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BOUNDARY EFFECT OF RICCI CURVATURE

PENGZI M1AO & XI1IAODONG WANG

Abstract

On a compact Riemannian manifold with boundary, we study
how Ricci curvature of the interior affects the geometry of the
boundary. First, we establish integral inequalities for functions
defined solely on the boundary and apply them to obtain geometric
inequalities involving the total mean curvature. Then, we discuss
related rigidity questions and prove Ricci curvature rigidity results
for manifolds with boundary.

1. Introduction and statement of results

In this paper, we consider the question how the Ricci curvature of
a compact manifold with boundary affects the boundary geometry of
the manifold. For the scalar curvature the same question is related to
the quasi-local mass problem in general relativity. Indeed, much of the
formulation of results in this paper is motivated by that in [17, 20, 10].

We begin with integral inequalities that hold for functions solely de-
fined on the boundary. For simplicity, all manifolds and functions in
this paper are assumed to be smooth.

Theorem 1.1. Let (2, g) be an n-dimensional, compact Riemannian
manifold with nonempty boundary X. Let K be a constant that is a lower
bound of the Ricci curvature of g, i.e., Ric > Kg. Let H be the mean
curvature of ¥ in (£, g) with respect to the outward normal. Suppose
H > 0. Given any function n on X, define

n? nAgn
B(n
/ —do, . H do,

0(77)2/2 [(A?)—H(Vzm Vzn)] do,

where Vg, Ay, are the gradient, and the Laplacian on X, respectively,
IT is the second fundamental form of 3, and do is the volume form on
3. Then, for each nontrivial n, either

Bm)\*> _ Cn)
1) <A(77)> < Al
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1 B(n) B(m)\> C)
12 zKS‘mM <A(77)> T Al

REMARK 1.1. If the term II(V_n, V,n) were absent in C(n), then
(1.1) would always hold by Hélder inequality.

REMARK 1.2. When  is the closure of a bounded domain in R3,
the functional C(n), up to a constant multiple of 8%, is the 2nd varia-
tion of the Wang—Yau quasi-local energy ([21, 22]) at X = 9 in R>!,
where R3! is the 4-dimensional Minkowski spacetime. (See [10, 11] for

details.)

REMARK 1.3. If ¥ has a component ¥ on which IT > 0, then (1.1)
always fails for an 7 that is a nonconstant eigenfunction on g and
zero elsewhere. In this case, (1.2) yields estimates on the first nonzero
eigenvalue of X. (See Corollary 2.1 for details.)

The conclusion of Theorem 1.1 is easily seen to be equivalent to a
statement

(1.3) / M(Vyn, Vyn)do < / % (Agn +tn)* do
b b
for all constants t < %K . In Theorem 2.1 of Section 2, we prove a more
general version of (1.3) that allows H > 0. Interpreted this way, Theo-
rem 1.1 and its generalization (Theorem 2.1) have natural applications
to the total mean curvature of the boundary.
We first state the case of nonnegative Ricci curvature.

Theorem 1.2. Let (2, g) be an n-dimensional, compact Riemannian
manifold with nonnegative Ricci curvature, with connected boundary ¥
that has nonnegative mean curvature H. Let X : % — R™ be an isomet-
ric immersion of % into some Euclidean space R™ of dimension m > n.
Then

712
(1.4) /Hdag/ uiof‘ do,
E /

where Hy is the mean curvature vector of the immersion X, \ﬁo\ 1s the
length of Hy, and ¥/ = {reX| ﬁo(x) # 0}. Moreover, if equality in
(1.4) holds, then

a) H = |Hy| identically on %,

b) (2, 9) is flat and X (X) lies in an n-dimensional plane in R™,

c) (9, g) is isometric to a domain in R™ if X is an embedding.

REMARK 1.4. In light of the Nash imbedding theorem [12], the bound-
ary X always admits an isometric immersion into some FEuclidean space.
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Therefore, Theorem 1.2 applies to any compact Riemannian manifold
with nonnegative Ricci curvature, with mean convex boundary (i.e.,
H > 0). One may compare Theorem 1.2 with the result in [17], in
which a weaker curvature condition R > 0 is assumed, where R is the
scalar curvature, while a more stringent boundary condition is imposed.

REMARK 1.5. If (€, g) has nonnegative Ricci curvature and nonempty
mean convex boundary, it was shown in [7, 8] (cf. [5]) that 0 has at
most two components, and that 02 has two components only if (€2, g)
is isometric to NV x I for a connected closed manifold N and an interval
I. This is why we only consider connected boundary in Theorem 1.2.

REMARK 1.6. Theorem 1.2 generalizes [5, Proposition 2|, which proves
that b) and ¢) hold under a pointwise assumption H > |Hy|. Indeed,
Theorem 1.2 follows from an easy adaptation of the argument in [5].

REMARK 1.7. If H > 0 on 3, Theorem 1.2 implies fz Hdo < C where
C > 0 is a constant depending only on the induced metric on ¥ and a
positive lower bound of H.

Next, we give an analogous result for manifolds with positive Ricci
curvature.

Theorem 1.3. Let (2, g) be an n-dimensional, compact Riemannian
manifold with positive Ricci curvature, with connected boundary ¥ that
has nonnegative mean curvature H. Let k > 0 be a constant such that

Ric > (n — 1)kg.

Suppose there exists an isometric immersion X : X — S}, where S}
1s the sphere of dimension m > n with constant sectional curvature k.
Then

|Hs|? + 1(n — 1)%k
1. Hd d
9 e 7

where Hg is the mean curvature vector of the immersion X.

