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MIN-MAX MINIMAL HYPERSURFACE IN (M"t1,g)
WITH Ric >0 AND 2<n <6

XIN ZHOU

Abstract

In this paper, we study the shape of the min-max minimal hy-
persurface produced by Almgren-Pitts in [AF2, P] corresponding
to the fundamental class of a Riemannian manifold (M"*! g) of
positive Ricci curvature with 2 < n < 6. We characterize the
Morse index, area, and multiplicity of this min-max hypersurface.
In particular, we show that the min-max hypersurface is either ori-
entable and of index one, or is a double cover of a non-orientable
minimal hypersurface with least area among all closed embedded
minimal hypersurfaces.

1. Introduction

Almgren and Pitts developed a min-max theory for constructing em-
bedded minimal hypersurfaces by global variational method [AF1, AF2,
P]. They showed that any Riemannian manifold (M"*! g) with 2 <
n < 5 has a nontrivial smooth, closed, embedded minimal hypersur-
face. Later on, Schoen and Simon [SS] extended it to the case of di-
mension n = 6. (They also showed the existence of a nontrivial min-
imal hypersurface with a singular set of Hausdorff dimension n — 7
when n > 7.) In [AF1, AF2|, Almgren showed that the fundamen-
tal class [M] € Hp41(M) of an orientable manifold M can be real-
ized as a nontrivial homotopy class in m (Z,(M), {0}), where Z,,(M) is
the space of integral n-cycles in M (see [P, §2.1]). Almgren and Pitts
[AF2, P| showed that a min-max construction on the homotopy class
in 71 (Z,(M),{0}) corresponding to [M] gives a nontrivial, smooth, em-
bedded, minimal hypersurface with possible multiplicity, which will be
called the min-max hypersurface corresponding to the fundamental class
[M]. Besides existence, there is almost no geometric information known
about this min-max minimal hypersurface, e.g. the Morse index, volume,
and multiplicity. (See [CM2, Chap. 1.8] for the definition of Morse in-
dex.) Because of the nature of the min-max construction, it has been
conjectured that these min-max hypersurfaces should have total Morse
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index less than or equal to one (see [PR]). In addition, for the pur-
pose of geometric and topological applications, it is necessary to know
the index bound [Y, §4]. Recently, Marques and Neves [MN1] gave a
partial answer of this question when n = 2. They showed the existence
of an index one Heegaard surface in certain three manifolds. Later on,
in their celebrated proof of the Willmore conjecture [MIN2]|, Marques
and Neves showed that the min-max surface has index five for a five-
parameter family of sweepouts in the standard three sphere S3.

In this paper, we study the shape of the min-max hypersurface cor-
responding to the fundamental class [M] in the case when (M"! g)
has positive Ricci curvature, i.e. Ricy > 0. In this case, there do not ex-
ist closed, embedded, stable minimal hypersurfaces (see [CM2, Chap.
1.8]) in M. By exploring this special feature, we will characterize the
Morse index, volume, and multiplicity of this min-max hypersurface.
The study of Morse index was initiated by Marques-Neves in the case
of dimension three [MIN1].

We always assume that (M"! g) is connected, closed, and orientable
with 2 < n < 6. Hypersurfaces " C M"*! are always assumed to be
connected, closed, and embedded. Denote

S={X"c (M"1 g): X" is a minimal hypersurface in M}.
By [P, SS, DT], S # 0. Let

{ V(X), if ¥ is orientable }

(1.1) Wi = min 2V (%), if ¥ is non-orientable

YeS
where V(X) denotes the volume (sometime called area) of ¥.. Our main
result is as follows.

Theorem 1.1. Let (M™*!, g) be any (n + 1)-dimensional connected,
closed, orientable Riemannian manifold with positive Ricci curvature
and 2 <n < 6. Then the min-max minimal hypersurface X correspond-
ing to the fundamental class [M] is either:

(i) orientable of multiplicity one, with Morse index one and V(X) =
WM 5
(ii) or non-orientable of multiplicity two with 2V (X) = Wyy.

REMARK 1.2. In case (i7), ¥ has the least area among all S. Illustra-
tive examples of the first case are the equators, S™ embedded in S™t1,
and for the second case the RP™’s embedded in RP"*!, when n is an even
number. Our theorem says that those are the only possible situations.

REMARK 1.3. In fact, the positive Ricci curvature condition is only
used to rule out the existence of closed, two-sided, stable minimal hyper-
surfaces, and to derive the fact that any two closed immersed minimal
hypersurfaces must intersect (Frankel’s Theorem 3.4). Actually, those
two facts can be derived by requiring that (M"*!,g), 2 < n < 6, does
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not admit closed, embedded minimal hypersurfaces with stable two-
sided covering (see [MIN3, Corollary 1.5] for discussion). So Theorem
1.1 is true when the positive Ricci curvature condition is replaced by
assuming that (M"™*1, g) does not admit closed, embedded minimal hy-
persurfaces with stable two-sided covering.

If there are no non-orientable, embedded, minimal hypersurfaces in
M, we have the following corollary.

Theorem 1.4. Given (M"™*1, g) as above, if (M,g) has no non-
orientable, embedded, minimal hypersurfaces, then there is an orientable,
embedded, minimal hypersurface X" C M™ 1 with Morse index one.

REMARK 1.5. If M is simply connected, i.e. m1(M) = 0, then by [H,
Chap. 4, Theorem 4.7], there are no non-orientable, embedded hyper-
surfaces in M. If 71(M) is finite, and the cardinality #(m(M)) is an
odd number, then M has no non-orientable, embedded, minimal hyper-
surfaces by looking at the universal cover.

As a by-product of the proof, we have a second corollary.

Theorem 1.6. In the case of Theorem 1.4, the hypersurface X C

M™ 1 has least area among all closed, embedded, minimal hypersurfaces
in M™TL

REMARK 1.7. In general, compactness of stable minimal hypersur-
faces follows from curvature estimates [SSY, SS|, which would imply
the existence of a least area hypersurface among the class of stable min-
imal hypersurfaces, or even minimal hypersurfaces with uniform Morse
index bound. However, the class of all closed, embedded, minimal hy-
persurfaces in M does not have an a priori Morse index bound. In fact,
the existence of the least area minimal hypersurface comes from the
min-max theory and the special structure of orientable minimal hyper-
surfaces in manifold (M™!, g) with Ric, > 0.

The main idea is as follows. The difficulty in obtaining the desired
geometric information is due to the fact that the min-max hypersurface
is constructed by a very weak limit (varifold limit). To overcome this
difficulty, we try to find an optimal minimal hypersurface, which lies
in a “mountain pass” (see [St]) type sweepout (continuous family of
hypersurfaces; see Definition 2.1) in this min-max construction. Given
(M"™+1 g) as in Theorem 1.1, we will first embed any closed embedded
minimal hypersurface 3 into a good sweepout. Then, such families are
discretized as needed to apply the Almgren-Pitts theory. We will show
that those families all lie in the same homotopy class corresponding to
the fundamental class of M. The Almgren-Pitts theory applied to this
homotopy class produces an optimal, embedded minimal hypersurface,
for which we can characterize the Morse index, volume, and multiplicity.
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There are two reasons that we must use the discrete Almgren-Pitts the-
ory rather than other min-max theory in continuous setting [CD, DT].
One is due to the fact that the sweepouts generated by non-orientable
minimal hypersurfaces (Proposition 3.8) do not satisfy the requirements
for the continuous setting; the other reason is that only in the Almgren-
Pitts setting could we show that the sweepouts all lie in the same ho-
motopy class.

The paper is organized as follows. In Section 2, we give a min-max the-
ory for manifolds with boundary using the continuous setting as in [D'T].
In Section 3, we show that good sweepouts can be generalized from
embedded minimal hypersurfaces, where orientable and non-orientable
cases are discussed separately. In Section 4, we introduce the celebrated
Almgren-Pitts theory [AF2, P, SS|, especially the case of one parame-
ter sweepouts. In Section 5, sweepouts which are continuous in the flat
topology are made into discretized families under the mass norm topol-
ogy, as those used in the Almgren-Pitts theory. In Section 6, we give
a characterization of the orientation and multiplicity of the min-max
hypersurface. Finally, we prove the main result in Section 7.

Acknowledgements. I would like to express my gratitude to my ad-
visor Richard Schoen for many enlightening discussions as well as con-
stant encouragement. I would also like to thank Andre Neves, Fernando
Marques, Brian White, and Alessandro Carlotto for comments and dis-
cussions. Finally, thanks to Otis Chodosh for the help on language.

2. Min-max theory I-—continuous setting

Let us first introduce a continuous setting for the min-max the-
ory for constructing minimal hypersurfaces. In fact, Almgren and Pitts
[AF2, P] used a discretized setting. They can deal with a very gen-
erally discretized multi-parameter family of surfaces, but due to the
discretized setting, the multi-parameter family is hard to apply to ge-
ometry directly. Later on, Smith [Sm]| introduced a setting using con-
tinuous families in S3. Recently, Colding, De Lellis [CD] (n = 2) and
De Lellis, Tasnady [DT] (n > 2) gave a version of min-max theory us-
ing continuous setting based on the ideas in [Sm]. They mainly dealt
with the family of level surfaces of a Morse function. Their setting is
more suitable for geometric manipulation. Marques and Neves [MIN1]
extended [CD] to a setting for manifolds with fixed convex boundary
when n = 2. They used that to construct a smooth sweepout by a Hee-
gaard surface in certain three manifolds. In this section we will mainly
use the version by De Lellis and Tasnady [DT]. We will extend Mar-
ques and Neves’s min-max construction for manifolds with fixed convex
boundary to high dimensions.
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Let (M™*! g) be a Riemannian manifold with or without boundary
OM. H™ denotes the n dimensional Hausdorff measure. When X" is an
n-dimensional submanifold, we use V' (3) to denote H"(X).

