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CONVEX VALUATIONS INVARIANT
UNDER THE LORENTZ GROUP

SEMYON ALESKER & DMITRY FAIFMAN

Abstract

We give an explicit classification of translation-invariant, Lorentz-
invariant continuous valuations on convex sets. We also classify the
Lorentz-invariant even generalized valuations.

1. Introduction

The main result of this paper is to give a complete classification of
translation-invariant continuous valuations on convex sets in R invari-
ant under the connected component of the Lorentz group.

Let K(R™) denote the family of convex compact subsets of R™. A
(convex) valuation is a functional ¢: K(R™) — C which satisfies the
following additivity property:

$(AU B) = ¢(A) + ¢(B) — ¢(AN B)

whenever A, B, AU B € K(R™). A valuation is called continuous if it is
continuous with respect to the Hausdorff metric on (R").
Classification results are playing an important role in valuations the-
ory and its applications to integral geometry since the fundamental work
of Hadwiger in the 1940’s and 1950’s. Probably the most famous result
in the area is Hadwiger’s characterization [14] of continuous valuations
on convex subsets of a Euclidean space invariant under all isometries,
i.e. translations and all orthogonal transformations, as linear combi-
nations of intrinsic volumes (see [23] for this notion); the subgroup
of orientation-preserving isometries leads to the same list of invariant
valuations. In recent years many new classification results have been
obtained for various classes of valuations. Klain [15] and Schneider
[24] have classified continuous translation-invariant valuations which
are simple, i.e. vanish on convex sets of positive codimension. In [1] the
first author established the following general results: let G be a compact
subgroup of the linear group. The subspace of G-invariant translation-
invariant continuous valuations on convex sets is finite dimensional if
and only if G acts transitively on the unit sphere; thus for such a group
G, one may hope to get a finite classification. The problem of obtaining
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such a classification is being investigated by a few people in recent years.
Notice that the cases G = O(n), SO(n) correspond to the Hadwiger the-
orem. The next interesting case G = U(n) was classified explicitly in
geometric terms by the first author [3] where also first applications to
Hermitian integral geometry were obtained. More thorough and com-
plete further study of U(n)-invariant valuations and Hermitian integral
geometry was done by Bernig and Fu [9] and Fu [10]. Several other cases
of compact groups acting transitively on the sphere were considered by
Bernig [5], [6], [7].

At the same time other classes of valuations were studied under
weaker assumptions on continuity but stronger assumptions on the sym-
metry group, which usually was either GL,,(R) or SL,(R). Ludwig and
Reitzner [18] have characterized the affine surface area as the only (up
to volume, Euler characteristic, and non-negative multiplicative factor)
upper semi-continuous valuation invariant under affine volume preserv-
ing transformations. Other results on SL,(R)-invariant valuations were
obtained again by Ludwig and Reitzner [19]. Quite a few classification
results in a different but related direction of convex body valued valua-
tions were obtained in [16], [17], [25], [26]; see also references therein.

Let us now discuss in greater detail the main results of the present
paper. Let us fix on R™ the Minkowski metric, i.e. a quadratic form @
of signature (n — 1,1). In coordinates it is given by Q(z) = Z?:_ll x? —
x2. Let O(n — 1,1) denote the group of all linear transformations of
R™ preserving Q. It is well known that O(n — 1,1) has four connected
components. Let us denote by SO*(n — 1,1) the connected component
of the identity. Throughout the article, we refer to SO*(n —1,1) as the
Lorentz group.

Let Val(R™) be the space of all translation-invariant continuous val-
uations on KC(R™). For an integer 0 < k < n, let us denote by Vali(R™)
the subspace of k-homogeneous valuations (a valuation ¢ is called k-
homogeneous if ¢(AK) = \¥¢(K) for any A > 0 and any convex compact
set K). McMullen’s decomposition theorem [20] says that

(1) Val(R") = ®p_gVal,(R"™).
Vali(R™) can be decomposed further with respect to parity:
Val,(R™) = Val{’ (R") @ Vald¥(R™),
where a valuation ¢ is called even (resp. odd) if ¢(—K) = ¢(K) (resp.
d(—K) = —¢(K)) for any K € C(R™).
It is easy to see that Valy(R™) is spanned by the Euler characteristic,

i.e. valuation which is equal to 1 on any convex compact set. By a the-
orem of Hadwiger [14], Val,(R™) is spanned by the Lebesgue measure.

We denote by Val(R™)59" (=11 the subspace of SOt (n — 1,1)-
invariant valuations, and similarly for subspaces of given parity and
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homogeneity. McMullen’s decomposition (1) immediately implies
Val(R™)S0" (1)
= &g (Val ®")5070 1) @ Vgt (R)SOT D))
Our first main result classifies odd SO (n—1, 1)-invariant valuations.

Theorem 1.1. For0< k<n, k#n—1,

dim Valp(R™)S07 (=1 — g,
Fork=n-—1,

1, n>3

dim Valzdd(Rn)SOJr(n—l,l) _ { 5 n o

The last space will be described explicitly.

The proof of this result relies on Schneider’s imbedding theorem and
makes use of Lie group continuous cohomology as one of the tools to
show that the Schneider bundle has no non-zero continuous SO™(n —
1, 1)-invariant sections for 1 < k <n — 2.

Our second main result classifies even SO (n — 1, 1)-invariant valua-
tions. Notice first of all that by the above discussion 0- and n-
homogeneous valuations are proportional to the Euler characteristic
and Lebesgue measure, respectively. In particular they are even and
SO*(n —1,1)-invariant.

For the remaining degrees of homogeneity, namely 1 < k < n—1, the
classification consists of two parts. First, we define and classify the in-
variant generalized valuations. Roughly speaking, the generalized valu-
lations are the completion of the space of smooth valuations with respect
to a certain weak topology that is defined using the product structure
on valuations (see subsection 4.2 for precise definitions). The space of
generalized valuations naturally contains the continuous valuations as a
dense subspace. We then analyze which of the invariant generalized val-
uations are in fact continuous. The following two theorems summarize
our results:

Theorem 1.2. For all 1 < k < n — 1, the space of k-homogeneous,
even, SOT(n — 1,1)-invariant generalized valuations is 2-dimensional.

Those spaces will be described explicitly.

Theorem 1.3. For1 <k <n-2,dim Valz”(R")SO+(”_1’1) = 0. For
k=n—1, dim Valg?(R?)SOT(n=11) — 9,
Again, the last space will be described explicitly.

Let us remark that the generalized Lorentz-invariant odd valuations
remain to be classified.
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The plan of the classification is as follows: First, we study SO*(n —
1, 1)-invariant continuous sections of the Klain bundle. For any 1 < k <
n — 1 we get a 2-dimensional space of SO (n — 1, 1)-invariant contin-
uous sections. By McMullen’s theorem, this finishes the classification
of continuous (n — 1)-homogeneous even valuations. For the remaining
1 < k <n-—2,it turns out that those sections correspond to generalized
valuations, which are not continuous. We construct the corresponding
generalized valuations explicitly (section 4), and then proceed to show
that they are discontinuous by proving that they cannot be evaluated
on the double cone (sections 3, 5). This last part of analysis involves
lengthy technical arguments. Another difficulty in comparison to the
case of groups transitive on spheres is that SO*(n — 1, 1)-invariant val-
uations do not have to be smooth in the sense of [2].

Finally, we give some applications of the classification. One is the
explicit construction of a continuous section of Klain’s bundle that lies
in the closure of Klain’s imbedding of the continuous valuations, but
outside the image of the imbedding. The non-closedness of the image was
proved very recently by Parapatits and Wannerer in [22] using different
methods. Another corollary is the non-extendibility by continuity of the
Fourier transform from smooth to continuous valuations, which also was
proved in [22] using different methods.

Acknowledgments. We are grateful to José Miguel Figueroa-O’Farrill,
who has explained to us Proposition 2.7 on the computation of contin-
uous group cohomology.

The authors were partially supported by ISF grants 701/08 and
1447/12.

2. Finding the Lorentz-invariant continuous sections of
Klain’s and Schneider’s bundles

Let us introduce the notation used throughout the paper. For a lin-
ear space W, D(W) is the 1-dimensional space of densities on W, and
Gr(W, k) is the Grassmannian of k-subspaces of W. The signature of a
quadratic form @ will be denoted sign@. If a norm is given on W, S(W)
denotes the unit sphere in W. For a vector bundle E over a manifold
M, T*°(M, E), or sometimes simply I'*>°(E), will denote the space of
smooth resp. generalized sections.

In the following, V stands for R”. Fix two symmetric 2-forms: Eu-
clidean (u,v) = »>"_, ujv;, and Lorentzian Q(u,v) = Z?;ll UjVj —Up V.
Let (ej) be the standard basis. The unit n x n matrix is denoted I.

A vector v € V is called space-like if Q(v) > 0, time-like if Q(v) < 0,
and light-like if Q(v) = 0. More generally, a subspace W C V is called
space-like if Q| is positive definite, time-like if Q|w has signature
(n — 1,1), and degenerate if Q| is degenerate. The collection of all
light-like vectors forms the light cone. If no confusion can arise, such
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as when we consider only the unit vectors S”~! or the projective space
Gr(V,1), the collection of elements on which @ vanishes is again called
the light cone.