Like (1.4), (1.5) imposes constraints on the boundary mean curvature
when the Ricci curvature of the interior has a positive lower bound.
For instance, consider the standard hemisphere (S'!, g, ) of dimension n.
Let © C St be a smooth domain with connected boundary. It follows
from Theorem 1.3 that there does not exist a metric g on €2 satisfying
Ric > (n —1), g|lraa = g;|Teq, and H > \/(H§)2 + X(n —1)2, where H
and Hg are the mean curvature of 02 in (€2, g) and (€2, g,), respectively.
This could be compared with the first step, i.e., [1, Theorem 4], in the
construction of the counterexample to Min-Oo’s conjecture, in which
a metric on S’} is produced so that it satisfies R > n(n — 1), but the
mean curvature of S’ is raised to be everywhere positive. One may
also compare this with the Ricci curvature rigidity theorems in [6].
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When a manifold has negative Ricci curvature somewhere, we have
the following.

Theorem 1.4. Let (2, g) be an n-dimensional, compact Riemannian
manifold with boundary ¥ that has nonnegative mean curvature H. Let
k > 0 be a constant satisfying

Ric > —(n — 1)kg.

Suppose Y has a component Yy that admits an isometric immersion
X : Yo — H™,, where H™, is the hyperbolic space of dimension m > n
with constant sectional curvature —k. Then

Hdo + / (V. ¢,V t)do
Yo Yo

1[5 1 ) 1 2
</26H{\HH\ 4(n 1)/€+[A2t 2(n 1)kt} }da.

Here I is the second fundamental form of ¥, t = coshro X, where r is
the distance to a fized point o in Hi*, Hy is the mean curvature vector
of the immersion X into H™, that satisfies

(1.6)

n 1 1 2
(1.7) |Hy|* — i 1)%k + [Azt —5n- 1)/4 >0 on X,
and X, is the set consisting of x € ¥ such that
712 1 2 1 ?
| Hy | (m)—Z(n—l) kE+ Azt—g(n—l)k‘t (x) > 0.

REMARK 1.8. The term [y, TI(Vt,Vt)do in (1.6) can be dropped
if IT > 0 or X(Xg) C So(r), where Sy(r) is a geodesic sphere in H™,
centered at o.

The fact that (1.5) and (1.6) are strict inequalities is due to the
characterization of equality case in Theorem 2.1. This leads naturally
to rigidity questions in the context of Theorem 1.3 and 1.4. We have
the following two related results.

Theorem 1.5. Let (2, g) be an n-dimensional, compact Riemannian
manifold with boundary Y. Suppose the following:

e Ric>(n—1)g.

e There exists an isometric immersion X : X — S", where S™ is a
standard sphere of dimension m > n.

o Il (v,v) > [l (v,v)|, for any v € TE. Here Il is the second fun-
damental form of ¥ in (Q,g) and Ilg is the vector-valued, second
fundamental form of the immersion X.

Then (2, g) is spherical, i.e., having constant sectional curvature 1.
Moreover, if ¥ is simply connected, then (2,g) is isometric to a do-
main in S'} .
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Theorem 1.6. Let (2, g) be an n-dimensional, compact Riemannian
manifold with boundary . Suppose the following:

e Ric>—-(n—1)g

e There exists an isometric immersion X : % — H™, where H™ is
a hyperbolic space of dimension m > n.

o Il (v,v) > |l (v,v)|, for any v € TYE. Here Il is the second fun-
damental form of ¥ in (Q,g) and Iy is the vector-valued, second
fundamental form of the immersion X.

Then (2, g) is hyperbolic, i.e., having constant sectional curvature —1.
Moreover, if ¥ is simply connected, then (2, g) isometric to a domin in
H™.

The rest of this paper is organized as follows. In Section 2, we prove
Theorem 2.1 which implies Theorem 1.1. In Section 3, we consider
applications of Theorem 2.1 to the total boundary mean curvature and
prove Theorems 1.2 through 1.4. In Section 4, we discuss the related
rigidity question and prove Theorem 1.5 and 1.6.

Acknowledgments. The work of the authors are partially supported
by Simons Foundation Collaboration Grant for Mathematicians #281105
and #312820, respectively.

2. A geometric Poincaré type inequality

The main result of this section is the following geometric Poincaré
type inequality for functions defined on the boundary of a compact
Riemannian manifold.

Theorem 2.1. Let (2, g) be an n-dimensional, compact Riemannian
manifold with nonempty boundary . Suppose

Ric > (n —1)kg and H >0,

where Ric is the Ricci curvature of g, k is some constant, and H 1is
the mean curvature of ¥ in (2, g) with respect to the outward normal.
Suppose H is not identically zero. Then

1
(2.1) / I(Vyn, Vyn)do < / H (Agn+ tTl)2 do
by S\ {Ayn+tn=0}

for any nontrivial function n on 3 and any constant t < %(n — 1)k.
Here II(-,-) is the second fundamental form of ¥, V and A, denote
the gradient and the Laplacian on X, respectively. Moreover, equality in
(2.1) holds only if either k >0, t =0 and 1 is a constant; or k =t =10
and n is the boundary value of some function u on Q satisfying V>u = 0.

Here V? denotes the Hessian on (Q, g).
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REMARK 2.1. The case k = 0, H > 0, and t = 0 in (2.1) was first
proved in [11] and is related to the second variation of Wang—Yau quasi-
local energy [21, 22] at a closed 2-surface in R? € R>!,

Proof. The basic tool we use is Reilly’s formula ([14])

/ [IV2ul? — (Au)? + Ric(Vu, Vu)| dV
Q

-,

which follows from integrating the Bochner formula. Here A, dV denote
the Laplacian, the volume form on (2, g), respectively; v is the outward
unit normal to ¥, and u is any function defined on €.

Given any nontrivial 7 on X and any constant A < nk, let u be the
unique solution to

(2.2)

ou ou\?
—I(Vyu, Vou) — 2(A2u)$ - H " do,

(2.3) {Au+)\u = 0 on{

u = 1n atX.

