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LARGE TIME BEHAVIOR OF THE HEAT KERNEL
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Abstract

In this paper, we study the large time behavior of the heat
kernel on complete Riemannian manifolds with nonnegative Ricci
curvature, which was studied by P. Li with additional maximum
volume growth assumption. Following Y. Ding’s original strategy,
by blowing down the metric, using Cheeger and Colding’s theory
about limit spaces of Gromov-Hausdorff convergence, combining
with the Gaussian upper bound of heat kernel on limit spaces,
we succeed in reducing the limit behavior of the heat kernel on
manifold to the values of heat kernels on tangent cones at infinity
of manifold with renormalized measure. As one application, we
get the consistent large time limit of heat kernel in more general
context, which generalizes the former result of P. Li. Furthermore,
by choosing different sequences to blow down the suitable metric,
we show the first example manifold whose heat kernel has incon-
sistent limit behavior, which answers an open question posed by
P. Li negatively.
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1. Introduction

On (M™,g), we consider the fundamental solution H(x,y,t), which
solves the heat equation with initial data:

{ (2 —A)F(z,t) =0  on M"x (0,00)

by setting

Fx,t) = . H(z,y,t)f(y)dy.

It is well-known that there exists a minimal positive fundamental so-
lution of (M",g) (cf. Theorem 12.4 in [Lil12]). In [Dod83], J. Dodziuk
showed that if the Ricci curvature (M™, g) is bounded from below, then
the minimal positive fundamental solution of (M™, g) is the unique pos-
itive fundamental solution of (M™,g). In this case, we say that the
unique positive fundamental solution H(z,y,t) is the heat kernel of
(M", g).

Especially, when (M", g) has non-negative Ricci curvature, in [LY86],
P. Li and S-T. Yau proved that for all € > 0, there exists constants
C(e) > 0, such that

(1.1)
Cle)! d*(z,y) C(e) d*(z,y)
vve) P (- = e)t) < Hlww 1) < g7 o (- @+ e)t)

where the terms V(ﬁ) and d(z,y) denote the volume of the geodesic
ball centered at y of radius v/t and the geodesic distance from z to y,
respectively.

In particular, there are constants C1(n) and Ca(n) depending only
on dimension n of M™, such that

(1.2) Ci(n) < tli_m V(Vt)H(z,y,t) < t@ V(Vt)H(z,y,t) < Ca(n).

For smooth manifold M™ with non-negative Ricci curvature, Bishop-
Gromov volume comparison theorem asserts that the relative volume
VT(:) is decreasing in the radius r. As r — oo, it converges a non-
negative number ©, which is called asymptotic volume ratio. If © > 0,
then we say that M™ has maximal volume growth.

In [Li86], P. Li initiated the study of large time behavior of heat
kernel on open manifolds with Rc > 0 and maximal volume growth.

Among other things, he proved the following theorem:
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Theorem 1.1 (P. Li). If (M™,g) has Rc > 0 and mazimal volume
growth, then

(13) lim V (VE)H(z,y,t) = w(n)(dm)" 3
where w(n) is the volume of the unit n-ball in R™.

The key of the proof is Li-Yau’s Harnack inequality established in
[LY86] and the Bishop-Gromov Volume Comparison Theorem.

Inspired by the above work, in [CM97b] T. Colding and W. Minicozzi
studied the large scale behavior of the Green’s function G(z,y). Among
other things, they proved

Theorem 1.2 (T. Colding and W. Minicozzi). If M™, n > 3 has
nonnegative Ricci curvature and mazimal volume growth, then for a
fixed x € M™,

Glr,y) _ wn)

d(zy)—oo Grn(2,y) O

where Ggn(x,y) is the Green’s function on R™.

And they also pointed out that the geometric motivation behind of
Theorem 1.2 is the fact: every tangent cone at infinity of a manifold
satisfying the assumptions of Theorem 1.2 is a metric cone, which was
shown in [CC96].

Let us recall that for a complete noncompact manifold M™ with
Rec > 0, a metric space M, is a tangent cone at infinity of M" if it
is a Gromov-Hausdorff limit of a sequence of rescaled manifolds (M", p,
tj_2g), where t; — co. By Gromov’s compactness theorem, [Gro99],
any sequence t; — 00, has a subsequence, also denoted as t; — oo,
such that the rescaled manifolds (M™,p, tj_zg) converge to some M,
in the Gromov-Hausdorff sense. Example of Perelman ([Per97]) shows
that tangent cone at infinity is not unique in general even if the mani-
fold with Re > 0 has maximal volume growth and quadratic curvature
decay. We refer the reader to [CC97] for more examples including col-
lapsing case. Note tangent cones at infinity of M™ reflect the geometry
at infinity of manifoold M™.

Later on, in [LTW97], in addition to providing another proof of The-
orem 1.2, P. Li, L. Tam and J. Wang proved the sharp bound of the
heat kernel under the assumption in Theorem 1.1. Their sharp bound

of heat kernel shows that the coefficients <9 and S in (1.1) have
v(vi) T v(ve)
some relationship with the asymptotic volume ratio ©.

As the asymptotic volume ratio is one quantity reflecting the geome-
try at infinity of manifolds, combined with the above observation about
the Green’s function and tangent cones at infinity of manifold, it is
reasonable to speculate that Theorem 1.1 has one proof from the view
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point of tangent cones at infinity of manifold. In other words, the large
time behavior of the heat kernel should have close relationship with the
geometry at infinity of manifolds.

In [Din02], under the maximum volume growth assumption, Y. Ding
reduced the study of large scale behavior of the Green’s function and
large time behavior of the heat kernel, to the analysis on tangent cones
at infinity of manifolds, where all tangent cones are metric cones and
the Gromov-Hausdorff convergence is non-collapsing. Note the analysis
on metric cones had been done by J. Cheeger [Che83] in different con-
text. By the above strategy, Y. Ding provided one alternative proof for
Theorem 1.1 and Theorem 1.2 in unified way.

However, as pointed out in [Li86], the answer to the following question
was still unknown:

Question 1.3. Does tlim V(\/E)H(a:, y,t) exist generally without the
— 00

assumption of maximal volume growth?

To study the above question, we firstly set up the setting as the
following:

Blow Down Setup: Note that (M™, g, u) is a complete Riemannian
manifold with Re > 0, where p is the volume element determined by the
metric g. We can define (M;,y, p;, v;), where M; is the same differential
manifold as M™, p; is the metric defined as p; = ti_lg, {ti}2, is an
increasing positive sequence whose limit is oo, and y is a fixed point on
M; = M™. v; is a Borel regular measure defined by

ay  wa=(f . 1) ([ 1) = E V) )

where A C M;, B;(1) = {z € M;| d,,(z,y) < 1}, and p; is the volume
element determined by p;. Then by Gromov’s compactness theorem (see
[Gro99]) and Theorem 1.6 in [CC97], after passing to a suitable subse-

quence, we have (M;,y, pi, Vi) don (Moo, Yoos Poos Voo ) 10 the measured
Gromov-Hausdorff sense, where v, is the renormalized limit measure
defined as in Section 1 of [CCIT].

Unless otherwise mentioned, in this paper (M™,y, g, 1), (M}*,y, pi, Vi)
and (Moo, Yoos Poos Voo) are as in the above Blow Down Setup and
n > 3.

A main result of this paper is the following:

Theorem 1.4. Assume (M;,y, pi, V;) don (Moo, Yoos Poos Voo) QS N
the above Blow Down Setup and n > 3, then

(1.5) Jim V (Vi) H(x,y,t;) = Poc(Yoo: Yoos 1)

where pso is the heat kernel on the metric measure space (Moo, Yoos Poos
Voo), and the convergence is point-wise convergence.
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Remark 1.5. In fact, after some suitable modification, it is not hard
to show that the results of this paper also hold on complete Riemann
surface, i.e. the n = 2 case. For space reason, we will not discuss the
n = 2 case separately here.

To prove Theorem 1.4, we follow Y. Ding’s strategy loosely. How-
ever, by combining K.-T. Sturm’s study about heat kernel on metric
spaces (see [Stu94], [Stu95], [Stu96], [Stu9s]), with Cheeger-Colding’s
theory about limit spaces with Ricci curvature bounded from below (see
[CCY6], [CCIT], [CCOO0a], [CCOO0b], [Che99]), we manage to overcome the
difficulties caused by collapsing during Gromov-Hausdorff convergence.

More concretely, in [Din02], the assumption of maximum volume
growth was needed to get the Li-Yau’s estimate for the Green’s func-
tion on tangent cones at infinity of manifolds, then the reduction for the
Green’s function from manifolds to limit space under Gromov-Hausdorff
convergence can be obtained, finally the reduction for the heat kernel
as in Theorem 1.4 follows from the integral formula connecting the heat
kernel with the Green’s function.

Our approach is kind of direct by avoiding the discussion of the
Green’s function. Note in Ding’s proof, the Li-Yau’s estimate for the
Green’s function on the limit spaces (metric cones) plays the essential
role in getting the reduction for the Green’s function. To get the reduc-
tion for the heat kernel, we need such an estimate for the heat kernel
on the general limit spaces (metric measure spaces). Following K.-T.
Sturm’s method, we proved the general existence result and Gaussian-
type upper bounds of heat kernel on M., which is enough for our use.

Note on compact domains, the heat kernel has the expansion deter-
mined by eigenvalues and eigenfunctions. On the other hand, J. Cheeger
and T. Colding [CCO0b] (also see [Che99] for some technical details)
had proved that the eigenvalues and eigenfunctions on compact metric
measure spaces behave continuously under measured Gromov-Hausdorff
convergence, which was originally conjectured by K. Fukaya in [Fuk87].
Combining the suitable modifications of these two facts about heat ker-
nel, eigenvalues and eigenfunctions on bounded domains, we can get
the reduction of the heat kernel on bounded domains over complete
manifolds, see Theorem 7.3.

Then applying the crucial Gaussian-type upper bounds of heat ker-
nel on tangent cones at infinity of manifolds and the family of blowing
down manifolds, using the suitable compact exhaustion of these com-
plete blowing down manifolds, we succeed in getting the above reduction
generally for the heat kernel on complete manifolds, from the reduction
of the heat kernel on bounded domains over complete manifolds. Note
the role of Gaussian-type upper bounds of heat kernel on tangent cones
at infinity of manifolds and on blowing down manifolds, in getting our
reduction, is analogous to the role that the uniform integrable function
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bound of measurable functions plays to guarantee two limit processes
commute in Lebesgue’s Dominated Convergence Theorem.

A byproduct of the above general reduction result is, a generalization
of the former results of P. Li and Y. Ding about the consistent large
time behavior of heat kernel. More concretely, we have the following
theorem.

Theorem 1.6. Assume that (M",g) is a complete manifold with
cone structures at infinity, y is some fived point on M™ and n > 3.
Furthermore assume that for any r > 0, any two positive sequence {s;},
{l;} with the following property:

(1.6)
WWET) _ ey i VR g

lim s; = liml; =00, lim —*—=

where h(r), iz(r) are positive functions, the following equation holds:

W) ()

o W) )
Then
(1.8) Jim V, (V) - H (2,9, ) = Poo (Yoo, Yoo 1)

where poo 1S the heat kernel on any tangent cone at infinity of manifold
M™ with renormalized measure, and the value of the right hand side is
consistent.

The concept of manifolds with cone structures at infinity will be de-
fined in Section 8. Especially, the manifolds with nonnegative Ricci
curvature and maximal volume growth satisfy the assumptions in The-
orem 1.6, in fact h(r) = h(r) = r" in this case.

Furthermore, we construct the first example of manifold with Re¢ > 0,
where the limit in Question 1.3 does not exist. More precisely, we have
the following theorem.

Theorem 1.7. There exists a complete Riemannian manifold (M8, g)
with Re > 0, such that on (M?,g),
lim V(VH)H (z,y,t) < lim V(V)H (z,y,t).
t—o00 l—0o0
Following Cheeger and Colding’s strategy in Section 8 of [CC97],
we modify the examples there to construct our example. Note that
not every two different tangent cones at infinity of manifold will give
different values of po(y,y,1). The different renormalized measures on
tangent cones at infinity of manifold are the key point to result in the
inconsistent limit behavior of heat kernel.
The organization of this paper is as the following. In Section 2,
we state some background facts about Gromov-Hausdorff convergence,
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which are needed for later sections. For this part, we mainly refer to
[CC96], [CCIT], [Gro99]. And we also review the results about the first
order differentiation, Sobolev spaces and Laplacian operator on metric
measure spaces, which were proved in [Che99] and [CCO00D].

In Section 3, we proved a Harnack’s convergence theorem in Gromov-
Hausdorff topology (Theorem 3.1), which roughly says that the limit (if
it exists) of harmonic functions on manifolds, is a harmonic function
on limit spaces under some gradient bounds assumption. Theorem 3.1
was originally due to Y. Ding (see Section 3 of [Din02]). For reader’s
convenience, we provide a detailed proof here.

In Section 4, as in [Din02], combining with the well-known estimates
of eigenvalues and eigenfunctions, the convergence of eigenvalues and
eigenfunctions in Gromov-Hausdorff sense follows from the Harnack’s
convergence theorem proved in Section 3.

In Section 5, the heat equation on metric measure space My, is dis-
cussed. Using the theory of abstract Cauchy problem developed in
[LM72], we get the existence of the solutions of heat equation on My, as
in [Stu95]. In addition, some mean value inequality of the heat equation
solutions are obtained, whose proof imitates L. Saloff-Coste’s argument
on smooth manifolds (cf. see [SC02]).

In Section 6, we follow closely the argument of K.-T. Sturm in [Stu95]
(also see [Stu94], [Stu96] and [Stu98]) and L. Saloff-Coste in [SC02] (also
see [SC92al, [SCI2Db]) to prove the existence and Gaussian upper bound
of heat kernel on metric measure space (My, Poos Voo ). We believe that
some results in this section are well-known to experts in this field in more
general context, but we provide the details here to make our argument
self-contained.

In Section 7, using the results established in the former sections, we
manage to reduce the lgn V(\/E)H (z,y,t;) to the heat kernel value

7 o

Poo(Y,y,1) on (M, Vo), where M, is any tangent cone at infinity of
complete manifold M™ with Rc > 0 and v, is the renormalized measure
on M.