We will make heavy use of the following theorem due to Klain [15]:

Theorem. There is a GL(n)-equivariant imbedding of Val{’ (V') into
a GL(n)-invariant subspace of the continuous sections of Klain’s bundle,
which is the line bundle of densities on k-dimensional linear subspaces

of R™, over Gr(n, k).

A similar result holds for odd continuous valuations; the precise de-
scription is given below. To find all Lorentz-invariant valuations, we
begin by determining all the invariant sections of those two bundles.

2.1. Klain’s bundle K™*. Let 4* be the tautological vector bundle
over Gr(n, k), so that the fiber over A € Gr(R"™, k) is simply A; Klain’s
bundle K™* is the bundle of densities on its fibers, which is naturally a
GL(n)-line bundle. The Euclidean structure defines a density in every
subspace, i.e. we have a global section Area € F(K"’k), Area is the
only SO(n)-invariant continuous section (up to scaling), and it defines
a trivialization of the bundle. We will study SOT(n — 1,1)-invariant
continuous sections of K™*.

Proposition 2.1. Given a Lorentz-orthogonal family (v1,...,vg) s.t.
Qvi) =1 fori < k—1, and Q(v;) = £1, and denoting z; = (vj,en),
one has

1425k 22
Area(vy, ..., vp) :{ (22 +23 5072, Qo)

=1
2o E ) -1, Quk)

-1

Proof. Use the identity
Area(vy,...,v)% = det((v;,v;)) = det(Q(vi, v;)+22:2;) = det(Ix+2227)

where I is a k x k diagonal matrix with entries Q(vy),...,Q(vk), and
2z =(z1,...,2)". The remaining verification is straightforward. Q.E.D.

Proposition 2.2. Given T € SO*(n — 1,1), and A € Gr(n,k)
generic (i.e. Q restricted to A is non-degenerate), if T(A) = A then
|det T'|p| = 1.

Proof. Since @Q|a is non-degenerate, and T' € GL(A) preserves Q|x,
it follows that |det T'|5| = 1. Q.E.D.

For the following, it will be conveniet to use the following definition:
Given a manifold X and a closed subset ¥ C X, we say that a net
{za}aer — Y if for any neighborhood U D Y there is ag s.t. o € U
whenever o > «ag.
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Proposition 2.3. The space of G = SO (n —1,1)-invariant contin-
uous sections of K™* is 2-dimensional.

Proof. 1. The orbits of the action of G on Gr(n, k) are characterized
by the signature of the restriction of (). The open orbits are M, =
{A :signQ|a = (k,0)} and M_ = {A : signQ|r = (k — 1,1)}. Together,
M, UM_ are dense in Gr(n, k). The remaining closed orbit is My = {A :
signQ|x = (k—1,0)}, as there are no 2 non-proportional @Q-orthogonal
vectors on the light cone.

2. Choose some fixed AL € M, and A_ € M_, and fix arbitrary
densities on them. By Proposition 2.2, the stabilizer of AL would leave
the resp. density invariant; thus we may extend those densities to an
invariant section p € T'(M, U M_, K™*)% It remains to verify that p
admits a continuous G-invariant extension to all Gr(n, k). Let us show
that pu(A) — 0as A — M. For this, it is enough to take a Q-orthonormal

basis of A, say vy,...,v;, and show that Area(vy,...,v;)? — oo, since
by G-equivariance,
Area(A)
2 AN =C
@) HA) Area(vy,. .., vg)
3. First, assume My 3 A — M.
Write z = (21,...,2k)7 € R¥ where z; = (vj,e,). Define € by

(Pnén, en) = cos(m/4 + €)|Ppey|, where Py is the (Euclidean) projec-
tion onto A. We assume Q(v;) = 1 for 1 < j < k. Write Ppe, = ) 0.
Then (Ppre, — en,v;) = 0, for all 4, i.e. (I + 2227)(a) = 2. By the
Sherman-Morrison [27] formula,

2227
T+2z20)y =1 T
(I+2227) 142272
We will denote A = Area(vy,...,v)%, B=2"2= 24+ 2,3_1 + z,%.
By Proposition 2.1, A =1+ 2B. Then
2227 2 1

T 1y 2T, AT
Let us write cos?(m/4 +€) = 1/2 — §. Then

(Ppen, en)? = cos?(m/4 + €)| Pyen |
= (1/2 = ) (Q(Paen) + 2(Pren,en)?)

(Za]zj) (1/2=19) Ei: (1—2¢) (Zajzj)z

k

:>25(Zajzj) (1/2 =) Za?

j=1
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Note that ) ajz; = A‘l( 2422+ =8= % =1-1,
k
and 374 a? = Aﬁ = 2A2 . Thus
1\? 1 1 1 5
ofl—=) ={1/2-9)—(1-—= —=—1-1/A
( A) 1/ )A< A>:>A a5~ YA
1 1
A= — .
T AT % sinae
ThusArea(vl,...,vk):m—)ooaséﬁo, ie. u(A) — 0 as

My > A — My.
4. Now assume M_ > A — My. Write z = (21,...,2;) and
(Ppén, en) = cos(m/4 — €)|Ppey|
where P, is the orthogonal projection onto A. We assume Q(v;) = 1 for
1 <j<k—1,Q(vy) = —1. Write Pre,, = > a;vj. Then (Pre,—ep, v;) =
0, for all 4, i.e. (I_ + 2z27)(a) = z. By Sherman-Morrison,
21 2271
14271 2

We will denote Z = I_z. Again using Proposition 2.1, we write B =
Al z=22+4--+ 2,3_1 — 2,3, A = Area(vy,...,v;)? = —1 — 2B. Then

(I_+2z20) 1 =1_—

a=T_+222")2=12— T ZBI_ZZTI_Z
_;_ 2B I_z= ! Z.
1+2B 1+2B
That is,
1.
a = —ZZ.

Let us write cos?(m/4 —€) = 1/2 + 6. Then
(Ppen, en)? = cos?(m/4 — €)|Pyep |
= (1/2+0) (Q(Paen) + 2(Pren,en)?)

w

-1

Za]z] 1/2—1—(5)( a? —a2)+ (1+25)(Z a;z;)?

1

k—1
= —250)_a;2)? = (1/2+6)(>_ o} — of).
j=1

<.
Il

Note that ZO‘JZJ AN AN g ) = R =4 = b g
and Z] 1a P_ai=L8 = A+1 . Thus
5(1 + 22 (1/2+5)—(1+1);»1—L(1+1/A)
A AT AT AT 1ms
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1 1
= A=—= .
20 sin2e
Again Area(vy,...,vx) = W — oo as 0 = 0, ie. u(A) = 0 as

M_ > A — My. Together with step 3, this concludes the proof. Q.E.D.

From the proof it is evident that the space of invariant sections is 2-
dimensional, corresponding to the two densities we chose arbitrarily on
A4 and A_, and by equation (2) together with McMullen’s description
[21] of (n — 1)-homogeneous valuations through the Klain imbedding,
we get the following.

Corollary 2.4. The space Valff_l(R”)SOﬂ”_l’l) is 2-dimensional,
and consists of non-smooth sections. It is spanned by fs and fr (stand-
ing for space-like and time-like) which are given for any K € K(R™)
by

fr(K) = / V| sin 2¢|do g (w)
Sr=in{Q>0}

and similarly
fs(K) = / V| sin 2¢|do g (w)
sr=1n{Q<0}

where € denotes the angle between w and the light cone, and o is the
surface area measure of K.

REMARK. Recall that the surface area measure of a smooth convex
body K is ox = G0 where G : 0K — S"! is the Gauss map, that is,
G(p) L T,0K, and o is the volume induced on 0K from the Euclidean
space. The definition of surface area measure extends naturally to all
convex bodies; see e.g. Schneider [23].

2.1.1. A geometric interpretation of Val¢  (R")SO"(»=1.1) The
purpose of this subsection is to provide some geometrical intuition into
the valuations that we constructed. It will not be used in the rest of the
paper.

Let H* = {z € R" : Q(z,r) = +1}. Both H* and H~ inherit a
Lorentzian resp. Riemannian metric from (R", Q). Then H~ C (R", Q)
is the Minkowski model of hyperbolic space, and similarly H* is the
(n—2,1) de Sitter space. The valuations in Val¢?  (R")SOT (=11 can be
interpreted as the surface area of K with respect to H* in the following
sense:

Define the support functions hy+, hy— : S"~1 — R by setting h = (0)
equal to the distance from the origin of the hyperplane Py with Eu-
clidean normal equal to 6 that is tangent to H™ (resp. H ™). If no such
hyperplane exists, the value of hy+(6) is set to 0. Let —5 < a < § be
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the elevation angle on S™ ! relative to the space-like coordinate hyper-
plane (z1,...,2,_1), that is, for w = (21,...,2,) € "1, let 2, = sina.
Then these functions are given explicitly by

hi+(w) = { Vicos2a] |a <m/4

0 la] < 7/4

0 la < /4

Recall that the mixed volume V(Ki,..., K,) of n convex bodies K; €
K(R™) is a symmetric functional, given by polarizing the Lebesgue mea-
sure with respect to Minkowski sum. If Ky = --- = K; = K, we write
V(K[j], Kj41,...,K,) for the mixed volume. We may think of fr in-
formally as a mixed volume:

1K) = V(K[n — 1], HH[1]) = /S g @)dok (@)

hi- () :{ Vlcos2a] |a| > /4

and similarly

() = V=101 = [ @)oo,

Another very similar description is the following. Assume K is smooth.
The boundary OK inherits from (R",Q) a smooth field of quadratic
forms on all tangent spaces, which in turn gives a measure pg on 9K.
Then fs(K) is the pg-measure of the space-like part of 0K (that is,
where the form is positive definite), and similarly fr(K) is the pg-
measure of the time-like part (that is, the subset of 9K where the form
has mixed signature).

