-MAX HYPERSURFACE 325

All the above properties show that {1;} satisfy Lemma 5.8 when

con {Q}

Part II: If S.,, contains more than one point, we can construct 1,
successively on the pairwise disjoint neighborhoods {Z; : ¢ € Scon} as
above, as the construction is purely local. The only things to be taken
care of are the increase of mass and fineness.

Write Seon = {qu}hi_1, Za = Zy4,, x € N. As mentioned above,
k < C(m,l) 20{’ depends only on m,l,é,L. We start by following the
above process inside Z; to extend ¢; (possibly up to a subsequence)
to 1/1;- : I(1,N)g x Io(m, 1) — BZE(T)’ where {pjl} is a sequence of

positive numbers converging to zero. Denote qﬁjl() = zb]l([l], -). Then

{1/131} satisfy (by Step 4 and Step 5 in Part 1): for all € Iy(m,1)o
. wl([?j\f]) = 0[[Q;,,(2)]], (=) € C(M);
o f(v ) < §/5+361/5 1fm =1, and f(w ) < max{d/5 + 301/5,
f(o;) +451/5} if m > 1;
o ¥;([0],2) = ¢;(@), limj o0 [} ([1], 2)] = V(2).Gn(M\{q1}) as

varifolds;
° maX{M( ([3N] ))} <maX{M(¢J( ))}+251/5'
e If m = 1, and denote ¢;([0]) = 9[[Qjo]], ¢;([1]) = O[],

¢;([0]) = [[Q}oﬂ 5 ([1]) = o[ ]l; then
FA(%’ |1(1,N)0X{[o]}) - [[Qj,O*Qj,OHa FA(%Z);’](LN)OX{D]}) - [[le',lfﬂj,l]]'
Also {qul} satisfy: for all x € Ip(m,1)o,
e ¢j(x) = ¢;(x) outside Z1, by (5.28);
o ¢j(x) = 9[[Q(2)]], Qj(x) € C(M);
e limj o |¢ ()] = V()G (M\{q1}), as varifolds;
o M(¢j(x)) < M(g;(x)) + 61/5, by (5.31);
o It m > 1, f(¢;) < £(¢;) +281/5, by (5.32).

As gbjl(aj) = ¢j(x) outside Zy, for all x € Iy(m, 1)y, we can repeat the
construction in Part I inductively on Zs, --- , Z,, to get (possibly up to
subsequences) {7} and {¢7}, 2 < a < &, such that ¢ : I(1,N)o x
Ip(m,1)p — BZ’;(T), ¢$ + Io(m,1l)o — Bg’;(T), with {p}} a sequence of

J J
positive numbers converging to zero as j — oo for each 2 < a < &,

and ¢ (z) = 1([1], ), and the following statements are true. For each
2<a<k, {w;} satisfy that: for all € Iy(m,1)o,

1) v§([55]) = 0119 ()], Q2 ;(x) € C(M);
2) £(yF) <0/5+361/5if m =1, and if m > 1, £(¢]) < max{d/5+
301/5, f(qb?*l) +401/5}, so by property 5 of ¢ (see below),

f(?/}?) < max{0/5+ 301/5,f(¢;) + 2(a + 1)1 /5};
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3) w9([0),2) = &5 (@), limjmsee [W4([1),2)] = V(2) Grn(M\{g1,
“++,qq}) as varifolds;

4) max{M(y¢([55], 7))} < max{M(¢§~"(x))} + 281/5, hence by
property 4 of ¢ (see below),

max{M(U([cl, o))} < max{M(¢y(a))} + (a+ 1)61/5

5) 1fm = 1, and denote ¢2~1([0]) = 9102511, 62~ 1([1]) = o122
¢3(10]) = o[l ¢ (11 = o125 ,11; then
Fa (¢j|[(1 oX{O]}) [[ _9?61“,
Fa(§l 1, mp0xquy) = (9251 — 57711

{(b?} satisfy: for all x € Iy(m,1)o,

1) ¢%(z) = ¢;(x) outside Z1 U --- U Z,, by (5.28);

2) ¢f(x) = O[[Q (x)]], @ (x) € C(M);
3) 1 o [62(2)] = V() Gu(M\{g1, -+ ,qu}), as varifolds;
4) M(¢%(x)) < M(¢9 ! (z)) + 61/5 by (5.31), so

M (¢ (x)) < M(¢;(x)) + ad1/5;
5) If m > 1, £(¢9) < £(¢77") + 261 /5 by (5.32), so
£(¢F) < £(¢;) + 2a61/5.

Finally, let k(v +1) = 3Nz for some Ny € N, with v given in Fact 3;
then Ny depends only on m, [, 6, L. Recall that v 4 1 = 3V (see Step 4
in Part I); then we can define 1; : I(1, Na)o x Io(m,1)o — BZ'; (T) as:

J
(5.34)

. (a1 1
Ui(lgeh) = o (D )i () ) << o),
Choose 1 < 9, such that
)
2(k+1)01/5 <6, (k+1)d1/5 < PR

and let p; = pf; then ¢; satisfy (0)(i)(ii)(iii) in Lemma 5.8. To check

Lemma 5.8(iv) if m = 1, by the definition of Almgren’s isomorphism
(4.2),

Fa(¥jlra,naox o) = ZFA(w?‘[(LN)OX{[o}})
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Similarly, FA(@ZJHI(LN?)OX{M}) = [[QJ — Q;1]]. So Lemma 5.8(iv) is
true by noticing that ¥;([1],[0]) = O[[2]]] and ¢;([1], [1]) = O[[QF,]].
The proof of Lemma 5.8 is now finished. q.e.d.