In Section 8, by the general reduction results obtained in Section
7, the general criterion in Theorem 1.6 is given to determine whether
the limit behavior of heat kernel is consistent. This general criterion
includes the former related results of P. Li and Y. Ding as a special
case.

In Section 9, using the generalized Hopf fibration of S7, we construct
the example (M8, g) by modifying the metric on R® step by step. When
Mo, have cone structure dr? + f(r)2dX, one key point to get different
heat kernel values poo(y,y,1) on (Mqo, Vo) is, to assure that (1.7) does
not hold for two specially chosen positive sequences whose limits are
infinity. The computation involved in the construction of this example
is long but straightforward, we give the details for completeness.



474 G. XU

Finally in Appendix A, some LP-convergence results in Gromov-
Hausdorff sense are stated, and the proof of the Rellich-type compact-
ness theorem is also provided for reader’s convenience.
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2. Preliminaries on Cheeger-Colding’s theory

In this section we review some background material about Gromov-
Hausdorff convergence and analysis on limit spaces, which were estab-
lished in [Gro99] and [CC97], [CC00a], [CCO0b], [Che99]. Especially,
the doubling condition and local Poincaré inequality on limit spaces are
showed. Also the existence of self-adjoint Laplacian operator on limit
spaces is established. Those two results are used repeatedly through the
whole paper.

Let {(MZ-”,y,-, pz)} be a sequence of pointed Riemannian manifolds,
where y; € M and p; is the metric on M*. If {(MZ", Yi, pl)} converges to

(Moo, Yoos Poo) in the Gromov-Hausdorff sense, we write (M, y;, pi) don
(Mo, Yoo, Poo)- See [Gro99] for the definition and basic facts concerning
Gromov-Hausdorff convergence.

Obviously if a sequence of pointed metric spaces converges to a pointed
space (X,p) in the Gromov-Hausdorff sense, it also converges to its
completion. We will only consider complete metric spaces as Gromov-
Hausdorff limits. Then, similarly to the case of ordinary convergence, a
Gromov-Hausdorff limit of pointed spaces is essentially unique. For gen-
eral background on metric space and length space, we refer the reader
to [BBIO1].

Let (X, pi) don (X, p) where X; are length spaces and X is a complete
metric space, from Theorem 8.1.9 in [BBIO1], X is a complete length
space.

From the above argument, we get that (Moo,yoo, Poos l/oo) is a com-
plete length space.

A metric space is said to be boundedly compact if all closed bounded
sets in it are compact. By Exercise 8.1.8 in [BBIO1], (Mx, poo) is also
boundedly compact.
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We define the convergence concept for functions on manifolds {M"}
as the following, it is so called ”uniform convergence in Gromov-Haus-
dorff topology”, for simplification, sometimes it is written as ”uniform
convergence in G-H topology”.

Definition 2.1 (Uniform Convergence in G-H topology). Suppose
K; c M} dor ) o My
Assume that {f;}2°, are functions on M*, fo is a function on M. and
®,; : Koo — K are ¢;-Gromov-Hausdorff approximations, lim;_, - ¢; = 0.
If f; 0 ®; converge to fo uniformly, we say that f; — f. uniformly over
K % K.
As in Section 9 of [Che99], we have the following definition.

Definition 2.2. If v;, v are Borel regular measures on M;*, M,
we say that (M, y;, pi, vi) converges to (Moo, Yoo, Poo, Voo) in the mea-

sured Gromov-Hausdorff sense, if (M, y;, p;) dor (Moo, Yoo, Poo)s
in addition, for any z; — oo, (z; € M, o € M), 7 > 0, we have

1Z3 (Bl(l‘l, 7")) — Voo (Boo(l‘oo, 7"))
where (Mso, poo) is a length space with length metric po, and
Bi(zi,r) ={z € M| dy,(z,2;) <7},
Boo(Too, ) = {2 € M| dp (2,200) < 1}

In the rest of this section, we assume that {M'} is a sequence of
complete noncompact manifolds with non-negative Ricci curvature, v; is

the renormalized measure on M defined as v;(A) = %, where p; is

the volume element determined by p;. And (M, y;, p;i,v;) converges to
(Mo, Yoo, Poos Voo) In the measured Gromov-Hausdorff sense. Note from
Theorem 1.6 in [CC97], any sequence (M;,y;, p;) with Re > 0, there is
a subsequence, (M, y;, pi, v;), convergent to some (Mo, Yoo, Poo, Voo) Il
the measured Gromov-Hausdorff sense.

Before discussing the analysis on M, we firstly consider the general
metric measure space (X,m), where X is a metric space and m is a
Borel regular measure on X. Hence (Mo, poo, Voo) 1S a special case of
(X, m). Fixed a set A C X, let f be a function on A with values in the
extended real numbers.

Definition 2.3. An upper gradient, g, for f is an extended real
valued Borel function, g : A — [0, 0o}, such that for all points, z1, 29 € A,
and all continuous rectifiable curves, v : [0,{] — A, parameterized by
arc-length, s, with v(0) = 21, v(I) = 22, we have

[
(2.1) F(21) — fz2)] < /0 9(1(s))ds.
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Fix an open set U C X, and until further notice, write LP for LP(U).
For f € LP, we set

(2.2) |fl1p = |fler + inf lim inf |g;[zr
{gi} 1—00

where the inf is taken over all sequences {g;}, for which there exists a

sequence, f; £ f, such that g; is an upper gradient for f;, for all 7.

Definition 2.4. For p > 1, the Sobolev space WP(U) is the sub-
space of LP(U) consisting of functions, f, for which |f|; , < oo, equipped
with the norm | - | .

Let 0 — WP 2 LP denote the natural map, U, C U denote the set of
points at distance > 7 from OU. Let K(U) denote the subset of W1P(U)
consisting of those functions, f, for which there exists n > 0, such that
i(f), the image of f, in LP(U), has a representative with support in U,.

Definition 2.5. The Sobolev space Wol’p(U) C WHr(U), is the clo-
sure of the space K(U) in WLP(U).

From Definition 2.8, 2.9 and Theorem 2.10 in [Che99], we have the
following theorem.

Theorem 2.6 (Cheeger). For all1 < p < oo and f € WYP(U), there
exists a unique gy € LP(U) (up to modification on subsets of measure
zero) such that

(2.3) |flip = |flee + |g5|Le

and there exist sequences, f; = f, gi = gy, where g; is an upper gradient

for fi, for all i.

gy is called a minimal generalized upper gradient for f, which
may depend on the choice of p and U.
When p = 2, the above Sobolev spaces become Hilbert spaces, we use
the following notations:
H'=w'? | Hj =Wy~

We define the following properties:
Property (#)(the doubling condition): For all balls By, (z) C X,
we have

(2.4) m(Ba(x)) <2 m(By(w))

Property (¢): There exists a constant C' = C(n) such that for all
balls By, (x) C X, we have

(2.5) / 1 = fosl2dm < O / g 2dm
B, (z) Ba, ()
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for all f € Hl(X,m), and

1
(2'6) fm,r = m /Br(x) fdm

We have the following proposition about (Mo, Yoo, Pocs Voo )-

Proposition 2.7. Property (), (¢) hold on (Mx, poo, Y, Voo ) -

Proof: It follows from Volume Comparison Theorem that Property
(%) holds on (M, yi, pi, vi).

By Rc >0 on M, from Theorem 5.6.5 in [SC02], we have

(2.7)
[ Ar-ralan<cont [ Vitdn, fe H 0%,
Bi(z,r) Bi(z,r)
Using Holder inequality, we obtain that

@8) (I~ £l) <COr[(vr),] L rentnu).

By Theorem 9.6 in [Che99], we get Property (%) and the following
inequality holds on (Meuo, Yoo, Poo, Voo ):

1

(29) (1= £l) < ctr[OoP)., ]

where f € H' (M, Vo) and g is any upper gradient for f.

2 2
Using Theorem 2.6, there exist sequences, f; =R f, gi =N gy, and g; is
an upper gradient for f;. From (2.9), we get

(1), el |

taking 7 — oo in the above inequality, we have

(2.10) (\f—fm\)wsc<n>r[(rgf12>z,r]%, f € H' (Mo, vsc).

From the argument in the beginning of Section 2, we know that
(M, poo) 18 a complete boundedly compact length space. By Corol-
lary 1 in [HK95], Boo(z,r) satisfies the C(\, M) condition (defined in
[HK95]) for A = 1 and some independent constant M. Then we can use
(2.10) and Theorem 1 in [HK95] to get

1

A [(F = £, )7 < (asP), P e B Oher)

where x = x(n) > 1, 7 = 7(n, x) > 0 are some constants.
By (2.11) and Holder inequality, we conclude that

(2.12)
/ 1f = forPdvee < Cln)r? / g7 Pdvme . € H (Mo, voo)
Boo(z,r) B (z,r)
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which implies Property (%) on (Moo, Yoo, Poos Voo )- q.e.d.

We have the following theorem about “df”:

Theorem 2.8 ([Che99], [CCO0b)). f € H' (M) <H&(Moo)>, if and
only if there exists a sequence of Lipschitz functions (compactly sup-

2 2
ported Lipschitz functions) f; , f and df; 2w for some L?-section
w of T* My, and w is unique.

Proof: By Theorem 4.47 in [Che99] (also see Theorem 6.7 in [CCO00b])
and Proposition 2.7 above, we get our conclusion. q.e.d.

Remark 2.9. w in Theorem 2.8 is called a strong L? exterior deriv-
ative of f in [CCOOb], we can define df = w for f € H} (M), then df is
the L section of T* M, (the cotangent tensor bundle) determined by
f, which is called the differential of f. From the Theorem above, it is
well defined.

We define

ZL(U) ={f| f is Lipschitz function on U}
Z.(U) ={f| [ is compactly supported Lipschitz function on U}.

From Theorem 2.8 above, we know that Z.(U) is dense in H}(U).
We define H{(My,) as the closure of .Z.(My) in H'(My).

It is easy to see C.(U) is dense in L?(U), from the fact that any com-
pactly supported continuous function can be uniformly approximated by
compactly supported Lipschitz functions, we get that .£.(U) is dense in
L*(U). Then H}(U) is also dense in L*(U).

Because the operator d is well defined on .Z (M), we can view the
operator d on L?(M,,) as a densely defined unbounded operator. By
Theorem 2.8, this operator is closable as an operator on L?(My,). We
have the existence of self-adjoint operator A, on M., as the following.

Theorem 2.10 ([CCO0b]). The bilinear form / < df1,dfs > dveg
Moo

is a densely defined, closed symmetric form on L*(My,). Hence, there is
a unique self-adjoint operator, A, (associated to the minimal closure),
such that

(2.13)
/ |df|2dyoo = / < (_Aoo)%fv (_Aoo)%f >dve , fE€ H(%(Moo)
Moo Moo

Proof: Tt follows from Theorem 2.23 of [Kat95]. q.e.d.
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3. Harnack’s convergence theorem in the Gromov-Hausdorff
sense

In this section, we will show that under uniform gradient bound as-
sumption, the uniform limit of solutions, of Poisson equations on a se-
quence of convergent manifolds (in Gromov-Hausdorff sense), if it exists,
will be the solution of Poisson equation on the limit space. The result
of this section will only be needed in Section 4.

Compared with the classical Harnack’s convergence theorem (cf. The-
orem 2.9 in [GTO01]), which says that the limit of monotonic increasing
bounded harmonic functions is still harmonic, where monotonicity is
used to apply Harnack estimate on harmonic functions. With the uni-
form gradient bound assumption replacing Harnack estimate, one may
think of our theorem (Theorem 3.1) as Harnack’s convergence theorem
in the Gromov-Hausdorff sense, which is crucial in the proof of Propo-
sition 4.5.

On Riemannian manifold (M}, p;, v;), one solves the Poisson equation

Apu=f
u‘ =h
OB;(x;,r)

for Lipschitz functions f, h on Bj(z;,7) C M]'. By the Dirichlet’s
principle, u is the unique minimizer of the functional

1
T, v3, 25,7) = / L 1 fu)dn
Bi(%‘ﬂ‘) <2 )

within the space 4 = h + H& <Bi(:ni, r))
Similarly, for (Mo, foo,Veo), by Theorem 2.10, the solution of the

Poisson equation
Asu=f
u‘ =h
OBoo (Too,T)

is the unique minimizer of the functional

1
I(U,Voo,xooa'r) :/ —|du|2—|-fu dl/oo
o 2 )

within the space /4, = h + H& <BOO(3:OO, r))
The following theorem was originally proved by Y. Ding. We present

a detailed proof here for completeness, which is loosely based on that
in [Din02].

Theorem 3.1. Suppose u;, f; are C? functions over Bj(wz;,2r) C
(M, i, pi,vi), where Bi(x;,2r) = {z € M| dp,(z,2;) < 2r}; Apu; =
fi on Bi(x;,2r) and r is some fized positive constant. Also assume

U = Uoo, Ji — [foo uniformly over the sequence of converging balls
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Bi(x;,2r) = Boo(Zoo,2r) C (Moo, Yoo, Poos Voo)s and there exists L > 0
such that for any i:

(3.1) |\Vui(x)| <L, |Vfi(x)|]<L foraxe Bij(x;,2r)
Then
(3.2) Aol = foo 0N B (moo,r).

Proof: To prove the theorem, we need the following lemma:;:

Lemma 3.2. Let oo, foo be as in Theorem 3.1, then we have
(3.3) I(Uoo, Voo, Too, T) < liminf I'(u;, v, x;, 1)
71— 00

where

I(uomyoo,xooar) :/ <%|duoo|2+foouoo)d7/oo

Boo (Too,T)

I(Ui,l/i,$i,’l") = / (%|VU2|2 + f@’LLZ>dT/Z

B;(zi,r)
The proof of the Lemma is deferred to the end of this section. We
assume that Lemma 3.2 holds, and prove the theorem by contradiction.
Assume Ao = fxo is N0t true over Boo(x,s) CC Boo (xoo,r).
By solving the Dirichlet problem on By (z,s) (see Theorem 7.8 and
Remark 7.11 in [Che99]), we can find s with the same boundary value
as Uso over 0B (z, s) and

(3.4) I(loo, Voo, ©,8) < I(Uso,s Voo, X, ) — 20
where § > 0 is some constant. '

By Lemma 3.2, assume that (V) — z, then there exists i; > 0, for
1> 11,
(3.5) I(tso, Voo, T, 8) < I(ug, vi, 2V, s) 4 0.

