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ON NORMALIZED DIFFERENTIALS ON
HYPERELLIPTIC CURVES OF INFINITE GENUS

THOMAS KAPPELER & PETER TOPALOV

Abstract

We develop a new approach for constructing normalized differ-
entials on hyperelliptic curves of infinite genus and obtain uniform
asymptotic estimates for the distribution of their zeros.

1. Introduction

Much of the analysis of closed Riemann surfaces is based on the Rie-
mann bilinear relation. Given a canonical basis Ay, By, ..., Ay, By, of
the homology group H;(X,Z) of a closed Riemann surface X of genus

g, it reads
fom= (= fon= Lo )

where w and 7 are arbitrarily chosen smooth closed 1-forms on X.
As a consequence one obtains the following vanishing theorem: for
any holomorphic 1-form w on X with vanishing A-periods, f a4, W= 0
vVl < m < g, one has —%fwaw = 0, and hence w = 0. Fur-
thermore, it follows from Hodge theory that the space of holomorphic
differentials on X is a complex vector space of dimension g admitting
a basis wi,...,wy such that fA'm wp = Opmp for any 1 < m,n < g.
By the vanishing theorem, such a basis is unique. The period matrix
Bx = (me w”)lgm,ngg’ which enters the definition of the theta func-
tion associated to X, is known to be symmetric and has the property
that Im By is sign definite.

However, for many applications to integrable PDEs one needs to con-
sider open Riemann surfaces of infinite genus, a subject pioneered by
Ahlfors and Nevanlinna — see the monographs [2] and [4] as well as
references therein. Unfortunately, it is not sufficiently developed for
our purposes. In particular for applications to the focusing nonlinear
Schrodinger (NLS) equation we need to establish a vanishing theorem
for holomorphic 1-forms on two sheeted open Riemann surfaces of in-
finite genus which are not necessarily L?-integrable. In view of these
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applications we formulate our results for the specific Riemann surfaces
involved. However, our method is quite general and can be directly
applied for studying Riemann surfaces related to other non-linear equa-
tions.

Consider the NLS system of equations in one space dimension with
periodic boundary conditions,

) iOpp1 = —021 + 23 2,
—i0ypa = —02p2 + 20361,

where ¢ = (p1,¢9) is in L? := L*(T,C) x L*(T,C) and T = R/Z. If
Y2 = @1 [p2 = —p1], the system is referred to as defocusing [focusing]
NLS equation. By Zakharov and Shabat [21] the NLS system admits a
Lax pair formulation, 0,L = [B, L] where L(y) denotes the Zakharov—
Shabat (ZS) operator

L(¢) :=i<(1) _01> By + (;2 %1> .

Associated to this operator is the curve
Cp = {(\w) € C? ‘ w? = A%(\, p) — 4},

where A(A, ) is the discriminant of L(yp) (cf. Section 2). It is known
(see, e.g., [5]) that for any given ¢ € L2, the entire function A%(\, ) —4
vanishes at A € C iff \ is a periodic eigenvalue of L(y), i.e., an eigenvalue
of L(y), considered on the interval [0, 2] with periodic boundary condi-
tions. In addition, the algebraic multiplicity of A as a root of A(), )% —4
coincides with the algebraic multiplicity of it as a periodic eigenvalue
of L(y) (see [10]). Note that L(p) has a compact resolvent and hence
its spectrum is discrete. In this paper we consider potentials ¢ in L2
so that each periodic eigenvalue A of L(y) has algebraic multiplicity
m(A) at most two (see Remark 1.5 for a discussion of the general case).
Denote the subset of such elements by L2. Then L2 is open, dense, and
contains the zero potential ([10]). Note that in the case of the defocus-
ing NLS equation, L(y) is self-adjoint and the algebraic multiplicity of
an eigenvalue coincides with its geometric multiplicity which is at most
two, and hence ¢ € L2. For an arbitrary ¢ € L2, the periodic eigenval-
ues of L(i) can be listed as a sequence of distinct pairs, A (), A (¢),
k € Z, so that A () = kr + £2(k), ie, 3 peq [N () — km|? < 00, and
A, = Al iff A, has algebraic multiplicity two, m();) = 2 (Section 2).
Let Z, denote the subset in C of periodic double eigenvalues of L(¢y),

Z, = {X € spec L(p) | m(\) = 2}.

Then
Co=Co\{(X0)| e Z,}
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is a two sheeted open Riemann surface. Generically it is a surface of
infinite genus ([10]). Our aim is to prove a vanishing theorem for holo-
morphic differentials on C¢ which are not necessarily L*-integrable and
to construct a family of normalized holomorphic differentials wy,, n € Z,
on C¢ with respect to an appropriately chosen infinite set of cycles on Cg.
In addition, we want to get asymptotic estimates of the zeros of these
differentials. The cycles are defined as follows: for any given potential
Y € L2 list its periodic eigenvalues in pairs, AL )\;, k € Z, as discussed
above. It is shown in Section 2 that there exist an open neighborhood
W of ¢ in L? and a family of simple, closed, smooth, counterclockwise
oriented curves I',,,m € Z, so that the closures of the domains in C,
bounded by the I',, are pairwise disjoint and for any ¢ € W and m € Z
the open domain bounded by T, contains the pair A, (¢), A\f (@) but
no other periodic eigenvalues of L(p). Denote by A,, the cycle on the
canonical sheet C of Cy, (cf. Section 2) so that m(A,) = 'y, where
m:Cp — C, (\,w) — X\. We are then looking for holomorphic differen-
tials wy, on C; so that fA'm wWpn = 270y for any m,n € Z. In addition, we
want to prove a vanishing theorem for holomorphic differentials on Cg,
with vanishing A-periods which are not necessarily L2-integrable. For
an arbitrary entire function ¢ : C — C with ¢ | 7, = 0, let

¢(N)
A2(>‘7 90) -4
Then we is a holomorphic 1-form on C3 which is locally square integrable.
More precisely, for any r > 0,

1
V(r):= _Z/X we AN W¢ < 00,

wc =

where

X, =r'{reC|A <r})nCe,
and where the orientation is induced by the complex structure on C.
Using polar coordinates (p,6) on C and taking into account that C, is
a two sheeted curve one has

27
R
A2 620
In particular, if ¢ # 0 then V(r) > 0 for any r > 0 and V (r) is strictly

increasing. Note that w; might not be L?-integrable as it could happen
that li_>m V(r) = oc.
T (0. 0]

‘ pd0dp .

Theorem 1.1. Let ¢ € W with W and (Ap)mez be given as above
and let { : C — C be an entire function with ¢ Z 0 and ¢ | 4, =0.1If
@

fAm we = 0 for any m € Z, then there exists C > 0 so that
V(r)>Cr¥",
for any r > 1.
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Theorem 1.1 leads to the following vanishing theorem:

Theorem 1.2. Let p € W with W and (Ap)mez be given as above
and let ( : C — C be entire wz’th(|Z¢ =0. IffAme =0 foranym € Z
and

V(mm) = o(m*™) as m — oo,
then ¢ =0 and hence w; = 0.

Remark 1.1. The conclusion of Theorem 1.2 no longer holds when
the assumption V (mm) = o(m? ™) is dropped — see the form & defined
in (4).

Remark 1.2. As V (r) is increasing, the condition V (mm) = o(m?™)
as m — oo is equivalent to V(r) = 0(7‘2/”) as r — 00.

Next we state our result on normalized differentials on C:D and describe
features of them needed in our studies of the focusing NLS equation.

Theorem 1.3. For any 1) € L? there exist an open neighborhood W
of ¥ in L2, cycles A,,, m € Z, chosen as above, and analytic functions
Ch : CxW — C, n € Z, so that for any ¢ € W and n € Z, the

y y > J— Cn()\7<p) ° y
holomorphic differential w, = NS dX on Cg satisfies
1

— Wy = Opm VM EZ.
2T Am

In addition, there exists N > 1 such that for any n € Z and for any
@ € W the entire function (,(+,p) admits infinitely many zeros so that,
when listed appropriately, these zeros o}, k € Z\{n}, satisfy:

(i) For any |k| > N, k # n, o} is the only zero of (u(-,¢) in the
disk Dy(m/4) of radius 7 /4 centered at km and the map o} : W —
Dy(m/4) is analytic. Furthermore, for any |k| < N, k #n, o} €
Do(Nm + w/4). There are no other zeros of (,(-, ) in C.

(ii) For any |k| > N, k # n,

Ay S
2
uniformly in n € Z and locally uniformly in W.

(2) op = + (A=A k),

Moreover, (,(-, ) admits the product representation

2 r—A
Cn(A7(70) = T H i A )

s u
n k#n

where

H 0'2;-—)\ — im H O'Z—)\7
k

K—oo s
k#n |k|<K,k#n k
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and
- ':{ km, k#0,
' 1, k=0.
For any )\f € Z, with k # n, Cn(/\,f,go) =0, and w,, is L?-integrable
in sufficiently small punctured neighborhoods in C, of the point (/\,f, 0).
If, however, A\ € Zy, then wy is not L2-integrable in any punctured
neighborhood in C3, of the point (A, 0).

Remark 1.3. Using the product representation for (,(\), the as-
ymptotic estimates for the o7’s, and estimates on infinite products in
[5, Lemma C.5] one can show that for any n € Z and ¢ € W there exists
C > 0so that —% fX’F\X\7L\7r+7r/4 wp Awy, > Clogr for any r > |n|m+m/4.