Now let us go back to the proof of Lemma 5.5. If S¢,, = 0, then 1),
can be constructed by Lemma 5.6 with p; = ¢;, N = Ny. If Seon #
0, let &' = §/2, and construct (possibly up to a subsequence) 1&]2 :

I(1, N3)g x Ip(m,l)g — Bpfj(T) by Lemma 5.8 for the set of numbers
l,m,d', L. Then denote ¢(-) = w?([l],') s Io(m,l)o — B/Z(T). By
Lemma 5.8(ii), {¢}} satisfy the requirement of Lemma 5.6 for the set of
numbers {,m, ', L + ¢ +1
construct (possibly up to a subsequence) 1[)]1 : I(1,N1)o x Ig(m,1)g —
Bpfj (T).

Assume 3V = 3V 43N2 N € N; then N depends only on (I,m, T, 6, L),
as Ny depends only on (I,m,d§/2,L) and N; depends only on (I,m,
T(S/Q L+ Define ¢j :[(1,N)0><Io(m,l)0—>Bl’Z(T) by

Now we can apply Lemma 5.6 to {ng’ }, and

2(ng +1))

zz)j([giN],x):w;([?)NQ],x), if0<i <3

Uillgrho) = vi(Gm)e), 3% <i<aY,
Then {1;} satisfy Lemma 5.5(0)(11)(iv) by combining Lemma 5.6(0)(ii)
(iv) with Lemma 5.8 (0)(ii)(iv). For Lemma 5.5(i), if m = 1,

£(v;) < max{f(y;), £(v)} < 6/2;
if m > 1, then by Lemma 5.6(i) and Lemma 5.8(i),
() < max{f(v)), £(u)} < (V) +0/2 < £(95) + 6
For Lemma 5.5(iii), by Lemma 5.6(iii) and Lemma 5.8(iii),
max {M(¢;(-,))} < max { maX{M(wj( ))},maX{M(wjz(-, N}
o
< maX{M(%('» N+ 2o+ 1)

5
no+1

So we finished checking that {1;} satisfy Lemma 5.5(0)(i)(ii)(iii)(iv).
q.e.d.

< max{M(¢;(-))} +

Now let us go back to the proof of Proposition 5.3. This part is similar
to the final part of [MIN12, 13.3]. We will use notions in Lemma 5.5.
We are going to construct the extensions qgj of ¢; from I(m,ko)o to
BZ']—_ (T') for every j large enough, therefore, get a contradiction.

First let us discuss the case when m > 1. Let

(Zg] : IU(m7 N)O X I(LN)O — BZ;(T)7
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be defined by @-(m,y) = j(y,n(N,l)(x)), where 1; are constructed in
Lemma 5.5. Recall that S(m + 1, N)o = Io(m, N)o x I(1, N)g. We can
extend gﬁj to

S(m+1,N)yUT(m+1,N)o,
by assigning it to 7" on T'(m + 1, N)o.

Now recall the map r(N) : I(m, N+q)o — S(m+1, N)oUT (m+1, N)g
defined in [MIN12, Appendix C|, which satisfies: ¢ depends on m but
not on N; if z,y € I(m, N+q)o, d(z,y) = 1, then d(r(N)(z),r(N)(y)) <
m; if z € Iy(m, N + q)o, then r(N)(x) € [0] x Io(m, N)g and r(N)(z) =
n(N +q,N)(x).

With out loss of generality, we can assume kg > N + ¢; then the
extension ¢; : I(m, ko)o — Bg (T') is defined by

$; = djorm(N) on(ko, N + g),
for which Proposition 5.3(i)(ii)(iii) are easily seen true by Lemma 5.5(i)
(i) (iid).
Finally when m = 1, define ¢; : I(1,N + 1)o — B} (T) by:
3 : i . .
bi([grer)) = ¥illg) 0D, if0<i<3Y;
. i _ '
ﬁbj([m]):T, ifr3V+1<i<2.3V,

~ 1 3N+1_Z' ' N . Ni
¢j([m])=¢j([37]v]a[1])a if 2.3V +1<i <3V

for which Proposition 5.3(i)(ii)(iii) are automatically true by Lemma
5.5(1)(ii)(iii). To check Proposition 5.3(iv), by the definition of Alm-
gren’s isomorphism (4.2) and Lemma 5.5(iv),

Fa(;) = Fa(¥ilia.noxion) — Fa(Wslranexiu)
= [[Qr — Qo] — [[Qr — La]] = [[21 — Qo]

For ko > N + 1, the extension ¢; : I(1,ko)o — BZ;(T) is given by

¢jon(ky, N +1). q.e.d.

The next result removes the dependence of € and k on the parameters
[, m in Proposition 5.3, which is analogous to [MIN12, 13.5]. The idea
is to apply Proposition 5.3 inductively along the p-skeletons of I(m,1),
1 < p < m. In the induction process, compared to [MIN12, 13.5] where
they need to pay attention to the increase of the parameter “m(¢, )",
we need to take care of the increase of the size of the neighborhoods
around 7.

Fix ng € N. b(ng) is a constant depending only on nyg.

YThis parameter measures the local mass density. See [MN12, 4.2].
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Proposition 5.10. Given §,L > 0, and
T e Z,(M)n{S:M(S) <2L —§}, with T = I[[Qr]],

Qp € C(M), then there exist 0 < ¢ = ¢(T,9,L) < 0, and k = k(T,9,L) €
N, and a function p = pirs1) R} — RY, with p(s) = 0, as s = 0,
such that: givenl,m e N, m<ng+1,0<s<e¢, and
(5.35)

b+ Io(m, 1) — BE(T) N {S : M(S) < 2L — 8}, with ¢(x) = 9]

Qp € C(M), x € Ip(m,l)o, there exists

& I(m, 1+ k)o — BZ,(T), with d(y) = 91,

Qy, €C(M), yeI(m,l+k), and satisfying
(i) £(6) <6 if m =1, and £(¢) < b(no)(£(¢) + ) if m > 1;
(i1) ¢ = pon(l+k,1) on Iy(m,l+ k)o;
)

ap ME@) < sp M(o() +
ze€l(m,l+k)o zelg(m,l)o

(i) If m =1, 6 <wu, $([0]) = 9[[]l, ¢([1]) = O[[n]], then

Fa(¢) = [[1 — Qo]],
where F4 is the Almgren’s isomorphism (4.2).