By Lemma 10.7 in [Che99], we can find a sequence of Lipschitz func-
tions u; : Bi(x(i), s) — R, such that @; converges uniformly to @, and

Tim |V |2dy; < / |dtloo |* Voo -
4700 Bl(x(l),s) BOO(CL‘,S)
Hence there exists i > 0, for i > i9,
. 1
(36) I(ﬂiyyia‘/p(l)?s) <I(a0077/007x78)+§5‘

By (3.4), (3.5) and (3.6), we get that for i > iy, where iyg = max{iy,i2},
. - 1
(3.7) I(ig, v, 2, s) < I(ug,vi, 2@, s) — 55.

When ¢ > ig, solve the following Dirichlet problem:
{ Au; = f; on Bi(z®,s)

U = Uy on 8Bi(x(i), s)
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then by Dirichlet principle and (3.7), we get that

N (%) ~ (@) (@) 1
(3.8) I(Gi, v, ", s) < I(U, v, 2\, s) < I(ug, vz, s) — 55.

Note in fact we have

A(t; —u;) =0 on B;(z, s)
and
lim  sup |@ —wi| = sup |leo — Uso| = 0.
=0 5B, (2(),5) OBoo(z,s)

By maximum principle, we get

(3.9)
lim  sup [(@ —w)(2)|] < lim sup  |(@; —w)(2)] = 0.
T 2€B; (2 19) 70 2€0B,(2),5)

From (3.8) and (3.9), there exists i3 > 0, such that for i > i3,

1 1 1
—/ |V’[Li|2dl/i < —/ |Vui|2d1/¢ — —0.
2 B;(z()s) 2 Bi(z(,s) 4

By |Vu;| < L in (3.1) and volume convergence of B;(z(*, s), there
exists i4 > 0 and s; € (0, s), such that for i > iq4,

1
|Vui|2dui < —6
Li(w(i),s)\Bi(x(i),sl) 100

hence for i > iy, we have

1
(3.10) / |V 2dy; < / |V |*dv; — =6
BZ(SC(Z),S) Bi(x(i)vsl) 4

On B;(z%,s1) cc B;j(z™,s), from Cheng-Yau’s gradient estimate
(also see Lemma 4.4 later), we get

C N
(3.11) sup |V, — V| < (n) sup |u; — ugl.
Bi(z(9s1) §— 81 Bi(z(Ms)

From (3.9), (3.11) and |Vu,| < L, there exists i5 > 0, for i > is,
1
(3.12) / (Vs 2 —/ Vit < ——3.
Bi(ac(i),sl) Bi(m(i),sl) 100
From (3.10) and (3.12), we get

1
/ \Vi|? < —=6.

Bi(2(®),8)\B; (2 s1) 8

That is contradiction, the theorem is proved. q.e.d.
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Proof of Lemma 3.2: Recall the Bochner formula:

1 2

Multiply by a cut-off function ¢ with supp(¢) C Bj(xs,2r),
2
¢|Bi(mi,§r) =1, |A¢| < C(n,r), % < C(n,r) (see Theorem 6.33
of [CC96]):

(3.14)
1
§¢A(\vui12> = 9|V,
Integration by parts, using Rc > 0, we get

L / |V, > Agdy;
2 B;(z;,2r)

> /B o o2l — glAau? — Aug (v¢- Vui)]dyi

[ 23 Vg|? 2
> V2’LLZ' - = A’LLZ 2_ 0 V’LLZ' dl/i
/Bi(mi,2r) -qb 2¢| | 20 | | :|

- 2
> / o|V2u;| — C(n,r)|Vu;|> — §gzb|fi|2] dv;.
B (z;,2r) 2

2
+ ¢Rce(Vui, Vu;) + ¢ < VAu;, Vu; > .

Hence when ¢ is big enough,

2
/ (b‘Vzui dy; < C(n,r)/
B;(z;,2r)

B;(z;,2r)

yvuiﬁ(mqﬂ + 1>dui

3
+—/ | fool?drse + 1
2 Boo (Too,2r)

<C(n,r)L- [VOO(BOO(JJOO,%)) + 1} + g/ | foo2dvae + 1.
Boo (Too,2r)

2
Vzui dVi.

By Theorem A.5 in the Appendix, we can get that some subsequence

We get a uniform upper bound of f Bi(ws,27)
K 172

of |Vu;| converges to a function I' on By, (oo, ) in L? (BOO(:EOO, ), 1/00>,

from (3.1) we also know that I" € L™ <Boo(xoo, ), 1/00>. By Lusin’s theo-
rem for general topological spaces with measure and ' €
L? (Boo(a:oo,r),uoo), for any € > 0, there exists K. CC Boo(a:oo,r)

and vs (Boo(xoo,r)\KE) < ¢, I' is continuous on K., note K, is vge-
measurable.
Note v satisfies the doubling condition, which implies the Vitali

Covering Theorem <See Chapter 2 of [Mat95]), hence the Lebesgue
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Differentiation Theorem holds for measure v.,. Then

Voo (Boo(:n, s)N K€>

(3.15) lim =1 Voo G.€. T € K.

=0 e (Boo(a:, s))
For z € K, satisfying (3.15), we will show
(3.16) ‘duoo(:v)‘ < T(2).

Finally for =z € ,iLj)l Ky-i, (3.16) is valid. Hence for vy ae. z €

B (oo, 1), (3.16) is valid, which implies (3.3) holds.
To prove (3.16), it is enough to prove that for any § > 0, there exists
1> €(0) >0, when d,__ (y,x) < €(6), the following holds:

(3.17) (uoo(:n) - uoo(y)‘ <d,_(y2) <I‘(m) n 75).

By contradiction. Then there is 1 > dg > 0, {¥i}°1, ¥i € Boo(Zo0,T),
such that d,_ (y;,x) = ¢; — 0, and

(3.18) ‘uoo($) — Uso(Ys)

> dp, (Yi, ) [F($) + 750}.

Then for z € By (m, éiL‘sO), Yy € By (yi, Z"L‘S‘)), we have

‘uoo(z) - uoo(y)‘

> ‘uoo(x) — Uoo(Yi)| — ‘uoo(z) - uoo(x)‘ - ‘uoo(yi) — Uoo(Y)
> 6|T(@) + 700 = Ly (i) = L+ dp (2,2)
(3.19) >0 [P(az) + 550]
77
When j is big enough, for all z; € B; <§:j, @), y; € B (iji, ZL‘5°> and

all minimal geodesic y; connecting z;, g;, by (3.19), we have

Pick i‘j, Yji e MP :f?j — T, Yiji — Yi, and d(:ij,yj,i) = d(:z:,yl)

(3.20) Vu;ldp; > ; [r(x) n 450] :
Vi

Since |Vu;| < L, a simple computation shows along every 7,

(3.21) |Vu]| > F($) + 24g

on a subset of 7;, which has 1-dim Hausdorff measure at least %.
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By Rc > 0 and Theorem 2.11 in [CC96], we get that the global

segment inequality holds on (M 1 PisYs I/j):

/AlXA2 (/Odpj(p’q)e(vpvq(s))d'S)dpdq
(3.22) < C(n)D [;(Ar) +v(49)] - /W ciry)

where e is any nonnegative integrable function on W C M 7, and ypq 18
a minimal geodesic from p to ¢,

D= max d,(p,q), A, AbCM!, U c W.
pEA;,qEAs i (P2 9) 12 J pvqup’q

Choose A1 = (3:], i50), Ay = <yﬂ, i 0) and e = XEi in (3.22),
where

Bl = {z| 2 € B; (@,@-(1 + 5—L°)) Vu;(2)| > T(x) + 250}

then we get

5 (E5) - Cln) [1 * 5_L0]€i [”j <Bj(jj’ %)) Ty <Bj(yj,iv %))}

> 252& -V (Bj(jjv %)) 2z (Bj(yj,i, %))-

Using the Bishop-Gromov volume comparison theorem, we get that for
any 1, if j big enough,

vi(E})
vi (Bj (@50 + $)))

From (3.23), we obtain that there exists

(3.23) > C(do, L, T'(z),n).

% C %= Buo(w 0,01+ 0))

such that vso(%;) > 61Vs0(%;), where 6 = £C(8o, L,T(z), n), and
FfCEj», lﬁ@%asj%oo.

For fixed i, we further assume ¢; : F’ ]’ — %; is a measure approxima-

tion and an €;-Gromov-Hausdorff approximation for some €; — 0.
5162

Let 71 = %I/oo(,@i), To = zll—oovoo(ﬁz)

Let hj = |Vu,|, note that h; converges to I' in L? on Be (2o, 7). By
Definition A.4, on €; C Boo(2oo,7) there exists h( ). 1 6; — R, such that

k—00

(3.24) lim / IhF) — T dus,
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and

(3.25) lim lim \h — a0 pi[?dv; = 0.
k—00 j—00

For 71, from (3.24) and Egoroﬁ ’s Theorem, there exists A C %;, such

that v (A) < 71, and on %; — A, % 1 uniformly.
Note there exists Cy > 0, such that v;(B;(z;, (1 + %0))) < Cy for
any 4, j. And there exists k1 > 0, if & > kq,

2
Co
For 75 > 0, from (3.25), there exists ko > k1 > 0, if k£ > ko,

(3.26) Ih®) 1) < on € — A.

k)
jli>nolo |y — W) o%ydu]gg
J

hence, there exists j; > 0, if j > ji, then

o Iy oy <
F?’
Let Ql _ gpj (‘A)7 then Whenj > jlu

/i |h] - I O(,Dj|2d1/j

J

§2[/Qi |hg§2)o¢j—ro¢j|2+/@ |hj — h2) o ;|2
J

J

(3.28) < dry

the last inequality above follows from (3.26) and (3.27).
Define

Woo =1{2| I'(z) <T'(x)+ 00, 2 €% — A}
and
Vi =; (Wa) CFj — 05 (A) = Q;
hence on ¥, hj(z) > I'(z) + 26, and (T 0 ¢;)(z) < T'(z) + do, we get

(3.20) /|h—ro%P /<%—%www

From (3.28) and (3.29),

4T 1)
wWﬁSézﬁ%@J

Hence

Voo(Woo) = lim v;(#;) < o1

Pl 107

(%i).
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Define 7 = {z € $;| I'(z) > I'(x) + do}, note that on 6; — A — ¥ C
B, T'(z) > T'(z) + dp, hence

(3.30) Voo () > Voo (6;) — Voo(A) — Voo (W) > %511100(%2-).

Note d; = %C((So,L,F(:E),TL), we get
Voo ()
3.31 > C(dp, L, T 0
( ) Vw(%Z) el ( 0, 4y (Z'),TL) >

where C(dg, L,I'(x),n) in different lines may be different.
Now we have

Voo(fQ{z) . Voo(fgfz N Ke) + Voo(bQ{z\Ke)
< Voo(f@z\Ke) + Voo(fQ{z N Ke)
- Voo(%z) Voo(gz)
From (3.15) and the choice of z, we get lim;_,»,(I); = 0. Because I' is
continuous on K., it is easy to see that (I7); = 0 when i is big enough.

We take i — oo in (3.32), it is contradiction. Hence (3.17) holds for any
d >0, (3.16) holds v a.e. Bo(xoo,7). We are done. q.e.d.

0< 0(507L7F($)7n) <

(3.32)

= ()i + ({1);.

4. The convergence of eigenfunctions in the
Gromov-Hausdorff sense

In this section, we will show that the eigenvalues, eigenfunctions
on the convergent sequence of manifolds converge (subsequentially) to
eigenvalues, eigenfunctions on limit space under Gromov-Hausdorff con-
vergence. The main tools are eigenvalue and eigenfunction estimates
obtained by P. Li, S-Y. Cheng, S-T. Yau and Harnack’s convergence
theorem in the Gromov-Hausdorff sense (Theorem 3.1).

. R . . .
Write )\g-’i) for the j-th Dirichlet eigenvalue over B;(R) C (M;,y, pi, Vi),

and qbﬁ) is the corresponding eigenfunction satisfying the following:

P o T
¢§»?) (x) =0 on 0B;(R)
and f Bi(R) qbﬁ) . qb,(ﬁ) dv; = d;, where A, is the Laplace operator with
respect to the metric p;.
From Theorem 3.1 in [SC92a], for any f € H{(B;i(R)), we get

n—2

[ 1] T

R2
(4.2) < C(n) : IVFI2+R72f)dus|.
- Wi (BZ(R)) |:/Bi(R) ( " ) Iu}

Sv
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Using Corollary 1.1 in [LS84],
(13 R [ Pdu<c) [ (9iPa.
B;(R) B;(R)
By (4.2) and (4.3), we have

/ o VP = Ol (Bm) B2 | /

n—2

2n
|fIm=2dp;
R)

B;(
on n;2
(1.4 ~Coal [ 117 d]
Bi(R)
where
2
(45) Cr = Clupui (Bi(R))" B2
Lemma 4.1. There ezists a constant C(n) such that
(4.6) Cn) 1 R72.ju <A <C(n) - R2 2.

Proof: Define Ci(n) = > 2, ﬁ, where 8 = 5. Then we have

7 < Ci(n) < §. By the arg(m;nent of (10.9) in [Lil2] (also see [Li80]),
R

we get the lower bound of Aji as the following:

Slv

R 1
(47) M > C(n)j35 Cog - 1s (Bi(R)
combining with the definition of C'»4 in (4.5), we have
R s o 9 .1
(4.8) A > 0(n)j* @ R > C(n) - R™2 - ji.
By the similar argument of Theorem 2 on page 105 of [SY94] (also see
[Che75]), we get the upper bound of )\g‘?). q.e.d.

The following lemma is standard, for completeness, we provide the
proof following the argument of Theorem 10.1 in [Lil2].

Lemma 4.2. If R > 2, we have
R LT
(4.9) 1652 ) < Cln, R
where || - |[x(,,) denotes the LF norm with respect to the measure v;.