Hence w,, is never L% integrable.
Remark 1.4. The uniformity statement in the asymptotic formula
(2) means that for any ¢ € W there is a neighborhood V of ¢ in W and
a constant C' > 0 so that for any n € Z and for any v € V there are
constants (cj.)(x|>nN,kzn, Cp = 0, so that for any [k[ > N, k # n,
M+ AL
2

n

o <IN = AL P,

and Y |c}|? < C.
k#n
Remark 1.5. We expect that our result extends to any potential in
L? if the algebraic multiplicities of periodic eigenvalues are appropriately
dealt with.

Let W and A,,, m € Z, be as above. Consider the holomorphic
1-form on Cg,

. AW
RV v

where A(X) := Oy\A(A, ). By Lemma 2.2 in Section 2 below one can
choose W and N > 1 in Theorem 1.3 so that for any |m| > N,

(3) /A 0 =0.

with @, = [ A, Q* and w,, given by Theorem 1.3, is a holomorphic
I-form on Cg satisfying 1) A, @ = 0 for any m € Z. In particular,
the conclusion of Theorem 1.2 does not hold if the growth condition
is dropped.
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Clearly, the differentials w,, of Theorem 1.3 are unique within the
class of holomorphic differentials obtained by perturbations of the type
defined by Theorem 1.2. However, without some conditions on the
behavior of the differentials near infinity, one cannot expect uniqueness.
Indeed, any sequence of holomorphic differentials of the form @, :=
wy, + cpw, ¢, € C, satisfies % fA'm Wy, = Oy for any m,n € Z.

Besides Theorem 1.2, a key ingredient in the proof of Theorem 1.3
is a novel ansatz for the entire functions (,, n € Z, leading to a linear
system of equations. A detailed outline of the proof of Theorem 1.3 is
given in Section 4.

Applications: In [8], Theorem 1.2 is used to construct action-angle vari-
ables for the focusing NLS equation, significantly extending previous
our results obtained in [7] near the zero potential. See [1] for related re-
sults for 1-gap and 2-gap potentials and [3], [6], [18], [20] for finite gap
potentials. Such coordinates allow to obtain various results concerning
well-posedness for these equations and study their (Hamiltonian) per-
turbations — see, e.g., [11], [13], where results in this direction have
been obtained for the KdV equation.

Related results: (1) In [5] (cf. also [16]) the case of the defocusing NLS
equation is treated, i.e., the case where ¢ = (¢1,@2) satisfies o = 7.
In this case ¢ € L2 and L(yp) is self-adjoint, hence its periodic spectrum
is real. More precisely the eigenvalues can be listed in such a way that

<AL SN <AL SN < and AT =k + (k).

It then follows that zeros of (, are confined to the closed gaps [A;, A]
with k # n. More precisely, as A(A) is real valued and |A(X)| > 2 on the
open gaps (A, )\2'), k € Z, one easily deduces that for any n € Z, (,(\)
must have a zero o in any closed gap [\, A}] with k # n. Using the
implicit function theorem it is shown in [5] that normalized differentials
can be constructed in a sufficiently small neighborhood W C L2 of such
a ¢. Note that if ¢ € L2 is arbitrary we have no a priori knowledge on
the zeros of (. and hence one cannot apply the implicit function theorem
approach in [5] as well as the method in [16].

In [9] we consider finite gap potentials ¢ € L2 so that the ZS operator
L(p) is not necessarily self-adjoint. Listing the periodic eigenvalues of
L(yp) in pairs A; (@), A/ (@), k € Z, as above it means that the subset
J, consisting of all k € Z with A\, () # )\;(cp) is finite. Using again the
implicit function theorem it is shown in [9] that normalized differentials
can be constructed in a sufficiently small neighborhood of such a finite
gap potential. Unfortunately, the method in [9] does not work if ¢ is
an arbitrary not necessarily finite gap potential in L2.

(2) In the case of the KdV equation on the circle, the relevant operator
in the Lax pair is the Hill operator. For potentials with sufficiently small
imaginary part, normalized differentials have been constructed, e.g., in
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[11], using the implicit function theorem and the same method as in [5].
In the case where the Hill operator has simple periodic spectrum, the
corresponding spectral curve is a Riemann surface of infinite genus and
the existence of normalized holomorphic differentials can be proved by
Hodge theory using the fact that in this case these differentials are L?-
integrable — see [4], [15]. Note, however, that these arguments do not
provide the asymptotic estimates of the zeros nor the analytic depen-
dence on the potential. But even for the existence part this approach
would not work for the ZS operator as the differentials of Theorem 1.3
are never L2-integrable on Ce-

Organization: In the preliminary Section 2 we introduce additional nota-
tion and review the spectral properties of ZS operators needed through-
out the paper. In Section 3 we prove Theorem 1.1 and Theorem 1.2
whereas in Section 4 we give an outline of the proof of Theorem 1.3. Its
details are then presented in the remaining sections.

2. Preliminaries

In this section, we introduce some more notation and review prop-
erties of the Zakharov—Shabat operator L(¢p), introduced in Section 1.
For ¢ € L? and \ € C, let M(x) = M(z, A, ) denote the fundamental
2 x 2 matrix of L(p), L(¢)M(x) = AM (x), satisfying the initial condi-
tion M (0,\, ) = Idaxa. Let R>p := {2z € R|z > 0}. It is well known
that M : Rsg x C x L2 — C**? is continuous and for any z fixed,
M(z,-,-) : C x L? — C?*2 is analytic — see, e.g., [5], Chapter L.
Periodic spectrum: Denote by spec L(p) the spectrum of L(p) with
domain

domPGTL((p) = {F S Hlloc X Hlloc : F(z) = F(O)}7

where H}. . = H! (R,C). As L(i) has a compact resolvent, the periodic
spectrum of L(y) is discrete. It has been analyzed in great detail.

The discriminant A(\) = A(A, @) of L(p) is defined to be the trace
of M(1, X, ¢), A(X) =trM(1,\). It is straightforward to see that A is a
periodic eigenvalue of L(y) iff A%(\,p)—4 = 0. Clearly, A : Cx L? — C
is analytic.

We say that a,b € C are lexicographically ordered, a < b, iff [Re(a)
Re(b)] or [Re(a) = Re(b) and Im(a) < Im(b)]. Similarly, a < b iff a ¥
and a # b. The following two propositions are well known — see, e.g.,
[5, Section 3| or references therein. For any k € Z and r > 0 denote by
Dy (r) the disk

<
b

Dy(r) ={A e C||X — kx| < r}.

Proposition 2.1. For any 1 € L? there exist an open neighborhood
W of ¢ in L? and an integer Ng > 1 such that for any ¢ € W the
following hold:
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(i) For any k € Z with |k| > Ny, the disk Dy(w/6) contains precisely
two periodic eigenvalues A (¢) < Af(¢) of L(p) and one zero
Me(©) of AN, @) = AN, @) (all counted with their algebraic
multiplicities).

(ii) The disk Do((N0—3/4)7T) contains precisely 4Ny—2 periodic eigen-
values of L(p) and 2Ny —1 zeros of A(X, @) (all counted with their
algebraic multiplicities).

(iii) There are no other periodic eigenvalues of L(¢) and no other zeros
of A(\, @) than the ones listed in (i) and (ii).

Proposition 2.2. Let W C L? be given by Proposition 2.1. For any
w € W, the periodic eigenvalues ()\kj::)‘mzNO and the zeros (k) k>N,
satisfy the asymptotic estimates

AF = kr + (k) and Ay, = kn + 2(k),

locally uniformly in W. More precisely, it means that Zlk\zNo |\ — k|2
18 locally bounded in W. Similar statements hold for )\ZE.

Take ¢ € L2 and construct a neighborhood W C L2 of v in L? so
that the statements of Proposition 2.1 and Proposition 2.2 hold.! For
any ¢ € W, in addition to the periodic eigenvalues ()\ZE)WZ N, of the
ZS operator L(p) there are 4Ny — 2 periodic eigenvalues in the disk
Do ((No—3/4)7). We list these eigenvalues in pairs A, A}, |k| < No, in
an arbitrary way except that any double eigenvalue is listed as a pair and
for any |k| < Ny the eigenvalues A\, and )\; are lexicographically ordered
AL S /\,Jg. For all integers |k| < Ny, choose simple, closed smooth,
counterclockwise oriented curves I'j, contained in the disk Do((No —
3/4)77) so that the closures of the (open) domains in C, bounded by
the T'y are pairwise disjoint and for any |k| < Ny, the domain bounded
by I'y contains the pair )\f, but no other periodic eigenvalue of L(yp).
For each |k| < Ny choose a closed smooth curve I') in the interior of
I';; so that dist(I'y,T}) > 0 and )\f are inside I',. By shrinking the
neighborhood W of v in LZ if necessary, the choice of I}, |k| < No,
can be done uniformly in W, i.e., for any ¢ € W and for any |k| < Ny
the domain bounded by I'), contains precisely two periodic eigenvalues
of L(¢), A, (¢) < Af (). Furthermore, for any ¢ € W and |k| < Ny
chose a continuously differentiable simple curve Gy, = Gj(p) inside I}
connecting A, (¢) with Af (). In the case when A (p) = A} (), Gi(p)
is chosen to be the constant curve A, (¢). For |k| > Ny, we choose Ty,
to be the counterclockwise oriented boundary of the disk Dy(7w/4) and
G to be the straight line,

G, 1 [0,1] = Dy(m/4), t = (1 =)\, () +tA ()

'Recall that L2 is open and dense in LZ.
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Furthermore, for k € Z and ¢ € W we define

T(9) = (A () + A () /2,
and
(@) = A () = A ()
Infinite products: We say that an infinite product [[; (1 + ax) with
ay € C, k € Z, converges if limg H\RISK(l + ag) exists. The limit is

then also denoted by [];.;(1+ ax). The infinite product [ ], ., (14 ay)
converges absolutely if [],.,(1 4 |ax|) converges.