Proof. The case m = 1 follows directly from Proposition 5.3. In fact,
take € = 6(07 LT, 57 L)7 k= k(ov LT, 57 L) and p(S) = p(O,l,T,é,L)(S) by
Proposition 5.3, and denote the extension by ¢ : I(1,k)o — Bl“f(s) (T).
Then ¢ : I(1,1 + k)o — B ,(T) is given by ¢ = ¢ron(l+k, k). The
fact that ¢ satisfies properties (i)(ii)(iii)(iv) follows from the fact that
¢1 satisfies Proposition 5.3(1)(ii)(iii) (iv).

Now let us assume that m > 1. Using notations in Proposition 5.3,
we can inductively define integers,

k() - O7k1 - k(0717T757L)7'” 7ki - k(ki—17i7T757L)7' )
km = k(kmfh m, Tv 57 L)a

and positive numbers,

€1 = 6(07 17T7 67 L)7 L, €6 = G(ki_l,i,T, 57 L)7 T
€m = E(kf’mfbmyTa 9, L)a

and functions from R! to R!,

P1 = POL,T,6,L)> " 5 Pi = Pk;_1,i,T,6,L) © Pi—1,"""
Pm = P(km—1,m,T,6,L) © Pm—1-
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As limg 0 ok, i150)(s) = 0, for 1 < i < m, we know that
limg 0 pi(s) = 0, for all 1 < ¢ < m. Hence we can choose ¢ > 0,
such that € < min{ey, -+, €}, and

€ = Orggéipz(s) <é€41, foralll<i<m-—1.
Let k = k;,, and p = ppy; then €, k, p depend only on 7,6, L. In the
following, we will show that €, k, p satisfy the requirement.

Fix a map ¢ : Ip(m,l)o — BI(T)N{S : M(S) < 2L — 6}, with
o(z) = 0[[Q]], Lz € C(M), for all € Iy(m,l)g. Assume that s < e.
Given p < m, let V], be the set of vertices of I(m,l + k,) that belong
to the p-skeleton of I(m,l), i.e., V;, = User(m,1),@(kp)o. Clearly V,
I(m,l+ k)o. Say a map ¢, : V, — BZ(S)(T) N{S:M(S) <2L}isa
p-extension of ¢, if:

1) ¢p(y) = a[[Qy]]v Qy S C(M)a for all y € ‘/]25

2) ¢p =don(l+kp,l) on V,NIo(m,l+ kp)o;

3) If p =1, then f(¢,) < f(¢) + 0; if p > 1, there exists a (p — 1)-
extension ¢,_1 of ¢, such that

£(¢ép) < p(£(bp-1) +0);

4) SUPyev, M(¢p(y)) < SUDye1y(m,l)o M(d’( )) + nfj;H
We start with the construction of 1-extension ¢; of ¢. First construct
a trivial extension of ¢ to I(m,1)o, i.e., ¢o : I(m,1)g — BI(T)N{S :
M(S) < 2L — 6} by

oo(z) = o(x), =€ lo(m,l)o;
qbo(x) = T, X ¢ Io(m, l)g

Then we can construct ¢g : Vi — Bpfl 5) (T) as follows: given o €

I(m,1)y, 950|a(k1)0 is gotten by extending ¢olq, on g to a(ki)p using
Proposition 5.3 for [ = 0,m = 1,T,4,L as s < € < ¢1. Finally, we can
define ¢; : Vi — B,i(s)(T) by

o1 =c¢oon(l+ki,l), on a(ky)y, if a is a 1-cell of Iy(m,1);
¢ = (;30, on a(ky)o, if a is not a 1-cell of Iy(m,1).

It is easy to check that ¢ is a 1-extension of ¢.
To get p-extension inductively, we need the following lemma;:

Lemma 5.11. Given a p-extension ¢, of ¢, p < m — 1, there exists
a (p + 1)-extension ¢py1 of @.

Proof. By assumption ¢, maps V,, into B/ () (T) N{S: M(S) < 2L},
so the image of ¢, also lie in Bé (T)N{S : M( ) < 2L} as pp(s) < € <
€p+1. Using the fact that ¢p(z) = 9[[Q]], Qp € C(M) for all x € V,, we

can apply Proposition 5.3 for each (p+ 1)- cell a € I(m,l)p+1 to extend
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¢p|a0 (kp)o to ¢pa O[(k‘p_;,_l)o — Bp +1(s)( ) for | = k:p,m =p+ ].,717 5,L
Given any two adjacent (p+ 1)-cells a, & € I(m,1)p+1, by Proposition

5.3(i1), Gp.o = dpa = dpon(kys1, ky) on a(kpy1)oNa(kyr1)o, o we can
construct a map

Op : Vpr1 = Bp (o)D),

by letting qu = ¢pa on each a(kyr1), a € I(m,1)y11. By Proposi-
tion 5.3(i)(iii) and the inductive hypothesis 4,

f(dp) < (p+ 1) (£(dp) + 0);

~ 4]
sup M(¢p($)) < sup M(pr(x)) +
2€Vpi1 z€V, no + 1
(p+1)0
< sup Ml(o(z)) + .
x€lo(m,l)o ( ( )) no+1
Finally, we define ¢p41 : Vi1 — Bp (s (T') by