Proof: We observe that for a C'*° function u, from Lemma 7.6 and
Lemma 7.7 in [GTO1], |Vu|? = |V|u||? for p; a.e. . The identities

A(u?) = 2uAu + 2|Vu|?
and
A(lul?) = 2|ul Alu| + 2/ V]ul|*
imply uAu = |u|Alu| a.e. Hence we have

R R R R R R
(410) (8P 18n1050 = 6 Al = A1l P
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For any constant k > 2, by (4.10), (4.4) and integration by parts,

k 1 (R)|*~ (R)

o7 =~ [ ol 8"
Lol 0 Sy | ;
Ak — 1) / NG

A g2 Bi(R)‘ (1¢°1%)

2Cyq9 / B|=,
> o dp; .
mgf?( Bir) L )

Denote 3 = 5, then for all k > 2,

Pi

dp;

R QCyj
|’¢§‘,i)|’Lk(M) > (k‘)\( > H(ﬁ]Z HLk,B ()"
7,1
Setting k = 23° for s =0,1,2,..., we have
X <R

R
‘|¢§,i)”L255+1(M) S < C o > H¢J7, ||L2,8 (H)

Iterating this estimate and using

_n 1 R o
16 2y = 1 VR 16 120 = £ TV (VE)

we conclude that

16551 o+ ) < [H(

Let s — oo and applying the fact that

N

C/J

)%} V(R

1657 ey = 1657 ey = Jim 1652 12
We obtain ) )
1657 ey < (Coo) - (M) Ctpt TV (VR
-co[ Vi) w?f

n( (R
(4.11) < C(n)R? <A§>>
Combining with Lemma 4.1, we get
R .n
165 1) < Cln, R)j3
q.e.d.

Note that the volume element v; of (M;,y, p;,v;) is not determined
by the metric p;, the heat kernel of (M;,y, p;,v;) is

(4.12) H(z,y,s) = tigui (BZ(1)> “H(z,y,t:8) = V(Vt) - H(x,y, ;)
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where H(x,y,s) is the heat kernel of (M™, y,g,u), p is the volume
element determined by g, V(\/¢;) = fB(ti) 1dp, and B(t;)) = {z €
M"™ dy(z,y) < t;}. Note Hi(x,y,s) is different from the heat kernel
ﬁi(gj7y7 8) of (Mi7y7pi7ﬂi)7 which is tfH($,y,t28)

Hence we have

(4.13) lim V(vVt)H (z,y,t;) = lim H;(z,y,1)
1—00 1—00

and by (1.1),

(4.14)

d2(z,y)

Hi(xvyat) = V(\/t_i)H(‘Tayatit) S C(TL)V(\/E)V( tit)_le_%tT'

Let us denote by Hp(z,y,t) the Dirichlet heat kernel on the metric
ball

B(R) = {z € M"[ dy(z,y) < R} C (M",g,p)

where R > 0 is a constant, and put Hg = 0 outside of B(R). Simi-
larly, we denote by Hp;(z,y,t) the Dirichlet heat kernel on B;(R) C
(Mi,y, pi, vi).

From Lemma 4.1 and Lemma 4.2, using similar argument in the proof
of Theorem 10.1 in [Lil2], it is easy to get the following eigenfunction
expansion of Hg ;(z,y,1):

> ()
(4.15) Hri(w,y,t) =Y e 10l ()0l ().
7j=1

Lemma 4.3. For any N > 0, there exists a function (N, R, ) such
that for any fited R > 2, %in%e(N, R,0) = 0. And for j satisfying
—

)\ﬁ) < N, we have

(4.16) / o\
A;(R—6,R)

where Aj(R — 0, R) = {z € M;| R—0 <d,,(z,y) < R}.
Proof: Using (4.15) and (4.14), we get

(B |2 A
¢;i (z )‘dyi(x)g eﬂHR,(a;a: 1)dv;(zx)
Ai(R-s,R) 7"

2
dv; < €e(n,N,R,0) for0<d<1

(R)
Se’\JZ/Ha;azldV,()
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in the last inequality above, we used the Bishop-Gromov inequality. Our
conclusion is proved. q.e.d.

The following lemma follows from a standard argument of Cheng-Yau
in [CY75], which is needed in the proof of Proposition 4.5.

Lemma 4.4. Assume that (M™,g) is a complete manifold with Rc >
0, if Au= —Au on By(2r) C M™ and A > 0, then we have

\Vaul|(z) <Cm)[r~ "+ A]- sup |u(z)|, z€ By(r)
xE€Bp(2r)

where By(r) ={z € M"| dy(z,p) < r}.

Proof: Let # = sup |u(x)|, f(z) = u(z) + 4, without loss of
x€Bp(2r)
generality, assume .# > 0. It is easy to get Af = —Af + A4 on
By(2r), and f > 0.
Apply Theorem 6 in [CYT75] to f(x), we get
(4.17) IVf(@)| < C)r™ + XN - [f(x) + 4], « € By(r).

By the definition of f(z) and .#, our conclusion follows from (4.17).
q.e.d.
Proposition 4.5. For fixed j, k > 0, assume (for a subsequence of
the eigenvalues) )\g-? — /\gﬁl’ )\,(ﬁ) — )\,(fo)o as i — oo. Then there is
a subsequence (denoted also by (bg-f), ¢1(£)) that converges uniformly on
compact subsets of l%oo(R), and also in L? (BOO(R)), to two compactly

supported Lipschitz functions qﬁg»il, ,(CRO)O on Boo(R), where Bo(R) =
{z € My| dy..(2,y) < R}, Boo(R) denotes the interior of Boo(R).

Moreover,

(4.18) Aoo¢§,’2 = —A§ﬁl¢§,’2 ; Aoo%(f,?o = —A}fjo l(ngo ’
R) (R
(4.19) / " ¢§7OZ] ,(w)ody = 0j k-

Proof: Locally uniform convergence follows from Lemma 4.2 and 4.4.
The L? convergence and (4.19) are implied by locally uniform conver-
gence and Lemma 4.3. Finally, (4.18) follows from Theorem 3.1 and
Lemma 4.4. q.e.d.

5. Solutions of the heat equations on metric measure spaces

In this section, on metric measure spaces, we will show the existence
of the solution of the heat equations and the parabolic mean value in-
equality. For smooth manifolds, all these results are well-known. On
metric measure spaces, our setup is closely related with the discussion
in [Stu9s].
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Assume U C My, and U is open. We will be concerned with the
following Banach spaces.

e L*((0,T); Hj(U)) is the Hilbert space consisting of functions u(z,
t), measurable on (0,7) with range in H(U) (for the Lebesgue
measure dt on (0,7)), for any t € (0,7), u(-,t) € Hi(U) and the

1

r 2
norm of the space is (/ ‘u(.7t)‘H3(U)dt> 2
0

e H'((0,T); Hj(U)*) is the Sobolev space of functions u, where
H}(U)* is the dual space of H}(U), and u € L*((0,T); H}(U)*),
and it has distributional time derivative %u € L2((0,T); H3(U)*)
equipped with the norm

T 2 0 2 %
(Ol + g0 e t)

o Z((0,T) x U) = L*((0,T); Hy(U)) N H'((0,T); Hy(U)*). We
mention the following important result from [RR93]:

Z((0,7) xU) c 0([0,T],L*(U)).
e Similarly, 4 ((0,T)xU) = L*((0,T); H'(U))nH' ((0,T); H'(U)*).

Definition 5.1. A function wu is called a Dirichlet solution of the
heat equation on (0,7") x U:

(5.1) %u:Aoou on (0,T)x U
iff ue Z((0,T) xU), and for all ¢ € Z((0,T) x U):

(5.2) / / < du, d¢>duoodt+/ /— Pdvaodt =

Remark 5.2. For u € g((O,T) X U), we say that

(%—A ) = ()0 on (0,T)x U
if for almost all t € (0,7) except a subset of (0,7) with Lebesgue
measure 0,
ou
v ot

holds for all non-negative ¢ € H}(U). Such u is also called a solution
(subsolution) of the heat equation on (0,7) x U.

/ < du,d¢ > dvse + Cpdrs, = (<)0
U

Definition 5.3. Given a function f € L?(U), the function u is called
a Dirichlet solution of the initial value problem on [0,7") x U:

{ %u =Asu  on (0,7)xU
u

(5:3) L=/ onU
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iff u is a Dirichlet solution of (5.1) and limy_q [;; |u(z,t) — f(z)[*dve =
0.

Proposition 5.4. For every f € L?>(U), there exists a unique Dirich-
let solution u € F((0,T) x U) of the initial value problem (5.3).

Proof: It follows from Theorem 4.1 and Remark 4.3 in Chapter 3 of
[LMT72]. q.e.d.
For the solutions of heat equations on M, we have the following

mean value inequalities.

, Theorem 5.5. If% — A =0 in Qq, then for any 0 < § < 1, we
ave

C(n

(5.4) zsequg u?(z) < - 5)“+(2r)21/00(B) /Ql udvsodt
C(n

(5.5) Zseucg)é u(z) < i 5)"+(2r)21/oo(3) /1 udvoodt

where B = Boo(z,7), s > 12> 0, 7 > 0 is a fived positive constant, and
Q1= (s —72,5) X Boo(,7) , Q5 = (s — 672, 5) X Buo(,0r).

Remark 5.6. The parabolic mean value inequality on smooth man-
ifold were firstly proved in [LT91], however the proof there used the
upper bound of heat kernel, which is the target we want to prove. The
conclusion on metric measure spaces was essentially obtained in [SC02],
although the context there are smooth manifolds. The following argu-
ment is just slight modification of the original argument there, hence it
is sketchy. For the complete details, we refer the reader to that book.

Proof: Firstly, from the argument of Lemma 5.3.2, Lemma 5.2.5 in
[SC02] and Proposition 2.7, we can get the following Dirichlet Poincaré
Inequality:

There exists positive constant C(n) > 0, such that for any B =
By (z,r) C My,

(5.6) |flez < C(n)rlggle » f € Hy(B).

Secondly, from the argument of Theorem 5.3.3 in [SC02], Proposition
2.7 and (5.6), we can obtain Local Sobolev Inequality as the following:

There exists C'(n) > 0, such that for any B = B (z,7) C My, We
have

(5.7)
2

n—2
2n T 'S
([ i) ™ <co——( [ layPins) . femm).
B Voo(B)n /B
Next, employing (5.7), we can use almost exactly the same argument
of Theorem 5.2.9 in [SC02] to get the following two inequalities:




LARGE TIME BEHAVIOR OF THE HEAT KERNEL 493

If % — Axu <0in @ and u > 0, then for any 0 < 6 < 1, (5.4) and
(5.5) hold.

Finally, for any € > 0, it is easy to show that v = Vu? + ¢ is the
solution of the heat equation, which was defined in Remark 5.2, and
v > 0. By the above argument,

C(n)
. 2 < 2 4 €)dvoodt.
(5.8) Zseucg)&(u +€)(z) < A= 0)" 22 (B) /l(u + €)dv,
Let € = 0 in (5.8), we get (5.4).
Similar argument yields (5.5). q.e.d.

6. The existence and Gaussian upper bound of heat kernel
on limit spaces

In this section we will prove the existence of heat kernel on limit
spaces under Gromov-Hausdorff convergence, and establish Gaussian
upper bound of heat kernel.

To prove the existence of heat kernel on limit spaces, we are inspired
by the method of K.-T. Sturm in [Stu95]. Firstly, from Proposition 5.4,
there exists a uniquely determined operator:

(6.1) T:L*(Ms) = Z((0,T) x M)
with the property that for every f € L?(M), the unique Dirichlet

solution of (5.3) (U = M« there) is given by u(z,t) = [T f](x,t).
We also define [T} f](z) = [T'f](x,t) for every t € (0,T), then
(6.2) Ty : L*(Ms) — L? (M),
Lemma 6.1. There exists C(n) > 0 such that for any t € (0,8R?),
sup ‘(th) (x)|
2EB(R)
R \n+2 _1
<O )" ree(BoelB) P Mfliaanny o VS € 1 (M)

where R > 0 is any positive constant.

Proof: We will apply Theorem 5.5 on Ty f for given t € (0,4R?). Let
r=2R 6 =1-15= s = (2R)? + $t, 7 = 1 in (5.4), note that
t € (s — r?,s), then we get

sup |(Tif)(z)| < sup[(Tif)(2)]

2€Bs(R) 5

(NI

< Cln) <T15> N ((23)%00 (1300(23)) /Ql ’th‘z>

< c<n>(%)"*%wmmn‘%\f\L2<Moo>
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in the last inequality, we used that

/ Ty f 2 dves S/ 1fPdve , VE>0
Moo Moo
which follows from (5.2). q.e.d.
We also have the following parabolic maximum principle on M, (for
the proof, see Proposition 4.11 in [GHOS]).
Lemma 6.2 ([GHO8]). Assume h is a solution of the heat equation
on (0,7 + 1) X Boo(z,R), and
. 2
. = <
(6.3) lim o) h*(z,t)dveo(z) =0, hlap.(zRr)x(0,m <0
for any f(x) € L*(Boo(2,R)). Then h <0 on (0,T] X B(z, R).

The following result is one modification of classical result in functional
analysis, which was due to J-X Hu and Grigor’'yan (see Lemma 3.3 in

[GH]).

Lemma 6.3 ([GH]). Let K : L*(Y) — L>®(X) be a bounded linear
operator, with the norm bounded by C, that is, for any f € L*(Y),

(6.4) Sl)l(lefl < C|fl

There exists a mapping k : X — L*(Y) such that, for all f € L*(Y),
and almost all x € X,

(6.5) Kf(x) = (k(z), f)-
Moreover, for all z € X, ||k(z)||r2(yvy < C. Furthermore, there is a

function k(x,y) that is jointly measurable in (z,y) € M x M, such that,
for almost all x € X, k(x,-) = k(z) almost everywhere on'Y .

Now we can prove the existence of the heat kernel with respect to the
Dirichlet boundary condition on M.