Definition 2.1. A family of H" measurable closed subsets {I't };c[o 1)
(the parameter space [0,1] can be any other interval [a,b] in R) of M
with finite H"™ measure is called a generalized smooth family of hyper-
surfaces if

(s1): for each t, there is a finite subset P, C M, such that I'; is a

smooth hypersurface in M \ P;;
(s2): t — H™(T';) is continuous, and ¢t — I'; is continuous in the
Hausdorff topology;

(s3): I'y — I'y, smoothly in any compact U CC M \ Py, as t — to.
When OM = (), a generalized smooth family {¥; },¢(9,1) is called a sweep-
out of M if there exists a family of open sets {{2}c[0,1) such that

(swl): (X;\ 0%) C P, for any t € [0, 1];

(sw2): Volume(€2; \ ©5) + Volume(25 \ ;) — 0, as s — ¢;

(sw83): Qp =0, and O = M.

When OM +# (), a sweepout is required to satisfy all of the above, except
with (sw3) changed by

(sw3'): Q1 = M. X9 =0M, X, C int(M) for t > 0, and {X; }o<i<e

is a smooth foliation of a neighborhood of OM for some small
e > 0, i.e. there exists a smooth function w : [0,¢] x M — R,
with w(0,z) = 0 and %w(o,:n) > 0, such that

5 = {eapy (w(t,z)v(z)) : © € M}, forte|0,€,
where v is the inward unit normal for (M,0M).

REMARK 2.2. The first part of the definition follows from [DT, Def-
inition 0.2], while the second part borrows an idea from [MIN1].

We will need the following two basic results.

Proposition 2.3. ([DT, Proposition 0.4]) Assume OM = (). Let
f M —[0,1] be a smooth Morse function. Then the level sets {{f =

t}}te[O,l} form a sweepout.
Given a generalized family {I';}, we set
L{Ty}) = max H™(I¢).
As a consequence of the isoperimetric inequality, we have

Proposition 2.4. ([CD, Proposition 1.4] and [DT, Proposition 0.5])
Assume OM = (. There exists a positive constant C(M) > 0 depending
only on M, such that L({X3;}) > C(M) for any sweepout {3¢};c(0,1)-

We need the following notion of homotopy equivalence.
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Definition 2.5. When OM = 0, two sweepouts {%}}ic01] and
{Eg}te[o,l] are homotopic if there is a generalized smooth family
{F(s,t)}(s,t)e[o,l}% such that F(O,t) = E% and F(l,t) = E%. When oM 75 @,
we further require the following condition:

(*): T(s0) = OM, T C int(M) for t > 0, and for some small

e > 0, there exists a smooth function w : [0, €] x [0,¢] x IM — R,
with w(s,0,2) = 0 and %w(s,o,:n) > 0, such that

L5y = {exps (w(s, t,x)v(x)) : x € M}, for (s,t) €[0,€] x [0, €.

A family A of sweepouts is called homotopically closed if it contains the
homotopy class of each of its elements.

REMARK 2.6. Denote Diffy(M) to be the isotopy group of diffeo-
morphisms of M. When OM # (), we require the isotopies to leave
a neighborhood of OM fixed. Given a sweepout {¥;}c(o1), and ¥ €
C>([0,1] x M, M) with v (t) € Diffo(M) for all ¢, then {1 (¢, 3¢) }rejo,1]
is also a sweepout, which is homotopic to {3;}. Such homotopies will
be called homotopies induced by ambient isotopies.

Given a homotopically closed family A of sweepouts, the width of M
associated with A is defined as

(2.1) W(M,0M,A) = {EigfeAL({Et}).

When OM = (), we omit M and write the width as W (M, A). In case
OM = (), as a corollary of Proposition 2.4, the width of M is always
nontrivial, i.e. W(M,A) > C(M) > 0.

A sequence {{E?}te[o,l} }:;1 C A of sweepouts is called a minimizing
sequence if L({S]'}) \, W(M,0M,A). A sequence of slices {E}' } with
tn € [0,1] is called a min-mazx sequence if H"(X7 ) — W(M,0M,A).
The goal in min-max theory [P, SS, CD, DT] is to find a regular
minimal hypersurface as a min-max limit corresponding to the width
W (M,0M,A).

If OM # () and v is the inward unit normal for (M,9M), we denote
the mean curvature of the boundary by H(OM), and the mean curvature
vector by H(OM)v. Here the sign convention for H is that H(OM)(p) =
— > (Ve,v,e;), where {er, - ,e,} is a local orthonormal basis at
p € OM. Based on the main results in [DT] and an idea in [MN1], we
have the following main result for this section.

Theorem 2.7. Let (M"+1,g) be a connected compact Riemannian
manifold with or without boundary OM and 2 < n < 6. When OM #
0, we assume H(OM) > 0. For any homologically closed family A of
sweepouts, with W(M,0M,A) > V(OM) if OM # (), there exists a
min-max sequence {3} } of A that converges in the varifold sense to an
embedded minimal hypersurface 2 (possibly disconnected), which lies in
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the interior of M if OM # (). Furthermore, the width W (M,0M,A) is
equal to the volume of X if counted with multiplicities.

Proof. When OM = (), this is just Theorem 0.7 in [D'T].

Now let us assume OM # (). The result follows from an observation
of Theorem 2.1 in [MIN1] and minor modifications of the arguments in
[DT]. Here we will state the main steps and point out the key points
on how to modify arguments in [DT] to our setting.

Part 1: Since H(9M) > 0, by almost the same argument as in the proof
of [MIN1, Theorem 2.1], we can find a > 0, and a minimizing sequence
of sweepouts {{2?}1&6[0,1]};0:17 such that

(2.2) WD) > W(M,0M,A) — 6, = d(=I,0M) > a/2,

where § = (W (M,0M,A) — V(OM)) > 0, and d(-,-) is the distance
function of (M, g).

Let us discuss the minor difference between our situation and those
in [MIN1]. We can find a neighborhood of 0M, such that using normal
coordinates [0,2a] x OM for some a > 0, the metric can be written as
g = dr’+g,. In [MN1] they deform an arbitrary minimizing sequence to
satisfy (2.2) by ambient isotopies induced by a vector field cp(r)%, where
©(r) is a cutoff function supported in [0, 2a]. Although the argument in
[MIN1, Theorem 2.1] was given only in dimension 2, it works in all
dimensions. The only difference is that in the proof of the claim on
[MN1, page 5], we need to take the orthonormal basis {ei,---,e,}
such that {eq,--- ,e,—_1} is orthogonal to % and then projects e, to the
orthogonal complement of %. Then all the argument follows exactly as
in [MN1].

Part 2: Now let us sketch the main steps for modifying arguments of
the min-max construction in [DT, CD] to our setting.

Given the minimizing sequence {{E?}te[o,l]}zozl C A as above, the
first step is a tightening process as in [CD, §4], where we deform each
{27 }ejo,1) to another one {i‘,?}te[(m by ambient isotopy {Fi}icp0,1) C
Diffg(M), ie. {Z} = F(t,%7) hejo,) € A, such that every min-max
sequence {i‘,?n} converges to a stationary varifold. Since those X} with
volume near W (M, 0M, A) have a distance a/2 > 0 away from dM, we
can take all the deformation vector field to be zero near M in [CD,
§4]. Hence {X7'} can be chosen to satisfy (2.2) too.

The second step is to find an almost minimizing min-max sequence
(see Definition 2.3 and Proposition 2.4 in [DT]) {7 } among {2?}156[0,1]7

where i?n converge to a stationary varifold V. By (2.2), the slices %7
with volume near W (M,0M, A) always have a distance a/2 > 0 away
from OM; hence they are almost minimizing in any open set supported
near M. Away from OM, all the arguments in [DT, §3] work; hence it
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implies the existence of an almost minimizing sequence in the sense of
[DT, Proposition 2.4], which are supported away from oM.

The final step is to prove that the limiting stationary varifold V of the
almost minimizing sequence is supported on a smooth embedded mini-
mal hypersurface. This step was done in [DT, §4 and §5]. The arguments
are purely local. By our construction, the corresponding varifold mea-
sure |V| on M is supported away from OM; hence the regularity results
in [DT] are true in our case. By the dimension restriction 2 < n < 6,
they imply the conclusion. q.e.d.

3. Min-max family from embedded minimal hypersurfaces

In this section, by exploring some special structures for embedded
minimal hypersurfaces in positive Ricci curvature manifolds, we will
show that every embedded closed connected orientable minimal hyper-
surface can be embedded into a sweepout, and a double cover of every
embedded closed connected non-orientable minimal hypersurface can
be embedded into a sweepout in a double cover of the manifold. The
sweepouts constructed in both cases can be chosen to be level surfaces
of a Morse function, which hence represent the fundamental class of the
ambient manifold (see Theorem 5.8). We first collect some results from
differentiable topology.

Theorem 3.1. ([H, Chap. 4, Lemma 4.1 and Theorem 4.2]) Let
be a connected, compact, orientable manifold with boundary 0. Then
0%} is orientable.

Theorem 3.2. ([H, Chap. 4, Theorem 4.5]) Let M be a connected,
closed, orientable manifold, and X C M a connected, closed, embedded
submanifold of codimension 1. If ¥ separates M, i.e. M \ ¥ has two
connected components, then X is orientable.

Lemma 3.3. Given M and ¥ as above, ¥ is orientable if and only
if the normal bundle of X inside M 1is trivial.