Gpr1 = Ppon(l+kpy1,l+kpy), on a(kpsi)o,
if awis a (p+ 1)-cell of Ip(m,1);

bpi1 = Dp, on a(kp41)o, if @ is not a (p + 1)-cell of Io(m,1).
Now we check that ¢, satisfies all the requirements for a (p + 1)-
extension of ¢. First, by construction ¢,41(x) = 9[[Q]], Qz € C(M),
for all z € V,11; second, given a (p + 1)-cell v in Iy(m, 1), by inductive
hypothesis 2, ¢p11 = ¢pon(l + kpr1,l + kp) = ¢pon(l + kp,l) on(l +
kpi1,l4+kp) = pon(l+kpy1,1) on a(kyi1)o; lastly, as ¢pi1 is gotten by
replacing ¢, by ¢, on(l+ kpi1,l+kp) on V11 N Ig(m, I+ kpi1)o, hence
f(¢p+1) < £(op) < (0 + 1) (£(dp) + ), and SUDzeV, 41 M(¢p41(@)) <

It 1)o

SuprVp-q-l M((bp(x)) < SUPge1y(m,l)o M(¢($)) + (Z:—I—)l . q.e.d.

We can then inductively construct an m-extension ¢, : I (m,l +
km)o — B (s )(T). Let ¢ = ¢n; then it is easy to see that ¢, e,k =
Kms P = pm satlsfy all the requirements of Proposition 5.10. q.e.d.

5.2. Proof of Theorem 5.1. The idea is briefly as follows. Denote

L(®?) = xrél[%,}i] M(®(z)).
Given a § > 0, we can cover the set Z,(M"t1)N{S: M(9) < 2L( )N
{5:8=0[Q]] : Q@ €C(M)} by finitely many balls {B/ (T;)},, such
that Proposition 5.10 can be applied on each ball for ng = 1,7;,6, L =
L(®).'> Take j large enough, such that for each 1-cell o € I(l J)1, the
image ®(«) lie in some B]: (T3); then we can apply Proposition 5.10 to
each ®|,,, and construct a discrete map ¢s which has fineness controlled

>Note that no = 1 is the dimension of parameter space.
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by d, and total mass bounded by L(®) + . Finally, taking a sequence
d; — 0, i — oo, we can construct the desired (1, M)-homotopy sequence
{¢i}ien by letting ¢; = ¢5,. Detailed argument is given as below.

Proof of Theorem 5.1. In this part, we will repeatedly use notations
and conclusions in Proposition 5.10 for ng = 1.16

Step I: Fix § > 0, such that L = L(®) < 2L — 25. By the weak
compactness of the set Z,(M"T1)N{S : M(S) <2L}Nn{S:S =9[[Q]] :
Qe C(M)} (see [Si83, §37.2][Gi, §1.20]), we can find a finite covering
by balls {B/(T;) : i = 1,--- ,N}, such that T; = 9[[Q]], Q; € C(M),
M(T;) < 2L, and
(5.36) 3¢, + sup pi(s) < €e(T;,90,L),
OSSSSei

where €(T;,0, L), ki = k(T;,6,L) and p;(s) = pr,5.1)(s) are given by
Proposition 5.10. Assume that ¢ < €5 < --- < ey < 6, and denote
kE=max{k; : 1 <i< N}

By the continuity of ® under the flat topology, we can take j € N
large enough, such that for any o € I(1, 7)1,
(5.37) sup F(®(z) — @(y)) < e < 4.

Ty
Define ¢ : I(1,j)o — {1,--- ,N} by c(z) = sup{i : ®(x) € B (T;)}.
Then define
C:I(Lj)l - {17 7N}7

by c¢(a) = sup{e(z) : x € ap}.

Claim 3. @(a) - Bic(a)(Tc(a)).

Proof. By definition, there exists x € ag, such that c¢(a) = ¢(z), then

O(z) € Bg;a)(Tc(a)). By (5.37), for any y € a, ®(y) € B/ (®(z)) C
_F

BQGC(Q) (Tc(a))a as €1 < €c(a)- q.e.d.
Let ¢o : I(1,5)0 — Z,(M) be the restriction of ® to I(1, 7)o, then
¢o(ag) C 82]:5(;((1) (Ty(ay) for all a € I(1,5);. By (5.36) and Theorem

5.1(a), we can apply Proposition 5.10 to each ¢gla,, @ € I(1,7)1, and
get

G0.a  alke@)o = By, e ) (Te(e):
Define ¢5: I(1,5 + k)o — Z,(M) by
G5 = QNSO,CV © Il(] +k,j+ kc(a))a on Oé(k)().
Now we collect a few properties of ¢;.

1) ¢s =P on I(1,7)o;
2) ¢s(x) = 0[[Q]], Qz € C(M), for all z € I(1,5 + k)o;

16 Again, ng = 1 is the dimension of parameter space.
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3) f(¢s) < 6;
4) For any a € I(1,j)1,

sup M(¢s(z)) < sup M(®(z)) + 6 < 2L — 6;
z€a(k)o rEQ
) sup {F(¢5(x) — ®(2)) s w € I(L,j + k)o} <6
6) If & < var, then Fa(gs) = [[1 — Qol], where ®(0) = 9[[Q0]],
®(1) = O[[fu]].
1 is by construction. 2,3,4,6 directly come from Proposition 5.10. 5 comes

from (5.36), and the fact that ¢s(a(k)o) C Bpf( (2, (a))(Tc(a)), O(a) C
F

8260((1) (Tc(a) ) :
Step II: We say ¢ : I(1,k)g — Z,(M) is a (9, k)-extension of &, k >
j+k,if

1) ¢ =
2) ¢(z) = 9[[Q]], Qe € C(M), for all z € I(1,k)o;
3) £(9) < 6;
4) For any « € I(1,j)1,
sup  M(¢(z)) < supM(®(z)) +6 < 2L —6;
z€a(k—75)o TEQ
) sup {.7:(([55(1') - CIJ(x)) cx e I(1, /2)0} < €.
The following lemma says that a (J, k)-extension ¢ is 1-homotopic to
¢s with fineness 9:
Lemma 5.12. Given a (6, k)-eatension ¢ of ®, with k > j + k, then

there exists A A
¢ : (1 k’)() X I(l,]{)o — ZTL(M)7

with k = k + k, such that
(@) (y,z) = O[[Qy.all, Qo € C(M), for any (y,z) € I(1,k)o x
I(1, k)o; ) -
() %D([O] ) ¢s on(k,j + k), and ([1],-) = ¢ on(k, k);
( ) £(v) < ¢od, for a fized constant o,
) ( ,z)) < sup {M(®(a)),z,a' lie in some common I-cell

1] 1} + 26, for any (y,z) € I(1, k)o x I(1,k)o.