Theorem 6.4. There exists a nonnegative measurable function
Poo : Moo X Mo x RT — [0, 0]
with the following properties:
1) On [0,00) X My, the function

u@t) = [ pule s OF()dva(2)
is a solution of (5.3), where f € L*(My).
2) For any fized w € My, any T > 0,
Poo(@,w,t) € L*((0,T); Hy (Mso)) N H'((0,T); Hy (Moo)*)

is a Dirichlet solution of the heat equation (defined as in Definition
5.1).
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Remark 6.5. Such py, is called the heat kernel of (My, poo, Voo )-

Proof: By Lemma 6.1 and Lemma 6.3, there exists po(z, 2,t), which
is jointly measurable in (z,2) € My, X My, such that

T(f)(x) = / Dol 2, 1) F(2)doe ().

From Lemma 6.2, we get that if f > 0, T;(f) > 0. It follows from
Lemma 3.2 in [GH], poo(x, 2,t) > 0. Then py > 0 and the conclusion
in (1) above are proved.

For any f € L? (BOo (R)), from the uniqueness of solution in Proposi-
tion 5.4 and the definition of T, T3, we get

Taf](2) = [TF] (2.t + 5) = T[(TH)(9)] (1)
= T[(T)(9)](2) = / Poolz,2,1) - [Tf] (2, 8)dveo )
Moo

= [ e ([ ot ) v v
= ) (/ oopoo(z,gn,t)]r)oo(a:,w,s)all/oo(gn)> - f(w)dve (w).

Hence we have

poo(z,w,t—i—s) = / poo(z,x,t)poo(a;,w,s)dyoo(w)

= [l 2) = [Tt )] 2.0

By the definition of 7', and t + s can be chosen as any positive number,
we get that poo(z,w,t) is a Dirichlet solution of the heat equation on
(0,00) X Mo. q.e.d.

And we have the following theorem about the upper bound of p(z, y,
t). We will follow the method developed by E. B. Davies on smooth
manifolds (see [Dav89], also [SC02]), our proof is just slight modification
of the proof given in [SC02], and it is presented here for completeness
and reader’s convenience.

Theorem 6.6. Assume that poo(x,y,t) is the heat kernel of (Moo,y,
Poo; Voo)) then

(6.6) Poo(@, 9, 1) < C(n)vag <Boo(y, \/z)) o P2 (@)
where C(n) is the positive constant depending only on n.

We firstly need to prove a lemma.
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Lemma 6.7. For any function ¢ € H}(Myo) with |gs| < 1 and any
a € R, we define the operator Hf"¢ as the following:

(6.7)
H 0 f(x) = 6_“"5(“””)/ Poo(@,y,1)e*W f(y)dvo(y) ., f € L*(M).
Moo

Then as an operator from L2(Myo) to L2(Mug), H™® satisfies || H™?|| <
2
et

Proof: For any f € L?(My,), set u(t) = |H;" ¢f|L2, then
! _ 0 a Ko} a Kol
wiy=2 [ SR
= [ e A (e 2 (@) HE ()0
_ ap(z) pra,d —ag¢(z) a¢
- Q/Moo<d<e W HP f (), e H f () >
= 2a? /Mm Ao H 2 /Mm 12917 < 20%u(r).
Hence u(t) < e2**t4(0), note u(0) = ‘f‘;, we get

2 2
s, <o

L2’

The conclusion follows from the above inequality. q.e.d.

Proof of Theorem 6.6: Fix z, y € My, and 71, 7 > 0. Let x1 (respec-
tively x2) be the function equal to 1 on By = By (z,71) (respectively
By = B (y,72)) and equal to 0 otherwise. Then

[ [ et cnem @Ot Dacae = [ e () €t

1 1
< HPN - xallze - [xellze < € oo(B1)2voo(Ba)2.

Using |d¢| < 1, we get

/31 /32 Poo (&, ¢, t)dCdE

< / / pove—e @O0 -0 -] . lal(ritra)
-~ JBy B,

< [raoBvcl Ba)]* explest +al(w) — )] + Jal(rs + 7).
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As poo(z, -, t) is a Dirichlet solution of heat equation in (0, 00) X My,
assume t > %7‘% and applying Theorem 5.5, we obtain

C(n) ¢
p6nt) < gt [ [ peleGosgicas.
Thus

/ Pool€.y, t)dE
B1

C(n)veo(B )%
< ?Bg); - exp {a2t +alp(x) — o(y)] + |al(r1 + r2)},

Assume t > %(7’% + 72), by Theorem 5.5 again, combining with the

above inequality, we get

Cn) [
poo(xayat) S m/t_ir% /Blpoo(§7y7s)d§ds

< [ aw T {02+ alg(a) ~ o)) + lol(r1 + 7).
Voo (B1)Vso(Ba) | *

Taking o = ¢(y)2—t¢(x)7 r

t .
=r9 = —"_ we obtain
27 Vitpoo(y)’

(6.8)
C(n) (6(2) —6W)*  lé(x) - o(y)|
Doo < T expy — + .
[ve(Br)vse(B2)] { " Frmlen)
Choosing ¢(-) = poo(x,-) in (6.8) gives
n 2 (z
poo(x,y,t) < _ C( ) leXp{_w}

Vo (B (B2)

Om)(1+ =)

IN

exp{ B pio(w,y)}

Voo (Boo(, VD) oo (Boo y, VD) |

C(n) P2 (,y)
= e (B (9. VD) exp | - = )

5t
The conclusion is proved.

q.e.d.

Corollary 6.8. For positive constant T > 0, there exists a positive
constant €(n, T, R) with P}im e(n, T, R) = 0 such that fort € (0,T):
—00

(6.9) / Doo (2, Y, t)dVeo (z) < €(n, T, R).
Moo\ Boso (R)
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Proof: From (6.6) and Property (£) on (Mo, poos Voo ), We get

/ Poo (2,1, £) v (1)
Moo\Boo (R)
N CAY)

-1
§C(n)/ VOO<BOO(\/Z)) e 5t dus
Moo \Boo (R)

[oe) 2 -
< C(n) Z/ e_pooét’y)dyoo
Voo (Boo (V1)) £ JBuc (251 R)\ B (28 R)

Without loss of generality, we can assume R > v/T. Then from the
above,

[e.e]

/ Poo (T, Y, t)dvso (z) < C(n,T)/ e 5% s"ds < e(n, T, R).
Moo \Boo (R) u

vT

q.e.d.

7. The convergence of heat kernels in the Gromov-Hausdorff
sense

In this section, we will prove one main theorem of this paper, Theorem
1.4. The eigenfunction expansion of heat kernel and Proposition 4.5
provides the bridge between local Dirichlet heat kernels on bounded
regions of M; and M. Combined with Gaussian upper bounds of heat
kernels on M;, M, maximum principle leads to the convergence of local
Dirichlet heat kernel to global Dirichlet heat kernel on M;, M,,. From
all these, the hear kernels’ convergence in the Gromov-Hausdorff sense
is proved.

Lemma 7.1. For positive constant T > 0, there exists e(n,T, R) > 0
with limp_,o €(n, T, R) = 0, such that fort € (0,T]:

(7.1) / Hi(z,y,t)dvi(x) < e(n,T, R).
M;\B;(R)
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Proof: Without loss of generality, assume R > /T, then from v; =

1
T and (4.14), we get

/ Hz(:Evyvt)dVZ(x)
M;\B;(R)

d2
< C(n) / V(VED) e T dp
M™\B(v/#R)

0 -2
_ C(n) / e—st—itA(,r,)rn—ldr

V(Vtit) Jyar
A(VET) - (ts 2 12 .
JOESUEA (/5? =3 5145
< C’(n)i((i\/\;g . (/; e__SQS"_lds)
n)- ooe_%s2s”_1 s<eln,T,
< C(n) /% ds < ( TR)

where A(r)r"~! in the first equality is the surface area element of
0B(r), in the second inequality above we used the fact that A(r) is
non-increasing (from Bishop-Gromov inequality) and R > +/T’; the third

inequality from the end follows from the fact V (v/%%) > L A(V/%2) (t;t) 2,

q.e.d.
Proposition 7.2.
R—o0
The convergence is uniform on x € M, i = 1,2,..., and uniform in

LY(v;) on any finite time interval (0,T).
Proof: Assume R > 1, put

(7.3) Mp; = sup{H;(z,y,t)| x € 0B;(R), 0 <t <T}.
By (4.14) and Volume Comparison Theorem, we have
2
Mp,; < sup Cn)V(VE)V (V&) e 5
0<t<T
2 n 2
(7.4) < C(n) - max {e_%, sup t_fe_%}
0<t<1
2
(7.5) < C(n)max {e_g_T, R‘”}.

By the maximum principle, when x € B;(R),
(76) Hz(xayat) _MR,i <HR,Z(x7y7t) SHZ(‘Tayat)
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From (7.5) and (7.6), we get Rlim Hpi(-,y,t) = Hi(-,y,t) uniformly
— 00

n (0,7] x Bi(R), i = 1,2,3,---. Combining with (4.14), we get that
the convergence is uniform on (0,7 x M and i =1,2,3,---.
From (7.4) and Volume Comparison Theorem, we get

2 n 2
lim MRZVZ<BZ(R)> < lim C’(n)R"-max{e?_T, sup t—ae—g—t}

R—o0 R—o0 0<t<1
R2 n s
(7.7) < lim C(n) max{R"e‘ﬁ, sup 356_5} =0.
R—o0 SZRz
Combining (7.6), (7.7) with Lemma 7.1, we have
(78) HHR,i('7 Y, t) - H2(7 Y, t)HLl (v3) < 6(”7 T, R)
and lim e(n,T,R) =0. q.e.d.
R—o0

By Lemma 4.1, Lemma 4.2 and Proposition 4.5, we can assume, after
passing to a subsequence of {i}32,, that for every j, eigenvalue and
eigenfunction converge:

. R R . R R
(7.9) lim A =\ Jlim. o =\
Theorem 7.3.
10 - o (R) X (R)
(7.10) R (2,,1) = 3 e ot gl ()6 (3
7j=1

is well defined on By (R) X Boo(R) % (0,00), where R > 2. And
(711) hm HR,i('7y7t) :HR,OO('7y7t)
1—00
where the convergence is in L? (BOO(R)), and is also locally uniform on
Boo(R). Furthermore, HpR oo (-, y,t) is locally Lipschitz on Boo(R).

Remark 7.4. Hp ., may depend on the choice of subsequence of
{7}

Proof: By (4.11) and (7.9), we get
R o (\(R)\ T
(7.12) 1652 ey < CORE (AL,

Using (7.12), when ¢ € [tg,0), top > 0 is any positive constant, we
can obtain

et (2)6 (1) | o e

Ay
<e e ”gbjpo”Loo(yoo)

(R) 5
(7.13) < C(n,R)e—%iot(Aﬁl) 2 < C(n,Ruto)e”
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Applying (7.9) and Lemma 4.1, we conclude that

(") 4 > 1
Z ‘ =X <Z5 ( ) < C(Tl, R,t()) Z e [C(n,R)Jnt]
j=1
which Clearly converges uniformly on By (R) X Boo(R) X [tg,00) for
any to > 0. Hence the kernel Hp o (x,y,t) is well defined and locally

Lipschitz on By (R).
Similar as (7.13), it is easy to see

e - n 1

(1) e @0 () 1wy < Ol Ry t)e (R
when t € [tg,00). Then (7.11) follows from (4.15), (7.10), (7.13), (7.14)
and Proposition 4.5. q.e.d.

Fix one increasing sequence R — oo, by a diagonal argument, we
can choose one subsequence of {M'}, also denoted as {M]*}, such that
for each k, Hg, ; — Hp, oo in L? (Boo(Rk)) and also locally uniform on
B (Ry).

On M, for R; < Ry, we have
C(n) _ %
(V)
where v;(v/t) = v;(B;(Vt)). Taking i — oo in (7.15), we get
C(n) _dhoelew

e 5¢

Voo (V)

where Voo (V1) = Voo (Boo(\/i)) Thus we can get that the non-decreasing
sequence H R;,00 CONVerges pointwise to some function H.:

(717) Hoo($7y7t) = leH;OHRk,OO(x7y7 ) - hm lim HRk Z($Z7y7t)

k—00 i—00

(715) HRj7i(x7y7t) S HRk,i(x7y7t) S Hz(xayat) S

(716) 0< HRj,OO($7y7t) < HRk,OO($7y7t) <

for some subsequence of {M}22,, {R;}32, and any z; — .
Proposition 7.5. Hg o, is a Dirichlet solution of the heat equation
(% - AOO>HR,OO —0
(7.18)
lin i oo(2,0.1) = 0,(2)
on By (R) C (Moo,y,poo,uoo).
Proof: By Lemma 4.1, 4.2, 4.4 and Proposition 4.5, we have

(7.19)  lim Z‘ arrme )}@jpo(y)‘ —0, ¢ Bo(R).

k—o0

Hence Hp o~ is a Dirichlet solution of the heat equation by directly
checking that (5.2) holds for it.
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From (7.11), (7.16) and the definition of Hp;, using the similar ar-
gument as in Lemma 7.1, we get

(7.20) Jim /M Hpoo (0, y, ) f(2)dves () = F(y)

t—0
where f is any Lipschitz function with compact support on M,,. q.e.d.
Proposition 7.6.
(721) lim HR,OO(vyvt) :poo(7y7t)
R—o0

The convergence is uniform on x € My, and uniform in L' (vs) on any
finite time interval (0,T].

Proof: Assume R > 1, put
(7.22) MR oo = sup{poo(z,y,t)| x € 0B (R), 0 <t <T}.
By (6.6) and Property (#) on My (from Proposition 2.7), we have

—1 R2
MR oo < sup C(n)VOO(BOO(\/Z)> e ot
o<t<T
2 2
< C’-max{e_?_T, sup Vw(Bw(\/f))e_%}
0<t<1
2 n 2
(7.23) < C-max{e_%, sup t_fe_%}
0<t<1
2
(7.24) < C(n) max{e_%, R‘”}.