Proof. The tangent bundle has a splitting T'M ‘2 =T & N, where
N is the normal bundle. Hence our result is a corollary of Lemma 4.1
and Theorem 4.3 in [H, Chap. 4]. q.e.d.

We also need the following result, which says that any two connected
minimal surfaces must intersect in positive Ricci curvature manifolds.

Theorem 3.4. (Generalized Hadamard Theorem in [F]) Let (M, g)
be a connected manifold with Ricy > 0; then any two connected closed
immersed minimal hypersurfaces ¥ and X' must intersect.

Let ¥* ¢ M™! be a minimal hypersurface. When ¥ is two-sided,
i.e. the normal bundle of X is trivial, there always exists a unit normal
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vector field v. The Jacobi operator is
Lo = Dsd + (Ric(v,v) + Ao,

where ¢ € C®(X), Ay is the Laplacian operator on ¥ with respect to
the induced metric, and A is the second fundamental form of X. We say
that A € R is an eigenvalue of L if there exists a ¢ € C°°(X), such that
Lo = —X\¢. The Morse index (abbreviated as index in the following)
of 3, denoted by ind(X), is the number of negative eigenvalues of L
counted with multiplicity. ¥ is called stable if ind(¥X) > 0, or in other
words L is a nonpositive operator. Clearly Ric, > 0 implies that there
is no closed two-sided stable minimal hypersurface.

Using basic algebraic topology and geometric measure theory, to-
gether with the fact that there is no two-sided stable minimal hyper-
surface when Ric, > 0, we can show the reverse of Theorem 3.2 when
2<n<6.

Proposition 3.5. Let (M"*!,g) be a connected closed orientable
Riemannian manifold with 2 < n < 6 and Ricy > 0; then every em-
bedded connected closed orientable hypersurface ¥ C M™ ' must sepa-
rate M .

Proof. Since X" is orientable, the fundamental class [£"] (see [B, p.
355]) of X represents a homology class in H,,(M,Z). Using the language
of geometric measure theory, 3 is an integral n-cycle; hence it also rep-
resents an integral n homology class [X"] in H,,(M,Z) in the sense of
currents (see [FH, §4.4]). Suppose that X" does not separate. Take a
coordinates chart U C M such that U N'Y # (). Since X" is embedded,
> separates U into Uy and U; after possibly shrinking U. Pick p; € Uy
and ps € Us. We can connect p; to po by a curve ~; inside U, such
that ~;1 intersects % transversally only once. Since ¥ does not separate,
M\ X is connected. We can connect p; to pg by a curve 7 inside M \ X.
Now we get a closed curve v = 1 U7z, which intersects ¥ transversally
only once. Hence Y meets v transversally, and > N v is a single point.
Using the intersection theory (see [B, page 367]), the intersection of the
n homology [X] and the 1 homology [v] is

X]- [l =[Ens]#0.
Hence [¥] # 0in H,(M,Z). Now we can minimize the mass inside the in-
tegral homology class [X] (as a collection of integral cycles). [Si, Lemma
34.3] tells us that there is a minimizing integral current Ty € [X]. More-
over, the codimension one regularity theory ([Si, Theorem 37.7]) when
2 < n < 6 implies that Tj is represented by a smooth n dimensional
hypersurface ¥ (possibly with multiplicity), i.e. Ty = m[X], where
m € Z, m # 0. Since m[¥g] represents a nontrivial integral homology
class, ¥ is orientable. The fact that both M and X are orientable im-
plies that the normal bundle of X is trivial by Lemma 3.3; hence X is
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two-sided. By the nature of the mass minimizing property of T', 3y must
be locally volume minimizing; hence X is stable. This is a contradiction
with Ricy > 0. q.e.d.

From now on, we always assume that (M"*! g) is connected closed
oriented with 2 < n < 6, and hypersurfaces ¥ C M™*! are connected
closed and embedded in this section.

3.1. Orientable case. The following proposition, which asserts that
every orientable minimal hypersurface lies in a good sweepout in man-
ifold (M™*1,g) of positive Ricci curvature when 2 < n < 6, is a key
observation in proving our main theorem. Denote

(3.1) S; ={X": X" is an orientable minimal hypersurface in M }.

Proposition 3.6. For any X € S, there exists a sweepout {Zt}te[—l,l}
of M such that
(a) Yo =2X;
(b) H™(3:) < V(X), with equality only if t = 0;
(¢) {Zt}ie[—c,q forms a smooth foliation of a neighborhood of ¥, i.e.
there ezists w(t,z) € C®([—€, €] x £), w(0,z) = 0, Fw(0,z) > 0,
such that

S = {expy (w(t,z)v(z)) : z€X}, te€ ¢4,
where v is the unit normal vector field of ¥ in M.

Proof. By Proposition 3.5, ¥ separates M; hence M \¥ = M; UM, is
a disjoint union of two connected components My and M, with OM; =
OMy = ¥. Assume that the unit normal vector field v points into M;.
We denote A1 to be the first eigenvalue of the Jacobi operator L, and wuy
the corresponding eigenfunction. The first eigenvalue has multiplicity 1,
and u; > 0 everywhere on X. Ricy, > 0 means that Y is unstable; hence
A1 <0, ie Luy = —Au; > 0.

Consider the local foliation by the first eigenfunction via the expo-
nential map,

Y5 = {expy (sur(z)v(z)) : z €}, s €[—¢€.

e For € > 0 small enough, since u; > 0, the map F : [—¢,e] x ¥ — M
given by F(s,z) = expy(su1(z)v(x)) is a smooth diffeomorphic
one-to-one map; hence {X}¢[_¢,q is @ smooth foliation of a neigh-
borhood of X.

e Since u; > 0, Xy is contained in M; (in M) for 0 < s < e (for

—e <5 <0).
e By the first and second variational formulae (see [CMZ2][Si]),
d 2
e Se) = — [ Huwdu=0, | v(z,
ds s:oV( ) /E uadp =0 ds? [, )
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—/ uiLuydp < 0,
%

where H = 0 is the mean curvature of ¥. So V(X;) < V(X) for
s € [—¢, €], and equality holds only if s = 0.
e Denote H, to be the mean curvature operator of X,; then

% SZO(HS,V> = Lu; > 0.
Hence H(X;) > 0 for 0 < s < e with respect to the normal v for €
small enough.

Denote M s, = Mi \ {Es}o<s<s, for 0 < so < €, which is the region
bounded by X, . Similarly we have M 4, such that OMs 5, = X _g,. We
will extend the foliation {¥} to M; 5, and Mj 5,. We need the following
claim, which is proved in Appendix 8:

Claim 1. For € small enough there exists a sweepout {i }sé[—Ll}’
such that ¥ = X, for s € [~1e, 1], and & CM1 (orCM1)when

s> L€ (or s < —3€).

Now cut out part of the sweepout {ES}SE[%E,I]’ which is then a sweep-
out of (ML%E,E?ML%E) (abbreviated as (M1,0M;)) by Definition 2.1.
Consider the smallest homotopically closed family A of sweepouts con-
taining {28}86[%71]. If the width W (My,0M;,A1) > V(0M;), then
by Theorem 2.7 and the fact that H(OM;) = H(Z%G) > 0, there is
a nontrivial embedded minimal hypersurface ¥ lying in the interior
of M, which is then disjoint with ¥, and hence is a contradiction
to Theorem 3.4. So W(M;,0My, A1) < V(9M), which means that
there exist sweepouts {le}se[is,l] of (M, 0M;), with max g1 ] H™(XL)
very close to V(OMi). Since OM; = Eie’ and V(Eie) < V() by
our construction above, we can pick up one sweepout {i’s} sellen] with
max, 1, ) M) < V().

We can do similar things to M27 1e to get another partial sweepout.
Then we finish by putting them together with {ES}SG[—%E,iE}' q.e.d.

3.2. Non-orientable case. We have the following topological charac-

terization of non-orientable embedded hypersurfaces in orientable man-
ifold M.

Proposition 3.7. For any non-orientable embedded hypersurface X"
in an orientable manifold M™1, there exists a connected double cover
M of M, such that the lift & of > is a connected orientable embedded
hypersurface Furthermore, 3 separates M, and both components of M \
Y are diffeomorphic to M \ 2.
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Proof. Since ¥ is non-orientable, M \ ¥ is connected by Theorem 3.2.
Denote Q2 = M \ X. © has a topological boundary 9. € is orientable
since M is orientable; hence 952 is orientable by Theorem 3.1.

Claim 2. 092 is a double cover of X.

This is proved as follows. For all z € ¥, there exists a neighborhood
U of z,ie,x € U C M, with U diffeomorphic to a unit ball By(0).
Since X is embedded, after possibly shrinking U, ¥NU is a topological n
dimensional ball, and ¥ separates U into two connected components Uy
and Us, i.e. U\X = U;UUs. Then the sets UNY ~ (0U;)NE ~ (0U2)NE
are diffeomorphic. The sets {U N X} form a system of local coordinate
charts for 3. Moreover, {(0U;) N %, (0U3) N X} form a system of local
coordinate charts for 09, and {(Uy,0U; N %), (Uz,0U N X)} form a
system of local boundary coordinate charts for (€2,09). Hence 01 is a
double covering of ¥, with the covering map given by (0U;)N%, (OU2)N
Y->UNX.

Since ¥ is connected, 02 has no more than two connected compo-
nents. If 02 is not connected, then 02 has two connected components,
i.e. 90 = (092)1 U(0Q)2, with X ~ (9Q); ~ (0Q2)2. Hence X is orientable
since 0f) is orientable, which is a contradiction. So €2 must be connected.
Let M = Q Ugan:z—a+y §2 be the gluing of two copies of (£2,052) along
0 using the deck transformation map x — z* of the covering 90 — 3;
then the lift of X is ¥ ~ 9€). M is then orientable and satisfies all the
requirements. q.e.d.