(The fact that (2.3) has a unique solution follows from the maximum
principal when £ < 0. When k > 0, it follows from a theorem of Reilly
([14, Theorem 4]) that states that the first Dirichlet eigenvalue A; of
A satisfies Ay > nk and A\; = nk if and only if (€, g) is isometric to a
hemisphere in which case II is identically zero.) Plug this u in (2.2),
using the fact

1
V2ul? = —(Au)? + [V2u = —(Au)gl?

1
n
9 9 ou
A wdV = [ |Vul*dV — | u-—do,
Q Q s Ov

and the assumption Ric > (n — 1)kg, and we have

(2.4)
<1 - 1) (nk — )\)/ Vul2dv +/ V2 + S ug2dV
n Q Q n

n—1 ou ou 2
< —I(Vyn,Vyn) — 2 Agn + AN o H do.
» n 14

2 v
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Given any constant € > 0, (2.4) implies

(2.5)

/ (Vo0 Vyn) + ——(Agn+ "1 R CON
5 B =" Vsl H+¢ = om “\ov 7

1 n—1 ou?
> - i \/ -
= /z[m (AEH on A">+ H+€6v] o

1
- (1 — 1) (nk — )\)/ \Vu|?dV +/ \V2u 4 =Aug|*dV
n Q Q n
> 0.

Define ¥, \ = {:17 eX | A+ "2—;1)\77 = 0}. By Lebesgue’s monotone
convergence theorem, we have

1 n—1_\2
li A — d
Egr(l) E\En,A H + € < En + 2n 7]) g

1 n—1_\2
= — (Agn+ )\7]> do.
/E\EnYA H < s 2n

Therefore, it follows from (2.5) and (2.6) that

(2.6)

1 n—1._\?
2.7 /HV n,V ndag/ (A N+ )\77> do,
( ) 5 ( > > ) Z\Zn)\ H b3} 2n

. . _ —1
which proves (2.1) by setting ¢ = "5 = \.
Next, suppose

n—1 2
Agn+ o )m) do.

e [ vsar- [ 4
> s\, H

In particular, this shows
1 n—1
(29) = (Aun+ ") € 221,00

and the set {z € ¥\ X, \ | H(z) = 0} has do-measure zero. Hence, by
(2.4) and (2.8), we have

1
(1—1> (nk—)\)/ |Vu|2dV—|—/ |V2u + —Aug|*dV
n Q Q n
1 n—1 oul?
< - = Agn+ ——A +\/H} d
210) = /E\EM [VH< 17T T 77> av]

2
—/ H<%> do,
277)\ 61/
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which implies

1
(2.11) (nk —\)|Vu| =0, VZu+ EAUQ =0 on®
and
ou
(2.12) Agn+ H(9 + —An =0 at3.

If A < nk, (2.11) shows u is identically a constant, then A = 0, k > 0,
and 7 is a constant on 3.
If A =nk, (2.11) shows

(2.13) V2u+kug =0 on Q,

which implies

0
(2.14) Agn+ Ha—z Y (n—1kp=0 at X.
Comparing (2.14) to (2.12) with A = nk, we have k = X\ = 0. This
completes the proof. q.e.d.

When H > 0, (2.1) is simplified to

1
/]HI(VEn, V.n)do g/ — (A0 +tn)? do.
P P H

In this case, Theorem 2.1 is equivalent to a statement that, given any
nontrivial 7 on X, the quadratic form

Qn(t) == A()t* + 2B(n)t + C(n)

satisfies
(2.15) Q1) >0, Vi< %(n ~ )k,
where
Uk nAgn
(2.16) A(n) = /Z Hda B(n) = L do,
2
(2.17) cn = [ [S52 -1w.0.9,m) do
n H

Clearly (2.15) is equivalent to asserting that, for each fixed 7, either
(2.18) B(n)* < A(n)C(n)
or

1 B(n) \/ (B(n)>2 c()
2.19 —n—1Dk< ——+~ — — .
@19 U= e~V am) ~ am)

This explains how Theorem 1.1 follows from Theorem 2.1.

Next, we apply Theorem 2.1 to eigenvalue estimates on the boundary.
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Corollary 2.1. Let (2,9), X, k, H, Il be given as in Theorem 2.1.
Suppose X has a component ¥ that is convez, i.e., Il > 0 on Xy. Let
k > 0 be a constant such that Il > kv, where v is the induced metric
on Xg. Let \ be a positive eigenvalue of Ay on (3o,7). If k% + 2k > 0,
then

(2.20) >\§é< (n—l)[ \//42+2kr,i(n—1)[m+ m2+2kr>.

In particular, if k > 0, the first nonzero eigenvalue A1(Xo) of (Xo,7)
satisfies

1 REE
(2.21) M(%o) = 1(n = 1) [n + VK2 + 2/4

Proof. By defining n = 0 everywhere on X\ ¥, Theorem 2.1 implies
1
(Agn +tn)* do,

/ IM(Vyn,Vyn)do <
Yo 3o H

for any 1 defined on ¥ and any t < (n — 1)k. Let A(n), B(n), and
C(n) be given in (2.16) and (2.17) Wlth ¥ replaced by Xg. Suppose 7 is
a nonzero eigenfunction, i.e., A n+ An = 0. Then

2
5~ A = ([ %ao) ([ w509, ma0) >0
v H o
Therefore, (2.19) holds, which shows

1
(222) 1(n — 1)](3 <\ — on HH(VE”? VZT])CZO' 2
2 a on %da

On the other hand,

(2.23) / I(Vyn,Vyn)do > /1/ \VyonlPdo = kX | n*do
o o %o

and
1
(2.24) /EO - —do < (=1 /EO n’do.
Hence, (2.22) through (2.24) imply
(2.25) %(n — 1Dk <X—ky/(n—1)A
When k2 + 2k > 0, it follows from (2.25) that
m( Vi [ — V2K VA [ /—@2+2k]>,

which completes the proof. q.e.d.