Product representations: For any ¢ € L2, A%(\ ) — 4 and AN, @)
admit product representations. For any given element in L2, choose N
and W as in Proposition 2.1. According to Proposition 2.1, for any
© € W,A()\, ) admits 2Ny — 1 zeros in the disk Do((No — 2)m). For
convenience list them in lexicographic order, A_ No+1(p) < A No+2(p) <
ES }\N()_l(cp). The remaining zeros are listed as in Proposition 2.1.
The proof of the following statement can be found in [5, Lemma 6.5,
Lemma 6.8].

Proposition 2.3. For any o € W and A € C

)

ICTNRRPI ; {CIEELTEREES)
kEZ
and

Ane)=2]] M‘i%.

Standard and canonical roots: Denote by 3/z the branch of the square
root defined on C\{z € R : z < 0} by ¥/1 = 1. For any a,b € C, we
define the standard root of (a — A)(b — A) by the following relation:

O ey =if(-5)(-3)

for all A € C\{0} such that ’ < ’ , ‘ % ‘ < 1/2. Let Gia4) be a continuous

simple curve connecting a and b. By analytic extension, (5) uniquely
defines a holomorphic function on C\G|q 3 that we call the standard root
of (a = A)(b—A) on C\G|y). One has the asymptotic formula

V(a—A)(b—=XN) ~—=Xas |\ = 0.

For any ¢ € W and X € (C\( Ukez Gk) with W and Gy, k € Z, given as
above, we define the canonical root of A%(\, ) — 4 as

sIONT (b)) — ~(0) —
o W:%HW’“(@ MOV () =N

v
kez k
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To simplify notation, we occasionally will write R(\, ) for A2(\, ) —4,
R()‘7 (70) = A2()‘7 (10) —4.
The proof of the following lemma is straightforward and hence omitted.

Lemma 2.1. Let W be given as above. For any o € W, the canonical
root (6) defines a holomorphic function on C\(UkezGy)-

For any ¢ € W, define the canonical sheet (or canonical branch) of
the open Riemann surface C2,

(1) o= {(\w) € C| X\ € C\(kenGi), w = /A2 9) — 4}
As in the Introduction, denote by Ay, k € Z, the cycles on the canonical
sheet C, such that for any k € Z,

m(Ag) =Tk,

where m: C, = C, (A\,w) — X.
Finally, we need the following result on the Ag-periods of the holo-

1l AN o
morphic 1-form A0y dA on Cg.
Lemma 2.2. Let W be given as above. Then, for any ¢ € W and
for any k € Z,

A(N) 91i7
/I‘k - A()\)2—4d)\€ i
Furthermore, for any ¢ € L? there exist an open neighborhood U of v
in L2 and an integer Ng > 1 so that for any ¢ € U statements (i)—(iii)
of Proposition 2.1 hold and for any |k| > Ny,

A
/ Ay,
oD (w/4) \/A(N)2 —4

where 0Dy (m/4) 1is the counterclockwise oriented boundary of the disk
Dy(7/4).

Proof. Take ¢ € W and consider the holomorphic function f(\) :=
AN+ /A(XN)? — 4 defined for A € C\ (Ugez Gi). Note that f(\) does
not vanish and hence the logarithm log f()\) is well defined as a multi-
valued function on C\ ( Ukez Gk). Along any simple closed C'-smooth
curve 7 : [0,1] = C\ (UgezGy) one can choose g(t) € log f(y(t)) so that
g is continuous on 0 < ¢ < 1. As~v(0) = (1), one has g(1)—g(0) € 2miZ.
In view of the identity,

AN
dlog () = ===
the first statement of the Lemma then follows.

Let us prove the second statement of the Lemma. Take 1 € L2
and consider the set of potentials I := {t¢|t € [0,1]} C L2. In view
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of Proposition 2.1 and the compactness of the set I in L2, there exist
a connected open neighborhood U of I in L? and an integer number
Ny > 1 such that for any ¢ € U and for any |k| > Ny, the statements
(4), (i7), and (7i7) of Proposition 2.1 hold. Note that for any |k| > Ny,
the map U — R, ¢ — Pi(p),

1 AN
Pr(p) := max — / _ A Xy,
= 27 Jop(r/1) VA(A @) — 4
where the maximum is taken over the two different choices of the square
root in the integrand, is continuous. As Pk (¢) € Z and as U is connected

and 0 € U, it then follows that Pr(¢) = Pr(0) for any ¢ € U and

for any |k| > No. Finally, as A(A,0) = 2cos(A) we conclude that
% d\ = +id\, and hence Pi(0) = 0. This completes the proof
of the ’Lemma. q.e.d.

Denote )
AN
A(N)2—4
Using the second part of Lemma 2.2 we choose the neighborhood W in
L? and the integer Ny > 1 so that for any ¢ € W and any |k| > Np,

(8) /Aksz*:o.

In addition, for any |k| < Ny,

() / O € 2miZ,
Ay

*-_

and does not depend on ¢ € W as [ Ay Q" takes discrete values and the
neighborhood W in L2 can be chosen connected.

3. Proof of Theorems 1.1 and 1.2

The aim of this section is to prove Theorem 1.1 and Theorem 1.2. Let
W C L2 be the neighborhood constructed in Section 2. Throughout this
section we fix ¢ € W and define the cycles (A;,)mez as in Section 2.
Without further reference we will use the terminology introduced in
Section 1 and Section 2.

Let ¢ : C — C be entire so that ¢ vanishes on the set Z, of dou-
ble eigenvalues of L(y). It then follows that the differential ws =
¢

AZ(\) 4
estimate V (r) := 3 er we Awg where X, =771 ({\ € (C| Al <r}) NnCe.
In view of Proposition 2.1 and Proposition 2.2 one can choose 0 <
em < /4, m > No, with 3y €2, < oo so that A\E € Dy(em) and

d) is locally L*-integrable. Using Stokes’ theorem we will
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/\fm € D_,(em) for any m > Ny. Choose r > 0 so that for some
m > Ny

(10) mm+em <1 < (Mm+1)T — ey

On the Riemann surface X, consider the points p™ := 7=1(r) N Cg and
p~ =7 Y(r)\{p*} and choose a simple C'-smooth curve B, on X, (i.e.,
a Cl-smooth map [0,1] — X, without self intersections) that connects
pt with p~ and changes sheets when its projection 7(B,) passes through
the 0-th curve Gq. If )\(J{ = )\, = 70 and hence Gy is the constant curve
10 we allow the curve B, to pass through the point (79,0) € C, that
is excluded from X,. The inverse image 7~1(0Dg(r)) consists of two

simple closed curves with images

(11) Cri=n ({AeC| ]\ =r})nce,

T

and

Cy =at({NeC|N=r})\C/,
that we orient so that their projections 7(C*) C C have counterclock-
wise orientation. Furthermore, for any 1 < |k| < m, denote by By a
simple C'-smooth curve in X, that starts and ends at pt and changes
sheets twice — first when its projection 7(Bj) passes through Gj and
then through Gg. If the image of G} is a point we proceed as above
and allow the curve B} to pass through the point (73,0) € C,. Sim-
ilarly, for any 1 < |k| < m, denote by A} a simple C'-smooth curve
in X, that starts and ends at p™ and that is homologous to Aj. The
curves B,,C;r, A}, and Bj,1 < |k| < m, considered above, are cho-
sen so that they intersect each other only at pt. Denote by X, the
surface obtained from X, by cutting it along the curves B, and A}, By,
1 < |k| < m. Then X, is a disk and its boundary X, can be represented
as a composition of the following curves (composed in the order of their
appearance): C;F, B*, C,~, (B*)™1, By, Ay, (B))~!, (A)~L,....B.,, Al |
(B! ), (A2,)~'. Consider the function F : X, — C given by

P

(12) Fo) = [,

+

for p € X,. Note that the integral is independent of the choice of
the path and hence F' is well defined on X,. Furthermore, introduce
ag = fAk we (0 < |k <m), by, = fB]/c we (1 < k[ <m), be = [ we, and

k= fcri we. By Stokes’ theorem

—2z’1/(r)://)~< d(Fwg) = o Fu¢
=/Cqu+AFw—<—c:m— > (awby —axby),

r 1< |k|<m
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where we used thath;ﬁ we = ay for any 1 < |k| < m as A} and Ay are
homologous. Note that for 2~ € C~

- 2t
F(z_):/ WC"‘/ w<+/ wczcj+b*+/ —We,
cr " P~ pt

where zT € C;t is determined by 7(2") = 7(27) and the minus sign
stems from passing to the canonical sheet. Hence

- F(z7)we = —/CT+ (c:,r + by — F(z+))(7<

— It - bt + [ Pac
C+

yielding
—2iV(r)=2 Fo; — c+2—c_E—b*E— apbp — arby).
") /Cj -l - g lgkzism(kk )

Now assume that ap = 0 for 0 < |k| < m. As ZOS\kISm Ay is homolo-
gous to C; it then follows that ¢ = 0 and as ¢, = —¢;" one also has
¢, = 0. We thus have proved that for any mn+e,, <r < (m+1)m—ep41
with m > Ny

(13) ‘Nﬂ:iAﬁFQZ

This identity will be used in the proof of the following lemma. We recall
that R(\) = A%()\) — 4.

Lemma 3.1. Let { : C — C be entire with C|Z =0 and fAJ- we =
. ,
0Vj € Z. Then for any mm+ e, <1 < (m~+ 1)m — gpp1 with m > Ny

1 2w C(Tew) 2
(14) Vir) = 5(7’/0 R(rei?) ‘d9> ’
and
(15) xﬂmz%vm.