As a direct corollary of the results in the previous section, we can
embed a double cover of a non-orientable minimal hypersurface to a
sweepout in the double cover M of a manifold (M"+!, g) with positive
Ricci curvature when 2 < n < 6. Let
(3.2)

S_ ={¥": X" is a non-orientable minimal hypersurface in M }.

Proposition 3.8. Given X € S_, there exists a family {X¢}ie(0,1) of
closed sets such that

(a) Yo = 0;

(b) {Zt}iep,1) satisfies (s1)(swl)(sw2)(sw3) in Definition 2.1;

(c) max,c(o,1) H" (X)) = 2V(X) and H" (%) < 2V(X) for all t € [0,1];

(d) (s2) in Deﬁmtzon 2.1 only fails when t — 0, where H"(3;) —
2V(5);

(e) (s8) in Definition 2.1 only fails when t — 0, where ¥; — 2.

Proof. Consider the double cover (M ,g) given by Proposition 3.7.
The lift ¥ is an orientable minimal hypersurface, and must have the
double volume of ¥, i.e. V(X) = 2V(X). ¥ separates M into two iso-
morphic components M; and Ms, which are both isomorphic to M \ X
We can apply Proposition 3.6 to (M, ) to get a sweepout {it}te[_l,”
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satisfying (a)(b)(c) there. By the construction, we know that ¥; C M

for t > 0, and X; C My for t < 0. To define {¥;}4cp1), we can let
Y, = 3, while identifying My WiNth M\ X, and let 3y = (). Then the
properties follow from those of {X;},c[—1 1. q.e.d.

4. Min-max theory II-—Almgren-Pitts discrete setting

Let us introduce the min-max theory developed by Almgren and Pitts
[AF1, AF2, P]. We will briefly give the notations in [P, §4.1] in order
to state the min-max theorem. Marques and Neves also gave a nice
introduction in [MN2, §7 and §8]. For notations in geometric measure
theory, we refer to [Si], [P, §2.1], and [MIN2, §4].

Fix an oriented Riemannian manifold (M"*!, g) of dimension n + 1,
with 2 < n < 6. Assume that (M"*+! g) is embedded in some R for
N large. We denote by I(M) the space of k-dimensional integral cur-
rents in RV with support in M, Zi (M) the space of integral currents
T € I,(M) with 0T = 0, and V(M) the weak closure of the space of
k-dimensional rectifiable varifolds in R with support in M, endowed
with the weak topology. Given T' € I(M), |T| and ||T’|| denote respec-
tively the integral varifold and Radon measure in M associated with T'.
F and M denote respectively the flat norm and mass norm on I(M).
I;(M) and Zi(M) are in general assumed to have the flat norm topol-
ogy. Ix(M,M) and Z(M,M) are the same space endowed with the
mass norm topology. Given a smooth surface X or an open set €) as in
Definition 2.1, we use [[X]], [[©2] and [X], [©2] to denote respectively the
corresponding integral currents and integral varifolds.

We are mainly interested in the application of the Almgren-Pitts
theory to the special case m (Z,(M™*"),{0}), so our notions will be
restricted to this case.

Definition 4.1. (cell complex of I = [0, 1])

(1) I=10,1], Io = {[0], [1]}.

(2) For j € N, I(1,5) is the cell complex of I, whose 1-cells are all
intervals of form [3%, Z‘;f—]l], and 0O-cells are all points [3%] Denote
I(1,7), the set of all p-cells in I(1, j), with p = 0,1, and Iy(1,j) =
{[0], [1]} the boundary 0-cells.

(3) Given awa l-cellin I(1,5) and k € N, a(k) denotes the 1-dimensional
sub-complex of I(1,j + k) formed by all cells contained in «, and
a(k)o are the boundary 0-cells of a.

(4) The boundary homeomorphism 9 : I(1,5) — I(1,7) is given by
dla,b] = [b] — [a] and O[a] = 0.

(5) The distance function d : I(1,7)o X I(1,7)0 — Z* is defined as
d(z,y) =3z —yl.
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(6) The map n(i,j) : I(1,7)0 — I(1,7)¢ is defined as: n(i,j)(z) €
I(1, 7)o is the unique element such that d(z, n(i, j)(z)) = inf {d(z,y) :
Y€ 1(17])0}

Consider a map to the space of integral cycles: ¢ : I(1,5)0 — 2,
(M™+1). The fineness of ¢ is defined as:

an o =sp{MAD Iy e r a2},
A map ¢ : I(1,5)0 = (Z,(M™"1),{0}) means that ¢(I(1,7)o) C 2,
(M) and @|1,(1,5), = 0, ie. ¢([0]) = o([1]) = 0.

Definition 4.2. Given § > 0 and ¢; : 0 = (Zn(M"F1),{0}),

i =1,2. We say ¢ is 1-homotopic to ¢2 in ( ( nt1),{0}) with fine-
ness (5 if 3 ks € N, k3 > max{k;, k2}, and

¥ I(1,k3)o x I(1,k3)o — Z,(M™),

such that
o f(3p) <6;
o Y([i — 1],z) = ¢i(n(ks, ki) (x));
o p(I(1,k3)o x Io(1,k3)0) = 0.

Definition 4.3. A (1, M)-homotopy sequence of mappings into
(Zn(M"1),{0}) is a sequence of mappings {¢; }ien,

¢i + I(1,ki)o — (Z,(M"F1),{0}),
such that ¢; is 1-homotopic to ¢;11 in (Z,(M™*1),{0}) with fineness
d;, and

o lim; ;o 6; = 0;
e sup; {M(¢i(z)) : =€ I(1,k;)o} < +oo.

Definition 4.4. Assume that S; = {¢} }ien and Sz = {¢?}ien are
two (1, M)-homotopy sequence of mappings into (Z,(M"*1),{0}); S
is homotopic with Sy if 3 {0;}ien, such that

e ¢} is 1-homotopic to ¢7 in (Z,(M"*1),{0}) with fineness d;;

The relation “is homotopic with” is an equivalent relation on the
space of (1, M)-homotopy sequences of mapping into (Zn(M ntly {0})
(see [P, §4.1.2]). An equivalent class is a (1, M) homotopy class of map-
pings into (Z,(M™*1),{0}). Denote the set of all equivalent classes by

wf& (Zn(M"T1, M), {0}). Similarly, we can define the (1, F)-homotopy

class and denote the set of all equivalent classes by wf (Zn (ML, F), {0}).
In fact, Almgren-Pitts showed that they are all isomorphic to the top
homology group.
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Theorem 4.5. ([AF1, Theorem 13.4] and [P, Theorem 4.6]) The
following are all isomorphic:
Hy (M), wff (2,(M"1, M), {0}), o] (Z,(M"H, F),{0}).

Definition 4.6. (Min-max definition)
Given II € 7T:1# (Zn (M1, M), {0}), define

L:II »R"
as a function given by:
L(S) = L({¢: }ien) = limsup max {M(¢i(z)) : @ lies in the domain of ¢;}.

The width of 11 is defined as
(4.2) L(IT) = inf{L(S) : S €1I}.

We call S € II a critical sequence if L(S) = L(II). Let K : II —
{compact subsets of V,(M"*1)} be defined by

K(S)={V: V = lim |¢;(z;)|: x; lies in the domain of ¢;,}.
j—o0

The critical set of S'is C'(S) = K(S)N{V : M(V) =L(S5)}.

The celebrated min-max theorem of Almgren-Pitts (Theorem 4.3,
4.10, 7.12, Corollary 4.7 in [P]) and Schoen-Simon (for n = 6 [SS,
Theorem 4]) is as follows.

Theorem 4.7. Given a nontrivial I1 € F# (Zo (M1, M), {0}) ; then
L(IT) > 0, and there exists a stationary integral varifold ¥, whose sup-
port is a closed, smooth, embedded, minimal hypersurface (which may
be disconnected with multiplicity), such that

[[%]1(M) = L(TD).

In particular, X lies in the critical set C(S) of some critical sequence.

5. Discretization

In this section, we will adapt the families constructed in Section 3
to the Almgren-Pitts setting. The families constructed in Section 3 are
continuous under the flat norm topology, but Almgren-Pitts theory ap-
plies only to discrete family continuous under the mass norm topology.
So we need to discretize our families and to make them continuous under
the mass norm. A similar issue was considered in the celebrated proof
of the Willmore conjecture [MIN2]. In addition, we will show that the
discretized families all belong to the same homotopy class. The proof
is elementary but relatively long. Upon first perusla of this section, the
reader might focus only on the statements of Proposition 5.4, Theorem
5.5, and Theorem 5.8.
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5.1. Generating min-max family.
Proposition 5.1. Given ® : [0,1] — Z,(M" 1) defined by
<I>($) = [[8QIH7 T € [07 1]7
where {4 }efo,1) s a family of open sets which satisfies (swl)(sw2)(sw3)
in Definition 2.1 for some {X;}c(0,1) satisfying (s1)(s2)(s3) there; then
(1) @:[0,1] — (Zn(M"H), {0}) is continuous under the flat topology;
(2) m(®,7) = sup{||®(z)|B(p,7) : p € M,z € [0,1]} — 0 when
r — 0, where B(p,r) is the geodesic ball of radius r and centered
at p on M. (The concept of m first appears in [MINZ2, §4.2].)

Proof. By (swl) and (s1) in Definition 2.1, 0, is smooth away from
finitely many points; hence it lies in Z,(M"*1). By (sw3), Qo = 0,
Oy = M, so that ®(0) = ®(1) = 0. So ® is well-defined as a map to
(Z2n(M™*1),{0}).