From Proposition 7.5 and comparison inequalities for heat kernels on
metric measure spaces (see Proposition 4.1 in [GHL10]), we get

(7.25) Poc(@,y,t) = MRoo < Hroo(,Y,1) < poo(®,y,1).
From (7.24) and (7.25), Rlim HR oo+, Y, t) = poo(*, y,t) uniformly on
—00

By (R). Combining with (6.6), the convergence is uniform on (0,77 x
M.
From (7.23) and Property (£), note veo(Boo(1)) = 1, we get

2 n 2
lim MR’OOI/OO<BOO(R)> < lim C(n)R”-maX{e?_T, sup t_Ee_%}

R—o0 R—o0 0<t<1
2 n S
(7.26) < lim C(n)max {R”e_%, sup 356_5} =0.
R—o0 SZRz

Combining (7.26) with Corollary 6.8, we have
(727) ||HR,OO('7 Y, t) - p00(7 Y, t) ||L1(l/oo) < E(?’L, T7 R)

and lim e(n,T,R) =0. q.e.d.
R—o0
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Proposition 7.7. Assume x; — x as (M;,y, pi, Vi) don (Moo, Yoos Poos
Voo ), then

(7.28) lim H;(z;,y,t) = poo(z,y,t) t € (0,00).

1—00

The convergence is locally uniform on M.

Remark 7.8. Hy in (7.17) is equal to ps in (7.28).

Proof: For any sequence (M;,y, pi, V;) den (Moo, Yoos Poos Voo ), WE CAN
get a subsequence of { M} as before, also denoted as {M]"}, such that,
there exists increasing sequence Ry — 0o, and

lim HRk,i('7y7t) :HRk,OO('7y7t) k= 172737"'

i—00

where the convergence is as in Theorem 7.3.
Then

’Hz(xwy?t) —poo(x,y,t)] < (’Hl(xwy?t) - HRk,i(xhy?t)’
(7.29)
+ ’HRk,OO(‘Tuy7t) _pm(‘rayat)‘) + ‘HRk,i(xi7y7t) - HRk7OO(x7y7t)"

For any € > 0, from Proposition 7.2 and 7.6, we get the first two terms
on the right side of (7.29) will be less than %e when k is big enough.

Now fixed k such that z € Bso(Ry) and

2
(‘Hl(xhy?t) - HRk,i(xi7y7t)’ + ‘HRk,oo(x7y7t) _poo(%yﬂf)’) < ge‘

Using Theorem 7.3, if i is big enough (which may depend on k we chose
above), then we get

1
’HRk,i(xiayat) - HRk,oo(xayat)‘ < ge'

By the above argument, we get that for such subsequence of {M},

1— 00
However, any subsequence of {M,"} must contain a subsequence whose
limit is also py, by the above argument. Hence, in fact we prove that
for the original sequence {M}, (7.28) holds. q.e.d.

Proof of Theorem 1.4: From (4.12), (7.28) and = — Yoo as i — oo for
any x € M;. q.e.d.
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8. Analysis on manifolds with cone structures at infinity

In this section we will discuss large time behavior of the heat kernel
on manifolds with cone structures at infinity (see Definition below), and
prove Theorem 1.6.

Definition 8.1. Assume that (M",g) is a complete manifold with
Rc > 0, y is some fixed point on M", and for any t; — oo, define
(M;,y, pi,vi) as in Blow Down Setup, such that

d
(81) (Mi7y7pi77/i) ﬂ (Mocnyoo;poo;Voo)-

If (Mso, Yoo, Po) (may be different for different choice of {t;}) always
has the cone structure, i.e.

(8.2) Poo = dr® +1(r)?dX

where X is some compact metric space, {(r) > 0 is some function of r,
then we say that M" is a manifold with cone structures at infinity.

Proof of Theorem 1.6: Assume that s; — oo, blowing down the metric
g by 8;1 instead of ti_l, define (M;,y, pi,v;) as in Blow Down Setup,
and the following holds:

d
(Mi,y,,()i, Vi) ﬂ (M007y007p007 VOO)‘

From (1.4) and (1.6), it is easy to get Veo(Boo(¥Yso,”)) = h(r). By
the assumption that M" is a complete manifold with cone structures
at infinity, we get that the heat kernel pso on (Moo, Yoos Poo, Voo ), Only
depends on r = p(x, Yo ) and t, denoted as poo(r, t).

It is easy to get

*Poo R'(r)\ Opso
a2 (h’(r)) o

Hence poo(r,t) is the unique positive solution of

OPpoo "
% = (Poc)rr + (%)(poo)r

Apso(r,t) =

lim po(r,1) - = by, (2)-

From the above, it is easy to see that po(r,t) is uniquely determined by

(};L—/,/)(r) The conclusion follows from Theorem 1.4, the above argument

and (1.7). q.e.d.
Remark 8.2. Note (1.7) is equivalent to the assumption that Z:E:;

is a constant independent of r. Although the tangent cones at infinity
of manifold M™ may be different metric measure spaces for different
choices of s;, poo only depends on the function h/(r) when the tangent
cone at infinity (Moo, Yoo, Poo) has the cone structure as in (8.2).
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Theorem 8.3. Assume that (M"™,g) is a complete manifold with
nonnegative sectional curvature, n > 3, y is some fived point on M™,
and for any r > 0,

. Vy(sr)
8.3 lim -2 = h(r
(83) tim 250 = )
where h(r) > 0 is some positive function.
Then there exists a unique (Moso, Yoo, Pocs Voo )s Where Voo (Boo (Yoo, 7)) =
h(r), such that for any t; — oo, define (M;,y, pi,v;) as in Blow Down
Setup, we have

d
(84) (Mi,y,ﬂi,Vi) ﬂ (M007y007/0007Voo)
(8.5) lim V, (V) - H(x,y,t) = Poo (Yoo, Yoo, 1)
where poo 18 the heat kernel on (Moo, Yoo, Poos Voo ) -

Proof: Because M™ has non-negative sectional curvature, from The-
orem [.26 in [CCG'10], we know that the tangent cone at infinity
(Moo, Yoos Poo) is the unique metric cone. Hence M™ is a manifold with
cone structures at infinity and (8.4) is obtained.

From the assumption (8.3) and the above argument, we can apply
Theorem 1.6, (8.5) is obtained. q.e.d.

As an application of the above theorem, we have the following in-
teresting result about nonnegatively curved manifolds with asymptotic
polynomial volume growth.

Corollary 8.4. Assume that (M",g) is a complete manifold with
nonnegative sectional curvature, n > 3 and it has asymptotic polynomial

volume growth, i.e.
lim vir) =y

rooo rk

where k > 1 and Cy > 0 are constants. Then (8.5) holds.

Proof: The proof follows directly from Theorem 8.3. q.e.d.

9. Example with lim, , . V(V#)H(z,y,t) < im0 V(VE) H(z,9,t)

In this section we will construct the first example, which is a complete
manifold with nonnegative Ricci curvature and
lim V(VH)H (z,y,t) < lim V(V)H (z,y,t).
t—o00 l—0o0
From Theorem 1.4, the example should have different tangent cones at
infinity of the manifold with renormalized measure. Furthermore, from
Theorem 1.6 and its proof, if two tangent cones at infinity of (M", g)
have the cone structure as defined in Definition 8.1, only different
renormalized measure will result in the inconsistent limit behavior
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of heat kernel. Note in this context, if there exists r > 0, such that
Voo (Boo(T)) # Do (Boo(r)), where Bog(r) C Moo = C(X) and Boo(r) C

M., = C(X) are two balls with the same radius r in different metric
tangent cones C'(X), C(X); we say that the renormalized measures vuo,
Uso are different.

Hence, the different structure of tangent cones at infinity alone can
not guarantee the inequality the inconsistent limit behavior of heat ker-
nel. As mentioned in the introduction of this paper, Perelman ([Per97])
had constructed the manifold with Rec > 0, maximal volume growth
and quadratic curvature decay, where the tangent cone at infinity is not
unique. However it is not hard to see that the renormalized measure on
those different tangent cones (in fact, metric cones) are the same, so will
not lead to inconsistent limit behavior of heat kernel on such manifolds.

In fact, from Theorem 1.1, the example manifold must be collapsing
case. The construction of the following example is inspired by the re-
lated discussion in Section 8 of [CC97]. However, we need to do some
suitable modifications to assure the different renormalized measure on
different tangent cones at infinity of manifold.

Let us start from the generalized Hopf fibration of S7 as the following:

S35 ST TSt S =k ke

where S?, 7, S* carry the metrics gSS, gS7, %gSAL; 7 is a Riemannian
submersion with totally geodesic fibers and k; = gSS, ko = 71*(%984);
¢°" denotes the canonical metric of curvature = 1 on S™.

Define § = f?k1 + h%ks, then the following formulas are well-known
(for example, see Section 2 in [BKN12]):

2 2 g2
(01)  Re(@)li, = (% A R, = X2

Other mixed Rec(g) = 0.
Then for metric g = dr? + f2(r)ky + h%(r)ks on M®, which is diffeo-
morphic to R®, from (8.13) in [CC97] and (9.1), we have

20— (%) " 42 fW

(9.2) Reg)l = =~ F+ 37 ~ 45

6 2h2 N f2 h h 2 flh/
(9.3) Re(g) |k, :%_7_3(112) -3 fh
(9.4) Re(g) (71, 71) = — [3% + 4%]

Our construction will be broken into four steps in subsections 9.1-9.4
separately, we will verify that our example (M8, g) has the property
lim H(x,y,t) < tlim H(z,y,t) in subsection 9.4.

—00

t—o0
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9.1. Step (I).
Initial approximation f, h to the functions f, h will be constructed in-
ductively at this stage. These approximations have jump discontinuities
at the points b;; see (9.29), (9.30), (9.31), (9.32). However, the left- and
right-hand limits of the first derivatives do agree at all b;, ¢ > 1, see
(9.11) and (9.19).

We can define f(r) as the following:

B BoibyHri=m v € (b, baiy1]
05 Fi)= -
Bait1byrihtri=me T € (bait1, baiyo]
where for ¢ =0,1,2,--- we have:
Assumption 1.
1-— 99 1
(9.6) 1— o > 1_2? > 1>m>m > S0+ q)

99 1
(9.7) Bait2 > Bo Boit1 > Poits Bo 100 B 100

(98) .lim 5% =1 5 'lim 5%4_1 =0
1— 00 1—00
Bi, wi, €y are positive constants to be determined later and satisfy
Assumption 2. lim w; =0, 12—

i—00 100
We have the following equations for ¢ =0,1,2,---

>wo > W > wg >

Assumption 3.

L—mn2 Boigr bl "%
1 . . bﬁ?_nl_w2i+l
(9.10) e Privr _ 2wl
I—m BZH—Z b2i—|—3
which implies that for ¢ > 1,
(9.11) f'(b;) = lim f'(r) = lim f'(r).
r—)b;r r—b;
We define h(r) in the following way:
- augiby it € (boy, byig]
(9.12) h(r) =
Qi1 by et 7 € (bait1, baiyo]
where for i = 0,1,2,---, we have

Assumption 4.

(9.13) Q912 > Qg > 0 , 0941 > (243 > 0

99 1
(9.14) limagi=1, ap>-—, lim agy =0, < —
1— 00 1— 00
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€;, b; are to be determined later, and satisfies

Assumption 5.

(9.15) 1<by<by<by<---, limb =00
21— 00

(9.16) 1>e>€e>€e>---, limeg=0
71— 00

We also have the following equations for ¢ =0,1,2,-- -,

Assumption 6.

(917) 2 — (1 — €241 > <b22‘+2 ) €2i+1
Q241 1+ €9 boit1
(9.18) Q2it+2 _ (1 - €2i+1> <b2i+3)52i+2
Q2i+1 1+ €242 b2i+2
which implies that for ¢ > 1,
(9.19) H(b) = lim K(r) = lim B(r).
7‘—>bi+ r—b,

In the rest part of Step (I), we will prove Re(f,h) > 0 on (bg, 00)
except the points b;, 1 =1,2,---.

(i). We firstly consider the interval (bg, b1]:

If we assume that

Assumption 7. bgl > 7

then
_ 2 oo
(9.20)  Re|g, (f,h) > > [B572630r® ™ — (1 —n1)(3 + 260 — m1)] > 0.
If we assume that

. L b1\ o
Assumption 8. agb]' > <b_)
0

then h(r) > f(r). And if we further assume that
Assumption 9. ey; < %(o@il -1, i=0,1,2,---
we have
6 60(1+60) 3(1 —|-60)2 3(1 —?71)(1+60)

RC”@(fﬂ B) > 2 2 - r2 - r2

6
(9.21) >3 [ag? — (1 +2¢0)?] > 0.

If we assume

1 _
Assumption 10. ¢ < an(l — )by " b0
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then

(9.22) Re(i, i) = 3m(l—m) el +e)

e 4 s
From (9.20), (9.21) and (9.22), we get Rc(f,h) > 0 on (bg, b1).
(ii). Next we consider the interval (by;, boit1], 7 > 1.

From Assumption 7 and (9.2), it is easy to get
(9.23) Rel, >0

If we assume that

1 .
Assumption 11. b]! > oz2_il_1 (#) , =12,
— €2i—1

then h(r) > f(r), from it and Assumption 9, we get

(9.24)
6 622'(1 + 622') 3(1 + 62i)2 3(1 — 771)(1 + 622')

Rely, > =i - - = - " > 0.
Similarly, from Assumption 10, we get
(9.25) Re(7i, 1) > 0

From (9.23), (9.24) and (9.25), we get that Re(f,h) > 0on (by;, baiy1),
where 7 > 1.

(iii). Finally, we consider the interval (bg;t1,b2it+2], @ > 0.

From Assumption 7, (9.5) and (9.12), it is easy to get

2701 =mN\2 o on 42wy
(9.26) Rely, zﬁ[(l—m) By b2m 2w _ gl 5,

From Assumption 7, it is easy to get that h(r) > f(r). From (9.6)
and Assumption 9, we get

6 3(1—er1)?  (1—m)(1—eztr)

(9.27) Rely, > =i - -3 2 > 0.
From f” < 0 and A" < 0, it is easy to get
(9.28) Re(n, i) > 0.

From (9.26), (9.27) and (9.28), we get that Re(f,h) > 0 on (bg; 1,
bai+2), where i > 0.

From all the above, we get Re(f,h) > 0 on (by, 00) excepts the points
b;, where i > 1.