Proof of Lemma 3.1. Using polar coordinates we get from (12)

/Ci Fu; = /0% F(Tew) <7c<7(gr(ii29) d(reie))

T _Cwe™) oCre®) N
:7«2/0 ( 0 \C/C%zee d61) (%)(—z)e 040,




222 T. KAPPELER & P. TOPALOV

where {/R()\) denotes the canonical root (6). Hence

!/m e
fr2/0”</ W‘ Ja( [

T2 2w 291
o 2(/0 f/R 7*6191 ‘ )

This proves the estimate (14). To get (15) note that

2, r2m 2
2(/0 %’d@) <7Tr/0

101
| )

W K

27 /
_ V()
() W |t = w232
Hence V(r) < "FV'(r) as claimed. q.e.d.

Estimate (15) is now used to prove Theorem 1.1.

Proof of Theorem 1.1. Assume that ¢ # 0 is an entire function satisfy-
ing fA'm we = 0 for any m € Z. Then V(r) # 0 Vr > 0 and in view of
(15), for any m > Ny and for any mmw + &, <r < (m+ 1)7m — €41,

(log V(1)) > —.

r
Integrating this inequality over the interval [mm + &,,, (m + 1)7 — ,,41]
we obtain that
V((m + 1) — 5m+1)
V(mm + &)

> o2 (log((m+Dm—eps1)—log(mm-+em))

This implies that for any m > mg > Ng,
V((m + 1)7T) > V(moﬂ)egs(m’mo),
where

S(m,mo) Z log ((j + )7 — j11) — log(jm + ;)

Jj=mo

+ Z log( E]H > Z log <1+ >
Jj=mgo Jj=mo
m+1

zlogmnjl—O( Z E—])

. s
0 =m0 J

log
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N 1/2
As L= O(Zm 52) one then concludes that

Jj=mo jm Jj=mo ~Jj
V((m+1)7) > C(m+ ™,
where C' > 0 depends on mgy > Ny but not on m > my. q.e.d.

Proof of Theorem 1.2. Theorem 1.2 is an immediate consequence of The-
orem 1.1. q.e.d.

4. Outline of proof of Theorem 1.3

In this section, we describe the main steps in the proof of Theorem 1.3.
For the remaining part of the paper W will denote the neighborhood
W C L% constructed in Section 2 with Ny > 1 so that Proposition
2.1, Proposition 2.2, and the identities (8) and (9) hold. Let (A,,)mez
be the cycles on the canonical branch of C¢ introduced in Section 2.
Without further explanations, for any given ¢ € W and n € Z consider
the following ansatz for the holomorphic differentials of Theorem 1.3

(16) g =Q" — wg,
where the forms Q" and wg are defined as follows:
A _dx
17 QTL o )\_)’\n LR()\)’ ’TL’ > N07
( ) T A(A) a\ ’n’ < N,
)‘_).‘NO R()\)’ — 0,
and for any given 8 = (By)pzn € £} = E}%C = (Y(2\{n},C)
(A
(18) W = ) dA,
R(N)

where

(¥ o ESss)a % >

n . 7[> No.j#n A= T eng A=Ae) / A=A
U T S L N P
l7]>No A=Ay H\k\SNO()\—)\k) )\—)\NO’ = s
k#Ng
and
2No '
Z:oﬁj_No/\]’ In| > No,
pg()\) = ’n-‘t"]];o—l ) 2No—1 '
Bi—NeN + 30 Bj—Nex1M,  |n] < No.
7=0 j=n~+No

Note that £5(A) is entire. In the case [n| < Np, it is convenient to
write the polynomial pj(A) in the following alternative way pj(\) =
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(X 1<Nojn B3N~ ) AN where

1 j >
(20) e ::{ =
0, j7<n.
We want to find 8 = (Bk)kn € E}L so that
1
21 — % =0pm V Z.
(21) o 8 me

The following proposition is proved in Section 6.

Proposition 4.1. For anyn € Z, o € W, and 3 € £},

1
(22) 2 o /;Qﬁ—QEEEQj;/m

In particular, for g =0, Qg = Q" satisfies

>
meZ 2 Am
In view of Proposition 4.1, the system of equations (21) is equivalent
to

(23) /Amwg:/Aan Vm # n.

By multiplying the right and left hand side of the above equation by
mm — nr (if |n] > Np) or mm — Nom (if |n| < Ny), we arrive at the
following linear system for j3,

(24) "B =0b", T" = (T3 )mj#n: V" = (bp)mzn,

where for any m # n, b}, is given by

2, s 20l dh, ] > N,

pr = - \C/R()‘)
" 5= Jr., mw_'NM SO A, In| < No,

A=ANg /RN

and for |n| > No, T}, is given by

1 mmr—nm 1 AN . .
AT Jr., A=A A=Xj {/R(N) @k, _ |71 > No, j # n,
T e R o TR N = N
F’!?L — )

A=An Thr<ng A=Ae) §/RO) 7

whereas for |n| < Ny one has

L mnrn—Nomw 1 ( ) 1
fl‘m A— )\N(()) A— )\ \/R()\ d)\ |J| >N07

mim T N +j—el ) '
fl‘m i‘thgo(AAii) \;72 = d, l7] < No, j #n.

n.o._
T =
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Using Proposition 6.1 — an application of Theorem 1.2 — we prove in
Section 7 the following:

Proposition 4.2. For any n € Z and ¢ € W we have:

(i) b" € £k;

(i) Tm: 6L — €L is a linear isomorphism.

Denote by " = "(¢) € £L the unique solution of (24), guaranteed
by Proposition 4.2 and define,
A
S -, Inl > N,

(25) G(Ap) =1 7
e (), Il < No,

where &3, is given by (19) with S™ substituted for 5. The following
proposition is proved in Section 7.

Proposition 4.3. For anyn € Z, " : W — E}L and G, : CxW — C
are analytic maps. Furthermore, for any ¢ € W and n € Z,

21 Ja,, RO\ )

To obtain uniform in n € Z and locally uniform in W estimates of
the zeros of (,, we consider the following “limiting” linear system for
8= (Br)rez € €' = L,

(26) T8 =b",

where T = (T}, )m,jez is given by

A\ = bpm, Vm € Z.

1 1 AW .
——— Jr., X RO dA, l7] > No,
mi No+j AR ,
o S T i s A ] < N,

H\k\SNO()‘_).‘k) YR
and b* := (b},)mez is given by
poo L[ AN

m T g T, c/R()\)

This linear system is equivalent to the condition

.

(27) / 0 =0 VmeZ,
Am
where 3 € ¢! and the holomorphic 1-form Q5 on Cg is given by
Q5= Q" —wg,
where
5(A
Wy = &N A,
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with

* B p5(N) .
(28) §5(N) = — + AW,
’ <Iaz>;vo A=A Tjene @ = Aj)>

and
2No

p;(/\) = Z 5—N0+j/\j'
=0

Note that ¢j is an entire function of A and pj(A) is a polynomial of
degree at most 2Ny. We can rewrite (27) as

/ wgz/ Q" Vm € Z,
Am Am

that leads to the linear system (26) in view of the definitions of the forms
wg and Q*. Using Proposition 5.1 — another application of Theorem 1.2
— we prove in Section 7 the following:

Proposition 4.4. For any ¢ € W, T* : {* — (' is a linear isomor-
phism.

Recall that in view of (8) and (9), b* = b*(¢) is in £ and does not
depend on ¢ € W. Denote by 8* = 8*(p) € ¢! the unique solution of
(26) guaranteed by Proposition 4.4.

Proposition 4.4 is used in Section 8 to prove the uniform estimates
of the zeros of (,, stated in Theorem 1.3 — see Proposition 8.1 and
Lemma 8.3 — and the product representation of (,, — see Corollary 8.1.
Finally, in Lemma 8.4, it is proved that (,(-,¢) vanishes on the set
Z,\{\E(p)}. Combining the results described above, the proof of The-
orem 1.3 is complete.

5. Vanishing lemma

Let us fix ¢ € W C L2 where as stated in the beginning of Section 4
W denotes the neighborhood constructed in Section 2. In this section,
we prove the following:

Proposition 5.1. Let 3 € (' be arbitrary. If fAm wp =0 for any
m € 7Z, then 8 = 0.

We prove Proposition 5.1 with the help of Theorem 1.2. To this end
we prove the following lemmas:

Lemma 5.1. If fAm wy =0 for any m € Z then & 0.

|Z¢:

Proof of Lemma 5.1. Assume that for some k € Z, \,, = )\]—: = 7. Then
in view of (6) for (A\,w) € Cg near (74,0) € Cy,

(29) wp = &5(N)



ON NORMALIZED DIFFERENTIALS ON HYPERELLIPTIC CURVES 227

where h(A) is a holomorphic function that is defined in an open neigh-
borhood of 71 and satisfies h(7;) # 0. As by assumption fAk wp =0 we
conclude from (29) that £3(m;) = 0. q.e.d.

Lemma 5.1 implies that for any 5 € ¢! as in Proposition 5.1 and for
any r >0

Va(r) ::§/X wg/\w_;;<oo.

T

Lemma 5.2. If fAj wp =0 for any j € Z, then for any § > 0,
(30) Va(mm) = O(m®) as m — oo.

Proof of Lemma 5.2. Assume that fAj wE = 0 for any j € Z. Then by
(14) in Lemma 3.1, for r,,, = (m + )7 with m > Ny,

2 (| Glrme?) |\
Vs(mm) < 2 (/0 g de) .

/R (rme?)
=0(1) as m — o0,

By [5, Lemma C.5] and Proposition 2.2,
A(rpe?)
/R (rmet?)
uniformly in 0 < 6 < 27. This together with the definition of £ implies
(31)
* (o ei9
rne”) | _
/R (rmei?)