From the definition of the flat norm (see [Si, §31]),

F(@(z),®(y)) <1y — Qa||(M) = Volume(2,AQ,) — 0,

as y — x by (sw2) in Definition 2.1. Here and in the following, we abuse
2 and ¥ with the associated integral currents [[2]] and [[X]].

So what is left is the last property, i.e. m(®,7) — 0 when r» — 0. Now
we will abuse the notation and write ®(z) = X, = 0, since they only
differ by a finite set of points.

Lemma 5.2. Fiz x € [0,1], and let P, be the finite set of singular
points of ¥, and B, (P,) the collection of geodesic balls centered at P,
on M; then lim, o ||S;||(B,(Py)) = 0. (Here ||| is the Radon measure
corresponding to the integral current [[X]] associated with ¥ (see [Si,

§27]).)

Proof. We only need to show that lim,_o [|S.||(B,(p)) = 0 for ev-
ery p € P,. By the definition of Hausdorff measure (see [Si, §2]),
(H"LLX.)({p}) = H"(Zz N {p}) = H"({p}) = 0. Since H"(X;) < +o0,
by the basic convergence property for Radon measures (see [R, §11.1,
Proposition 2.1]),

0= (ML) ({p)) = lim (H"L,) (B, (n) = lim 5] (B, (»)).
q.e.d.
Given ro > 0 small enough, define f : [0,79] x M x [0,1] — R™ by
fr,p,2) = 15:(1(Br(p)).
Lemma 5.3. The function f is continuous.

Proof. For the continuity in the parameter “x”, we can fix the ball
B, (p). For any € > 0, we can take 0 < ry < 1, such that ||S; | (B, (Ps))
< ; by the previous lemma, where P, is the finite singular set of %,.
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Since X, converges to 3, smooth on compact sets of M \ P, by (s3) of
Definition 2.1, we can find 0, ¢, such that whenever |y — x| < 0z,

IS (Br )\ Bro () = I8l (B (1) \ Br. (P))] < 5.

We claim that ||, (By, . (Pr)) < § if 05 is small enough. Suppose
not; then for a subsequence y; — , |2y, [|(By, . (Pr)) > §. Notice (s2)
in Definition 2.1, i.e. H"(X,) — H"(2;). Now

H'(Dy) = H" (3 \ B, (P)) +H" (2, N By, (Pr)),

H'(S,) = H'(Sa \ Bry(Pe)) + H" (S0 N By, ().

Since ¥, converge smoothly to X, on compact subsets of M\ Py, H" (X,
B, (P, )) — H" (34 \Br, . (P:)); and hence we get a contradiction since
(S 1 Br, (P)) ~ HY (52N By (P) > 5 — £ = 5.

Combining all of the above, we have |||y || (Br(p)) — |2/ (B (p))| < €
whenever |y —z| < 0, and have hence proved the continuity of f w.r.t.
“xr.

For the continuity in the parameter “r”, we can fix ¥, and the point

p € M. For any € > 0, take 7, as above. For any Ar > 0,
H" (S0 N Bryar(p)) = H" (82N Br(p)) < H"(S: N By, (Pr))

+H" (S N A(p, 7,7+ Ar) \ By, (Pr)),

where A(p,r,r+Ar) is the closed annulus. Since ¥, is smooth on M\ P,
by (s1) in Definition 2.1, we can take 6, > 0 such that whenever
Ar < by, H' (2, N A(p,r r+ Ar) \ By, .(Py)) < §. Hence H™ (X, N
Briar(p)) —H" (22N B, (p)) < §. A similar argument holds for Ar < 0.

The continuity in the parameter “p” follows exactly as that of “r”,
so we omit the details here. q.e.d.

Let us now return to the proof that lim, o m(®,r) = 0. Since [0, o] x
M x [0,1] is compact, f is uniformly continuous. So by standard argu-
ment in point-set topology, m(®,7) = suppc s zejo,1) £ (7P, ) — 0 when
r—0,as f(0,p,x) = [[X[|({p}) = 0. q.e.d.

Given ¥ € S, we can define a mapping into (Z,(M"*1),{0}),
¥ 1 [0,1] — (Z.(M™),{0}),

as follows:
e when ¥ € 84, ®*(z) = [[002,-1]] for x € [0,1], where {4 }rej—1,1]
is the family of open sets of M in Definition 2.1 corresponding to
the sweepout {¥;},c[_1,1) of X constructed in Proposition 3.6;
e when ¥ € S_, ®¥(z) = [[09Q,]] for x € [0,1], where {},e(o1] is
the family of open sets of M in Definition 2.1 corresponding to the
family {X;},c[0,1) of X constructed in Proposition 3.8.
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Then, as a corollary of Proposition 3.6, Proposition 3.8, and Proposition
5.1, we have

Corollary 5.4. ®* : [0,1] — (Z,(M™""),{0}) is continuous under
the flat topology, and

(a) SUPzel0,1] M(qﬁ(x)) =V(X) if X ey
(b) sup,eqo] M(®*(z)) =2V (X) if S € S—;
(c) m(®*,7) — 0, when r — 0.

Proof. In the case ¥ € Sy, our conclusions are a direct consequence
of Proposition 5.1, as ®* satisfies the conditions there.

If ¥ € S_, all the conclusions are true by Proposition 3.8 and the
proof of Proposition 5.1, except that we need to check (c¢). Using no-
tions in Proposition 3.8, let M and ¥ be the double cover of M and ¥
respectively. Let ®> be the mapping corresponding to Y in M. Then it
is easy to see that m(®>,r) < 2m(®>,r); hence we finish the proof by
using the first case. q.e.d.

5.2. Discretize the min-max family. Now we will discretize the con-
tinuous family ®* to form a (1, M)-homotopy sequence as in Definition
4.3. The idea originates from Pitts in [P, §3.7 and §3.8]. Marques and
Neves first gave a complete statement in [MIN2, §13] on generating an
(m, M)-homotopy sequence into the space Z5(M?) of integral two cycles
in a three manifold from a given min-max family continuous under the
flat norm topology. Their proof never used any special feature of the
special dimensions, so Theorem 13.1 in [MNZ2] is still true to generate
an (n, M)-homotopy sequence into Z,,(M™*1) from any continuous fam-
ily under flat topology. While they used a contradiction argument, for
the purpose of the proof of Theorem 5.8, we will give a modified direct
discretization process based on ideas in [P, MIN2]. Our main result is
an adaption of Theorem 13.1 in [MNZ2].

Theorem 5.5. Given a continuous mapping ® : [0,1] — (Zn(M"+1,
F),{0}), with
sup M(®(z)) < oo, and limm(®P,r) =0,

z€[0,1] 70
there exists a (1, M) homotopy sequence
¢i : I(1,k;)o — (2, (M, M), {0}),
and a sequence
Vit I(1, K)o x I(1,ki)o — Z,(M™, M),

with k; < ki+1, and {5i}i€N with 6; > 0, §; — 0, and {li}ieN; l; € N with
l; — o0, such that T,Z)Z([O], ) = (JSZ’, ¢Z([1], ) = ¢i+1|1(1,ki)0’ and



MIN-MAX MINIMAL HYPERSURFACE IN (M"™t1 g) 147

(1) M(gbl(:n)) < sup {M(@(y)) : T,y € a, for some 1-cell o € I(l,li)}+
d;; hence

(5.1) L({¢:}ien) < sup M(@(x)).

z€[0,1]
(2) £(¢) < 4.
3) sup {F(¢i(y,x) — ®(z)) : y e I(1,ki)o,z € I(1,k;)o} < ;.

Before giving the proof, we first give a result which is a variation of
[P, Lemma 3.8] and [MIN2, Proposition 13.3]. For completeness and for
the purpose of application to the proof of Theorem 5.8, we will sketch a
slightly modified proof. Denote B (S) to be a ball of radius € centered
at S in Z,(M"T F).

Lemma 5.6. Given 8, r, L positive real numbers, and T € Z,(M"™+1)N
{S§ : M(S) < 2L}, there exists 0 < € = ¢(T,d,r,L) < ¢, and k =
k(T,d,r, L) € N such that whenever S € BF( )N {S: M(S) < 2L},
and m(S,r) < 4, there exists a mapping ¢ : I(1,k)g — B (T), satisfy-
ing

(i) o(0)) =S, ¢([1]) =
(i) f(¢) <9d;
(iil) supzer(1,r), ¢([2]) < M(S) + 4.
Proof. By [AF1, Corollary 1.14], there exists ep; > 0 such that if
€ < ey, there exists Q € I,,;1(M"*+1) such that
0Q=S-T, MQ=FS-T)<e

We claim that there exists € = €(7,0,7,L) > 0 small enough and
v =v(T,6,r,L) € N large enough such that for any S € BS (T) N {S :
M(S) < 2L}, there exists a finite collection of disjoint balls { B, (p;) }i_;
with r; < r, satisfying the following five equations:

62 ISIBe0) < 3. 1814\ U B (00) < 5.
) 0
63 ITIBE) < 50 1710\ UL B ) < 5.
(5.4) (71~ IS (Br, (02)) < 5, (L1 ISV B (1) < o

Denoting d;(x) = d(z,p;), the slice (Q,d;,r;) € L,(M™"1) (see [Si, §28]
for definition of slices.), and

(5.5) = 3(QL By, (pi)) — (S — T)L By, (p;).
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N

(5.6) ZM(<Q’d“T2>) <
=1

This claim follows from a contradiction argument. If it is not true, then
there is a sequence €; — 0, and S; € B (T) N {S : M(S) < 2L}, such
that there exists no finite collection of disjoint balls satisfying the above
properties. Then lim;_,., S; = T, and weak compactness of varifolds
with bounded mass implies that lim;_o [Sj| = V € V,(M™1) for some
subsequence. Using the arguments in the proof of [MIN2, Lemma 13.4]
and [P, Lemma 3.8], we can construct a finite collection of disjoint balls
satisfying the above requirement for each S; when j is large enough;
hence a contradiction. Notice that the condition m(S,r) < g is essen-
tially used to find the radius of the balls (see Lemma 13.4 in [MIN2] for
details).