Proof. Given a € I(1, ])1, using property 5 for (4, k)-extension and
the fact that ®(a) C B, (a)( Te)), we have ¢(a N I(1,k)y) C

8-37-;6(00 (TC(OL) ) N
We will first construct ¢ on [0 —](k 7)o x I(1,k)o,'7 such that )

satisfies: -
90, ) = dsonlh, g+ Ky vz ) = bonlh. ),

"Notice that [0, &](k — 7)o = [0, 3%} NI(1,k)o.

) 37
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) 3
( , k)o trivially by lettlng

Then we can extend v to ([31] ,1] ﬁ[(l, )0) X
$(,x) = don(k, F)(a) for (3,2) € (15, 11N I(1, ko) x (1, Ko

Let Wi be the set of vertices of [0, :’%]( 7)o x I(1, k) which belong
to the 1-skeleton of [0, 31J] x I(1,7) (think [0 ,3%] = J(1,0)), and define

wO'WI%Zn( )by

_ 1 _
1/)0([0],):¢50n(k,]+k), 1/}0([37]7) :¢7
Yo(-,x) = ®(xz), forall z € I(1,))o.
Then 1 satisfies:

1) f(yo) < max{f(¢s),f(d)} <6, as ds5lr15), = Pl1(1,5)0 = P
2) Given any 2-cell 8 in [0 ,33] x I(1,7), with g = [0 ,3]] ® a,

for some a€l(1,j)1, then 1wy maps Bo(k — j)o'®  into
Bpfc(a)(QEc(a))“rgec(a) (Tc(a))’ S0 wo (Bo(k B ])O) - B‘EF(TC(OL),(ZL) (TC(OC))
by (5.36);

——This is because ®(a) C 826C(a>( To(a))s ds(a(k)o) C

Bl]’i(a)(ch(a))(TC(a))’ and (Z_)(Oé(l_f - J)O) C B3ec(a) (Tc(a))'lg
3) Yoly, z) = 0[[Qyz]], Qy» € C(M), for all (y,z) € W
——This comes from property 2 of ¢5 and ¢.

4) SUP(y,x) €W1 (¢0(y7 )) < max { SUPT(1,j+k)o (¢5)
SUD;(1.5), ()} <2L—;

——The last “<” comes from property 4 of ¢5 and @.
Therefore, we can apply Proposition 5.10 for each 2-cell § = [0, 3%] R
in [0, ] x I(1,7) to extend Yol gy (k—j)o tO

) 37
1/;075 : 6(E -J+ kc(a))o — Zn(M)a

which satisfies:

(a) £(dos) < b(1)(E(vo) + 0) < 2b(1)5;

() %0,8([0],-) = ¢o([0],-) on(k = j + k(o) b — J) = ¢ps om(k —j +
kc(a), k) on Oé(k j+k c(a ))0, and wo ﬂg[%] ) = 1/}0£[3%], ) o n(l; —
J+ ke, k—3j) = don(k —j+keay. k —j) on a(k — j + ke(a))o;

(c)

Csup M(dog) < sup M(t) +0
B(k—j+ke(a))o Bo(k—3)o
< max{ sup  M(gs), sup M(QZ;)} +9
I(1,5+k)o I(1,k)o
< sup M(®(z)) + 20.
reo
®Here Bo —J)o=pBoNI(1, k)o x I(1, k)

(k
YHere a(k — 7)o = anNI(1,k)o.
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Also given any two adjacent 2-cells g = |0, 3%] ® a and B = [0, 3%] ® @

in [0, 3%] x I(1,7), by Proposition 5.10(ii), we know that 1;075 o n(l% -
jak_j+kc(a)) :wO,BOn(k_jak_j_‘_kc(&)) :Q[JUOn(k—j,k‘—j) on

Bk — j)o N B(k — j)o, so we can put all {t)y g} together and construct

the desired map
1, - ) .
210, 51k = 7)o x I(1,k)o — Zn(M)),

by letting ¢ = 1/;07/3 o n(l% — g k—j+ k(o)) on ﬁ(l}: — j)o for each 2-
cell g =10, 3%] ® a. It is straightforward to check that v satisfies the
requirement. q.e.d.

Now let us go back to finish the proof of Theorem 5.1. Take a sequence
of positive numbers {6;}, §; — 0, as i — oo; then by Step I, we can
construct a sequence of mappings {¢; }, with ¢; = ¢s, /¢, : 1(1, ji+ki)o —
Z,(M).2%  After extracting a subsequence, we can assume that ¢;,1 is
a (i, jit1 + kiy1)-extension of ®. Then we can apply Lemma 5.12 to
¢; and ¢;11, so as to construct 1; satisfying Theorem 5.1(ii). The fact
that ¢; satisfy Theorem 5.1(i)(iii)(iv) come from properties 4,5,6 of ¢s
in Part I. q.e.d.