There is also a relation between the (n — 1)-homogeneous Lorentz-
invariant valuations, and the surface area in hyperbolic and de Sitter
spaces. More precisely, fr and fg correspond to the surface area on
H~ and HT, respectively, in the following sense. For a set A ¢ H*,
define Cy = {tx : 0 <t < 1,z € A} the cone with base A. Denote by
Areap= the hyperbolic/de Sitter area on HF. Observe that while Cy
is not a convex body, one can nevertheless compute fg or fr on C4 at
least when A is piecewise geodesic (that is, given by a finite collection
of intersections of H* with hyperplanes in R"), simply by applying the
explicit formulas of Corollary 2.4.

Proposition 2.5. 1. Let A C H™ be piecewise geodesic. Then Areag-
(0A4) = fr(Ca).

2. If A C HT is piecewise geodesic, and we further assume it has
spacelike boundary, then Areag+(0A) = fs(Ca).

Proof. An (n — 2)-dimensional face F' of A lies on AN H* for A €
Gr(n,n — 1). By additivity of both sides, it suffices to verify that
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Areag+(F) = fs(Cr), resp. Areag-(F) = fr(Cr). For HT, by our
assumption A is space-like, so the statement is simply that the cone
measure on the sphere A N HT coincides with the spherical volume on
it. For H~, A is necessarily time-like, and it is again well-known (or eas-
ily checked) that the cone measure of the hyperboloid AN H™ coincides
with the hyperbolic volume. Q.E.D.

2.2. Schneider’s bundle S™*. For every non-oriented subspace 2 C
V of dimension k+ 1, consider the bundle of densities on the tautological
bundle over the space of k-dimensional cooriented subspaces A C €2, de-
noted K**t1Lk(Q). For a cooriented pair A C Q, there is a corresponding
pair with reversed coorientation, denoted A C Q. Let Togq(K*+15(Q))
denote the space of all global sections u € F(IN( k+1.k (Q)) which are odd
w.r.t. coorientation reversal of A, i.e. u(A) = —u(A).

There is a certain (k+1)-dimensional GL(€2)-invariant linear subspace
L(Q) C Togq(K*1#(Q)), which we now define. Let Stab(A, Q) € GL(Q)
denote the linear transformations fixing A together with coorientation.
Since dim /A = 1, the coorientation defines a Stab(A, Q)-equivariant
map Sy : Q/A — D*(2/A). Note that Sz = —Sa.

The space L(2) ~ D(Q2) ® € is defined as follows. By composing the
projection py : Q — Q/A with Sy, we get a Stab(A, 2)-equivariant map
D*(A) ® Q@ — D*(Q):

Id® (Shopa) : D*(A) @ Q2 — D*(A) ® D*(Q2/A) = D*(Q).
Therefore, we also get a Stab(A, )-equivariant map up : D(2) @ Q —
D(A). Since S; = —Sy, it follows that pz(v) = —pa(v) for all v € Q,
so in fact g : D(Q) ® Q = Toga(K*15(Q)). The image of p is denoted
L(Q).

Let Fo = Toga(K*15(Q))/L(€) be the quotient. Schneider’s bundle
S™k has base space Gr(V, k + 1), and the fiber over Q € Gr(V, k + 1) is
Fq. The topology can be introduced as follows. Fix an orthonormal basis
in V, which yields the identifications Dogq(K*1%(Q)) = Coga(S(Q)),
L(2) = QF = Q. Also, for Q € Gr(V,k + 1), the space of cooriented
pairs (Q,A) (where A € Gr(Q,k)) is identified with S(Q2), and Fn =
L)+ = QF € Cbya(S(2)), the orthogonal complement of €2 taken in
the L2,,(S()) norm. In particular, F, inherits an inner product from
L2,,(S(2)). Then the total space is topologized by choosing a system
of charts on Gr(V,k + 1) and taking locally the product topology. The
following theorem is due to Schneider [24].

Theorem. For 1 <k <n —1, there is a GL(V)-equivariant imbed-
ding Val® (V) — T(S™F).

Note that for £ = 0 and & = n, there are no odd valuations by
Hadwiger’s theorem. We will classify the G = SOT(n — 1, 1)-invariant
continuous sections of S™*, thus proving
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Theorem 2.6. There are no odd G-invariant k-homogeneous val-
uations for 1 < k < n—2. For k = n—1 and n > 3, the space
Val,;(R")SOﬂ"_l’l) is 1-dimensional. The space Val¢%(R2)SOT(L1) g
2-dimensional.

Proof. Let s € T'(S™¥)% be an invariant section. We assume at first
that k£ <n — 2.

0. Denote My = {Q € Gr(V,k+1) : Qo > 0}, M_ = {Q € Gr(V, k+
1) :signQla = (k, 1)}, My = {Q € Gr(V,k+1) : signQla = (k,0)}.
Those are the orbits of G as it acts on Gr(V,k + 1). We will
write Stab(2) C G for the stabilizer of 2, and Stab™(Q) = {T €
Stab(€2) : det T|o = 1} is the orientation-preserving subgroup of
Stab(€2).

1. Observe that s necessarily vanishes on M,: Fix some Q € M,.
Take the Euclidean structure on Q to be Q|q, which gives a lift
pier € Toga(KFT1H(Q))8820() of 5 € Fo which is Stab(€2)-invariant.
Since Stab(2) acts transitively on the oriented Grassmannian
GrT(9,k) (in fact, it acts transitively even under Stab™(Q)),
pa(A) = pa(A) for all A, so pug = 0 on Q. Thus s = 0 on M, and
by continuity of s it follows that s vanishes on Mj.

2. Now consider M_. For any fixed Q € M_ one has a Stab(Q2)-
invariant element sq € Toga(K*1%(Q))/L(Q) . Since H!(Stab®
(2);Q) = 0 (see Proposition 2.7 below for the computation), we
can choose fig € Toqg(KFT1F(Q))SbT () Jifting sq. Fix some
go € Stab(€) which is orientation-reversing. Then by Stab()-
invariance of sq, we see that (go)«uq also lifts sq to Fodd(IN(kJrLk
()87 (@) g6 by replacing g with (o + (g0)«110) We may as-
sume p1q € Doga(KFH1H ()50 fact, if we fix any Qo € M_
and the corresponding jio = pi0,, then for any g € G one can lift sq
by setting for 2 € M_ uq = g« for any g € G s.t. gQg = Q2. We
thus get a G-invariant lift of s to a continuous family of sections
116 € Togq(KF1H(Q))Sb() oyer O € M_.

3. With Qy € M_, we want to inspect an element

f1o € Toqa(EFH1HE(Qg))Stab ()

more closely. The group Stab(£2) has the following open orbits
as it acts on the cooriented hyperplanes A C €q: Ignoring the
coorientation, there are two non-oriented open orbits, consisting
of Xy, the Q-positive A, and X_, those A with signature (k—1,1).

An orientation of A € X is fixed under g € Stab(£29) NStab(A)
iff the orientation of €2y is fixed, so coorientation is always pre-
served. Thus X, splits into two orbits X; and X when coorien-
tation is accounted for.
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On the other hand, X_ constitutes a single orbit including coori-
entation. There are two cases to consider: when k =1, A € X_
is a time-like line and so has its orientation preserved under the
action of g € Stab(€) N Stab(A), while the orientation of €y can
be preserved or reversed (since dimQy=k+1<n—1). If k > 2,
the verification is also straightforward: one can again reverse the
orientation of 0y while keeping the orientation of A.

We conclude that pg(A) = 0 for all A € X_: Indeed, since pg
is odd, po(A) = —po(A); but both A, A lie in the same Stab(£)-
orbit, so u(A) = 0.

4. Taking ¢ and pg as in step 3, we observe that on any A C
which is @-degenerate, po(A) = 0 by continuity from X . So g is
uniquely defined (since it is odd, and through Stab(£2g)-invariance)
by a density py € D(A4) for some @Q-positive subspace AL C Q.

Note that, as was the case with Klain’s bundle, any such p
extends to a continuous pg € I‘Odd(f(k*l’k(Qo))Stab(Qo), and then
to a family ugq for Q € M_.

5. Let us show that pg has a limit po in Tpgqg (I?k“’k(Qoo)) as Q) —

Qoo € My. Assume for simplicity that some orientation is fixed on
Qoo For every Q-positive oriented k-subspace A C V', choose Q) =
A® (ey,) with the natural orientation, and pu(A) = puq, (A) € D(A).
The family pgq is thus equivalent to a G-invariant collection p(A)
of densities on all Q-positive k-dimensional oriented subspaces A,

s.t. w(A) = —p(A). Then for M_ > (%, At) = (Qoo, Aoo), either
w(Ay) = p(As) when Ay is Q-positive by continuity of uq, or
(Ay) = 0 € D(Ax). Thus e is well-defined. The limit of [pq] in
| (I?k“’k(Qoo)) /L(Qso) is therefore [poo], and it must vanish

as Q — Qo € My, by continuity of s and since s vanishes on M.
Therefore, s is a linear section that vanishes on all ()-degenerate
Ek-subspaces. This is equivalent to a linear functional on R¥+! that
vanishes on the light cone. So pio = 0, implying pq = 0.