Define the map ¢ : I(1,k)g — Z,(M™t1), with k = N, where we
write v = 3N — 1 for some N € N, as follows:

. 7
Bl =5 = > 0(QLB..(p), 0<i <3V — 1

a=1

(5.7)
o([1) =T.
By arguments similar to [MIN2, Lemma 13.4], we can check that

(I(1,k)o) C BI(T), and get the properties (i), (i), (iii) listed in the
lemma using (5.2), (5.3), (5.4), (5.5). q.e.d.

REMARK 5.7. In the proof of [MIN2, Lemma 13.4] and [P, Lemma
3.8], Marques, Neves, and Pitts used contradiction arguments to get the
discretized maps, while we use contradiction arguments to get a good
collection of balls.

Now let us sketch the proof of Theorem 5.5. Since the idea is the
same as [MIN2, Lemma 13.1], we will mainly point out the ingredients
which we will use in the following.

Proof Theorem 5.5. Fix a small § > 0. Let L = sup,¢jo 1] M(®(z)), and
find » > 0, such that m(®,r) < g. By the compactness of Z,(M"*!)
N{S: M(S) < 2L} under flat norm topology, we can find a finite cover
of Z,(M™™)n{S: M(S) < 2L}, containing {B/ (T;): i=1,--- ,N},
with

e(T5,0,r, L)

T; € Z,(M™™) N {S: M(S) < 2L}, ¢ = ——n=,

where €(T;,0,r, L) and k; = k(T;,0,7, L) are given by Lemma 5.6.

By the continuity of ®, we can take j5 € N large enough such that
for any 1-cell a € I(1, j5), ®(ag) C Bg(a) (Ti(ay) for some i(ar) depending
on a.
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Now fix a 1-cell a € I(l,j(;) with a = [tL,t2]. Then ®(¢)) € B

(Ti(a)), and m(@(tl ),r) < 4, for [ = 1,2. By Lemma 5.6, there eX1s(t;
3+ I(1, ko - BT, (Tyey) such that: d4(0]) = ®(tL), 34 ([1]) = Ty,
(gz;l)<5 andsup{M(ngl( )) cxel(l, k:)o}<M( (! )) + 9.
By identifying a with [0, 1], we can define @ : a(k;+1)g — Be( )(T,-(a))
as follows:

- j ([3k 1)), lfkj =0 k?,k
(5.8) ¢a([w]) = { Ti(a . +11ff] =3ki ... 2.3k
([33k +1]])7 lfj :23k%7 73’%-1—1'

Then for ks = maxY {k;}, we can define: ¢5 : (1,55 + ks + 1)g —
Z,(M™ 1) as follows:

(5.9) slaks+1)0 = da on(ks +1,k; +1), for any 1-cell o € I(1,j5),

where n(i,j) is as in (6) of Definition 4.1. From Lemma 5.6, we know
tha‘t (b(;‘f 1]5 - @‘I ,]5 0° ((255) < Supae](l _]5 (¢a) < 6 a‘nd

((155(:5)) < sup{M( (y)) cy,x € a, for some 1-cell « € I(1,7s)} + 6.

Now take a sequence of positive numbers {0;};en, with ; — 0 as
i — 0o. Construct ¢; = ¢, : I(1, 75, + ks, + 1)o — Z,(M"™1) as above.
By taking a subsequence, we can construct the sequence of 1-homotopy
{1 }ien as in the second part of [MIN2, Theorem 13.1]. The properties
(1)(2)(3) listed in the theorem follow from the arguments there. q.e.d.

In order to prove the final result, we need to show that the (1, M)-
homotopy sequences of mappings into (Zn(M ntly {0}), which are con-
structed above from the mapping ®* 111 Corollary 5.4 for any ¥ € S,
belong to the same homotopy class in 7] (Z (M™1),{0}). A similar is-
sue was considered in the proof of [MIN2, Theorem 8.4]. However, they
only need to show that their sequence is nontrivial, while we need to
identify all our sequences. First we have the following theorem.

Theorem 5.8. Given ® as in Theorem 5.5, and {¢;}ien the corre-
sponding (1, M)-homotopy sequence obtained by Theorem 5.5, assume
that ®(z) = [[0]], z € [0,1] where {Q4}ic(01) is a family of open sets
satisfying (sw2)(sw3) in Definition 2.1. If F : ©] ( R (M) {0}) —
H, 1 (M"Y Z) is the isomorphism given by Almgren in Section 3.2 in

[AF1], then
F([{di}ien]) = [[M]],
where [[M]] is the fundamental class of M.
Proof. We will directly cite the notions in the proof of Theorem 5.5.

First we review the definition of F' given in [AF1, §3.2]. Fix an i large
enough, with §; small enough, and we will omit the sub-index 7 in the
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following. Take ¢5 = ¢5, : I(1,js + ks + 1)o — Z,(M"™1) constructed
in Theorem 5.5. For any 1-cell 8 € I(js + ks + 1), with g = [té,t%],

F(os(th), ¢5(t3)) < M(gs(th), ¢5(t3)) < £(¢5) < 6. By [AF1, Corol-
lary 1.14], there exists an isoperimetric choice Qg € I,41(M 1) with
M(Qp) = F(5(th), d5(t3)), and

0Qp = ¢5(08) = ¢5(t3) — ds(tp).-
Then F' is defined in [AF1, §3.2] as:
(5.10) F({oihien) = >, [Qall
Bel(1,js+ks+1)1

where the right hand side is an n + 1 dimensional integral cycle as
¢5([0])) = ¢s([1]) = 0, which hence represents an n + 1 dimensional
integral homology class.

For any 1-cell a € I(1, js), we denote

(5.11) Fla,g5)= > [Qgll
Bea(ks+1)1

Now let us identify the right hand side of (5.10) with [[M]] using our
construction. Let {€;},e[o,1] be the defining open sets of ®. From the
construction of ¢, we know ¢sr(1,5)0 = ®lr(1,j5)0+ S0

b5((L]) = (L) = (199, 1)

3? 3‘76 376
by the definition of ®.
Claim 3. For the 1-cell aj = [?j—a, ]3%1],
F(aj, ds) = [[Qs0:]] = ([ 4 |-
378 378
Hence
395 —1
F({pi}ien]) = > Flasgs) = Y [Qs42 =0 5 ]] = [[a]] = [[M]].
a€l(1,j5)1 j=0 ¥
Let us go back to check the claim. Take o = a; = [3%5, Jg%l] Since

Bsla(ks+1)0 = ba o n(ks + 1, ki) + 1) by (5.9), it is easy to see that
F(a7 ¢s5) = F(a7 (ga) = Z [[Qﬁ“

Bea(kia)+1)1

By identifying a = [0, 1], the mapping ¢, : I(kjay+1)o — Zo(M™1) s
a combination of three parts by (5.8), especially QEO‘“%%](&(Q))O = Ty(a);
hence o

Fa, da) = F(gp) + F(23,).
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Take ¢l : T (1L, kia))o — Zn(M "+1) for example. From the construc-

tion, there exists an isoperimetric choice Q.1 € In+1(M”+1), such

that 8QO¢1 = @([335]) - ﬂ(a) = [[89%6“ - ﬂ(a)7 and M(Qa,l) <
3

f(@([g%é]),ﬂ(a)) < €4 < 0. Then from (5.7), we have

]) = [[0Q Za Qa,1L B, (pa)), 1 < h < ki) —1;

k
i(a)
3 336 =1

O ([1]) = Tia)-

Take the isoperimetric choice Qq,1,n € Lny1 (M n+1) such that

Sl

- h ~ h-—1
0Qan = balg D =0allgr D) = —0(Qaal By, (pn)), 1< h < 880 -1
- 3k —1 v

8@0171,31%(&) = Tz’(a)_(ba([w]) = _8<Q0¢71|— (M\Uh=1B7’h (ph))>
So

3Fi(a)

Z 8C?oz,l,h = _8Qo¢,1 = ﬂ(a) - [[aQLH?

h=1 37

and from the definition of isoperimetric choice (see [AF1, Corollary
1.14]),

3 Ei(a) 3 Fia) _ 1
Z M(Qa1n) < > M(QaiL By, (pn))
h=1

+ M(Qohl'_(M \ Uz:lBTh (ph))> = M(Qa,l) <a

Similar results hold for ¢2, so

3Fi(a) 3Fi(a)

F(a,da) = F(8) + F(@2) = Y [[Qanall + D [[Qa2all;

h=1 h=1
with M( (o, @ )) < 26, and
O(F (e, 6a)) = Tyfay — [[092 5 ]| + [[021]] = Ty = 9[[Qiza — 2, ]

336 398 378 398

Hence 8(F(a, ba) — [[Q% - QSJ%]]) = 0, so using the Constancy The-
orem ([Si, Theorem 26.27]), we know that F'(c, ¢o) — [[Qj+1 —Q 5 ]] =
k[[M]] for some k € Z. Since M(F(a, $a) — [[Q%; — Qi;-i]]) ;625 +
Volume (Q 33%1 AQ 3%5 ) is small enough for large js, we know that k = 0,
and hence F(«, ¢q) = [[Qgg%l - QSJ%]], so we have proved the claim and

finished the proof. q.e.d.
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Now we can combine all the results above to get discretized sequences
and show that they all lie in the same homotopy class. Given ¥ € S,
let ®* : [0,1] — (Z,(M"'),{0}) be the mapping given in Corollary
5.4. Then we can apply Theorem 5.5 to get a (1, M)-homotopy sequence
{¢7' }ien into (Z,(M™F1, F),{0}). Clearly

(5.12) L({¢7 }ien) é{ ;/‘%%) lflfz zeesgi.