1551 5 (rme’)]
l7]>No ‘Tmew - )\]’ H‘]|§No ‘Tmew - )\]’

with a constant C' > 0 independent of m > Ny and 0 < 0 < 27. As
pg(/\) is a polynomial in A\ of degree at most 2Ny it follows that

)

2 P (rme’)]
o Ilj<n, Irme® —

For any m > 2Ny, we split the sum > ;o no = D i om) T 2 jesn(m)
where Ji(m) is the set

(32) }\_’d020<;) as m — oo.

{52 Mol i (m+ ) < Fho i< ol i+ (m+ ) < 5},
and Jo(m) := Z\([—No, No] U Ji(m)). Then for any j € Jo(m) with
m > 2Ny and any 0 < 6 < 27

P 1
rme® — N > ‘ <m+§)7r—j7r‘ -

implying that

(33) /27r 3 15,1 ﬂd@:O(%).

jeJo(m ’Tmele
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To estimate fozﬂ Zje T (m) %d@ the integral fozﬂ is split up as

follows: For 0 < o < 1, one has uniformly in j € J;(m),

/mla df /”mla do —o(i)
~1 rmei® — ;| . |rmei® — \j| me/’

as |rme? — \;| > 7/4. By choosmg Ny > 2N sufficiently large we can
ensure that for any m > Ny, 0 € [ T — a] and j € Jy(m)

me?

rme® — Xj| > | sind — Im |

(34) 1 11

> rysinf — T > <<m+7) sin — —7) > 1.
4 2 me 4

Note that 7, sinf — 7 is the distance from rme'? to the horizontal line
Imz = 7. Using (34), sin > %9 for 0 < 6 < 7/2 and taking Ny > 2Ny

larger if necessary we get

/W—# do / do
- <2 S —
1 rmei? — A 1 Tpysing —

me

T2 df 1
- Y _p(er
T /104 0 — w2 /8ry, O( m >’

SIE]

and similarly
1

/2”_m“ do _O(logm)
ﬂ_+# |,r.mei9 _ )\j| m )

uniformly in j € J;(m). Hence

(35) /027T Z %d@zO(iﬂ) as m — oo.
j

jeam) Irme” =
Combining (31), (32), (33) and (35) yields
Vg(mm) = O(m2_2a),
for any 0 < a < 1. This completes the proof of the lemma. q.e.d.
Proof of Proposition 5.1. By assumption wg with g € E(lc satisfies

fA wp = 0 for any m € Z. Then Lemma 5.1 implies that £j | 4, =0
m ®

Hence we can apply Theorem 1.2 and Lemma 5.2 to conclude that
{5 = 0. Evaluating 5 at A = \e with |k| > Ny we get from (28)
and Proposition 2.3 that

0= €50 =26, [ X2

m#k m
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As [k| > No, M\ is a simple zero of A(X) (cf. Proposition 2.1) and hence

[lonzr 5 A= )‘m # 0. We, therefore, conclude that 8y = 0 for any |k| > Ny
and thus in view of (28),

H\m\>N B
&) = py(\) T
7 Ps H|m|<N0 Tm
As 5 =0 it follows that pj = 0 implying that 8 = 0 for [k] < No. We
thus have proved that § = 0 as claimed. q.e.d.

For any given n € Z and 5 = (Br)ksn € % consider the holomorphic

1-form \5/7% (18). Arguing in the same way as in the

proof of Proposition 5.1 one obtains

Proposition 5.2. Let n € Z and B = (Bk)rzn € K}L be arbitrary. If
fAmwg:0for any m € Z, then B = 0.

6. Proof of Proposition 4.1

The aim of this section is to prove Proposition 4.1 concerning the
identity of the sum of all A-periods of a holomorphic differential of the
form Qg

Proof of Proposition 4.1. As the proof in the two cases |n| < Ny and
|n| > Ny are similar, we consider the case |n| > Ny only. Recall that
for any |n| > Ny and 8 € £}
w1 m(N) AW
T A=A VROY

)

where

n B; pi(A)
(36) ng(A) = 4 .
’ j|>%0;j75n A= Tligene O = M)

is a meromorphic function that can have poles only at the points /'\j, j€
Z. Let ry, := mm + /2 for m > Ny with Ny as in Proposition 2.1. As
>_|k|<m Ak is homologous to C;t (cf. (11)) one has for any m > Ny

(37) /A %=y / Q.

‘k|< Tm

In view of [5, Lemma C.5], Proposition 2.1, Proposition 2.2, and the
definition of the canonical root (6)
A(rpet? 1
Le) =-(1+0(1)) as m — oo,
/R(rme?) 1
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uniformly for 0 < 6 < 27. This together with (36) implies that uni-
formly for A € C;f

(38) Qg:1<1.+0<nﬁ(/\))+o<l>)d)\ as m — 0o,

A— A\, m m

with constants independent of A\ € C;f and m > Ny. Combining (37)
with (38) one gets for m > max{n, Ny}

O 37 [, 9 =1+0(max nlN) + ol

with constants uniform in m > max{n, Ny}. Arguing in a similar way
as in the proof of Lemma 5.2 one sees that

max 2 (\)] = 0 as m — co.
)\C

This combined with (39) yields Proposition 4.1. q.e.d.

As an immediate Corollary of Proposition 4.1 we get the following
result for wg = Qr — Qg = szl‘y:o — Qg

Corollary 6.1. For any n € Z and any [ € 6}1,

Corollary 6.1 can be combined with Proposition 5.2 yielding the fol-
lowing;:

Proposition 6.1. Let n € Z and 8 = (Bk)rzn € K}L be arbitrary. If
fAm wy =0 for any m € Z\{n}, then 8 = 0.

7. Existence of normalized differentials

The aim of this section is to study the operators T™ and T, intro-
duced in Section 4, and to prove Proposition 4.2, Proposition 4.3, and
Proposition 4.4. We begin with the study of T%.

Lemma 7.1. Locally uniformly on W, the coefficients 17, . of T*
satisfy the following estimates:

}\m_Tm 'm - .
O(Begelibol) - j ez, jm) > No,m # j,

Ty = 1+ 2(m), l5] > No, m = j,
O(51): j € Z, Im| < No.
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Proof. Case |j| > No and X}, = X\ : Recall that by Proposition 2.2
and the definition of the canonical root

AN 1 Me— A

VROV i iy -0y -

and that for |j| > Ny, T . is given by

mj

T;ijl/ 120 gy
21 Jr, A=A /R(N)

As b =\ =1, = \m one has by the definition of the standard
root, \/ A = A) (A — A) = 7o — A, and hence, if in addition m # j,

AR % .
. )\ RO is holomorphic near 7, and thus 7). = 0. If m = j (and
hence |m| > Ny) one gets
w0) T, = ~ LAy
T A — Am V/R(N)
(41) = 21 S ! II- A’“ -4 dA.
T AT T i N =)

Therefore, by the residue theorem and the product estimate in [5,
Lemma C.3]

j\k — Tm
T = 11
k#m i/(/\]-: - Tm)(/\]; - Tm)

locally uniformly in W.

=1+ 0%(m),

Case |j| > No and N} # X, : If m = j, one uses again [5, Lemma C.3]
to see that

M — A

T, = / 11 d\
" 2ni Jr, N —N) i {/OF = DO =)
+ 2(m).
2m/ \/
—A)
A direct calculation shows that ﬁ fI‘m W = —1 yielding

the claimed estimate T, = 1+ ¢*(m) in this case. If |m| > Ny but
m # j, then
A) dA

o, T

(42)
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where

Am = A A=A
(T =005 =) amg (A =00 =N

By deforming the contour I'), to the straight interval G, (taken twice)
one then sees (cf. [5, Lemma 14.3]) that

(43) ij = -

Tl < jmax | B (A)]-

For A € G, |Am — Al < |Am — Tim| + || and

(o5 w5 ) =o( L)

whereas again with [5, Lemma C.3], S S O(1) uni-
km.g Y O =Ny =)
formly on W. Altogether we thus conclude that in the case considered

15, = O(m> Finally, if |m| < Ny and hence m # j (as we

J—m

assume |j| > Ny), one has that (42) and (43) hold. Hence,

By, (A
T < max 1%y length(T',,)/2m,

M o/ = N — )

where length(T,,) is the Euclidean length of I',,. Using that A% are
inside I}, and hence uniformly in W separated from I';,, and as by defi-
nition, different contours are apart by a uniform constant one concludes

-1
from the estimate (\5/()\;r - N — A)) = O(%) and [11, Lemma
C.3] that T}, = O(%) uniformly on W.

Case |j| < Np: In this case the coefficient 1., 1s given by the formula

* i ANoti A()\) _ dA
me 2w Jp,, [T A=X) VRN
k| <No
_\Notj \r —
_ 2L / A 11 A — A dX.
T, T \S/(A; — N = A) 55N \S/(AkF AN =)

|k|<No

If |m| > Ny we apply [11, Lemma 14.3] to conclude that,

AN (R, — ) 1 Ae — A
[T {/ O = MO, = NNt (A = DO = A)

|k|<No

*
Tl <oz
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As for |m| > Ny, one has

max

)\No-l-]
| I o)

it follows by the product estimate [5, Lemma C.3] that

T:@j _ O(’)‘m - Tm’ + ”Ym‘)’
m
uniformly on W. If |m| < Ny we use again that A\ are inside I",,
hence uniformly in W separated form I'),, and that different contours
are apart by a uniform constant, to see that 777, = O(1). The claimed
estimates for 77 - are proved. q.e.d.

From Lemma 7.1 it immediately follows that 7™ defines a bounded
linear operator, T* : ¢ — (.