We conclude that when k < n—2, there are no G-invariant sections of
Schneider’s bundle. It follows there are no non-trivial continuous, odd,
k-homogeneous G-invariant valuations.

Now assume k = n — 1. Again, since H}(G;V) = 0, we may lift s to
an invariant section p € Logg(K™" (V).

If n > 3, as in step 3 above, p must vanish on mixed-signature sub-
spaces; and p is determined by its value uy on one positive subspace.
Unlike the case k < n—2, there are no other restrictions: any u extends
to a global section u, as was the case with Klain’s bundle.

If n = 2, as in step 2 above, u is determined by two independent den-
sities 4 (A+) and p—(A_); and any two such densities give a continuous
uo as with Klain’s bundle.
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For k = n—1, Schneider’s imbedding is really just the McMullen char-
acterization of odd (n — 1)-homogeneous valuations, i.e. the imbedding
is an isomorphism, concluding the classification of (n — 1)-homogeneous
invariant valuations. Q.E.D.

2.2.1. Computation of the continuous Lie group cohomology.
The main result of this section was explained to us by José Miguel
Figueroa-O’Farrill. For the relevant definitions, see [11]. We need to
compute the continuous cohomology of G = SO (n — 1,1) with coeffi-
cients in the standard representation V' = R". We will show

Proposition 2.7. The first continuous group cohomology HL(G;V)
vanishes.

Proof. We assume n > 3, the case of n = 2 being trivial. Consider
SO(n — 1) € G—the maximal compact subgroup. By the Hochschild-
Mostow Theorem,

HYG;V) = H(so(n — 1,1),s0(n — 1); V).

We will write g = so(n —1,1) and h = so(n — 1). Under the action of b,
V = W@T where W = R"! is the standard representation of SO(n—1)
(corresponding to the space coordinate hyperplane), and T' = R is the
trivial representation (corresponding to the time axis of V'). Also, the
adjoint action of h on g admits the decomposition g = hH W where the
inclusion ¢ : W < g is given by

s O(n}l)x(n—l) V(n—1)x1
Y% (n—1) 0
Note also that [h, W] = W. Now
C%g,0;V)={veV:hv=0}=T=R

while

C(g,b;V)
= {f e Hom(g,V) : f(h) =0, f([h,g]) = hf(9) Vg € 8,h € b}
={f €e Hom(W,V) : f([h,w]) = hf(w)Yw € W,h € b}
— {f € Hom(W, W) : £([hw]) = hf (w)¥w € W, h € b}

that is, C'(g, b; V) = Hom(W, W). This space consists of scalar oper-
ators when dimW > 3 <= n > 4, and of complex-linear operators
when n = 3 and W = R? = C. The differential map d; : C°(g,h; V) —
Cl(g,b; V) is nonzero: taking some t € T, dit(w) = —i(w)(t) = —tw so
dit # 0. Thus dimIm(d;) = 1.

For n > 4, dim C'(g,b; V) = 1 and it follows that H'(g,b; V) = 0.

When n = 3, dim C'(g, h; V') = 2 while d1(C°(g,b;V)) C Ker(dz) C
C'(g,h; V). We should check whether dy = 0. It is enough to check the
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value of dp on some non-scalar operator, say J € Hom(W, W )", which
corresponds to g-rotation. Let wy, wa be the standard basis of W. Then

daJ (g1, 92) = J(lg1,92]) — 91J(g2) + 927 (g1)-
Since h C Hom(dyJ) and g = h @ W, doJ # 0 <= doJ(wy,ws) # 0.
Now
[i(w1),i(w2)] = J € b
so J([i(w1),(we)]) = 0. And

—i(w1)J (i (wa)) + i(wa)J (i(w1)) = i(wy)wy + i(wa)ws = (0,0,2)T
so daJ # 0.

Thus dim Kerdy = 1 also for n = 3, and H!(so(n—1,1),s0(n—1); V) =0
for all n. Q.E.D.

Now consider the exact sequence 0 — L(V) — Dogg(K™"1(V)) —
Fy — 0 where L(V) is the space of linear sections on V' (an n-dimensional
space), and it is G-isomorphic to V. We have the long exact sequence
of cohomology

0— L(V) = Togq(K™" (V)¢ = FS — HY(G; L(V)) = 0.

It follows that every G-invariant section of Fy lifts to a G-invariant
section in Tpgq( K™~ 1(V)).

3. Computing valuations on SO(n — 1)-invariant
unconditional bodies

Definition 3.1. The k-support function of a body K C R"™, denoted
hi(A; K) € C(Gr(n,n — k)), is the k-volume of the projection of K
to AL

Recall that K € IC(R™) is an unconditional convex body if it is in-
variant to reflections w.r.t. any of the coordinate hyperplanes.

Let L C R? be an unconditional convex body. Denote by L™ C R" its
rotation body around the vertical axis, namely

L" = {(zw,y)|lw € S"2, (z,y) € L}.

Since L™ is SO(n — 1)-invariant, it follows that hy(A; L™) only depends
on the angle o between A and the axis 7,,. Thus whenever this cannot
lead to confusion, we may write hx(A; L") = hi(o; L") for 0 < a <
%. By abuse of notation, we will consider hj(e; L") to be a function
both on the unit circle S' and on the sphere S”~! C R": we will write
hi(c; L™) or hy(w; L™) when we need to emphasize that the domain is
S1, resp. S"71. When considered as a function on S!, or equivalently

as a 2m-periodic function on the real line, the following identities hold:
hi(c, L™) = hi(ao + 7, L™) = hy(—a, L™).
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Denoting Ri+1 € O(k + 1) the reversal of time direction and Gpy1 =
(SO(k), Rky1) C O(k + 1), it is obvious that L™ is G,-invariant.

Proposition 3.2. Given an unconditional convex body L C R2, L"
is also an unconditional convex body, and hy(c; L™) = hi(a, L) for all
n > k. Moreover, any Gy,-invariant convex body equals L™ for some
unconditional convex body L C R?.

Proof. The Minkowski functional of L" is p,(wx,y) = ||(z,y)||r for
z,y € R, w € S" 1. Let us verify it is convex:

(w121, Y1) + Pr(wat2, y2)
= (@1, y)lle + (w2, y2) I = [[(|z1] + [@2], [y1] + y2]) ||

while

(W11, Y1) + (W22, y2)) = pu(wiz1 + wat2, Y1 + Y2)
= |[(lwrz1 + wamal, y1 +y2) I < [(Jz1] + |22, [y1] + |y2]) ||

by unconditionality of L. The unconditionality of L™ is obvious. Now
hi(a; L™) can be computed as follows. Let ey, .. ., e, be the standard ba-
sis, and define Q = Span{ey, ..., e, e,}. Let A, C Q be a k-dimensional
subspace forming angle o with the space-like coordinate hyperplane.
Then hy(a; LFT1) = hy(a; QN L") = voly,(Pra, (2N L™)) and by uncon-
ditionality of L, Pro(L"™) = L™ N, so

hi(a, L™) = voly,(Pra, (L™)) = vol, (Pra, Pro(L™)) = hy(a; LF1).
Finally, given a Gj-invariant convex body K, it is immediate that its

2-dimensional x1-z, section L will be an unconditional convex body,
and K = L", concluding the proof. Q.E.D.

REMARK 3.3. It follows that L — L™ is a Hausdorff homeomorphism
between the spaces of 2-dimensional unconditional convex bodies and
SO(n —1)-invariant, unconditional convex bodies. In light of the propo-
sition, the notation hy(c, L) = hy(o, L*T1) for 0 < a < I, as well as
hy(w, L) = hy(w, L**1) for w € S*, is well-defined.

Recall the cosine transform T}, : C*°(S*¥) — C>°(S*) given by

Ti(F)y) = o f(@)[(x, y)|da

is a self-adjoint isomorphism when restricted to even functions, and
extends to an isomorphism of generalized even functions. It is well-
known that Ty (o (w; L)) = hg(w; L) where o), € C(S*)* is the surface-
area measure of LFt1,

Lemma 3.4. If f € C*®(R) is even, then f(|x|) € C>°(R™).
Proof. This is because f(x) = g(x?) for g € C*°[0,00). Q.E.D.
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For the following, we recall ‘Ehe definition of Sobolev spaces. On the lin-
ear space R¥, denote f — f the Fourier transform, and the p:SoboleV
space is the completion of C°(R¥) w.r.t. the norm 1fllzz = Ilf(w)(1 +

|w|P)|| 2. For a compact smooth manifold X, L2(X) C C~>°(X) is de-
fined by some choice of a finite atlas {U,} for X and an attached par-
tition of unity {pq}:

Lz(X) = {Z pafa: fa € L?](Ua)}

The resulting space LI%(X ) is independent of the choices made.

Proposition 3.5. For all k > 1 and € > 0, hy(w; L) € L%_E(Sk). If
2

hi(o; L) is smooth in a neighborhood of the poles and the equator in S*,
then hi(w; L) € L2E+ (S*) is smooth near the poles, and hy(o; L) €
2

2 1
L3, (Sh).