Then a direct corollary of Theorem 5.8 is

Corollary 5.9. [{¢7 }ien] = F-H([[M]) € W#(Z(Mnﬂ)a{o}), Jor
any X € S.

6. Orientation and multiplicity

In this section, we will discuss the orientation and multiplicity of
the min-max hypersurface. In Theorem 4.7, the stationary varifold
is an integer multiple of some smooth minimal hypersurface (denoted
still as 3). The fact that X lies in the critical set C'(S) of some critical
sequence S implies that 3 is a varifold limit of a sequence of integral
cycles {¢;;(xj)}jen C Z,(M™1). The weak compactness implies that
{¢i;(zj)}jen converge to a limit integral current up to a subsequence,
which is then supported on Y. It has been conjectured that 3 should
have some orientation structures by comparing the varifold limit and
current limit. Hence we prove the following result. In fact, this result
holds for all Riemannian manifolds.

Proposition 6.1. Let X be the stationary varifold in Theorem 4.7,
with ¥ = Ul_ k;[%], where {3} is a disjoint collection of smooth con-
nected closed embedded minimal hypersurfaces with multiplicity k; € N.
If ¥; is non-orientable, then the multiplicity k; must be an even number.

REMARK 6.2. This is a characterization of the orientation structure
of the min-max hypersurface. When a connected component of X is
orientable, it naturally represents an integral cycle. While a connected
component of X is non-orientable, an even multiple of it also represents
an integral cycle—a zero integral cycle.

Let us first introduce our strategy for proving this result. Two key
ingredients will be used. The first key ingredient is an important general
property of the min-max varifold called the “almost minimizing” prop-
erty [P, §3.1]. The almost minimizing property implies that the min-max
varifold has a local replacement, which is a varifold limit of a sequence
of integral cycles that are locally mass minimizing in the region where it
replaces the original min-max varifold. In the case of co-dimension one
theory, Pitts [P, Chap. 7] essentially showed that the local replacement,
which is regular in the replacement region, coincides with the original
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min-max varifold locally. Hence it implies the regularity of the original
min-max varifold. Here we will first show that good local replacements
coincide with the original min-max varifold globally by exploring Pitts’s
idea. Then we need the second key ingredient, which is a convergence
result by B. White [W]. In fact, for a sequence of integral currents where
all the associated varifolds have locally bounded first variations, White
showed that the varifold limit and the current limit of this sequence can
differ at most by an even multiple of some integral varifold. By applying
White’s result to the sequence of integral currents that converges to the
local replacement, we can show that the replacement, the same as the
original min-max hypersurface, must have even multiplicity when it is
non-orientable.

First let us introduce some concepts related to the “almost minimiz-
ing” property (see [P, §3.1]). Let M™*! be an arbitrary Riemannian
manifold, and U a bounded open subset of M. We use B(p,r) and
A(p,s,r) = B(p,r) \ B(p,s) to denote the open ball and open annulus
in M.Let ke Nwith1 <k <n.

Definition 6.3. Given ¢ > 0 and 6 > 0, (U, ¢,0) is the set of
integral cycles T' € Z(M) such that if T = Ty, Ty, , Ty, € Z1(M)
with

Spt(T—Ti) cU, ]:(Ti,Ti—l) <9, M(TZ) < M(T)+5, fori=1,---,m,

then M(T,,,) > M(T) —e.

A rectifiable varifold V' € Vi (M) is called almost minimizing in U,
if for any € > 0, there exists a 6 > 0 and T € (U, ¢,d) such that
F(V,|T|) < e. (This F is the F-metric for varifold defined in [P, page
66], which also defines the varifold weak topology.)

REMARK 6.4. In the original work of Pitts (see [P, §3.1]), the def-
inition of A (U, -, ) uses comparison currents 7' € Z, (M, M \ U), i.e.
integral currents with boundary outside U, and the almost minimizing
varifold is defined to be approximated by (U, -,-) under Fy norm.
Our definition is stronger and implies Pitts’s definition in [P, §3.1], so
we can use all the regularity results in [P]. Moreover, the min-max vari-
fold appearing in [P, Theorem 4.10] does satisfy our definition (in small
annulli). In fact, the contradiction arguments (see Part 2 in the proof
on [P, Theorem 4.10, page 164]) are made with respect to our defini-
tion of “almost minimizing”. The observation of this stronger version
of “almost minimizing” will enable us to gain global properties of the
min-max hypersurface.

Now we introduce the concept of local replacement. Let M and U be
as above. We have the following result, which is exactly [P, Theorem
3.11] adapted to our definition of “almost minimizing.”
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Theorem 6.5. Suppose V € V(M) is almost minimizing in U, and
K is a compact subset of U. Then there is a nonempty set R(V;U, K) C
Vi(M) such that any V* € R(V;U, K) satisfies:

(1) V*LGR(M\K) =VLGL(M\K) (Gi(-) is the Grassmann man-
ifold [P, §2.1(12)].);

(2) V* is almost minimizing in U ;

@3) [VFI(M) = [VI[(M);

4)Ve>0 3T € Z(M), such that F(V*,|T|) < €, and TLLZ
is locally mass minimizing with respect to (Z,0) for all compact
Lipschitz neighborhood retract Z C Int(K).

We will call such V* a replacement of V in K.

REMARK 6.6. The construction of V* is given in [P, §3.10]. The
only difference here is property (4). Due to our definition of almost
minimizing, the approximation current 7" can be chosen as an integral
cycle rather than in Zi(M, M \U), and the approximation can be made
under F-norm rather than Fy-norm.

Now let us cite some regularity results from [P, Chap. 7] for the
replacements of almost minimizing varifolds in the codimension one case.

Lemma 6.7. ([P, Corollary 7.7]) Suppose 2 < k < 6, M**! is q
given Riemannian manifold, and U is a bounded open subset of M. If
K is a compact subset of U, V € Vi (M) is almost minimizing in U, and
V* e R(V;U,K), then spt(||V*||) N Int(K) is a k dimensional smooth
submanifold, which is stable in Int(K).

REMARK 6.8. The case k = 6 is due to [SS, equation (7.4)].
Another useful result in [P] is the following identification lemma.

Lemma 6.9. ([P, Lemma 7.10]) Let k, M be as above. Given p €
M and r > 0 small enough, if V€ Vi(M) is almost minimizing in
B(p,2r) and spt(||V']|) N A(p, 5,7) is a smooth submanifold in M, then

for L' almost all 5 < s <r if V' € R(V;B(p,r),B(p,s)), then
V*L Gy, (A(p, 5, s)) =V0LG: (A(p, Z s))

REMARK 6.10. The case k = 6 is again due to [SS, equation (7.40)].

Using the results above, we can show that good local replacement
coincides with the min-max hypersurface globally.

Lemma 6.11. Given k, M,p,r as above, suppose V. € V(M) is al-
most minimizing in B(p,2r) C M, and spt(||V'||) N B(p,2r) is a smooth
connected embedded minimal hypersurface. Then for s € [5,7] as in
Lemma 6.9 with ||V||(0B(p,s)) = 0 (which exists due to transversality),
if V* € R(V; B(p,r),B(p,s)), then V¥ =V.
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Proof. By Lemma 6.9, V*L_G} (A(p, %,S)) = VLG (A(p, %,s)). By
Lemma 6.7, spt(||V*||) N B(p,s) is a smooth embedded minimal hy-
persurface. As spt(||V]|) N B(p,2r) is connected, the classical unique
continuation for minimal hypersurface (c.f. [DT, Theorem 5.3]) im-
plies that spt([|[V|[) N B(p,s) C spt(|V*[) N B(p,s). By (1) and (3)
in Theorem 6.5, it is easy to see that |V*||(B(p, s)) = ||V]|(B(p, s)) and
|V*|[(0B(p,s)) = 0. Hence V*L_B(p,s) = VL_B(p,s), so V* = V.

q.e.d.

Finally we need the following convergence result by White [W].

Theorem 6.12. ([W, Theorem 1.2]) Let {T;}ieny and {V;}ien be se-
quences of integral currents and integral varifolds with V; = [T;]. If V;
have locally bounded first variation, and if 0T; converge to a limit cur-
rent, then for a subsequence, V; converge to an integral varifold V and
T; converge to an integral current T, such that V = [T+ 2W for some
integral varifold W .

Now we are ready to prove Proposition 6.1.

Proof. (of Proposition 6.1) By [P, Theorem 4.10] and Remark 6.4,
for any p € M, there exists r, > 0 such that ¥ is almost minimizing (in
the sense of Definition 6.3) in A(p,s,rp) for all 0 < s < 7,. Let 31 be a
non-orientable component of . Hence we can take a point p € ¥, and
r > 0 small enough, such that ¥ is almost minimizing in B(p,2r) (can
choose B(p,2r) as a ball inside some open annulus A(p/,s,r,)), and
spt(||2])) N B(p, 2r) = spt(||21]]) N B(p, 2r) is diffeomorphic to an n-ball.
Take s € [, 7] as in Lemma 6.11, and V* € R(V; B(p,r), B(p, 5)), then
Ve="V.