REMARK 2.2. Corollary 2.1 is motivated by results in [3, 23]. If
k =0, (2.21) reduces to A\1(Xg) > (n — 1)x2, which is the estimate in
[23].
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3. Application to total mean curvature

In this section, we recall the statement of Theorems 1.2 through 1.4
and give their proof. We begin with the case of nonnegative Ricci cur-
vature.

Theorem 3.1. Let (2, g) be an n-dimensional, compact Riemannian
manifold with nonnegative Ricci curvature, with connected boundary %
that has nonnegative mean curvature H. Let X : X — R™ be an isomet-
ric immersion of 3 into some Euclidean space R™ of dimension m > n.
Then

712
(3.1) /Hdag/ WIST‘ do,
E !

where ﬁo is the mean curvature vector of the immersion X and ¥’ C 2
is the set {Ho(x) # 0}. Moreover, if equality in (3.1) holds, then

a) H = |Hy| identically on 3.

b) (Q,g) is flat and X (X) lies in an n-dimensional plane in R™.

c) (Q,g) is isometric to a domain in R™ if X is an embedding.

Proof. Since X is an isometric immersion, one has
(3.2) A, X = Hy.

At any z € X, let {v, | =1,...,n —1} C T,¥ be an orthonormal
frame that diagonalizes II, i.e., Il(vy, v3) = dapka Where {K1,...,kp—1}
are the principal curvature of ¥ in (€, g) at x. Let {ey,..., e} denote
the standard basis in R™, and let x; be the ith component of X. Then

m m n—1
Z]HI(VEJJZ-,VEJ:,-) = Z Z I(ve, vg)(€i, va){€i, v3)
i=1 i=1 a,8=1
(3.3) L
= Z ko = H
a=1

Setting k = 0 in Theorem 2.1 and choosing n = z;, t =0 in (2.1), we
have

(3.4) [0 Voo < [

1 2
LT (Agi)” 1y do,

where 1y is the characteristic function of the set 3} = ¥\ {A z; = 0}.
Summing (3.4) over i, using (3.2), (3.3), and the fact X, C ¥/, we have

(3.5) /Hdag/ L |y 2do,
Z E/ H

which proves (3.1).
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Next, suppose

(3.6) / Hdo — / L\ 2do.
Z E/ H

Then it follows from (3.4) that

(3.7) /H]I(szi,vzxi)da:/ l(Azoci)2 lsvdo, V.
by s H ¢

By the rigidity part of Theorem 2.1, there exist functions u;, 1 < i < m,
such that u; = z; at X and

(3.8) V2u; =0 on Q.
Moreover, by (2.12) or (2.14), we have
(3.9) Hy+ Hd®(v) =0 at %,
where ® : Q — R™ is a (harmonic) map defined by ® = (uy,...,un),
d® = (duy,...,duy,) is the associated tangent map, and v is the unit
outward normal to ¥ in (€, g).
We claim
(3.10) do(v)(xz) #0, Yz eX.

To see this, first consider a point y € ¥/ (X' # 0 by (3.2)). At y, (3.9)
implies
(3.11) d®(v)(y) #0 and d®(v)(y) L X(2).

Hence, the rank of d® at y is n by (3.11) and the fact ®|x, = X . On the
other hand, (3.8) shows du; is parallel on €, V i. Therefore, the rank of
d® equals n everywhere on ). In particular, this proves (3.10).

By (3.9) and (3.10), we now have

(3.12) {reX | H(x)#0} =%
Thus (3.6) becomes

(3.13) Hdo = [ H|d®(v)[*do

b b
by (3.9). As X' is a nonempty open set in X, (3.12) and (3.13) imply
(3.14) |d®(v)|(z) =1 and d®(v)(z) L X(X), V z € ¥\

It follows from (3.14), (3.9), and (3.12) that H = |Ho| identically on X.

The rest of the claim now follows from [5, Proposition 2]. For com-
pleteness, we include the proof. By (3.14) and the fact ®|y = X, one
knows g = > du; @ du; at X' As a result, g = Y| du; @ du; on Q
as both tensors are parallel. Clearly this shows (2, g) is flat and ® is an
isometric immersion. Next, let v, w be any tangent vectors to . (3.8)
implies

(3.15) 0= vw(®) — Vow(®) = V() (dP(w)) — dB(V,w),
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where V and V denote the connection on (€2, g) and R™, respectively.
By definition, (3.15) shows ® : Q — R™ is totally geodesic. Therefore,
®(€2) (hence X (X)) lies in an n-dimensional plane in R™. Without loss
of generality, one can assume ®(2) C R". If X : ¥ — R"™ is indeed
an embedding, then X (X) = 0W, where W is the closure of a bounded
domain in R™. Since ® is an immersion and ®|y, = X, one can show
Q) C Wand @ : Q\ X — W\ OW (by checking that ®&(Q2) \ W
is both open and closed in R™ \ W). On the other hand, ® being a
local isometry implies ® : 2 — W is a covering map. Therefore, @ is a
homeomorphism, and hence an isometry between €2 and W. q.e.d.

Theorem 3.2. Let (2, g) be an n-dimensional, compact Riemannian
manifold with positive Ricci curvature, with connected boundary ¥ that
has nonnegative mean curvature H. Let k > 0 be a constant such that

Ric > (n — 1)kg.