1—e
1—e
Proof. Denote

1
2wk

0=

(A +k) 1 Cen(S™) = CZen(S")

where wj_ is the surface area of S*~1. It is an invertible differential
operator of order 2. Let Ry : C2.,,(S*) — C2.,,(S*) denote the spheri-
cal Radon transform, which is an invertible Fourier integral operator of

order —%51 (see [13]). Then (see [12])
(3) 0T, = Ry, <= T =0 'Ry

Therefore, the cosine transform T} is an invertible (on even functions)
Fourier integral operator of order —%, and it respects Sobolev spaces,
ie. forall s e R

Ty : L3(S*) — L§+%(sk)

is an isomorphism. In particular, T} is invertible by a differential oper-
ator followed by a §-rotation.

For the first part, note that the surface area measure oy, € C(S*)* C
L? (S%), 50 hy(w; L) = Ti,(ox) € L3 (S").
2 2
For the second part, note that o1 = T, ' (hy) € C(S')* C L2_1_E(Sl) is
2
smooth in a neighborhood of the equator and of the poles of S*, since
hi is smooth there, and by equation (3). Let o = 7*0; be the sur-
face area measure of L¥*! where 7 : S¥ — S¥/SO(k — 1). Then oy, is
smooth near the poles from unconditionality of L and Lemma 3.4, so
op € L*, (S*); also oy, is smooth near the equator S¥~1 C S*. There-
2

—€

fore, hy(w; L) = Ty (oy) € L3(S*) where d = —1 — e + % = % +1—k¢,
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and also hy is smooth near the poles. Then hy(«; L), which can be ob-
tained by taking a vertical 2-dimensional restriction of hy(w; L), lies in
L%(S1) and is smooth near the poles, as required. Q.E.D.

REMARK 3.6. It follows that under the assumptions of Proposition
3.5, hy € CLgJ(Sl), and if K, — K in the Hausdorff topology s.t.
hi(e; K,,) and hq(e; K) are as above, then also hy(a; K,) — hi(a; K)
in the Cl3) (S1) topology.

In the following, the singular support of a generalized function f €
C~°°(M) over a manifold M will be denoted by sing-supp (f).

Proposition 3.7. Let ¢ € Val,i”(R")SO("_l) satisfy

O(K") = . fhi(o; K)da

for SO(n — 1)-invariant convex bodies K™ with smooth hy(e; K), where
f€Cax(Sh). Then ¢(K™) = [ fhy(c; K) for all SO(n—1)-invariant
symmetric convex bodies K™ such that sing-supp(hi(co; K)) and sing-
supp(f) are disjoint, and sing-supp(hy(c; K)) is disjoint from the poles.

Proof. Denote G = SO(k+1), H = SO(k). Write S¥ = H\G for the
space of orbits under left action. Let du be the Haar probability measure
on G, do the pushforward to S*. Fix a positive approximate identity
Fn € C=(S*)H supported near the north pole (identified with its H-
bi-invariant pullback to G). It can be obtained by fixing an approximate
identity Fv on G, and then taking

FN(Q) = / FN(hlghQ)dhlth.
HxH

Note that Fx(g) = Fy(g~") by bi-invariance of Fyy, and since (¢H, H) =
(H,g~'H) (considered as points on the sphere).
Convolution of functions is defined by

wwv(z) = /G u(go(g™ )dulg) = /G o(g)ulzg™")du(g)

so that (Lpu) * v = Lp(u*v) and Rp(u * v) = u * Rpv (here Ly and
Ry, denote the left and right actions respectively). In particular, for
u € C®(SF), v € C®(G), uxv € C®(S*), and if v is right H-invariant,
so is u * v. The following properties hold:

1) Convolution with Fj on either side is self-adjoint: for u,v € C'*
(S*), (Fn * u,v) = (u, Fx * v) and (u* Fy,v) = (u,v * Fy). For
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instance,
xU,V) = z)v(Hx u T -1
(Fy #,0) /G dpu(z)o(Hz) /G dyu(g)u(Hg) Fy (g™
— /G _du(e)dulg)o(Hayu(Hg) i (zg ™)

and we can exchange x and g since Fy(zg™1) = Fx(gz~!). Simi-
larly,

(ux* Fy,v) /d,u /d,u uw(Hg)Fy (g ')
- / dpu(z)da(g)o(Ha)u(Hg) Fy (g~ '2).
GxG

2) For u € C*®(S*), one has Fy * u — u in C®(S¥). For u €
C>*(G/H), u* Fy — u.

Fn xu(x) :/ dhldhg/ En(higho)u(g™ x)dg
HxH G
= / dhydhs / Fn(hig)u(hy g™ x)dg
HxH G
by left H-invariance of u; this equals
/ dh / Fn(hg)u(g™z)dg / dhEn*u(hz)dh = / Ly (Fn#u)(z)dh.
H H

Since L@(FN xu)(x) = Lpu(x) = u(z) in C*°(G), we conclude that
[i Lo(Fn *u)(z)dh — win C*(S¥). Similarly, for u € C*°(G/H),

ux Fy(x) :/ dhldhg/ Fn(higho)u(zg™)dg
HxH

/dhg/FNgh2 u(zg™ dg—/dh/FN u(zh~tg~Ydyg

_ / Ry (u + B (2)dh
H

and again
Ry (u = FN) — Rpu = u.

implying the statement.

3) For u € C~°(S%), Fy *u — u for u € C~°(S*) and u * Fy — u
for u € C7°°(G/H). This is a direct consequence of properties 1
and 2.

4) For u € C=®(8%), Tj(u * Fy) = Ty(u) * Fy. It is enough by self-
adjointness of T} and the convolution operator to verify this for
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u € C(S*):
Tilus Fr)(@) = [ dylta)] [ daPla)utus™)
=/GdgFN(g) /Sk U(yg‘l)Kw,deyZ/GdgFN(g) /Sk u(y)(zg~", y)|dy

:/GdgFN(g)Tku(xg_l):Tku*FN(x).

Note that Fy *u € C~>°(S*)# whenever u € C~°(S*)H,

Let 0, € C~°(S*)H be the surface area measure of K**1. Then
by Minkowski’s theorem, o * Fiy is the surface area measure of
a sequence of H-invariant bodies denoted K ]l%+1 st. Ky — K;
therefore also Ky — K™ and ¢(Ky) — ¢(K"™). On the other
hand,

T(O’k *FN) = hk(o;K) *FN

oK) = [ £ TlorsFida= [ 1(0)- (ulo: K) = ().

Choose a cut-off function x € C*(S')%2 (the action is reflection
w.r.t. the vertical axis; note that y induces a smooth H-invariant
function on S*, also denoted x) such that x(a)hy(e; K) € C>(S¥)
and (1 — x(a))f(a) € C®(S!), and x = 1 in a neighborhood of
the poles. Now we can restrict x(a)hg(e; K) to a smooth function
on S', and

X(@)(Fi * hi.(e; K)) () = x(e)hi(a; K)
in C°°(S*) and also in C*°(S') (by restriction). Then

[ F@) et K)sFx)(a)da = [ (@) (x(a)tulss K)Fx) ) da
St g1
+ [ (0= @) f@) tu(o: K) = P ()i
The first summand converges to

. fla)x(a)hy(o; K)da.

Also, (1 — x(@))f(«) can be pulled back to a smooth function on
Sk since 1 — x = 0 near the poles. In particular, we will have

/51 ((1 B X(a))f(a)> (hi(o; K) * Fiy)(a)dox
o (= (@) (@) (0 K (@)

Sl
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And so the sum converges to fsl fla)hg(a; K)da, as required.
Q.E.D.

4. Finding the generalized invariant valuations

From now on, n > 3, and G = SO*(n — 1,1). Let us recall some
definitions and facts and introduce notation.

The space of smooth valuations, denoted Val®™(V'), consists of the
smooth vectors of the representation of GL(V') in Val(V).

Define the bundle E™* over Gr(V, n—k) with fiber over A € Gr(V,n—
k) equal to E™*|y = D(V/A) @ D(TAGr(V,n — k)). We will sometimes
refer to it as the Crofton bundle, and we call its (generalized) sections
(generalized) Crofton measures. It will be used later to give explicit
formulas describing certain valuations. Also, recall Klain’s bundle K™*
over Gr(V, k) that has fiber D(A) over A € Gr(V, k). Klain’s imbedding
Kl : ValP(V) — T(K™*) is GL(V)-equivariant, and maps smooth
valuations to smooth sections; see [1].

Observe that given A € Gr(V,n — k), the fibers of the two bundles
over it satisfy

E™Fpy @ K™Ky = D(V/A) @ D(TAGr(V,n — k)) @ D(A)
= D(V)® D(TAGr(V,n — k))
so integration over Gr(V,n — k) gives a natural bilinear non-degenerate
pairing
D2 (EmR) 5 TTO(K™n=k) 5 D(V).
The GL(V)-equivariant cosine transform
T g : D(E™F) = T(K™F)

is given as follows. For v € T>°(E™¥), the value of T,_ x(v) € D(A) is
a Lebesgue measure on A, normalized by fixing some ellipsoid Dy C A,
and setting

L)1) = [ 78 Pryja(Dy).
QeGr(n,n—k)
We will write 75,1 : C®°(Gr(n,n — k)) — C*>(Gr(n,k)) also for
the cosine transform after a Euclidean trivialization, and also T;,_j  :
[=°(E™k) — T=°(K™*) for the adjoint operator to
Ty : TO(E™™=R) 5 Too (KR,
It extends the cosine transform on smooth sections.
4.1. Some representation theory. We make use of the following
facts (see [4]):
1) The highest weights of SO(n) are parametrized by sequences of
integers \ = (Al,...,)\L%J) with \y > -+ > /\L%J > 0 for odd n,
and \; > .- > )‘L%J—l > ’)‘L%J’ for even n > 2.
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The irreducible components of C*°(Gr(n, k)) (considered as a rep-
resentation of SO(n)) are of multiplicity one, with highest weights
ANeAFNAT ,  Here Aj ={A: X\, =0Vi>j, \; =0 mod 2Vi}.
The image of Ty : C°(Gr(n,n — k)) — C*°(Gr(n,k)) consists of
representations with highest weights A € A NAT | [A2] < 2. The
kernel is thus KerT, = ®py with A € AZ’ N A:_k, |[A2| > 4. The
image of T}, is closed.