By (4) in Theorem 6.5, there exists a sequence of integral cycles
{TiYien C Zn(M™1), satisfying: lim; .o[T;] = ¥ as varifolds, and
T;L_B(p, s) is locally mass minimizing in B(p, s). The codimension one
regularity theory (c.f. [P, Theorem 7.2][Si, Theorem 37.7]) implies that
spt(T;)_ B(p, s) are smooth embedded stable minimal hypersurfaces.

Since lim; o [T;] = ¥ as varifolds, M(T;) are uniformly bounded;
hence the weak compactness theorem for integral currents ([Si, Theorem
27.3]) implies that a subsequence, still denoted by {7;}, converges to
some integral current Ty € Zn(M”“), ie. lim;_,oT; = Tp. Since the
associated Radon measure ||T;|| converges to | X|| weakly by the varifold
convergence, we know that Ty must have its support in Uﬁzlzi, ie.
spt(Tp) € UL_,%;. As an elementary fact, we have (see the proof in
Appendix 8).

Claim 4. Ty is an integral n-cycle in Uﬁzlzi, i.e. Ty € Zn(ULlE,-).

By the Constancy Theorem [Si, Theorem 26.27], Ty = Zizl[[k‘;EZH,
for some k; € Z. (Here we can first find a finite covering of Xy, with
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each open set diffeomorphic to a Euclidean ball, and then apply the
Constancy Theorem to each open set of the covering, and finally patch
the results together.) As ¥; is non-orientable, k] must be zero, or kj%;
could not represent an integral cycle. The lower semi-continuity of the
mass implies that |k < k;, fori=1,--- I.

Now let us focus on the ball B(p, s). After possibly shrinking the ra-
dius, we can assume that 9(T;L_B(p, s)) have uniformly bounded mass
(by slicing theory [Si, Lemma 28.5]), and hence converge to a limit
current up to a subsequence. Clearly [T;]L_B(p,s) have bounded first
variation since they are represented by smooth stable minimal hypersur-
faces. Then Theorem 6.12 implies that XL_B(p, s) = k1[Z1]LLB(p, s) =
[ToL_B(p, s)] + 2W = 2W, for some integral varifold W. So k; is even.
q.e.d.

7. Proof of the main result

Now we are ready to prove the main result.

Proof. (of Theorem 1.1) For any ¥ € S, take ®> as in Corollary 5.4,
and let the corresponding (1, M)-homotopy sequence be Sy, = {¢7" }ien.
From Corollary 5.9, all Sy, lie in the same homotopy class F~L([[M]]),
which we denote by II;; then IIp; is nontrivial by Theorem 4.5. We
know from (5.12) that

L(ILy) < Wy,
where Wy is defined in (1.1). Then we can apply the Almgren-Pitts
min-max Theorem 4.7, so there exists a stationary integral varifold X,
whose support is a closed smooth embedded minimal hypersurface >,
such that L(IIy;) = [|X||(M). Notice that ¥y must be connected by
Theorem 3.4. Hence ¥ = k[X¢] for some k € N, k # 0. So

(7.1) KV (Xo0) = [|Z[|(M) = L) < W,
and from the definition (1.1) of Wy,

e if 3y € S, orientable, then k£ < 1, and hence k = 1;

e if ¥y € §_, non-orientable, then k < 2, and hence k =1 or k = 2.

First let us deal with the case ¥y € S_. By Proposition 6.1, £ must
be even, hence k = 2. By (1.1) and (7.1) Wy, < 2V (3y) < Wy, which
implies that 2V (X)) = Wjs. So we have proved the case (ii).

If ¥o € Sy, then by (1.1) and (7.1) again Wy, < V(Eg) < Wiy, which
implies that V' (Xg) = Wyy.

Claim 5. In this case, ¥ has index one.

Let us check the claim now. As in the proof of Proposition 3.6, there
exists an eigenfunction u; of the Jacobi operator Ly, with Ly,u; > 0
and u; > 0. Moreover, the sweepout {¥;},c|_1) constructed there is
just the flow of X along uiv, where v is the unit normal vector field of
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Y. Suppose the index of Y is greater than or equal to two; then we
can find an L? orthonormal eigenbasis {v1,v2} C C*®(Xg) of Ly, with
negative eigenvalues. A linear combination will give a v3 € C'*°(3) such
that

(7.2) / vsLy,urdp =0, w3 # 0.
3o

Let X = v3v be another normal vector field, and extend it to a tubular
neighborhood of Y. Denote {Fs}se[_e’e] to be the flow of X; hence F,
are all isotopies. Now let X, ; = Fs(Zt), and consider the two parameter
family of generalized smooth family {3} (s )e[—e,ex[-1,1]- Notice that
Y5 ¢ is then a smooth family for (s, t) € [—¢, €] X [—¢, €] for € small enough
by (¢) in Proposition 3.6. Denote f(s,t) = H"(Xs,). Then V£(0,0) = 0
(by minimality of ¥), %;Sf(O,O) =0 (by (7.2)), and 3722]0(0’0) <0,
g—; £(0,0) < 0 (by negativity of eigenvalues). So there exists § > 0 small
enough, f(d,t) < f(0,0) for all ¢, since £(0,t) < £(0,0) for all ¢ # 0 by
(b) in Proposition 3.6. By Remark 2.6, {¥5};c(—1,1) is a sweepout in the
sense of Definition 2.1. By Proposition 5.1, Theorem 5.5, and Theorem
5.8, we can construct a (1, M)-homotopy sequence {¢?};en, such that

{¢¢}ien € Ty, and

L({¢7}ien) < up ]f@, 1) < £(0,0) = V(o) = W,
te[—1,1
which is hence a contradiction to the fact that L(IIy;) = Wjs. So we
have proved Claim 5 and hence case (). q.e.d.

REMARK 7.1. We used the same idea to prove the index bound as in
[MIN1][MN2]. However, they a priori needed the existence of a least
area embedded minimal surface among a family of embedded minimal
surfaces, while in our case the existence of a least area minimal hy-
persurface is just a by-product of the min-max construction and the
existence of good sweepouts (Proposition 3.6, Proposition 3.8).

8. Appendix

First we give the proof of Claim 1 in Proposition 3.6.

Proof. (of Claim 1 in Proposition 3.6) Denote Us, = F([—s0, So] X
¥) for 0 < sp < e It is easy to see that {¥s}sc_c is a foliation
corresponding to the level set of a function f defined in a neighborhood
U, of X, such that f(3;) = s. In fact, using coordinates (s, z) € [—¢, €] X
Y for U, = F([—¢€, €] x ),

d*(s,z)
up(x)

f(s,z) =s= ,  felC™®U),
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where d* : U. — R is the signed distance function with respect to 3,
i.e.
i (z) = { dist(z,%), if z € My;
U —dist(z,X), ifxe M.

Since |Vd*| =1, |f| < ¢, and Vf = %fvul, we can choose ¢ small
enough depending only on u; such that |V f| is bounded away from 0
on U.. Hence f is a Morse function on U..

We want to cook up a Morse function g on M, which coincides with
f on Ui,. First extend f to be a smooth function on M (denoted still

2

by f), such that f|M1%€ > %e (and f|M2 3 < —§€). Using the fact that

the set of Morse functions is dense in C’k( ) for k > 2 (see [H, Chap.
6, Theorem 1.2]), we can find a C™ function f such that ||f — f||ce is
arbitrarily small. Choose a cutoff function ¢ : M — R such that ¢ =1
on U%G, and ¢ = 0 outside U%E. Let

g=¢f+0—f =f+1=9)(f - 1)
Hence g = f in U%e, and g = f outside U%E. In order to check that g is
a Morse function, we only need to check that in the middle region. Now

Vg=Vf+1-9)(Vf=Vf)—Ve(f -1

Since |V f| is bounded away from 0 on Uy, we can take ||f — f| o2 small
enough to make sure that |Vg| is bounded away from 0, and hence g is
a Morse function.

Now take {3} to be the sweepout given by the level surface of g (by
Pr0p081t10n23) DN —Z since g = f in U1 ¥, C M, L (orCM 1 )

when s > 26 (or s < —3e) follows from the fact that g > e on M

(or g < ——e on M, 1 o) A reparameterization gives the sweepout in the
claim. q.e.d.

Now we give the proof of Claim 4 in the proof of Proposition 6. The
proof is elementary, but does not appear in standard reference, so we
add it here for completeness.

Proof. (of Claim 4 in Proposition 6) Denote $o = UL_,%;. First we
show that Tj is an integral current in Y. Since Ty is an integral current
in M, it is represented as Ty = (N, 0,£) (see [Si, §27.1]), where N is a
countably n-rectifiable set, # is an integer-valued locally H"™ integrable
function, and £ equals the orienting n-form of the approximated tangent
plane T, N for H" a.e. x € N. As N lies in the support of Tj, and hence
in Yy, Tj also represents an integral current in Xy, and we denote it as
VES

Now let us show that T = 0 as current in Z,,(2y). We only need to
show that for any compactly supported smooth n—1 form 1) € A?~1(3,),
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we have 0T( (1)) = 0. By using partition of unity, we can restrict to the
case when 1 is supported in a local coordinate chart.

Assume that the support of ¥ lies in U N X, where U is a coordinates
chart for M, with coordinates {x1,--- ,2,—1,y}, and U N Xy is given by
y = 0. We can easily extend 1 smoothly to a neighborhood of U N X,
denoting by ¢ € A?~1(U), such that L, = 0 near UNy. In fact, this
can be achieved by extending the coefficients of ¢ to U trivially, so that

those coefficients do not depend on y near UN3y. Hence dy)|yny, = di.
So

T () = Ty(dv) = Ty(dd|urs,) = To(d) = dTy(¢) = 0,

where the third “ =" follows from the integral formula ([Si, page 146])
for integral currents. Writing 77 as Tp again, we finish the proof. g.e.d.
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