6. Proof of the main theorem

The main idea for proving Theorem 1.1 is to apply the Almgren—Pitts
min—max theory to the good families constructed in §3, so that we can
obtain an optimal minimal hypersurface satisfying the requirement. The
idea is similar to the proof of [Z12, Theorem 1.1], while we need a more
delicate comparison argument when checking the min—max hypersurface
has index one (cf. Claim 4).

Given ¥ € S (1.2), we can define a mapping into (Z,(M"*1),{0})
(6.1) > [0,1] — (Z,(M™T1),{0}),
as follows:

(i) When ¥ € S, (3.2), let ®*(z) = 9[[Q]], where Q, = {p € M :
d%(p) < (2x — 1)d(M)}. Here d¥ is the signed distance function
(3.1), and d(M) is the diameter of M.

(ii) When ¥ € S_ (3.4), let ®*(x) = 9[[%]], where Q, = {p € M :
d>(p) < xzd(M)}. Here d* is the distance function to X.

By Proposition 3.4 and Proposition 3.6, ®* satisfies:

Proposition 6.1. ®> : [0,1] — (Z,(M"),{0}) is continuous un-
der the flat topology, and

(a) ®*(z) = I[[Q%]], Quw € C(M) for all x € [0,1], and Qo = 0,
Ql = M,'

¢y is given in Lemma 5.12(c).
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(b) supgepo] M(q)Z(x)) =H"(Y), if ¥ € Sy;
(¢) sup,efo] M(®*(z)) =2H"(X), if S € S_.

REMARK 6.2. Notice that ®* satisfies the requirement to apply The-
orem 5.1.

We need one more elementary fact about min—max hypersurface,
which is well-known to experts. A proof is included for completeness.

Lemma 6.3. Let {Ei}ézl be the singular minimal hypersurfaces given
in Theorem 4.7, then the associated integral varifolds [3;] have tangent
cones with multiplicity one everywhere. Therefore, 3; € S.

Proof. Given any point p € ¥;, then ¥; is stable (cf. [P81, 2.3][196,
(5)(6)]) in any small annuli neighborhood of p by [P81, 3.3]. A standard
cutoff argument implies that ¥; is stable near p, and [I96, Theorem B]
implies that every tangent cone of [%;] has multiplicity one. q.e.d.

Proof of Theorem 1.1. Given ¥ € S and ®> (6.1), we can apply The-
orem 5.1 to ®* and get a (1, M)-homotopy sequence S* = {¢F };en into
(Z,(M™1 M), {0}). By (5.1) and Proposition 6.1,

(6.2) L({¢} }ien) < { ;{7{”7(1?%’)7 ififEZGESgi.

Also by Theorem 5.1(iv), S* € F; ' ([[M]]) € o (Z,(M™ M), {0}).
Denote F; ' ([[M]]) by Ily. By Theorem 4.7, L(II5) > 0. Using (6.2),
we have that

L(IIy) < Ay,
where Ay is defined in (1.3).

The Min—max Theorem 4.7 applied to 11, gives a stationary varifold
V= Zﬁzl m;[%;], with m; € N and {X;} a disjoint collection of minimal
hypersurfaces in S, such that L(IIy) = |V|(M) = 22:1 miH™ ().
Notice that there is only one connected component, denoted by > 4, by
Theorem 2.10 as M has positive Ricci curvature, i.e., V = m[X4] for
some m € N, m # 0. Therefore,

H"(X4), ifX4e€Sy;

2H™(X4), ifXaesS_,

where the last “<” follows from the definition (1.3) of Ap;. Thus we

have the following two cases:

Case 1: If ¥4 € S, orientable, then m < 1,som =1, and H"(X4) =
A

Case 2: If ¥4 € S_, non-orientable, then m < 2,s0 m =1 or m = 2.

(63)  mH(Sa) = L) < Ay < {

In Case 1 when ¥4 € Sy, to prove Theorem 1.1(i), we only need to
show

Claim 4. In this case, X4 has Morse index one.
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Assume that the claim is false, i.e., the index of ¥ 4 is no less than 2.
By Definition 2.7, there exists an open set 2 C ¥4 with smooth bound-
ary, such that Ind(£2) > 2. Then we can find two nonzero L?-orthonor-
mal eigenfunctions {v1,v2} C C§°(Q2) of the Jacobi operator Ly, with
negative eigenvalues. A linear combination will give a v3 € C§°(Q2), such
that

(6.4) /Ug‘LEAld/L:/l-LZAU'g,:O, vy # 0.
Q Q

We can assume that Q = U N X4 for some open set U C M\sing(X4).
Let X = vzv with v the unit normal of X4, and extend it to a tubu-
lar neighborhood of ¥ 4, such that X has compact support in U. Let
{FS}SG[,E’E} be the flow of X, and denote ;s = Fi(%;), where {%;} is
the family associated to ¥ 4 as in Proposition 3.4. Notice that 3; ; = ¥
outside U, and {Z6stU} (s, 6)€[—e,e x [—e,] 18 @ smooth family for small € by
Proposition 3.4(c). Denote f(t,s) = H"(X¢s N U). Then V£(0,0) =0
(by minimality of ¥ 4), 8tasf(0 0) = — [qusLs,ldu = 0 (by (6.4)),
2 §(0,0) = — [,1- Ly, 1du < 0 (by Ricy > 0), and 2, £(0,0) =
— fQ ngg U3dp < 0 (as vs is a linear combination of eigenfunctions of
Ly, with negative eigenvalues).