Proof of Proposition 4.4. Take ¢ € W. By Proposition 5.1, T* is injec-
tive. We claim that 7" — Id is a compact operator on ¢'. Therefore, T*
is Fredholm and thus 7™ is a linear isomorphism. To see that T* — Id
is compact introduce for any N > Ny the operator Ky : ¢! — ¢,

Ky =1Ilyo (T* — Id),
where Iy : 1 — ¢! is the projection,

(6/6)]962’_)( 7076—]\77"' 76]\/707"')'

Note that K is an operator of finite rank and, therefore, compact. By
Lemma 7.1 we have for any N > Ng,

O(Bumpalthinl) - j € Z\{m}, |m| > N,

(T7 = Id = KN)mj = { £2(m), Im| >N, j=m
0, JEZ,Im| <N.

Hence there exists a constant C' > 0 independent of N > Ny so that for
any N > Ny and any 8 € (1,

5 )\ Tm —|— m
(@~ 1d-kypl < 0 3 3 P Tl Dl
|m|>N j#m
+ Y ()|l
|m|>N

Clearly,
> 2m)IBal = ( sup [m)])[8lla o0,
[>N

Im[>N Im
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as N — oo. By changing the order of summation we get from the
Cauchy—Schwartz inequality

A Tm’ + |[ym| 1/2
> 1851 < CllBlI (- PAm = Tl + Jml?) 2.
|m|>N j#m |m|>N
Altogether it then follows that
|T* —Id — Kn|z@y — 0 as N — oo,

showing that T* — Id is compact. q.e.d.

Next we want to prove Proposition 4.2. First we establish the follow-
ing two lemmas:

Lemma 7.2. For any n € Z and for any ¢ € W the coefficients b},
m # n, of b satisfy

).\m_ m+ m
b b — ) %)7 |m| > NOv m 7571,
" " O l)v |m|§N0,m7én,

n

uniformly in n € Z and locally uniformly in W. In particular, it follows
that b™ is in E}l.

Proof. As the cases |n| > Ny and |n| < Ny can be treated in the same
way, we only consider the case |n| > Nj.

Case |m| > Ny: Taking into account that b}, = 5 me \C/A% d\ and

by = % me mr—nr_SQ)_ ) we see that

A—An /RN
w,4%——; /‘(Tﬁiﬂf—1> Am — A L (\) dA,
e A=A O = N =
where II,,(\) := ] VS ST At = A~ one has A, = AT =

k#m Y =0 0p =0
A, and i/()\f% —AN)(Am —A) = Am — A As m # n one then concludes

m

from the analyticity of the integrand in D,,(7/4) that b7, = 0. If A}, #
A, we first note that

m7T—7”L7T_1_(TTL7T—/\)+(/.\n—’I’L7T) :O< 1 )

A=A A=A
where we used that \, — nr = O(1) by Proposition 2.1. Furthermore,
by [5, Lemma C.3], IL,,(A\) = O(1). By deforming the contour Iy, to
the straight interval Gy, (taken twice) and by using that for A € G,
[Am — Al < [Am — Tl + ||, one sees from [11, Lemma 14.3] that

b% _ b:n — O(\)\m—Tm\+|7m|)'

m—n

m-—n/’
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Case /m| < Ny: We can argue similarly as above to conclude that
b, — b, = O(2) (cf. Lemma 7.1).

Going through the arguments of the proof one verifies that the
estimates obtained are uniform in n € Z and locally uniform
on W. q.e.d.

The coefficients T7; can be estimated using Lemma 7.1 by writing
1, = Ty + Ry (m,j # n) where R . is defined for |n| > Ny as
follows

1 T—nmT )\N0+J (M) .
3 e (550 1) 1 0 ey I il < Mo,
R . .= \k\<NO
" 1 mmr—nm 1 A(A) d\ . N,

whereas in the case |n| < Np,?

1 mmr—Nomw ANoti—ej AN T
2m me ( )\_)'\NO 1) I (A=Ap) {/R()\) dA, |j| < N,
R . = |k|<No,k#No
mr—Nor _ 1) AQR) _dx .
2 Jr., ( A—Any 1) 2% /RO 71 > No.

Note that by Proposition 2.2, for A € I';,, and |n| > N,

m7T—.7”L7T_1_(TTL7T—/\)+‘(/\n—’I’L7T) :O< 1 )
A=A A=A

m-—n/’

It is convenient to rewrite R}, . in the case |n| > Ny as follows
(44)

1 (mr—A)+(Ap—n7) ANo+i L. (\) d) < N
2 I T O /=N =) w(A)dX, 1] < Mo,
. [k|<Ng
1 (mm—A)+(An—nm) 1 IL.. s N
where
T, (\) = Ak A
||> No,kn {/(A; =N, =)
and
A — A
(45) IL,;(N) ==

ky JOE =0 - N

In the case |n| < Ny, similar identities hold.

*See (20) for the definition of €.
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Lemma 7.3. For any n € Z and for any ¢ € W, the coefficients
Ry, satisfy the following estimates:

O(Bammbml) . j e 2\ {n), Im| > No. m # jim,

R . — £2(m)+£2(n)
mj

m—mn ) ‘j’>N07 m:j,m#n,
of

WM)? J € Z\{n}, Im| < No, m #n,

uniformly in n and locally uniformly on W.

Proof. As the cases |n| > Ny and |n| < Ny are proved in the same
way we will only consider the case |n| > Nj.

Throughout the proof we assume that m # n and j # n. The proof
is very similar to the one of Lemma 7.1.
Case |j| > No and N} = X, (= 7,): We argue as in the proof of

Lemma 7.1 to see that for m # j, Ry, = 0. If m = j (and hence
|m| > Ny) one gets from the residue theorem and [5, Lemma C.3] that

(mm — 7)) + (A — n70) At — Tm
{/(Af{ —Tm)(An = Tm) ktmon \S/()\kF — ) Af — Tm)
_ O((mW — Tm) + (A — mr))

m-—-n

n —
Rmm -

By Proposition 2.2, mm — 7, = £2(m) and A, — nm = (?(n), hence
R = £ (m)+£2(n)
mm °

m—-n
Case |j| > No and N}, # A\ : If 5 = m (and hence |m| > Ngy) one
deforms the contour I'y, to the straight interval G,, (taken twice) and
obtains from [5, Lemma 14.3] that

1 (mr =)+ (A — ) !
270 en SO = N0 =N /= N — )
_Em+ M)

Rn

mm "~

T () dA

m-—n ’

where II,,,,(\) is defined in (45). If [m| > Ny, but m # j, one argues
similarly: Deforming the contour I',, to G, (taken twice) one sees that

(mm —X\) + (A, — nm) (Am — )

IRy, < max Mo (V)]
MCn ] =00 =0 O =0y =N
where IT,,,, () == —Mh Agfor |m| > Np and A\ € Gy,

k;éln_v,[,j,n VIOV CYEN)
. . -1
A = AL < [ = 7onl + Il and (/07 =20; =2) = 0(525);

one concludes that Ry = O(W) Finally, if |m| < Ny and
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hence m # j (as we assume |j| > Ny), one argues as in the proof of
Lemma 7.1 to conclude that

no 1
Rri = =)

Case |j| < No: In this case R}, is given by the first equation in (44).
If |m| > Np note that

No+j

){ngx 4 = O<_) )

S | Mgeny §/OF = MO =)
M — A

|k|>No,k#n,m {/(A; - A, =)

and [Am — Al < |Am — Tm| + || for any A € G,,. This together with
[5, Lemma 14.3] implies that,

o O<\Am =7l + i) <: O<\Am — Tl + r»ym\)) |

(m —n)m (m —n)(j —m)

= O(l) ’

In the remaining case |m| < Ny we argue again as in the proof of
Lemma 7.1 to see that R}, = O(1). The claimed estimates for R} ; are
thus proved. Going through the arguments of the proofs one sees that
the derived estimates hold uniformly in n and locally uniformly on W.

q.e.d.

From Lemma 7.1 and Lemma 7.3 it immediately follows that for each
n € Z, T" defines a bounded linear operator, T : E}L — E}L.

Proof of Proposition 4.2. By Proposition 6.1, T is injective. Arguing
as in the proof of Proposition 4.4 one sees that T™ — Id is a compact
operator on E}l. Therefore, T™ is Fredholm and thus 7™ a linear isomor-
phism. Finally, by Lemma 7.2, b" € K}L. q.e.d.

Now let us turn to the proof of Proposition 4.3. Recall that for any
n € Z and for any given ¢ in W we denote by " = "(¢) the unique
solution of T3 = b™. In this way we obtain maps

B W — L}
and
(i iCxW=C, (A ) = (N

Similarly, for any given ¢ € W we denote by * = *(¢) the unique
solution of the linear system 773 = b* (see Proposition 4.4). Recall
that by Lemma 2.2, b* is in [! and independent of ¢ € W. In this way
we obtain a map

B W =t



238 T. KAPPELER & P. TOPALOV

Lemma 7.4. For anyn € Z, (i) b" : W — (L and (i) T™ : W —
L(6Y) are analytic maps. In addition, (iii) T* : W — L(£') is an
analytic map.

Combining Lemma 7.4 with Proposition 4.2 and Proposition 4.4 one
gets

Corollary 7.1. For anyn € Z the maps " : W — E}L and B* : W —
' are analytic.