Suppose there exists an isometric immersion X : X — S}, where S}
1s the sphere of dimension m > n with constant sectzonal curvature k.
Then

|Hs|? + 1(n — 1)%k
1 H
(3.16) /Z do </E i do,

where Hg is the mean curvature vector of the immersion X into S}’

Proof. We identify S;* with the sphere of radius ﬁ centered at the
origin in R™1 e, S = {(yl,...,ymH) c R™H | Zmﬂ 2 — ]lf},

’l
and view

X =(21,...,Zmy1) : ¥ — SPP C R™T!

as an isometric immersion of ¥ into R™*!. Let Hy denote the mean
curvature vector of X : ¥ — R™*!: then

(3.17) Hy = Hs + k(Hy, X)X,
where (-,-) is the inner product in R™*!. Applying the fact

. 1
(3.18) AzX = HO and <X,X> = E’
we have

m—+1
0= riAyx; + |Vyer; 2

(3.19) ; ( | ")

= (Ho, X)+(n—1

)-
In Theorem 2.1, choose 7 = x; and t = %(n — 1)k > 0 in (2.1). Then

we have
2

1 1
(320) / HH(VZZ'Z, szi)da < / E |:AEZ'7, + g(n — l)kxz 12’,d0’,
by ! '
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where 1y is the characteristic function of the set

1
Summing (3.20) over ¢ and using (3.17) through (3.19), we have

1[ - o 1
/ Hdo < / = [\H0\2 + (n — 1)k(Ho, X) + ~(n — 1)2/<;2\X]2} do
5 v H 4

1] = 1
= | = ||Hs)*+ -(n—1)%k| d
for 1t + 300 -]
where we have also used (3.3). This proves (3.16). q.e.d.

Theorem 3.3. Let (X2, g) be an n-dimensional, compact Riemannian
manifold with boundary ¥ that has nonnegative mean curvature H. Let
k > 0 be a constant satisfying

Ric > —(n — 1)kg.

Suppose ¥ has a component Yy that admits an isometric immersion
X : Yo — H"™,, where H™, is the hyperbolic space of dimension m > n
with constant sectional curvature —k. Then

Hdo + / I(Vt, V.t)do
Yo Yo

<.

Here 11 is the second fundamental form of 3¢, t = coshro X, where r is
the distance to a fixed-point o in H}*, Hy is the mean curvature vector
of the immersion X into H™, that satisfies

(3.21) 2
% {|ﬁH|2 . i(n . 1)2k + |:A2t — %(n — 1)]{7t:| }dO'

/
0

- 1 1 2
(3.22) |Hy|* — L= 12k + [Azt — 5= 1)kt} >0 on %,
and X is the set consisting of x € X such that
712 1 2 1 ?
| Hy | (m)—z(n—l) kE+ Azt—é(n—l)k‘t (x) > 0.

Proof. We identify H™, with the hyperbola

m
1
{(yo,y1,---,ym) CR™ | -3+ y?z—%, yo>0}
=1

in the Minkowski spacetime R™! with o = (1,0,...,0), and view X as
an isometric immersion X = (t,z1,...,2,) from Xy into H™, . Let Hy
be the mean curvature vector of X : ¥g — R"!. Along ¥, we have

(3.23) t=1ypo X,
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where yo = coshr on H™,,

(3.24) Hyp = Hy — k(Hy, X)X,
and

. 1
(3.25) AsX = Hy, (X,X) = —

where (-,-) = —dy3 +>_1" | dy? denotes the Lorentzian product on R™?,
By (3.25),

0= — (tAst + |V t) + D (z:dsz; + | Vaa,]?)
(3.26) i—1
= (Hw, X) + (n — 1).
At any x € X, let {v, | @« = 1,...,n — 1} be an orthonormal frame

in T, such that Il(ve,vg) = 0apka, Where {K1,...,kp—1} are the
principal curvature of ¥¢ in (€2, g) at z. We have

(3.27) M(Vt, V1) Zna s Vor) >

and

m n—1 m
> I(Vewi, Voai) = Y ka <Z<8yi,va>2>

(3.28) =1 S
= Z Ko (1+ <ay0,va>2)
a=1
Therefore,
(3.29) Hda+/ M(V.t, V.t da—Z/ (Vx5 Vyx;)do.
3o

Now choosing n = z; on X, n = 0 on £\ %, and t = —2(n—1)k <0
in Theorem 2.1, we have

(3.30)

1 1 2
/ I(Vyz, Vyz)do < / — |:AE:EZ' ——(n— 1)k‘:171} 126-d0’
o 0 H 2 '

where Ly is the characteristic function of the set

1
Y0 = X0\ {Azxi - E(n — Dkx; = 0} .
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Direct calculation using (3.24) through (3.26) shows

m 1 2
Z [Azxi - i(n - 1)k:a:,}
(3.31) =1 ,
- 1 1
which also proves (3.22). Summing (3.30) over ¢ = 1,...,m and using

(3.29) through (3.31) together with the fact X, C X, we have

Hdo + / I(Vt, V,t)do
>0 >0

<

This completes the proof. q.e.d.

/
0

e Y 2 (At -t ba
H H 4’1’L 5 27”L g.

4. Rigidity results

Inequalities (3.16) and (3.21) are not sharp in the context of The-
orem 3.2 and Theorem 3.3. In these cases, one wonders if there exist
sharp integral inequalities involving H and |Hs| (or |Hgl|) that include
a rigidity statement in the case of equality.

In what follows, by scaling the metric, we assume Ric > (n — 1)g or
Ric > —(n—1)g. In the latter case, the scalar curvature R of g satisfies
R > —n(n — 1). By the results in [20, 18, 9|, there exists a sharp
integral inequality relating H and |ﬁH| if the manifold 2 is spin and
the boundary ¥ embeds isometrically in the hyperbolic space H™ as a
convex hypersurface. On the other hand, the counterexample to Min-
Oo’s conjecture in [1] shows that even the pointwise condition H = |Hg|
is not sufficient to guarantee rigidity if one only assumes R > n(n — 1).
This gives rise to the following rigidity question:

Question 4.1. Let (2,g) be an n-dimensional, compact Riemann-
ian manifold with boundary ¥. Let D C S} be a bounded domain with
smooth boundary 0D, where S} is the standard n-dimensional hemi-
sphere. Suppose the following

e Ric>(n—1)g.

e There exists an isometry X : 3 — 0D.

e H > Hso X, where H, Hsg are the mean curvature of 3, 0D in

(€2, 9), ST, respectively.
Is (2, g) isometric to D in ST} ¢

At this stage, we do not know the answer to Question 4.1. However,
it was shown in [6] that Question 4.1 has an affirmative answer if the
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assumption H > Hg o X is replaced by a stronger assumption on the
second fundamental forms.