Note f has jump discontinuities at the points bj, 7 =1,2,---. For
1=0,1,2,---, we have
= f ; 7 2~ 11—
(9.29) 72541 = f(boig1) — lim  f(r) = _(77 n )52i+1b§f+glb;iff
T’—>b2+i+l 1 — 7]1
= £ : 7 2 — M 1— ;
(9.30) Toiq0 = f(boig2) — lim  f(r) = (u)ﬂziﬂb%ff” =
T—>b+ 1 — 771

2142
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Similarly, h has jump discontinuities at the points bj, j = 1,2,---.
For¢=0,1,2,---, we have

7 7 i+1 + €2
(9.31) doit1 = h(b2i+1) lim h(T‘) = —ag;boit1 (M)

r—sbi 1 —€2iq1
.7 €242 + €2
(9.32) 62i+2 = h(b2i+2) hm h( ) = a2i+1b2i+2 (%) .
r—bg; o + €2i42
9.2. Step (II).
We construct f, h on the interval [0, by] in this step.
Define f, h on [0, bg] as the following:
= r re0,%]
9.33 )
( ) ) = {T—Cl(r—5)2 re(%,bo]
where C = bi[ — Boby by ™ (1 — 771)} > 0.

r r b
(9.34) h(r) = { r—Co(r—1%)* r ee(*[’;, 620]

where C2~: %[IN—a (1+60)( 2)e ] > 0.
Then (0) = (0) =0, f/(0) = i(0) = 1,

F(bo) = Bobrobg™ (1 — ) | h<bo>—ao<1+eo><b°) .

by

On (%O,bo), we have f”(r) = —2C) < 0 and h(r) = —2C5 < 0, hence
935)  (Q-mb"<f(r) <1, ao(l+e) < > <H(r

It is easy to see f'(by) = hm f'(r) and B/ (by) = hm R (7).

r—)b r—>b

In the rest part of Step (II), we will show that Rc(f, h) > 0 on
(%, bo).- -

It is obvious that Re(f,h) =0 on [0, %0).

Also it is easy to get that Re(#,7) > 0 from f” < 0 and 2" < 0 on
(%, bo).

Next if we assume that

b\ _ 2
bi) 3
then Cy = 1C1, W(r) > f'(r) on [%,bo]. Hence h(r) > f(r).
If we further have

1 _
Assumption 12. ag(1 + ) ( + g50()1—6001)0 (1 —m)

(9.36) (%)3 > 7R

then it is easy to get Rc|i, > 0 and Rc|, > 0 on (%‘),bo).
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)3 > f "W on [%0, bp], we consider the function

orlr) = P - FRR,
bo

Note gpl(%o) = 0, we only need to show ¢ () > 0 on [, bo]. It is easy
to get

To show (

S,

A (r) 2 3f'1f = HRI[f + W'h).
Hence we just need to show that f — h’h >0 on [%0, bo]. Define
pa(r) = f = W'h.
Observe that cpg(%‘)) = 0, the problem reduces to show that

(9.37) oh(ry=f —(K)? —hh" >0, re [132_0’ bo].
Let @3(r) = f' — (B')2 — hh, then
(9.38) ©h(r) = 6CyH — 20 < 0.

Now using Assumption 12, which is equivalent to Co = %C’l, it is easy
to get

1
(9.39) (,Dg(b(]) = byl (1 — 5()001) > 0.

From (9.38) and (9.39), we get ¢3(r) > 0. Hence (9.36) is obtained, we
are done.

9.3. Step (III).
By adjusting the values of the functions f, h, by suitable constants on
each interval (b;, b;11], we can remove the jump discontinuities, thereby
obtaining C! functions f h by gluing f, h with f, h.

The functions f, h may not have the second derivatives at the points
b;.
Now we define

N i) r € [0, bo]
(9.40) f(r) = { f(r)+ E?:o T 7€ (bk,bqa] s k=0,1,2,--

where 19 = f(bo) — lim+ f(r) = %0[3— (3+771)50b1_w°ba"1], when [ > 1,
r—bg

7; is defined in (9.29) and (9.30). From Assumption 7 we can get that
70 € (0, 3bp), and it is also easy to check that f is of class C1 on [0, 00)
Similarly, we define

]:1(7') re [O,bo]
h

9.41) h(r) =
(941) hir) { V4008 re (ebud] k=012,
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where 8y = h(by) — lim h(r), when [ > 1, §; is defined in (9.31) and

r—)bar
(9.32). It is easy to get that &y € (0, 2bp]. And it is also easy to check

that A is of class C' on [0, c0).
If we assume

_1
Assumption 13. by, 2™ "™ <plom vk >0,

We have the following claim about 7;:

Claim 9.1.

2bo - .

9.42 < (= i , >1
(9.42) 70| < <b}"71‘“’0) re(?},lﬁﬂ}f(r) j>

2 —mMm . 7 .
9.43 5| < , >1
(04 < (To) ein, F0

—3(m2—m) 3
(9.44) ITi| < (b; 2 ) min f(r), j>i>1.

7€ (bj,bj41]

Proof: (9.42) follows directly from the definition of 7q, (9.5), (9.9) and
(9.10).

(9.43) follows from (9.29), (9.30), (9.5) and (9.10).

There are five cases for (9.44), in the rest of the proof, k > 0.

(1). When i =2k+1, j =2k +2, k>0, we have

|7i . (772 — ?71> . <b2k+1>1—772

minre(bj,ij} f_('l") B 1 — 2 b2k+2

using Assumption 13, (9.44) is obtained in this case.
(2). When i =2k +1, j =2k, k> k+ 1, we have

bw2k+1 bl—m

d _ M= Poktr Oopio Do
. r _ _ - — n2—N1—Wyr_
Minye(b; ;1] flr) 1—m /82k—2 b;]} 77262];_1 2k—2
Mm—n2twarp1twor_y _ o, —5(m2—m)
< Dgiyo < byra

Then (9.44) is obtained in this case.
(3). When i =2k+1, j =2k +1, k> k, we have

W 1—
|7i] l-m m—m Ban Doy b

. 3 - _ _ ~ 1_ — ~
My (b1 1] f(r) I—m 1-m Boi b215111 Y2k

1
—5(n2—m)
2
< bgyiy

Hence (9.44) holds in this case.
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(4). When i = 2k + 2, j = 2k, k > k + 1, we have

b1—772+w2k+1
|7 __m=m Bok+1 2U%e+2
min.cp, b, ) f(r)  1—=m  Bopg plomp™ Mk

2k 2k—1
_l( _
5 (n2—m1)
< b2k+2 .

(9.44) is got here. ) )
(5). When i =2k +2, j =2k+1, k > k, we have

1—m2+wap
ml  _lem m—m Baer bays
MmN e (b, b, 1] fr)  1=—m 1—m By b;;:ll_w”;

1
—5(m2—m)
2
< bgitio :

This completes our proof of (9.44). q.e.d.

Similarly, We have the following claim about d;:

Claim 9.2.

b _
(9.45) 60] <32 min  A(r), j>1
1 r€(by,bjt1]
(9.46) |6;] <4e;1 min  h(r), 1<i<j.
r€(bj,bj+1]

Proof: For i > 1, we can get the following estimate:
do
min?”e(b2¢,b2@+1] h(?")

bo
1 1+ ey bo agim1 1 — €1\ 55
Aag; 1 1—egq baq <C¥2i—2 1+ 621’—2)
< 31 by < bo

~ 2a0b1 T a

<

[ =W

Similarly, we can get that for ¢ > 0,

W8 w3k 1-aw
minTE(b2i+17b2i+2} h(r) — 4 042,'4_11);31:21 b;i__:iiH dagi (14 €2i)baita
<3 Lbh _3bo
2 a b1 b1

By the above two inequalities, we obtain (9.45).
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For k > 1,
. 7 —€ € 1 + €2k
min  h(r) > agib,, %k pliear — a2k_1b2k<7>
7€ (bag,bak+1] ( ) Zk+172k 1—en—1
bok—1v\eon_ 1 1+ €2p—2 1+ e
= aseab " ) ( )
2k-2b2k bak ) 1 — €91 1 — €91

> oo —2bog_1.

When 1 <1 <k,
€2;—1 1+ €9;
|02i| = cwgi—1bo; - 21+7622 < 2€i_102i—1b2;
3

< 2€9i—100—2bop—1 < 2€1  min  h(r).
r€(bak,bak41]

And
€2 + €2k—1
Ook| = agp—1bop - ————
| | 1+ e
. - 1 —€9p_1 €op + €ap_
< min  A(r) - 2k—1 €2k + €2k—1
Te(bgk,b2k+1] 1 + €2k 1 + €2k
< 26951 min l_z(r)
r€(bag b2k +1]
When 0 < < k,
€2i4+1 1 €2 . -
025 41| = agibaip1 - ————— <4dey; min  h(r).
1— €41 7€ (bag,bak41]

From all the above, we get

(9.47) 6] <4e;i-y  min  R(r), 1<i<2k

7€ (bak,bak11]

For k£ > 0,
] _ bok €2k+1 1+ ey
min  A(r) > a2k+lb2k+1( 2 +2) = 042kb2k+1<72>
r€(bag11,b26+2] b2k+1 1— eop41
> aogbog41.
When 0 <i <k,
|02i41] < 4eai00pbop 1 < deg; min h(r).
r€(bar41,b26+2]
When 1 <i <k,
|00i| < 2€gi—10akba i1 < 2621 min  h(r).
r€(bar41,b2k+2]
Hence we obtain that
(9.48) 6;| <4e;.1 min  h(r), 1<i<2k+1.
r€(bar41,02k+2]
From (9.47) and (9.48), we (9.46). q.e.d.

We will assume
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o o 1 _
Assumption 14. Zel =)<, Zbl 2 (m2—m) =7r<1
=0 =1

where 6 and 7 are positive constants to be determined later.

k k
We define (, = Zn, &= 251, then
=0 =0

f|(bkvbk+1] =f+G, il|(bk,bk+1] =h+&,.

Note that we have Re(f,h) >
of (III), we will prove Re(f,
G=1,2,
(i). We firstly consider the interval (bg,b1].
on (bg, b1], from Assumption 7, we get

~

0 on [0,bp) from (II). In the rest part
) > 0 on (b, 00) except at points bj,

2[r? — 2 (L —m)* — 2/ (f + )]
(f + 70)%r?
272 [(05 1 5orm)” = (1= m)? = 2(1 + So5 b0
(f +70)%r2
27 |05 0 (0" — 1 — b))
> =
B (f +710)%r?

Rc‘kl (f7 il) >

Y

> 0.

From Assumption 10, we obtain that

3m(l—m)f Adeo(eo +1)
(f +70)r? r2
2 [3 (L —m)m

> |- 2= __ 9 1 0.
=212 T pTpe colco +1)| >

Re(ri, 1) >

We assume that for ¢ > 0,
Assumption 15. €y; < wo;

then ' > f’ on (by,b1]. Combining with h(by) > f(by), we get that
h > f on (bg,b1].
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From (9.6), combining with Assumption 9, we can get

R T S F R
S G G (R (R
—3(1 - m)f_{m(l + 60)2@ + %)}
> }%[6 — ap(1 +eo)eo<z +ao> —3(ap(1 + €0))’
—3(1 — m)ao(1 + 60)<a0 + Z)]
2%[6—260—3—6(1—771)] > 0.

So, we proved that Rc(f, iz) > 0 on (bg, by).
(ii). Next we consider the interval (by;, boi+1], @ > 1.
We assume that

Assumption 16.

2bg N2 — M
o T

—|—T<77:1)’,

B> 2 4 20(1 - 32—? - 45)_1
then combining with Claim 9.1 and Claim 9.2, we get
(9.49)
Relu(F.B) > 2[1 - (} - Ul)i(%f] 40 —7771)(1 +f2i)(£) (%)
(f + ) (f + C2i) (h + &)

—(1=m)® =201 —m) (1 + e2)

22 [r2
(f+C2i)27”2 f?
2b -
2,]?.2 o 2(1+ b},nl(lw() _|_7712_7;721 _|-T>
T .22{2 o 1_ 3k _ 45 ]
(f+C22) r b1
> 0.

h
e

If we further assume that

1
Assumption 17. ¢y < Em(l —n1) (1 —-3—=— 45)
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then we get

Rc(ﬁ 'fi) _ 37717(1 — 771)f B 462}(1 -+ Egi)h
’ (f + Cai)r? (R + &94)r2
3?71(1 — 7]1) _ 4622'(1 + 62,')
2b n2—"n 2 3b 2
<1 + b},,,lo,wo +i T)T‘ (1 -3t 45)r

>

m(l— 771)<1 — 3 — 45)

3
2b, 72—N1
< b] 10 0 1 72 >

r2(1 R 45)

> 0.

>

We assume that

: " 100
Assumption 18. b/" > =

From Assumptions 15 and 18, we get h > agba: f on (b, bait1]. Also
note that the following holds:

f=F+Ci<5f, h=h+&;>(1—40)h

the above three inequalities imply that h> f on (ba;, bait1].
We further assume that

3b
Assumption 19. b—o +46 <m
1

2
Observe that ¢y < 1_7_1171, then using Assumption 9, we have

£y 1 T3n 21\2 A/A/A
Rc|kz(f,h)Zﬁ[6—hh —3(R) —371111]
1 h? h hias
= ﬁ{ﬁ - T—Qﬁzi(l + 621)(2) -3[(1+ 622');]

-3

FA—m)( +ex) h(h+ &)
[+ r?

v

1
ﬁ{fi — 622'(1 + Ggi)a%i(l + 3:—0 + 4(5) — 3[a2i(1 + 622')]2
1

3(1 —m)(1+ e2) (1432 +46) }

1— 2bg _ Mm—m Q9

by w0 Ieme T

1_
(14+mn)—3 77;1),(1-1-771)] > 0.
1—mny

1 2
A_[3_ Ui
h? 14+m

From all the above, we proved that Re( f, il) > 0 on (by;, boit+1), where
1> 1.
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(iii). Finally we consider the interval (bg;11,b2;+2), where ¢ > 0.
From Assumption 16, similarly as (9.49), we get

Relpy 2 = () -

a (f+§2i+1)27"2 Baiv1boih'
- % — 45 (1+ b%—z?ﬁo—wo " ZZ—_:; +7)]
72 _
C(f+ ZH)zr? Kﬁzz'l(l —77%‘771))263?—11 —1- ﬁi—%}
> #;W[bggl —2—8(1 - % —45)_1] > 0.