Now consider H™(S; ) = H™(Zis N U) + H (S \U) = f(t,s) +
H(E\U). For (t,s) € [—€, €] X [—€, €], s # 0, with € small enough, by
Taylor expansion,

n r 9 ; 82 3 2 2 n TT
H(S1e) = F(t,0) + 8—f< 0)s Wf<1t,o>s +0o(s) + H'(SAD)
2

+ 0( ) + H”(Et\U)

2
£(0,0)t +o(t)}s + ;SQf(t,O)SQ

2
:f(t,0)+%f( 0)s% + o(ts + s2) + H"(2,\U)

< f(t,0) + H(Z\U)
=H"(Z) < H"(Xa),

where the fourth “<” follows from the fact that 82 f(t,0) < 0 for t

small enough (as 852]”(0,0) < 0). For [t| > €, as H"(3;) < H"(X4), we
can find § > 0, § < e small enough, such that H"(3;s5) < H"(X4). In
summary,

max{H"(Spg) : —d(M) <t < d(M)} < H"(S.).

As {3 5} are deformed from {3} by the ambient isotopy Fj: M — M,
we can associate it with a mapping ®; : [0,1] — (Z,(M", F),{0}) as
n (6.1)(i), such that
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® MaX,c(0,1] M((I)g($)) = maxy ’H"(Et,g) < ’Hn(EA) = L(HM);

o O5(z) = I[[Q]], QU = F5(Q) € C(M), for all z € [0,1].
Applying Theorem 5.1 to @5 gives a (1, M)-homotopy sequence S5 =
{qﬁf}igN, such that Ss € I, and

L(Ss) < Jnax M(®5(z)) < L(Iy),

which is a contradiction to the definition of L(IIys) (4.4). So we finish
the prove of Claim 4 and hence Theorem 1.1(i).

In Case 2 when ¥4 € S_. By Proposition 4.8, m must be an even
number. Hence m = 2, and 2H"(X4) = Apys. To prove Theorem 1.1(ii),
we only need to show

Claim 5. In this case, ¥4 is stable, i.e., Ind(34) = 0.

The proof is similar to Claim 4. If the claim is false, then there exists
an open set 0 C ¥4 with smooth boundary, such that Indp(2) > 1.
Denote ¥4 by the orientable double cover of ¥4, and Q the lift-up of
Q; then there exists an anti-symmetric eigenfunction ¢ € CSO(Q) of the
Jacobi operator Lg = of >4 with negative eigenvalue (cf. §2.4). The
anti-symmetric condition directly implies that:

(6.5) /ng;-LiAld/L = /Q 1- Lg ¢dp = 0.

Let 7 be the unit normal of f)A, and 7 : f}A — X 4 the covering map.
The anti-symmetric condition of ¢ implies that QBIJ is symmetric on ¥4
(cf. §2.4). Hence denote X = m,(¢i) by the push-forward of ¢i to
>4 under 7. Similarly as above, extend X to a neighborhood of Y4,
and denote {FS}SG[,E,E} by the flow associated to X. Let {X;} be the
family associated to ¥4 by Proposition 3.6, where we assume that >
is a double cover of ¥ 4; then {X;},c[o,q is a smooth family away from
sing(X4) for small € by Proposition 3.6(c). Let ¥; s = FS(Et); then ¥
are deformations of 3, away from sing(X4) by ambient isotopies. By
similar argument as in Claim 4 using (6.5) instead of (6.4), we can find
0 > 0 small enough, such that

maX{H”(Zm) 0<t < d(M)} < QHH(ZA).

Then we can get a contradiction by discretizing the family {¥; 5} in the
same way. Now we finish the proof. q.e.d.

7. Appendix

7.1. Reverse statement of Proposition 5.3. Now we list the de-
tailed argument to get the reverse statement of Proposition 5.3 used in
the proof. In fact, Proposition 5.3 has another equivalent formulation
as follows:
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Proposition 7.1. Given 6, L,l,m,T as in Proposition 5.3, there ex-
ists k = k(l,m,T,d,L) € N, such that for any p > 0, there exists an
e=¢€(p,l,m,T,6,L) >0, such that for any 0 < s < €, and ¢ as in (5.2),
there exists

¢ = I(m, k)o — By (T), with $(y) = [[<2,]],

Q, € C(M), y € I(m,l)o, and satisfying (i)(i1)(iii)(iv) in Proposi-
tion 5.3.

Now we show that this formulation implies Proposition 5.3. In fact,
under the assumption in the above proposition, we can fix an pg = 1 > 0,
and take € = €(po,l,m,T,d,L). Given 0 < s < ¢, and ¢ as in (5.2), we
can define

pos =inf{p:3p>0,and ¢ : I(m,k)o — B} (T),
(7.1) with ¢(y) = 0[[,]], 2y € C(M), satisfying
(¢)(4i)(7i7)(4v) in Proposition 5.3}.

ps,s is well-defined since pg belongs to the above set, and 0 < pg s < po.
Now define the function p : [0,€) — RL,

p(s) = 2sup{pss: ¢ is any map as in (5.2)}.

p(s) is well-defined, as p(s) < 2pg. Also from the definition, the function
p depends only on I,m, T, 6, L.

Claim 6. p(s) — 0, as s — 0.

Proof. For any ¢ > 0 small enough, by Proposition 7.1 we can find
€e = €(o,l,m,T,6,L) > 0, so that if 0 < s < €4, then every ¢ as in (5.2)

can be extended to ¢ : I(m, k) — BZ (T) satisfying the requirement as
in (7.1); hence py s < o, and p(s) < 20 by definition. q.e.d.

By taking k, €, p(s) as above, Proposition 7.1 implies Proposition 5.3.
The reverse is trivial.

To get the reverse statement of Proposition 5.3, we can use the reverse
statement of Proposition 7.1.