Proof of Lemma 7.4. (i) Let us first consider the case |n| > Ny. Ac-
cording to the definition of 0" = (b}}, ), in Section 4,

5 1 mr—nr AN
moo2m e, A=A, /AN —4
By [5, Theorem A.3] it suffices to show that b" is locally bounded and
weakly analytic. By Lemma 7.2 and the Cauchy—Schwartz estimate, b™
is locally bounded. As the dual of ¢} is 2° = ¢>°(Z\{n},C), in view
of Montel’s theorem, the weak analyticity of b™ then follows once we
prove that each component b, m # n, of b" is analytic on W. To this
end let us analyze the integrand in the definition of b]). Recall that
A,A:Cx L? — C are analytic maps. As |n| > Ny by assumption, A, 18
a simple zero of A()\) (cf. Proposition 2.1) and hence we obtain from the
implicit function theorem that A, : W — C is analytic. By construction,
/A%(X\) — 4 is analytic on G\ Ugez Gg. In view of the definition of Ty,
and G,,, m € Z (Section 2) there exists ¢ > 0, independent of m,
so that VA2 —4 is analytic on U.(I';,,) x W, where U.(I',) is the e-
tubular neighborhood of T'y,, Us(Ty,) := {A € C| dist(\,T'),) < e}. It
then follows that for any m # n, b}, : WW — C is analytic.

dX.

In the case |n| < Ny, b}, is defined for any m # n by

o 1 mr — Nor — A(\)
2w e, A=Ay, A2\ —4

By the choice of Ny in Proposition 2.1, for any ¢ € W, A N, is the only
root of A(-, ) in Dy, (7/4). Hence arguing as above, Ay, : W — C is
analytic. Using the same arguments as in the case |n| > Ny one sees
that 6™ : W — C is analytic also in this case.

(ii) As the proofs for |n| > Ny and |n| < Ny are similar, we consider the
case [n| > Ny only. In this case, the coefficients T} (m,j € Z\{n}) of
T™ are given by

1 mr—nm 1 AN .
Tn o 2 me >\—>.\n )‘_).‘j {/A2()\)_4 d)\’ ‘j’ > N07
mj %frm mmr—nm A ANo+i ), ‘]’ < Np.

A—An H\k\gNo()\—}\k) {/A2()\)—4
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Again by [5, Theorem A.3] it suffices to show that 7" is locally bounded
and weakly analytic. By Lemma 7.1 and Lemma 7.3, T" is locally
bounded (see the arguments in the proof of Proposition 4.4). It remains
to show that T is weakly analytic. First note that by arguing as in
(i) one sees that for any m,j € Z\{n}, T}, : W — C is analytic. Since
T™ : W — L(£}) is locally bounded so is for any m # n the map

T W = 02,0 = (17 5(0)) jm-

Using that the components 777 ; of T} are analytic it then follows from
[11, Theorem A.3] that T} : W — £2° is analytic. As a consequence,
for each N > |n|, the map Iy o 7" : W — L({}) is analytic, where
Iy : E}L — E}L denotes the projection

(/8])]7511'_) ( 707/8—N7"' 7/8N707"')-

To show that T™ : W — L(£}) is weakly analytic it suffices to show that
on any disk Dy, := {¢ + zh|z € C,|z| < 1} with closure D, ), C W,
Iy oT™ converges in £(€}1) to T™ locally uniformly in D, j, as N — oc.
Indeed, if this is the case it follows from the Weierstrass theorem that
A |D¢h : Dy — £(€}1) is analytic, establishing in this way that T™
is weakly analytic. To see that IIy o 7™ converges locally uniformly on
Dyp to T" as N — oo, observe that ﬁ%h is a compact subset of W.
The claimed convergence thus follows from the estimates of Lemma 7.1
and Lemma 7.3 (cf. the proof of Proposition 4.4).

(iii) Arguing in the same way as above one shows that 7% : W — L(¢')
is analytic. q.e.d.

Proof of Proposition 4.3. Take n € Z. Let us begin by showing that
Bt = (I™)~t", g : W — (L, is analytic. As by Lemma 7.4 (ii)
T™ : W — L(£}) is analytic and by Proposition 4.2 (ii), T"(p) € L(£})
is a linear isomorphism for any ¢ € W, it follows that (T")~1 : W
L(2), 0+ (T™(p))~! is analytic as well. This combined with the ana-
lyticity of b"™, established in Lemma 7.4 (i), implies that 8" is analytic.

Let us now turn towards (,. As the cases |n| > Ny and |n| < Ny are
proved in the same way we consider only |[n| > Ny. Then (, is given by

A(N)

Gh:CxW—=C, (\y)— I = &hn ().
As |n| > No, An @ W — C is analytic and so is C x W — C, (X, @) —
/\A_(/)-\‘) , as A— A\, is a factor in the product representation for A(\) (Propo-

sition 2.3). Recall that for any 3 € ¢} and |n| > Ny,

niyy , A
SB(A) B |j§>;\fo /8] ()‘ - )‘])()‘ - )‘n)
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2N

+ <]§)5J—No>\j) )

AN A
(A=2j)(A=An) A=) Tk <vg A=)
alytic on C x W. In addition, they are locally bounded uniformly in j.
By [11, Theorem A.3] it then follows that the mapping C x W — £2°,
that assigns to (A, w) € C x W the sequence

A(N)
Tjki<ne X = M)

As above one argues that and are an-

(o o]

- - ) ely
A= An) (A = Aj)/ 1i>No,j#n

ANo+i A(N) A(N)
( T A=) A= An>|j§No’ ((

|k|<No

is analytic. This combined with the result above, saying that " : W —
E}L is analytic it follows that

Sgn CxW— (C, ()\, (‘D) — SZH(SD) ()\7 (‘D)

is analytic. Finally, by construction, the identity % S A, C’;é?;) d\ =

Onm holds for any n,m € Z. q.e.d.

To finish this section we prove results for the limiting behavior of
b, T™, and " as |n| — oo. To this end introduce the maps b™ : W — £%
T W — L(0Y), and 7 : W — 01,

b br, m#mn, 5]": i ]:75717
0, m=n, 07 J=n,
. Trrrlij j)m S Z\{’I’L},
Trgi=90,  (Gim) e ((Z\{n}) x {n}) U ({n} x (2\{n})),
1, (j,m) = (n,n).
Lemma 7.5. For any given ¢ € W,
(i) Lim [[b" —b*||p = 0;
[n|]—o00

(i) lim |7 =Tz = 0;
_>

In|—o00
(i) lim 3" = B¥||p = 0.
[n|]—o0
Proof. Take ¢ € W. For simplicity of the notation we drop the
argument ¢ in the quantities below.
(i) As b%, = 0 for |m| > Ny (see (8)) we see from the definition of b7,
that for [n| > Ny,

bt =0.
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Moreover, by Lemma 7.2,

A —Tm |+
%7 ‘m’>N07m7én7

C—— |m| < No, m # n.

[m—n][’
By Proposition 2.2, [\, — Ton| 4 [Ym| = €2(m). Therefore, for |n| > Ny,

lbn —b* | < C “mn‘ where (@, )mez € £2. Thus, for |n| > Ny,

n * am
Sl —brl<c > ’m ‘+C Z Tl

mez [m—n|<|%|,m#n —n|>|2]

o ¥ ezl

[m—n|<|3|

W (SR () )

meZ

implying that lim 6" — b*|[,x = 0.

[n|—o0
(ii) Using the same arguments as in the prove of (i) one concludes from
Lemma 7.3 that the claimed convergence holds.

(iii) It follows from Proposition 4.2 and Proposition 4.4 that 7" and T*
are linear isomorphisms in ¢*. Hence (ii) implies that for any ¢ € W,
(T™)~' = (T*)~' in L") as |n| — oo. This together with (i) and
B = (T")_li)" imply that for any ¢ € W,

Bn _ (Tn)—ll;n N (T*)_lb* _ 6*7

in ¢! as |n| — oo. q.e.d.

8. Estimates of the zeros

In this section, we prove that the zeros of the analytic function (, :
C x W — C, introduced in Section 4, satisfy the properties stated in
Theorem 1.3. The ansatz we have chosen for the (, is well suited to
obtain these claimed estimates. Recall from (25) that for any |n| > Ny

Cn()‘) = Cn()‘acp) = (1 - nn()‘))ﬁy

where

M(\) = Z BJ‘ + Pn(A) _—
5> No,j#n A=A HUISNO()‘ = An)
and pp(A) = pja(A, @) is the polynomial introduced in Section 4 with
B given by " = "(¢) of Proposition 4.3. Similarly, for |n| < Ny we
define )
AR
A= An,

Cn()‘) = Cn()‘a 90) = (1 - nn()‘))
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where

2 pn(A
nn()‘):zz)\j}\"F ())\ .
dome A A Tjiemozne (X = A9)

AN
T A=An
gument principle one has in view of the choice of W and Proposition 2.1

that for any ¢ € W

First note that for any n € Z

is an entire function and by the ar-

1 A(N) B
an oL E?Alog()\_/.\n>d)\_ 1~ 6pm  Vlm| > No,
and

S| A(N)
(48)  An=o- FmAé)Alog()\_}\n)d)\ Vjm| > No,m # n,

whereas for any N > Ny

1
49 — Oy log
(49) 2mi dDg(Nm+7%) g (

A=\ 2N +1, |n|>N.

AR
A=A
fashion for ¢, (\). First we need to establish some auxiliary estimates.

Viewing (,(\) as a perturbation of

we want to argue in a similar

Lemma 8.1. For any ¢ € W, B € (', N > Ny > 1, n € Z, and
|m| > 2N, one has

0 sup (S n24) <C(10ml+ 5 G2 +18les);

[7]>N,j#m
(i) sup (L0 =) < ClBlla, ol > No;
aer,, i<y A=21/ — mn
[pj5 (M) ) 1
111) su . <C — n| < N
) 290 (7, cng oy noit) < Wi Il < o,

where the constant C' > 0 can be chosen uniformly in N > Ny, n € 7Z,
|m| > 2N, and ¢ € W.