Theorem 4.1 ([6]). Let (£2,g) be an n-dimensional, compact Rie-
mannian manifold with boundary 3. Let D C S be a bounded do-
main with smooth boundary 0D, where '} is the standard n-dimensional
hemisphere. Suppose the following:

e Ric>(n—1)g.

e There exists an isometry X : X — 0D.

o [ >1Ils o X, where I, s are the second fundamental form of X,
dD in (£, g), ST, respectively.

Then (82, g) is isometric to D in S't.

In the rest of this section, we prove Theorem 1.5 and 1.6, which
are analogues of Theorem 4.1 when the boundary is only isometrically
immersed in a sphere or in a hyperbolic space of higher dimension.

Theorem 4.2. Let (2, g) be an n-dimensional, compact Riemannian
manifold with boundary . Suppose the following:

e Ric>(n—1)g.

e There exists an isometric immersion X : X — S™, where S™ is a
standard sphere of dimension m > n.

o [l (v,v) > |lg (v,v)|, for any v € TX. Here Il is the second fun-
damental form of ¥ in (Q,g) and llg is the vector-valued, second
fundamental form of the immersion X.

Then (L2, g) is spherical, i.e., having constant sectional curvature 1.

We divide the proof of Theorem 4.2 into a few steps. First, we fix
some notation. Let V denote the covariant derivative on S, which is
identified with the unit sphere centered at the origin in R™*!. Given
any @ = (aq,...,qm+1) € S™, let F' = F,, be the restriction of the linear
function (o, z) = @121 + -+ + Qmt1Tmy1 to S™. The gradient of F' on
S™, denoted by VF, is

(4.1) VF(z)=a—{(a,x)z, ©€S™.

On ¥, define f = Fo X. For simplicity, given any p € X, we let V'F be
the component of VF (X (p)) normal to X, (T,X). Given v,w € 1,3, re-

call that Ilg (v, w) = (Vx, () X«(w)) *is the component of V x_(,) X, (w)

normal to X, (1,X). We let Hs denote the mean curvature vector of X,
which is the trace of Ils.
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Lemma 4.1. Along %, one has

(4.2) PV + ‘WLF(Z —1,
(4.3) Agf+(n—1)f— <ﬁg,VlF> —0,
(4.4) (Vx. iy n VR ) + (W5 (Vs f, Yy f) ) =0,

Here 7l is any vector that is normal to X(X) in S™.

Proof. (4.2) follows from the fact F? + ‘VFF = 1. To show (4.3) and
(4.4), we note that F' on S™ satisfies

(4.5) V'F = —Fg,,
where g, is the standard metric on S™. (4.5) readily implies

2 Aol L
(4.6) Vifw,w) — (s(v,w), V' F) = —f(v,w), Vov,weTX,
where V2 denotes the Hessian on ¥. Taking trace of (4.6) gives (4.3).
(4.5) also implies

0=V'F(X.(V,f),7)

_ — . .
= (Vxuwu )V ER) + (5 (Y, f, V) 1 7)
which proves (4.4). q.e.d.

The condition II(v,v) > |Ilg(v,v)|, ¥V v € TS, implies H > |Hg| > 0.
By Reilly’s theorem ([14, Theorem 4]), to prove Theorem 4.2, it suffices
to assume A\ > n, where \; is the first Dirichlet eigenvalue of (€2, g).
Under this assumption, we let u be the unique solution to

{Au—l—nu = 0 on €,

(4.7) u = f atX.

On (£, g), define
¢ = |Vul* +u>.
A basic fact about ¢ is that it is subharmonic, which follows from

1
(4.8) §A¢ = ‘V2u + ug|2 + Ric(Vu, Vu) — (n — 1) [Vul? > 0.
On X, define x = %, where v is the unit outward normal to ¥ in (€2, g).
Then
2
(4.9) Bz = [Vof P +x*+ 2 =1+ = [V'F|
by (4.2) in Lemma 4.1.

Lemma 4.2. Along X, the normal derivative of ¢ is given by

10¢ 7ot
5o = (Vuf. Vox) ~ (Vo .V, )~ B~ (Hs, T F) x.
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Proof. Direct calculation gives
10¢ o
(4.10) = V2u (V. f,v) +x [Vu(v,v) + f]
= (Vo f,Vex) —IL(Vy £,V f) + x [Viu(v,v) + f] .
By (4.2) and (4.7), at ¥ we have
—nf=Au=Agf+ Hx+ Vu(v,v)
=—(n—-1)f+ <ﬁg,vLF> +Hx—|—V2u(l/,V),
which gives

(4.11) Viu(v,v) + f = — <ﬁgﬁlF> ~ Hy.
The lemma follows from (4.10) and (4.11). q.e.d.
Proof of Theorem 4.2. Given any q € X, we choose a = X(q) € S™.
Then VF(X(q)) =0 by (4.1). Hence,
=L
(4.12) Vof@) =0, V' F(g) =0 and ¢(q) =1+ x*(q)-
Consider p € 3 such that ¢(p) = maxq ¢. By (4.9) and (4.12),
L2
(4.13) X*(p) = (V F( (p)-
. . AT
Since (Vg f,V,0)(p) =0, taking @7 = V™ F in (4.4), at p we have
= S p—
(Vs f. Vo) = (Vi nV RV F)
=~ (s (Vo f, V),V F).

If x (p) # 0, it follows from Lemma 4.2, (4.13), and (4.14) that

10¢ B
55(?)—

(4.14)

(U (Vof. Vo) °F) ~TH(V.£.V..f)
— <ﬁ§,vLF>X - HX2

< s (Vo f, Vo )l = IL(Vo £,V ) + (| 5| - H) ¥
<0.