7.2. Some basic facts of exponential map. Here we collect a few
basic facts about exponential maps summarized in [P81, §3.4] that we
need to use for the discretization procedure in Lemma 5.8. We will use
the following notions:
e 7,(-) denotes the distance function of M"™! top € M, and B(p,r)
denotes the closed ball centered at p of radius r in M;
e Given A > 0, pu()) : R"*! — R"*! denotes the scaling map by:
w(N) :x— Az
e Given amap f: (W,g1) — (Z, g2), Lip(f) denotes the Lipschitz
constant with respect the metrics g1, go.
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Given p € M, let exp, : T,M = R"1 — M be the exponential map.
First, let us list several basic facts in [P81, §3.4(4)]. Given ¢ € M, and
0 < € < 1, there exists a neighborhood Z C M of ¢, such that, if p € Z,
W = exp,'(Z) € T,M = R""! and E = expylw, then the followmg
properties hold:

(a) E is a C? diffeomorphism onto Z;

(b) Z is strictly geodesm convex;
(¢) (LipE)"(LipE~")" < 2

() Lip(rylz) < 2

(e) f x € Zand 0 < A <1, then Eopu()\) o E~Y(x) € Z;

(flifz € Z,0 <A <1, and v € A, T, M (n-th wedge product of

T.M [8183 §25]), then

ID(E o u(A) o E7Y) wf| < A™(1+ (1= \))lv]].
Also N (14+€e(1— X)) <1lforall0 <A<1, e<n/2

Now we list a few facts about scaling of currents in Euclidean spaces
as in [P81, §3.4(5)(6)(7)]. Given r > 0, 0 < X < 1, denote B(0,7) by
the closed ball of radius r in R"*!, and T € Z,_1(0B(0,7)), then we
can define the cone of T" over the annulus A(0, Ar,7) = B(0,7)\B(0, Ar)
as [Si83, 26.26]

S = 8ox(T — p(N)4T) € Z,(R™ 1),
then

(9) 08 =T — p(N)uT;

(h) M(S) =rn~ ! (1 — X" )M(T);

(1) spt(S) € A(0,Ar,r), where spt(S) is the support of S [Si83,
26.11].
Given A > 0, and T € I,(R"*!), then it is easily seen that

M(u(\)4T) = X"M(T).
Using notions as above,

(j) Given r > 0, 0 < A < 1, B(p,r) C Z, and T € Z,(B(p,r),
dB(p,r)), then by (f),

(7.2)  M((Eop(A\) o E7NuT) < X"(1+4€(1—X)M(T) < M(T);

(k) Denote Sy = Ey (0ox[E," (0T) — (u(X) o E71)4(8T)]), then by
(g)(h)(1),
0S5\ =0T — 3[(E ou(N)o E_l)#T],
spt(Sx) C A(p, Ar,r) = B(p,r)\B(p, Ar),
M(Sy) < (LipE)"(LipE)"rn~ (1 — \")M(OT)
< 2rn Y1 — X" )M(OT).
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Finally, let us recall the contraction map in [P81, §3.4(8)]. For r > 0,

define
h(r) : R — R

by h(r)(x) = x if |z| < r, and h(r)(z) = r|lz| "tz if 2| > r. TV €
Vo (R™1)| then

(1) spt(h(r)xV) C B(0,r);

(m) (h(r)#V)LGn(BO(O,r)) = VI_Gn(BO(O,T));Ql

(n) M(h(r)4V) < M(V).

7.3. Isoperimetric choice. We refer the notions to §4.2.

Lemma 7.2. Given Ty, Ty = Z,(M"), with F(T1,Ts) < vy, as-
sume that Ty = O[[]], T = 9[[Qa]], Q1,Q € C(M), and M([[Q]] —
[[1]]) < vol(M)/2, then the isoperimetric choice of To—T is [[Qa—]].

Proof. Let @ € 1,,41(M) be the isoperimetric choice of Th — 77, then
M(Q) = ./."(Tl,Tg) § M([[Qz - Ql]]), and BQ = T2 - Tl. As T2 - T1 =
I[[Q2 — ]], 8(@ — [[Q9 — Ql]]) = 0 in I,.1(M"™*1). The Constancy
Theorem [Si83, 26.27] implies that Q — [[Q2 — Q1]] = n[[M]] for some
n € Z. But M(Q — [[Q2 — ]]) < M(Q) +M([[Q2 — 2]]) < 2M([[Q2 —
0]]) < vol(M), hence n =0, and @ = [[Q2 — ]]. q.e.d.

We will also need a more subtle technical lemma concerning the
isoperimetric choice.

Lemma 7.3. Given T1,T5 as above, with T # 0, there exists § > 0
(depending on T ), such that if F(T1,T2) < 0, then the isoperimetric
choice of Ty — Ty is [[Q2 — Q4]].

Proof. We use the same notions as in the proof of the above Lemma.
Ty # 0 implies that Q # () and Q; # M. Take

5= %min{H”H(Ql), L MA\Q))

Then 0 < § < wol(M)/2. As we always assume that 2;, Q9 have
the same orientation as M, hence M([[Qa]] — [[Q2]]) = H"TH Q1 AQy),
where Q1AQy is the symmetric difference, i.e., QA0 = (Q1\Q2) U
(Q2\Q1). Let @ be the isoperimetric choice of T5 — 17, by the above
proof @ — [[Q2 — Q]] = n[[M]]. If n = 0, the proof is done. If n # 0,
then [nfvol(M) = M(Q — [[2s — ) < M(Q) + M([2s — u]]) <
F(T1,To) + HHQ1AQ) < 6 + vol(M) < 2vol(M), hence n = =+1.
If n =1, then @ = [[M]] + [[Q2 — Q]] = [[M — Q]] + [[Q2]]; hence
M(Q) > H" Y M\Q) > § (as M — Q) has the same orientation as
Qs), a contradiction. If n = —1, then —Q = [[M]] — [[Q2 — ]] =
[[M — Q2]] + [[1]]; hence M(Q) > H" L (1) > & (as M — Qo has the
same orientation as {21), a contradiction. q.e.d.

21 By(0,7) denotes the open ball of radius r in R™*"*.
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