Proof. For any |m| > 2N and A € I';, one has by the choice of W and
Proposition 2.1, 1/|\ — A, | < 7/12 as dist(Ay,, Tn) > T~ & Inview of
the choice of W and Proposition 2.1 it then follows that for |m| > 2N
and A € '),

1841 18]
3 . A|<C(\6m!+ > |j_m|)+ > WIA W

7]>No l7]>N,j#m No<|j|<N

<o(B+ Y L) iopal,

N m B =
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where C' > 0 can be chosen uniformly in N > Ny, |m| > 2N, and
@ € W. Towards (ii) note that as |A| > 1 one has

PO _ 1 ZWM

i< 1A = Nl A |H| <N |1 /\—,\]

9

for any |n| > Ny and ¢ € W. In addition, |\;| < (No + )m for any
lj| < No and [A] = mm — m/4. Hence, [];<p, |1 — /\Tj‘ > C where the
constant C' > 0 can be chosen uniformly in ¢ € W. This implies that
5N
sup (—— ) < Cligllo—,
et Tz, A~ ]

uniformly in [n| > No, N > Ny, |m| > 2N, and ¢ € W.
Item (iii) is proved in a similar fashion. q.e.d.

Next we want to estimate 7, (\) on 0Dg(ron) where for any m € Z,
Tm = mm + /4.

Lemma 8.2. Forany ¢ € W, B €', N> Ny > 1, andn € Z, one
has

; j P )
(i)  sup (Z\]|>N0 MIBA ‘> < C% +C X isn 185l

AEDDy(ran)
.. |p5( )] 1
1 sup <7> <C|Bller=x, |n| > No;
( ) )\EBDO(TQN) HU\SNO |)\_)\j‘ ” H N ‘ ‘
Ipj (M)
(122)  sup ﬁ) <CllBlley, Inl < No,
A€ODo(r2N) |5 1< Ny, j#No ’

where C' > 0 can be chosen uniformly inn € Z, N > Ny, and p € W.

Proof. To prove item (i) we split the sum Z| j|>N, into two parts:
> No<ljj<n and 3o - Clearly, for any A € 0Do(ran),

s g,

Noien A=Al T
and
B 1/2 1 1/2
>, ‘)\’ ]A’_<Z\5y’2> (Zm) <C Y B,
ljI>N lil>N liI>N J ljI>N

where C' > 0 can again be chosen independently of n € Z, N > Ny, and
@ € W. The estimates (ii) and (iii) are proved in the same way as items
(ii), respectively, (iii) of Lemma 8.1. q.e.d.

Lemma 8.1 and Lemma 8.2 can be used to localize the zeros of (-, )
for any n € Z and ¢ € W. In fact, let 1) € L2 be the potential appearing
in the construction of W in Section 2. Using that 57 (1)) — B*(¢) in ¢! as
In| — oo (Lemma 7.5) and the fact that 8" : W — (1 and B* : W — (!
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are analytic (Corollary 7.1), we conclude that for any € > 0 there exists
N; > 1 and an open neighborhood W; € W of 9 in L2 such that for
any n € Z and for any ¢ € Wy,

(50) > Bl <e.
|m|>N1

Combining this with Lemma 8.1 and Lemma 8.2, shrinking the neigh-
borhood W and taking N; > Ny > 1 larger if necessary we see that for
any N > Ny, n € Z, |/m| > 2N, and ¢ € W,

(51) sup [, (AN)| < 1/2,
ATy,
and
(52) sup  [na(A)| < 1/2.
)\EaDO(T’QN)

It then follows that for any N > Ny, A € I'y,,, |m| > 2N, as well as for
any \ € aDQ(TQN),

A(Y) AN 1] A
‘Z_&)n - Cn()\)‘ = nn()\) )\_A?K) < 5‘)\_)&)\; ]n] > ]\707
1
‘)\—)}N - Cn(/\)‘ < n(/\))\_)'\NO < 5‘)\_)-\ ) , |7”L| < N(] .

Hence by Rouché’s theorem and formulas (47) and (49) one has for any
N > Ny and |m| > 2N,

L (log Ca(N) dA = 1 — b,

21 T

1

2mi 9Do(ran)

AN, o] <2N,

05 (log Ca(N)) dA =
(log (M) {4N+1, In| > 2N.

Remark 8.1. As these relations hold for any N > N; we also see
that for any ¢ € W and for any N > Nj there are no zeros of (,(-, )
outside of the union of the sets D,,(7w/4), |m| > 2N, and Dq(ran).

For any |m| > 2N we denote the zero of (,(\) inside I',, by ¢]%,. By
the argument principle one has (cf. (48))

n 1
Tm = 5 /I‘m A0y (log G (X)) dA

. 1
— )\m + 2—7” . )\(‘A(log(l - nn()‘))) dA.

Integration by parts leads to

: 1
n_ Ao — | log(1-1, .
(53) on = A 27 Jr. og (1 —nn (X)) dA
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Using (51) and Lemma 8.1 one sees that for |m| > 2N,

sup ’ log (1 —nn(N)) ’ <2 sup |[na(N)] <
Aeln, DS

<a(gl+ X2 “ + 18"l /m),

where C; > 0 is independent of n € Z, ¢ € W, and |m| > 2N. By
using the Cauchy—Schwartz inequality and then changing the order of
summation in the double sum we get

182 \2 . 1871
> (X |j_’m|) < X WBa X e

Im|>2N  j#m,n [m|>2N j#Emmn

1
=18 I8 D S O

i#n m|>2Nm#j

where Cy =23, -, /5. Hence, we get in view of (50) that there exists
C > 0 such that for any n € Z and for any ¢ € W

> op = Anl?<C.
|m|>2N

Note that as ¢, : C x W — C is analytic by Proposition 4.3, the identity
(53) also shows that o), : W — C is analytic for any |m| > 2N, m # n.
By denoting 2N again by N, we get

Proposition 8.1. For any v € L? there exists an open neighborhood
W of ¢ in L2 obtained from Section 2 after shrinking if necessary and
N > Ny so that for any n € Z and for any ¢ € W, the entire function
Cn(A) has precisely 2N + 1 2N] zeros inside Do(ry) if [n| > N [[n| <
N/. For any |m| > N, m # n, (,(\) has precisely one zero, denoted
by o', = ol (@), in Dy (w/4). There are no other zeros of (n(\) in
C. Moreover, o™ = Ay + £2(m), |m| > N, uniformly in n € Z and
uniformly in W, and for any |m| > N, o', : W — C is analytic.

Proposition 8.1 implies that (,(\) = (,(\, ¢) has in fact a product
representation. List the roots of (, (A, ¢) inside Dy(ry) in lexicographic
order and with their multiplicities, o7}, [m| < N, m # n.

Corollary 8.1. For anyn € Z and ¢ € W,
2 o' — A
Cno‘) = T H : .
Tn - Uy
j#n

Proof. Take ¢ € W. As the cases |n| > Ny and |n| < Ny are proved
in the same way let us consider the case [n| > Ny. By [5, Theorem 2.2],
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AN )

A()) is an entire function of order 1 and so is X . By Proposition 4.3,

Cn(A) is an entire function and by Lemma 8.2,

sup |1 —n,(A)] =14+0(1) as N — oo.
AEDDy(ran)

It then follows that ¢,(A) = (1 — nn()\))% is an entire function of
order 1. Moreover, by Proposition 2.2 and f’roposition 8.1 the expo-
nent of convergence of the zeros of (,()\) is equal to 1 and the series
211> No |a_17\ diverges. This implies that the genus of (,()\) is equal to

1. By Hadamard’s factorization theorem
(54) Ga(A) = A et o T E< An,1),

g
n;éo k

where v, is the order of vanishing of (,(\) at A = 0, ELn,Bn € C are
constants independent of A\ € C, and E(z,1) is the canonical factor
E(z,1) := (1 — 2)e*. For |m| > n we pair the factors E(o%,l) :
E( A

mn o9
077L

1) and conclude from (54), Proposition 2.2, and Proposition

8.1, that (,(\) has a product representation of the form

n n
ol — A . o — A
gonAton I | “k T = ganAthn Jim I | k2
Y

ktn K |k <Kjkzn  F
On the other hand, by Proposition 2.3, N (A =i Hk#n - A and by
[5, Lemma C.5], on the circles |A\| = ran,
o=
Hk#nim/\—l—i—o(l) as N — co.
Hk;ﬁn Tk
By Lemma 8.2 and Proposition 8.1, on the circle |A| = oy,
an A tbn 75 A
¢ 5 Uiz Tk —1—1-0(1) as N — oo.
T Hk;ﬁn T
It then follows that a,, = 0 and e’ = —%, yielding the claimed formula
o —A\
(M) = H,@én 5=, q.e.d.

The refined asymptotics of the zeros (07}, )m=n of ¢, stated below are
proved in the same way as in [5, Lemma 14.12] and hence we omit its
proof.

Lemma 8.3. There exist N > Ny so that
ol = T + Y202, V|m| > N,

uniformly in n € Z and locally uniformly in V.
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Finally, we prove the following:

Lemma 8.4. For anyn € Z and ¢ € W C L2, the entire function
Cn(N) vanishes at X € Z, \ {\:(p)}. If \F € Z, then (,()\) does not
vanish at At

Proof. Take ¢ € W. To see that (,(), ) vanishes on Z,\{\:(¢)}
one argues as in the proof of Lemma 51. If A e Z,, then AF is a zero

of order two of R(A) and hence Q) ) has a pole of order < 1 at \F.

VR
As an ;77% d\ = 27 we conclude that ,(\F) # 0. q.e.d.
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