The irreducible representations of SO(n) which contain an SO(n—
1)-invariant element are precisely those corresponding to spherical
harmonics. Their highest weight is (d, 0, . .., 0) (for degree d spheri-
cal harmonics). The spherical harmonics appearing in C*°(G(n, n—
k)) are precisely those of even degree d.

In particular, C®(Gr(n,n — k))3°=1 n KerT,,_j r = 0. Thus

Tumtek - O (Gr(Vin — k))SO0=Y — CX(Gr(V, k)50 Y

is an isomorphism: It is injective and has dense image (by Schur’s
Lemma), and also

Tk ((C(Gr(V,n — k)))S00—D)
~ SO(n—1)

= (Lo C=(Gr(V,n = k)
implying the image is closed. Equation (5) holds because T,,_
obviously maps SO(n—1)-invariant vectors to SO(n—1)-invariant
vectors, and if v € T;,_j, x(C*°(Gr(V,n—k))) is SO(n—1)-invariant,
then v = T,,_j pu for some u € C*°(Gr(V,n — k)) such that v =
Tn—kk(gu) for all g € SO(n—1), implying v = Tn_kvk(fSO(n—l) gu-
dg).
In particular,
Tpii : C™(Gr(V,n — k))590=1 — C=(Gr(V, k))59= 1

is also an isomorphism, since T),_j,  is a symmetric operator (after
the obvious identification Gr(V, k) = Gr(V,n — k)).

Note that the action of SO(n—1) on I ~°(E™F) and T =>°(K"™F) (after a
Euclidean trivialization) and on C~*°(Gr(V,n—k)) resp. C~>°(Gr(V, k))
coincides. We deduce the following

Corollary 4.1. The map

Tn—k,k : P_OO(E"’k)SO+("_171) — P—OO(Kn,k)SOJF(n—Ll)

18 injective.

Let us prove the following

Proposition 4.2. [t holds that

C*®(Gr(n,k)) N T —kx(C™(Gr(n,n — k))) = C(Gr(n, k)).
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Proof. Assume h = T}, (o) for some 0 € C~*°(Gr(n,k)) and h €
C>(Gr(n,n—k)). Choose an approximate identity uy € M>(SO(n)).
Then Ty, y—k (0% pun) = Tk n—k(0)*pon = hxpy — h in the C*°-topology.
Since o * uy € C*(Gr(n,k)), and the image of T}, ,—j, is closed in the
C topology, it follows that h € T,,_;, ,(C*(Gr(n,k))), as claimed.
Q.ED.

4.2. Translation-invariant generalized valuations. The space

Val;" " (V) of generalized k-homogeneous even valuations is defined
by

Val (V) = (Valt" (V) @ D) = (Vali 2 (V) @ D))

By the Alesker-Poincare duality, there is a natural inclusion Val;”™
(V) C Valy" == (V).

Let us write this inclusion explicitly. Recall that a Crofton measure
py € I°(Gr(V,n — k), E™*) for ¢ € Val;"*(V) is any section such
that T,k k(pe) = Kl(¢), which always exists by [4]. It is equivalent
to a smooth, translation-invariant measure on the affine Grassmannian
Gr(V,n — k).

For ¢ € Val;"™(R") and ¢ € Val;”7’(R"), the duality map is given by

n

(0,9) = (KU(¢), )
Equivalently,

6w = |

Gr(Vk)
We have the surjective map
Cri : T°(E™" M) = Vali" (V)

&(e N B)djuy(E) € D(V).

given by
Cro)) = [ sPrya().
AeGr(Vik)

We will need the following

CLAIM 4.3. Let T': X — Y be a bounded linear map between Frechet
spaces X,Y such that Im(T) C Y is closed. Then Im(T™*) C X* is also
closed.

Proof. By Banach’s open mapping theorem, 7" : X/Ker(T') — Im(T)
is an isomorphism of Frechet spaces. Therefore,
T* : Im(T)* — (X/Ker(T))* = Ker(T)*

is also an isomorphism. It remains to observe that T* : Y* — X*
factorizes as Y* —» Im(T)* ~ Ker(T)* < X* and the last inclusion is
closed. Q.E.D.
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Proposition 4.4. There is a unique extension by continuity of Klain’s
imbedding, Klj, : Vali"~ (V) — I'=(K™k), which is an imbedding
with closed image.

Consider the adjoint map of Cry:
Cri: Val" (V)@ D(V)* — I~(K"™*) @ D(V)*
which gives a map
A Vall" (V) — T7°(K™F)

s.t. Cry = A®Id. Let us verify that A extends Klain’s imbedding K1}, :
Val,">*(V) — [ (K™*). For v € T°(E™" %), one has the obvious
Crofton measure picy, () = 7, so for all 1 € Val,"> (V)

AWWﬂZWmWMMZLﬂmmmmKMW

:/ VKU () = (v, Kl (v))
Gr(V,k)

as required. Moreover, KerA = 0, since Cr}, is surjective, and by Claim
4.3 the image of A is closed.

Proposition 4.5. The map Cry admits a unique extension by conti-
nuity Cry, : T=°(E™"F) — ValS” *°(V), which is surjective. It holds
that Kln_k o CT‘k = Tk,n—k-

Consider the dual to Klain’s imbedding K1j:Val;"* (V) — ['*°(K™F),
tensored with the identity on D(V'): It is given by

B :T7°(E™"F) - Valt™ > (V)

where
B(s)(¥) = (s, Kl (1))
for all ¢ € Val;"*°(V). Then B extends the Crofton surjection: for
v € T®(E™" ) and ¢ € Val{">*(V),
B()(®) = (v, Klk (1)) = (Cri(7), V).

Let us verify it is surjective: the image of B is dense since K}, is injective.
The image of B is closed by Claim 4.3 since Im (K1} ) is closed. Note that

Cr;—k e} Kl;; = (Klk O C’rn_k)* = T:;—k,k = Tk,n—k
implying Kl,,_y o B = T} p—.

Definition 4.6. A generalized Crofton measure for ¢ € Val;" >(V)
is any p € T™°(E™" %) s.t. Cry(u) = ¢. We proved that such y neces-
sarily exists.
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4.3. Reconstructing a continuous valuation from its
generalized Crofton measure.

Lemma 4.7. Let W be a linear space, ¢ € Vali”(W) a continuous
valuation, and py € [=°(E™F) a generalized Crofton measure for ¢.
Let K be a convez body such that |[Pryyz(K)| € [ (K™"=k) @ D(W)*.
Then

oK)= [ PR )

ev,00

Proof. A convex body K C W is naturally an element of Val,
(W)* = Vali” * (W) @ D(W)*; denote the corresponding element by
Vi n—k. Then Vg = Kl (vkpn—t) = (Cri ® Id)(Vi n—k) for some
Yk € T™°(E""F) @ D(W)*, and so
Cry_k(rn—t) = (Klp—g @ 1d) (YK n—)

= (Tt ® Id) (Vic,n—t) € T™°(K™" ) @ D(W)*
In particular, O} _, (VK n—i) lies in the image of the cosine transform.
Let us verify that Cr’ _, (¥ x n—t) is continuous and Cr* _, (Yx n—k)(A) =
|Prya(K)| € D(K™"F) @ D(W)*, where A € Gr(V,n — k).
Take any smooth Crofton measure v € I'°(E™F). Then

(Cry (k1) V) = (Kb, CTn—k(7)) = Crn—i(7)(K)

- / Prya (),
Gr(n,n—k)

that is, O} _ (Y n—r) = [Prw/a(K)], so
|Priy/a(K)| € Thnip(D™°(E™"F)) @ D(W)*.

By Proposition 4.2, it follows that |Pryy /s (K)| = Tk n—k(o) for some
o € T®(EW" k) @ D(W)*.

Now fix some Euclidean structure on W. We know that T),_j 1 (1¢) =
Klj(¢). Choose a sequence ¢; € Val;"> (W) s.t. ¢; — ¢ in Vali* (W),
so ¢;(K) — ¢(K). Choose Crofton measures p; € ['*®(E™F) st.
To—kk(pj) = Klg(¢;). Then since T% t. = Tk ks

o) = [ P = [ Tty

Gr(n,k)

_ / oKl (65) — oK1y (6) = / Tk (115)
Gr(n,k) Gr(n,k) Gr(n,k)

and since o is smooth and Tl;k,n—k = T}k, this equals

/ Pras () s (A)
Gr(n,n—k)
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as claimed. Q.E.D.