(4.15)

If x (p) =0, then Lemma 4.2 gives

(1.16) S50 () = (Vs f, Vo) ~ TV, V)
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Moreover, VF (p) = 0 by (4.13). Taking the second-order derivative
of ¢ along V f at p, we have

02 Vo (Vo f(0)()
(4.17) = Vol (X(Vs s VsX) = (Vv p V' RV F))
= V.V~ |xwon T

We claim, at p,
(4.18) (vx*(vzf)vLF) = —lls (Vo f. Vg f).
To see this, take any v € T'S; (4.5) and (4.9) imply

(Vx.wnV F X))
= VP(X. (V3 f), X (0) = (Vi (v, Xe(Ts ), Xe(0) )
= — fu(f) = V3f (Vs fv)
= o (P HIVIR) = 5 (6 x).

(4.19)

Clearly, v ((;5 — X2) varnishes at p. Hence, (Vy, (Vs f)vlF )(p) is normal
to X, (T,%). This, together with (4.4), implies (4.18). Now it follows
from (4.16), (4.17), and (4.18) that

10¢

ig(p) < ’HHS (VEfa vz:f)‘ —1II (sz, vzf) <0.
By the strong maximum principle (precisely the Hopf boundary point
lemma), we conclude that ¢ must be a constant. Hence, V?u = —ug by

(4.8). Moreover, by (4.9) and (4.12),
2
(4.20) X2 - ‘VLF‘ —c

for some constant ¢ > 0. We have the following two cases:

If ¢ > 0, then x? > \VLFP > 0. This together with (4.15) and the
fact ¢ is a constant implies |Hg| = H = 0. Since II > 0, we have II = 0
and IIs = 0. Thus, X : ¥ — S™ is totally geodesic. Hence, X (X)
lies in an (n — 1)-dimensional standard sphere S*~! c S™. Since X :
> — S~ ! is an isometric immersion, we have X (X) = S"~!; moreover,
X : ¥ — S™ ! is one-to-one as S"! is simply connected. Therefore, &
is isometric to S"~! and is totally geodesic in (£2,g). By [6, Theorem
2], we conclude that (£, g) is isometric to a standard hemisphere S}.

If c=0, then ¢ =1 on X (and hence on Q). In this case, along ¥,

2 9
Vuf? = [V fP +x* = [V /P + |V F| = [VF[?o x.
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In particular, Vu (¢) = 0 by (4.12). We also note that u (q) = f(q) =1
by the definition of F.

Finally, we are in a position to show (£2,¢) has constant sectional
curvature 1. It suffices to assume (€2, g) is not isometric to S. Given
any z in the interior of 0, let ¢, € ¥ such that dist(x,X) = dist(x, q.),
where dist(-,-) denotes the distance functional on (£2,g). Consider the
function f and u constructed in the above proof by taking ¢ = ¢,. Since
(2, 9) is not isometric to S7, the constant ¢ in (4.20) must be 0, and
hence u satisfies

(4.21) Viu = —ug, Vu(g,) =0, u(g:)=1.

Let v : [0,L] — (9, g) be the geodesic satisfying v(0) = ¢z, v(L) = z,
and L = dist(x,X). Let £ =+/(0). Given any constant [ € (0, L), there
exists an open neighborhood W of ¢ in "~ ! such that the exponential
map expy, (+,-) is a diffeomorphism from (0,1) x W C R* x S"~1 onto
its image in (€2, ¢). Now it is a standard fact that (4.21) implies

(4.22) (expg,)*(9) = dr? + (sinr)?g,,_,

on (0,1) x W, where g_, , is the standard metric on S (cf. [6] for
details). Therefore, g has constant sectional curvature 1 at y(¢) for any
t < L. By continuity, g has constant sectional curvature 1 at x. This

completes the proof that €2 is spherical. q.e.d.

As an application, we have the following rigidity result that is a spher-
ical analogue of [5, Theorem 1].

Corollary 4.1. Let (€2, g) be an n-dimensional, compact Riemannian
manifold with boundary . Suppose the following:

e Ric > (n—1)g.

e g has constant sectional curvature 1 at every point on X.

If 33 is simply connected with nonnegative second fundamental form I,
then (€, g) is isometric to a domain in S’} .

Proof. Let R*(-,-,-,-), V> denote the curvature tensor, the connec-
tion on X, respectively. By the Gauss equation and the Codazzi equa-
tion,

R (v1,v2,v3,04) = (v1,v3)(v2,04) — (v1,04)(va, v3)
+ H]I (1)1, 1)3) ]IH (7)2, ?)4) — H]I (1)1, 1)4) ]IH (7)2, ?)3) s
0= (Vo II) (v2,v3) — (Vo I0) (v1, v3),

where vy,...v4 € TX. As X is simply connected, the fundamental the-
orem of hypersurfaces (cf. [19]) implies there exists an isometric im-
mersion ® : ¥ — S™ with II as its second fundamental form. Since
IT > 0, by a result of Do Carmo and Warner in [4], ® is an embedding
and ®(X) is a convex hypersurface in a hemisphere S}. Now applying
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Theorem 4.2, we conclude that (€2, g) has constant sectional curvature
1 everywhere. Let D be the region bounded by ®(X) in S7,. We glue Q
and S™ \ D along the boundary via the isometric embedding ® to get

a closed manifold (M, g). The fact that ¥ has the same second funda-
mental form in (2, g) and S™ and that both (2, ¢g) and S™ have constant
sectional curvature 1 imply that § is C? (indeed smooth) across ¥ in

M. Hence, (]\7 ,g) is a spherical space form whose volume is greater

than half of S (because it contains a hemisphere). Therefore, (M ,g) is
isometric to 8" and (€2, g) is isometric to a domain in S} . q.e.d.

REMARK 4.1. One can also apply Theorem 4.1 in the above proof.