And Re(7, @) > 0 is trivial by f” < 0 and h” < 0.
It is easy to see that we also have

(9.50) f=Ff4Cip1 <5f, h=h+&;1>(1—40)h
Using (9.9) and (9.17), we have

- o l4ey 1—m2 piiw, s QO _
9.51 h>—- . pritezp > Zpm o f
(850 Bai 1 —egp1 1—m 21 2 "2l
from (9.50), (9.51) and Assumption 18, we can get h > f on (byit1,
b2i+2), where i > 0.

From Assumption 16 and Assumption 19, we can get

Re|i, (f, h) > % [6 — 3(%)2(1 —€9i11)>
— 35l —einn)(L — 1) - @}
> %{6 = 3fani(1 -+ )] [ 1+ (1(1—2%7)1()1(1—_62?1)} }
> %{6—3[1+ﬁ]} >0

— 2

1
in the last inequality, we used the inequality < 1—¢g from (9.6).
1

From all the above, we get Rc(f, ﬁ) > 0 on (by,00) excepts at points
bii=1,2,--.

9.4. Step (IV).

Finally, we can remove the jump discontinuities in the functions, f”, h”,
by modifying them by linear interpolation, in arbitrarily small neighbor-
hoods of the points, {b;}32,. Call the resulting functions f”, h”, and let
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the corresponding functions, f, h, be obtained by integration with re-
spect to r, subject to the conditions, f(0) = h(0) =0, f/(0) = K/ (0) =
The modification in the second derivatives can be performed on intervals
whose size decreases rapidly enough to ensure the nonnegative property
of Rc|k1 (fa h)7 Rc|k2 (fa h) and Rc(ﬁv ﬁ)(fy h) on [07 OO)

For (M8, g), M? is diffeomorphic to R, g = dr? + f2k; + h%ky, define
two sequences {t;}3°, {t;}3°, as the following:

<b1 622)2 i, = (bl‘”i“)z i=0,1,2,
2i+1 | i = \O2;49 ) =414

And define the scaling metrics g; =t lg and §; = fi_l g, we also assume
that

=1, hm bs!

2+1_OO’

Assumption 20. lim b5 =1, lim b :
%

1—00 i+l

It is not hard to check that we can find sequences {b;}, {a;}, {8:},
{wi}, {€&} and 1y, 2 satisfying the Assumptions 1 — 20. Hence we get

(952) (M87gi7y7 Vi) dﬂ (Moovpoovyooayoo)

and define v;(A) = t2V (/) tpi(A), where p; is the volume element
determined by metric g;.
M, is diffeomorphic to R® with metric po, = dr? +3 1 2gS and

Voo (B (1)) = P8=3m

On the other side, we have
(9.53) (M, Giy, 72) % (Moo, foos Yoo 7oc)

where 7;(A) = ffV(\/f_i)_l,&i(A), and 4; is the volume element deter-
mined by g;.
M, is diffeomorphic to R¥ with metric o = dr? and

Voo (Boo(T)) = r83m2

From the proof of Theorem 1.6, we can get that for rotational sym-
metric functions on (Meso, Poos Yoo Voo) and (Moo, Poos Yoos Veo) TESPEC-
tively,

82 7—3’1’}1 0 62 7T— 3772 0
Rpwr) =gzt 570 Blwr

) ST T o
Then it is not hard to get

4t

7 - 2
(9'55) Hoo(fﬂomyoo,t) OH t 3 (8—3m2) exp < — W)

(9.54) Hoo(oos Yoos t) = Cpr - ¢~3(®=3m) exp < -
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© 2 -1 0 9 -1
where C'yy = ( 6_7u7_3mdu> and C = (/ 6_7u7_3"2du) )
0 0
which follows from
Hodve =1, Hoodie = 1.
Meo Moo

From (4.13) and Proposition 7.7, we get
1— 00

lim V(VE) H (2,9, 1) = Hoo(Yoos Yoo, 1) = C.

1—00

But from n; < 1y, it is easy to see that Cy < Cp. Hence
lim V (V) H (z,y,t;) < lim V(\/E)H(a:,y,fi).
11— 00 1—00

This answers one open question raised in [Li86] negatively. That is,
without maximal volume growth assumption, tlim V(Vt)H (z,y,t) does
—00

not generally exist.

Appendix A. Rellich-type Compactness theorem

Similar with the Rellich-Kondrachov Theorem for Sobolev spaces on
a fixed domain, we have Rellich-type Compactness Theorem in the
Gromov-Hausdorff sense, which was used in the proof of Theorem 3.1.
In this appendix we will give a complete proof of Rellich-type Compact-
ness Theorem.

We firstly state some background knowledge needed for the proof.

Definition A.1 (Measure approximation, [KS03]). Let M; and M,
be measure spaces. A net {p; : M; D D(¢;) — Moo} of maps is called a
measure approximation if the following are satisfied:

e Each ¢; is a measurable map from a Borel subset D(y;) of M; to
M.

e The push-forward by ¢; of the measure on M; weakly-* converges
to the measure on M, i.e., for any f € C.(My),

where C.(My) is the set of continuous functions on My, with
compact support.

As in [Fuk87] (also see [KSO03]), there is another definition of measured
Gromov-Hausdorff convergence as the following.

Definition A.2 (Measured Gromov-Hausdorff convergence). If v;,
Voo are Borel regular measures on M, My, we say that (M, yi, pi, Vi)
converges to (Moo, Yoo, Poos Voo ) in the measured Gromov-Hausdorff
sense, if there exists a measure approximation {¢; : M; — My}, such
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that each ¢; is an ¢;-Gromov-Hausdorff approximation for some €; — 0,
and ©;(¥;) = Yoo-

Remark A.3 (Fukaya’s definition VS definition of Cheeger & Cold-
ing).
If (M}, yi, pi,vi) converges to (Moo, Yoo, Pocs Voo) i the measured Gro-
mov-Hausdorff sense, from the above definition, we have

d
* (Mznvylvpl) = (Moovyoonooo)
e In addition, for any x; — xso, (x; € M

I Too € Mo), 7 > 0, we
have

Vi (Bi(xi,r)) — Vo (Boo(xoo,r)>
where (Myo, poo) is a length space with length metric po, and
Bi(zi,r) ={z € M| dy,(z,2;) <7},
Boo(Too, ) = {2 € M| dp. (2,200) < 1}

The above two items were used to define the measured Gromov-
Hausdorff convergence in [Che99](also see Definition 2.2). Hence the
definition of the measured Gromov-Hausdorff convergence we chose (fol-
lowing [Fuk87]), implies the measured Gromov-Hausdorff convergence
discussed in Cheeger and Colding’s work.

However, from Proposition 2.2 in [KS03|, in fact, the definition of
the measured Gromov-Hausdorff convergence in the Definition 2.2 is
equivalent to the one used by Cheeger and Colding.

In most parts of the paper, we used the definition of the measured
Gromov-Hausdorff convergence by Cheeger and Colding as in Definition
2.2. However, to prove the following Rellich-type compactness result in
the Gromov-Hausdorff sense, we will use the definition of Fukaya in the
Definition A.2.

And as in [KS08], we define LP convergence in Gromov-Hausdorff
topology in the following.

Definition A.4 (LP Convergence in G-H topology). Assume that
{fi}32, are functions on M*, f is a function on Mo, we say f; — foo

in L? sense on U C My, if there exists fég) € C.(U), such that

(A.2)

lim [ |[f9 = foolPdvse =0, lim Iim [ |fi — f9) o i?dv; =0
U i

j—00 Jj—ro0i—00 Jir

where ; : U; — U is a measure approximation and an ¢;-Gromov-
Hausdorff approximation for some ¢; — 0.

Theorem A.5 (Rellich-type Compactness Theorem). Assume
Bi(flﬁ'i, T) C (Mzna Yiy Piy Vi) ) BOO('Z'OO7 T) C (MOO7 Yoo Poos VOO)
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and B;(zi,r) doy Boo (oo, ) in the measured Gromov-Hausdorff sense,
u; 15 a function on M, and for some fized constant N > 0,

(A.3) / [‘UZP + ’VU,’F] dv; < N.
B;(zi,r)

Then there exists a subsequence of {uz} such that u; — us in L? sense

on any Kes CC Bao (oo, 1), where Boo (oo, 7) denotes the interior of
Boo(Too,s 7).

Remark A.6. The proof of the above theorem was sketched in
[Din02]. Following closely the argument in [KS08] (see Theorem 4.15
there), also compare [CM97a], we give a detailed proof here.

Proof: For K, CC B (Zoo,T), assume doo (Koo, 0Bso) = 1001 > 0.
Then there exists ig > 0, for i > iy, d,, (QSZ-(KOO), OBZ-) =101y > 0.

Define K; = ¢;(Ks) C Bi(x;,r). Take a sequence of numbers 7; \, 0,

=1,2,---, and r; < 0. Let {B;(z k,r])}k , be a maximal set of

disjoint balls with radius r;, centers z] e in K.
First, by the volume comparison theorem,

. . i\
vi(Bi(#j:75)) = vi(Bi(2j, 75 + 27)) - <rj -1327")
> C(rj,r,n)v;(Bi(zi,r)).

Note

M=

vi(Bi(2ly,r5)) < vi(Bi(z,r))
=1

therefore
N; < C(rj,rn).
It follows from maximality that double the balls covers K;. We now

get N ]Z disjoint subsets S]i-l, S;Q e ,S;. N which cover K;, where

;k _ Bi(zék’QTj)\< B( ]1,27”9))

We define a step function u : K; = R by u = u’ % on each S° e
where

1

aly, = / u;dv;.
ik VZ<BZ(Z;k72T])) Z—(z;.k,ZT’j) 14

Let n(y) be the number of k, such that y € Bi(zék,4rj) and let
Ci = maXyEBi(xi,T’) 77(?4)
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Ifye ﬂzgi)lBi (z;'-k,élrj), it follows that B;(y,5r;) contains all of the
balls

Bi(zj1,75), Bi(#j2:75) - ’Bi(z;‘n(y)’rj)'

Since these are disjoint,

n(y)
(A.4) > vi(Bilshos) ) < i Bily.575) )
m=1

Also for each m = 1,2,--- ,n(y), the doubling condition together with
the triangle inequality yields

(A.5) v; (Bi(y,57‘j)> <y (Bi(z;m,%j)) < 9"y, <Bi(z§-m,7’j)>.

~ Combining (A.4) and (A.5), we see that n(y) < 9" = C(n), hence
C; < C(n).

We have the following claim.

Claim A.7.

(A.6) lim lim | lu; — ﬁ§\2dl/i =0.

jmooi=oo Ji

Proof:

N;
/ yui_u]‘.pzz/_ g — @y ?
Ki k=17 5}k
i

N

J
—q 2
SE / _ ’ui_ujk’
k=17 Bi(},,2r5)

<3 Cm)(2r)? / Tl
Bi(z;.k,4rj)

< _iC(n)rz/ |Vu|? < C(H,N)TJZ.
B;(z4,r)

The conclusion follows from it, and lim; ;o r; = 0. q.e.d.
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It follows from the Cauchy-Schwarz inequality, together with the dou-
bling condition that

s ([ @)’
< o
’ \/ ] i(02rs) Z

V; (Bz (Z;-k, 27’j)>

< N (T +r\%
v (BZ- (:EZ', r)) ( " >
(A.7) <N- C’(n,ro,r, Voo (Boo(:n,r)))

note that the bound on the right side is independent of ¢, k. Hence for
fixed 7, k, {ﬁ;k}fil has a convergent subsequence.

There is a measure approximation ¢; : Bi(z;,7) — Boo(Zoo,7), such
that each ¢; is an ¢;-approximation for some ¢; \, 04+. There is a
subsequence of {i} depending on j, denoted as Z;, such that for every
k=1,2,--- N},

Zik = lim @i(2j) , Nj == Jim Nj o gy == Jim g,
all the above limits exist, where ¢ € Z;.

By (A.7), replacing Z; with a subset of Z;, also denoted as Z;, we can
assume that N; = N;f for all i € Z;. We may assume that Z; 1 C Z; for
every j.

Therefore, by a diagonal argument, we find a common cofinal subnet
of all Z;, and denote it by Z. Set

Sjk = Boo(zjk, 27’j)\ Ufz_ll Boo(zjl, 27’j) , 1<k < Nj.
Define

L if poo(z,y) <
Elr,a,b)(y) = LL=lmi) g < po(a,y
0 if poo(z,y) >

We see that {[z, a, b] is a Lipschitz function with Lipschitz constant ﬁ.
For any € > 0, y € Ko, we define

y) <
b.

k—1

(5, (W) = Elzjn, i — 26,15 — €(y) - {1 — &lzji, 5 — 2e,15 — e]}

1

-
Il

It is easy to check that

Jim. €5, — XS lr2(ra) =0 El_l)%lﬂli)noloms ©pi = Xsi, [12() = 0

fori € Zand any j=1,2,---, k=1,2,--- | Nj.
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For i, = lim;_, ﬂ;'»k, we define two functions by

Nj Nj
() = > Xs @), @5(@) =D 5, (0)Ujh
k=1 k=1
Then

lim lim @S — @t|;2( %
E—>ooi—>oo| J 3|L (K3)

Nj

< lim lim [’ﬁjk’ 168 © i = Xt [r2 ey + vilKa) wgn — gy
k=1

=0

that is lime oo limy o0 |05 — @ | 12(x,) = 0.
Hence
a5 — gl e < Jim (15 — @2 + @y — @5lge + @5 — 512

< lim lim [@5 0 ¢; — @5 0 @y 2

€—00 1—>00

< lim |@t — @

< lim |5 — U2

< lim ]113 — w;|g2 + lim \ﬂ;, — ui|e2.
1— 00 1—00

From Claim A.7, we get that {u;} is a Cauchy sequence in L?(K),
then set us = limj_o0 ; € L?(K4). From the above argument, it is
easy to see that u; — us in L? sense on Ko, this completes the proof
of Theorem A.5. q.e.d.
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