Thus, given a generalized section s € T =°°(E™*)9 O+(”_1’1), we may con-
sider ¢ = C'r,_(s), which is an even, k-homogeneous, Lorentz-invariant
generalized valuation. Then one may ask whether a continuous exten-
sion to all convex bodies of ¢ exists. According to the lemma, its value
(as a continuous valuation) on all convex bodies with smooth k-support

function should be given by the formula
o) = | S(Prysa(K)).
AeGr(Vin—k)

4.4. Finding the invariant generalized sections. This subsection
provides a technical tool for classifying generalized sections supported
on a closed submanifold. These results are well-known, and appear here
with proofs for the convenience of the reader.

Let X be a smooth manifold, and Y C X a closed submanifold. Let
E be a smooth vector bundle over X. Let |wx| denote the line bundle
of densities over X. Define the space

JE(X) = {f € C®(X):Vp<q—1, X1,..., X, € T®(TX),

(L L, f) | =0}
where L, is the Lie derivative, so that J{(X) = C*(X) and JJ,(X) =
{f € C=(X) : fly = 0}. Then define M{.(E*) = J}H(X) - T>°(X,E* ®
lwx]|), and

Iy(E) = (MY () € (T B @ lox])) = T7(X, )

is the annihilator of ./\/lg,H(E*). Note that J;J,H(X) C C®(X) is a
closed ideal, and therefore M‘{,H(E*) C I'*(X, E* ® |wx]) is a closed

subspace. It is also easy to see that in fact I'y,"(E) C I'y>°(E), the
space of generalized sections of F supported on Y.
The following fact is well known.

Fact. Given a generalized distribution p € M™°°(R™) supported on
R*F ¢ R”, and K C R" compact, one can choose some integer ¢ > 0 s.t.

(6) =33 (52

for all f € CP(K), where I = (i1,...,1p) ranges over multi-indices
of size p with |ij| > k+ 1, and py € C~°(R¥). The representation is
UNIQUE.

It follows from this fact that for compact Y,

r;°%E) c - c T Y(EB) c T™YE) € -
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. . —oo
is a filtration of I'y™°(E).

Let F'? denote the vector bundle over Y with fiber
P, = Symi(N,Y) ® D*(N,Y) ® El;

where N, Y = T, X/T,Y is the normal space to Y at x, and D*(N,Y)
the dual to the space of densities on N,Y.

Proposition. There is a natural isomorphism
- ) - ) -1 -
Dy>1(E) /Ty ™91 (B) = D°(Y, 7).
Proof. Write
—00, —00, —1 * 1 * *
Iy () /Ty (B) = (MY (E7) /M (E))
We will construct a natural isomorphism
* 1 *
M (B MY (B") = T(Y,Q7)
where Q? is the vector bundle over Y with fiber over z € Y equal
to Q] = F*|, ® D(T,Y) = Symi4(N}Y) ® D(T,X) ® E*|;, so that
(Y, Q7)" = I —>°(Y, ).
This reduces to finding a natural isomorphism
JE(X) ) JETH(X) = T(Y, Sym?(N*Y)).

Indeed, there is a natural map A : JiH(X) — I'°°(Y, Sym?(N*Y)). To see
this, given a function f € Ji-(X), and vectors v1,...,vy € N;Y, choose
arbitrary lifts X1,..., X, € T,,Y, and define Af(x) € Sym9(N,Y)* by
Af(x)(v1,...,vg) = Lx, ... Lx, f(x). First note that Lx, ... Lx, f(z) €
C is well-defined, since derivatives of order < ¢ — 1 of f at x vanish.
Moreover, given a vector field V € I'°(X,TX) s.t. V]y € I'™(Y,TY),
it holds that Ly f € Ji(X). It follows that Lx, ... Lx, f(x) does not
depend on the choice of lifts X, so that A is well-defined. It is immediate
that Kerd = J&(X).

It remains to show that A is onto. First let us prove it locally, namely,
assume Y = R* and X = R" Let {e;} be the standard basis. The
standard scalar product in R" gives identifications N*RF = NRF =
R* x R"*. Then, given

s@icm) =Y filene.. aner € TRRE, Symd(R )
I:(ilv"'vifl)
where the sum ranges over multi-indices I = (i1,...,%) with k +1 <

i1 < <ig<nande =¢; ® - e, take

f@n,mn) =pen,. o) Y erfi(@m,. o mp)w e,

I=(i1 .. iq)
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where ¢y is defined by the equality cI_1 = 3o (w4, - ... -x;,), and p €
C>=(R™) is any function that is identically 1 near R¥. Then evidently
fe Jﬂ‘ék (R™), and A(f) = s. Note that if s is compactly supported, we
may choose p so that f is also compactly supported, and Supp(f)NR* =
Supp(s).

For the global surjectivity of A, choose a partition of unity {p;} C
C°(X) attached to a locally finite open cover of Y by sufficiently small
open sets {U;}, such that Suppp; C U;. Given s € I'*(Y, Sym?(N*Y)),
by local surjectivity of A we can find compactly supported f; € J{I/’ AUj) C
J3(X) for all j (here J;? .(U;) stands for the compactly supported ele-

ments of Jy.(U;)) such that A(f;) = p;js. Then A(Y" f;) = s, concluding
the proof. Q.E.D.

REMARK 4.8. We thus obtain a useful tool for finding the G-invariant
generalized sections of a vector bundle:

Proposition 4.9. Let G be a group, X a manifold equipped with G-
action, E over X a G-equivariant vector bundle, and Y C X a closed
orbit of G. Then there is a canonical injective map

Iy E)S 1,0 Y (B)Y — T(Y, F1)°.
In particular, if dimF;,OO(E)G # 0, then dimI'*°(Y, Fq)G % 0 for some
q=>0.

Proof. Taking the G-invariant elements of a G-module is a left exact

functor. Therefore, the exact sequence

0= Iy Y E) - T320UE) — DY, F9)
gives an injection

Iy 0U(E)C Ty Y (B)Y — T (Y, F1)¢.

It remains to verify that in fact I =°°(Y, F)¢ C T°°(Y, F'?). This holds
because G acts transitively on Y: choose any smooth, compactly sup-
ported probability measure p € M(G). Then Vf € ['=(Y, F1)Y,
f=Fxp=[,9" fdu(g) € T=(Y,F1)C.

Finally, since any element of I'y,°°(E), restricted to a sufficiently small
open set, lies in F;oo’q(E) for some g > 0, it follows by G-invariance
that T'y>(E)Y = U2 [y>(E)¢. Q.E.D.

4.4.1. Construction of some generalized functions on the unit
circle. For the following, define ¢;(\) by

(E20)" — 3" (e
§=0

The series converge locally uniformly in z € (—m,7) for every A € C; in
particular 2% |c;(A)| converges. The coefficients c;(A) are polynomial
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functions of A € C: ¢o(A) =1, ¢1(A) = — 3, co(A) = & + L)‘?,,QQ, c3(N) =
A AO=D)  AA-D)(A—2)

—5 — T3 Gas > and so on.

Lemma 4.10. For every k € Z, the function Ij, : {ReA > 0} — C
given by

1
Ik()\):/ 2¥| sin zMda
0

admits a meromorphic extension to the complex plane, with simple poles
at \=—(k+2j+1), 7=0,1,2,... and residues Res(Iy,—k—2j—1) =
cij(—k—2j —1).

Proof. Write

which is meromorphic, with simple poles at A = —k—2j—1, 5 > 0, and
residues as claimed. Q.E.D.

Lemma 4.11. There exists a meromorphic map Sinq\_ z:C—
C=°(—m,m) with simple poles at A = —1,—2,... and residues

mo s g
Res(Sinﬁ\H—k):{ 2j=o pmicm—i(=k)0g™" k =2m +1

- E?:_Ol mcm—l—j(—k)@gzjﬂ), k =2m

s.t. for all X ¢ Z, SIH+ x(pdx) = fo x)sin* zdzx for ¢ € CX(—x, )
that vanishes in a neighborhood of 0.

Proof. For Re(\) > —1, sin} z is locally integrable near 0 and so
sin} € C~°°(—1,1) is well-defined and analytic in A\. A meromorphic
continuation with the desired properties in the region Re(A) > —(k+1)
is given for ¢ € C.(—m, ) by

sin} z(¢dz) = / o(z) sin* zdz
1
1
- 1)!
1
6O + ¢ OLN) +-+ 7, * D (0) k1 (V)

1
sin? z(¢(z) — —xd(0) = ... — 2F—1pk=1) "
# [ s ato(o) - 90) - 20/0) - #-D (0))d

By the Lemma above, this is a well-defined generalized function, mero-
morphic in A, with simple poles at A = —1,—2,... and residues as
claimed. Q.E.D.
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We define also sin® z € C~°(—x, 7) by
(sin} @, ¢(z)dz) = (sin} @, p(—)dz).
Then
Res(sn® 2, =) = | sl et (RO, = 2
Before formulating the main result of this subsection, recall the following
CrLAM. Let f:C — C7°(X), A — fx(z) be meromorphic, where X
is a smooth manifold. Assume that )¢ is a simple pole, and h(x) € C(X)

positive s.t. fi(gz) = h(x)*fr(z) in the holomorphic domain of f, for
some g € Diff(X). Then r(z) = Res(fx; Ao) satisfies the same equation.