Theorem 1.5 now follows from Theorem 4.2 and Corollary 4.1. When
Ric > — (n — 1), similarly we have the following:

Theorem 4.3. Let (2, g) be an n-dimensional, compact Riemannian
manifold with boundary Y. Suppose

e Ric>—-(n—1)g.

e There is an isometric immersion X : % — H™, where H™ is a
hyperbolic space of dimension m > n.

o Il (v,v) > |l (v,v)|, for any v € TYE. Here Il is the second fun-
damental form of ¥ in (Q,g) and Iy is the vector-valued, second
fundamental form of the immersion X.

Then (2, g) is hyperbolic, i.e., having constant sectional curvature —1.

The proof is parallel to ) that of Theorem 4.2. Let (-,-) denote the dot
product on R™1!, and let V be the connection on H™. Identify H™ with
{z e R™! | (z,2) = —1,39 > 0}. For any o € X(X) C H™, consider
F(z) = F, (z) = {a,x) on H™. TIts gradient is VF (z) = a + (o, ) 2.
Thus ‘ﬁF (x)|2 = —1+ F?. Given any p € %, let ViFo X (p) be
the component of VF o X(p) orthogonal to X, (7,¥). On X, define
f=FoX. Let u be the smooth solution to

Au=nu on
u=f at X

and define xy = %. Then ¢ := |Vu|2 — u? is subharmonic as seen from
%Aqﬁ = |V?u— ug|2 + Ric(Vu, Vu) 4 (n — 1) |Vul*.
Similar to (4.9), we have
Bl = Vo f P 43— 2= 142 - [T7F]

By analyzing the normal derivative % in the same way as in the proof

of Theorem 4.2, we conclude by the strong maximum principle that ¢

. =12 . .
is constant. Therefore, V?u = ug and y? — ‘V F ‘ is a nonnegative
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constant ¢ along Y. If ¢ > 0, it implies Il = 0, which contradicts
the fact H™ does not contain a closed totally geodesic submanifold.

— 2
Therefore, x? — ‘VLF‘ = 0 at X, which shows ¢ = —1 on 2. By the

same argument as that of Theorem 4.2, we conclude that (2,g) has
constant sectional curvature —1.

Corollary 4.2. Let (€2, g) be an n-dimensional, compact Riemannian
manifold with boundary 3. Suppose the following

e Ric > —(n—1)g.

e g has constant sectional curvature —1 at every point on 3.

If 33 is simply connected with nonnegative second fundamental form I,
then (€, g) is isometric to a domain in H™.

The proof is similar to that of Corollary 4.1. Since g has constant
sectional curvature —1 along > and X is simply connected, by the Gauss
and Codazzi equations and the fundamental theorem of hypersurfaces
(cf. [19]), there exists an isometric immersion ® : ¥ — H" with II as
its second fundamental form. Since IT > 0, by the remark in Section 5
of Do Carmo and Warner [4], ® is an embedding and ®(X) is a convex
hypersurface in H". Applying Theorem 4.3 to (€2, ¢g) and the embedding
®, we conclude that g has constant sectional curvature —1 everywhere
on . Now let D be the region bounded by ®(3) in H". We glue Q
and H"\ D along the boundary via the isometric embedding ® to get a
complete manifold (M ,g). The fact ¥ has the same second fundamental
form in (€2, g) and H" and both (€, ¢) and H" have constant sectional
curvature —1 imply that g is smooth across ¥ in M. Hence, (M ,g)is a
complete, hyperbolic manifold that, outside a compact set, is isometric
to H™ minus a ball. We conclude that (M, g) is isometric to H" and
(€, g) is isometric to a domain in H". This final claim can be seen, for
instance, by the following.

Proposition 4.1. Let (M, g) be a complete, n-dimensional Riemann-
ian manifold with Ric > — (n — 1) g. Suppose that there exists a compact
set K C M s.t. M\ K is isometric to H" \ B where B is a geometric
ball. Then M 1is isometric to H™.

The Euclidean version of the result is well known (e.g. it appears as
an exercise in [13] several times) . The hyperbolic case can be proved by
similar methods. For lack of an exact reference, we outline a proof using
Busemann functions. The main idea comes from Cai and Galloway [2].
We use the upper space model H" = {z € R" : z,, > 0}. Without
loss of generality we take o = (0,...,0,1). For a sequence ¢, — 0, let
Sr C M be the hypersurface corresponding to x,, = ¢ and ¢, the point
corresponding to (0,...,0,1/e;). Let pg be the point on Sy closest to
qr and g : [—ag, bx] — M be a minimizing geodesic from py to g s.t.
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v(0) € K (it is easy to see that any minimizing geodesics from py to gx
must intersect K). Passing to a subsequence €, — 0 if necessary, we can
assume that 7;(0) — 0 and 7, converges to a geodesic line v : R — M.
We consider the following generalized Busemann function:

Bx) = lem d(o, Si) — d(z, Sk).

Then we have the following.

Claim: AfS > n in the support sense.

The crucial fact is that S; has constant mean curvature H = n — 1.
The argument is the same as in Cai-Galloway [2].

We also have the standard Busemann function b associated with the
ray 7jo,00) defined by b(z) = limy o s — d(z,7(s)). It is known that
Ab > —n in the support sense. The rest of the proof is similar to
Cai and Galloway [2] or the proof of the Cheeger—Gromoll splitting
theorem. We have A(b+ ) > 0. By the triangle inequality one can
show b 4+ 8 < 0. On the other hand, b + 8 = 0 along . Therefore,
by the strong maximum principle b + 8 = 0. Then § = —b and it is a
smooth function with |V3| = 1. By the Bochner formula one can show
that V28 = g — dB ® dB. From this identity one can show that M is
isometric to the warped product (R x S™~!, dt? + e¢*h), where (S, h)
is a flat Riemannian manifold. It is then clear that (S,h) must be the
standard R™~!. This finishes the proof of Proposition 4.1.
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