{ S50 rem—i (—k)6@) k= 2m + 1

Proof. Indeed, write fy(z) = %&? + ap(z) + -+, so that r(x) =
a—1(z). Then

falgz) = h(x)* fa(x)
a—1(gx) a—y(a)h(x)* A

coo = TN h
N + ao(gz) + A M + ag(x)h(z)" +
Developing h(m)A into power series near A = )y, we see that
Ao

=

a—1(gr) = a—1(z)h(z)
as claimed. Q.E.D.
Recall the Lorentz form @ on R2, which we now restrict to the unit
circle S'. Then {Q 230} :5{—% < o; < ZPU{E <a <} and
{Q<L0}={F<a<TIu{F <a< T}

Corollary 4.12. (a) For any sign € € {4, —} there is a generalized
function f5 on St namely cos}(2a), which is meromorphic in X\, with
simple poles at X = —1,—2,.... It is supported on {a : signQ(a) €
{0,€}} . It satisfies the equation

(5 otagda) = [ Jeos2a ()

for every ¢ € C>®(S') wvanishing in a neighborhood of the light cone. It
also satisfies the equation

(7) (™) () =

cosh® sinh6 e .
for g = < sinh0 cosh @ >, where (g7)*(fr) = frog, kK = e 2,

t =tan(§ — ).
(b) For \= —k, k=1,2,..., the linear combination

A+ DRy

1+ K2t?
I{>\< + K

.Y
e ) ()
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is holomorphic at X = —k and satisfies equation (7). Also, the residue
Res(f5; —k) satisfies equation (7). Res(fs5; —k) is given explicitly for odd
k=2m+41 by

m

1 (2) (24) (2) (2)
Z (25)12% cm_j(_k)(éaiﬂ/4 + 6ai57r/4 - 6ai37r/4 - 5ai77r/4)

j=0
and for even k = 2m by

- 1 (2541) | 5(2i+1) _ s(2j41) _ 5(2j4+1)

2j+1 2j+1 2j+1 2j+1
€ 2:0 Wcm_l_j(_k)(éazw/él +5a:57r/4 B 5&:37r/4 o 5&:7#/4)

]:

Proof. (a) This can be verified directly for ReA > 0, similarly to
equation (9). Then, both sides of the equation are meromorphic maps
C — C~°°(8') so uniqueness of meromorphic extension applies. For
statement (b) concerning residues (the second half is immediate from
(a)), we use the claim above. Q.E.D.

REMARK 4.13. All the generalized functions on S' that we defined
are even, and so define generalized functions on RP'. Let @ denote the
Lorentz quadratic form on R2. The Q-orthogonal complement of a line
in R? (which is the same as reflection w.r.t. to the light cone) induces
a Zg-action on RP! and so also on C~°°(RP'). We call f € C~°(RP!)
cone-symmetric or cone-antisymmetric according to the action of Zo
on it. Then for A # —k, cos) (2a) + cos? (2a) is cone-symmetric and
cos?} (2a)) — cos? (2a) is cone-antisymmetric; for A = —k, there are two
cases:

e kisodd, then Res(cos? (2a), —k) is cone-symmetric and cos?} (2a)—
cos (2a) is cone-antisymmetric.
e k is even, then Res(cos) (2a), —k) is cone-antisymmetric and
cos’} (2a) + cos? (2) is cone-symmetric.
We will denote the cone-symmetric and cone-antisymmetric functions
corresponding to A by f;r (a) and f; (), respectively, normalized so
that fj(2j+1) = Res(f;r, —(2j+1)) and oo = Res(fy , —2j). Note that
f;\—L is invariant to reflection w.r.t. the origin and to both coordinate
axes.
For non-integer A, we write fAT and f ;\9 for the functions corresponding
to cos? (2a) and cos) (2), resp. (standing for the time-like and space-
like support of the function).

REMARK 4.14. Note that the generalized functions supported on the
light cone correspond to the residues, and they are given by derivatives
of order k — 1 for A\ = —k since ¢y(N) = 1.

We will now construct generalized functions =, , € C~°(Gr(n,k))
that are SO(n — 1)-invariant, have singular support on the light cone,
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and satisfy the following transformation law under the Lorentz group:
Fix any (k — 1)-dimensional A c R (the space coordinate plane),
and v € R"! orthogonal to A. Denote II = Span{v,e,}. Let g € G be
a 0-boost in 11, namely

I = coshf sinh@
I =\ sinh# cosh
while g|;;. = Id. Denote

Ay = A+ Rov

where R, denotes rotation by « in II, extended by the identity in the
orthogonal directions. Then
1+ K22 ) XL

(®) (7)) () (Bda) = #M (7 5) Fealde)

where <(g_1)*(f)\)mu> = <f)\7 (9—1)*M> y K= 6_207 t= tan(% - OZ).

Here and in the following, a : Gr(n, k) — [0, 5] is the elevation angle
of A € Gr(n,k) above the space coordinate hyperplane.

This is achieved as follows: choose a smooth function xy € C>(S!)
invariant to reflection w.r.t both coordinate axes, s.t. x vanishes in a
2e-neighborhood of the poles and of the equator, and equals 1 outside a
3e-neighborhood of the poles and equator. Let f € C~°°(S') be any gen-
eralized function smooth near the poles and the equator, and invariant
to reflections w.r.t. both axes.

Define Cc = {A € Gr(n, k) : a(A) > 5 — €} and E. = {A € Gr(n, k) :
a(A) < €}. Outside C.UEx, one has the well-defined smooth submersion
a:Gr(n,k)\ (CcUE) — (¢, 5 —¢). So we may pull-back x f as follows:
define u = o*(x f) € C~°(Gr(n, k)™= (which we extend to C,UFE,
by zero).

Now observe that a2 is a smooth function on FEjs.: this can be seen
by writing

k
sin? o = Z<Uj, en)?
j=1
where {v;} is any orthonormal basis of A, and e, the unit vector in
the time direction. Also, (§ — )? is smooth in Cj,. Since the function
(1 —x)f € C°(S") is smooth and invariant to reflections w.r.t. both
coordinate axes, by Lemma 3.4 (applied separately near o« = 0 and
a = %) one may define a smooth SO(n — 1)-invariant function v(A) =
(1 = x)f)(a(A) € C2(Gr(n, k)91 supported in Csc U Ez.. Now
define Gr,, 1 (f) = u + v € C™°(Gr(n, k))5C=1,

We now define ffk \ = Grp(f ;E) for non-integer A. Then for values of

A satisfying ReA > 0, verifying that frfh , satisfies equation (8) amounts

to testing the numerical equation given by (7). As before for S, we
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conclude by meromorphic extension that the equation is satisfied for all
values of A that are not odd resp. even negative integers for f:’ k) T€sp.
fn_ k. Finally we define fn_ Yy and f:;h_ ( by taking the respective
residues.

Let us write an explicit formula for fr:zt,k, \(p) for poe M=
(Gr(n, k))3°0=1 Writing 4 = ¢(a)dA where dA is the unique SO(n)-
invariant probability measure on Gr(n, k), we claim that

ik,)\(/‘) = ff((b(a)gn,k(a)da)

with g, k() = C,, ) cos asin® 1 a.

Indeed, by uniqueness of meromorphic continuation it is enough to
verify the formula for ReA > 0. Then f)\i is continuous and fnik Z(A) =

f;\—L(a(A)), So we may write

2j+1)

n—k—1

Fra = [ FEa()sa()ia
Gr(n,k)

and integrate along submanifolds of constant elevation. It remains to
see that a.(dA) = g x(a)da. The angle 3 = § — a between a random
(w.r.t. the Haar measure on Gr(n,k)) k-dimensional subspace and a
fixed direction is distributed as the angle between a random vector z €
S"=1 (w.r.t. the Haar measure) and a fixed k-subspace. Since

{res" LR =8} ={zes" 22+ .. 422 =cos’ 3}
= (cosﬂSk_l) X (sinBS"_k_l>,

we get
Gnk(a) =Chp cos* ™ Bsin® k1 g = Chi cos" 1 asinf ! a.

4.4.2. The case k = 1. We will denote X = Gr(V,1); M C X will be
the set of Q-degenerate subspaces, referred to as the light cone in X. We
denote by a the angle between a line A € X and the space coordinate
hyperplane. To describe the action of G on the various bundles, we will
fix a set of generators of G. For this, fix a plane IT = Sp{ej,e,}. As a
group, G is generated by SO(n — 1) C G, which fixes e,, and #-boosts
in IT, namely, transformations of the form

I = coshf sinh@
90 =\ sinh@ cosh@
while gg|;;. = Id. We start by proving

Proposition 4.15. The G-invariant generalized sections of K™ are

spanned by | cos 20[|%80 and sign(cos 2ar)| cos 20é|%80, where sg is the Eu-
clidean section.
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Proof. We should only prove that there are no G-invariant sections
supported on the light cone, which is denoted M.

The action of SO(n—1) C G on X = Gr(n,1) keeps « invariant. For
gp a 0-boost as above, the action is given by
tan a + tanh ¢
14 tan atanh

where 8 = gga is the angle between ggA and the space coordinate hy-
perplane. In particular,

tan 8 =

B da
~ cosh 26 + sin 2arsinh 26
The action of G on the fibers is given by

\cos2ﬂ\%
e

| cos 2oz|%

(96)+(¢50)(B) = ¢() 0(8)

(with the value at a = 8 = § understood in the limit sense). We change
the coordinates as follows: € = 7 —a, n = 7 — f and t = tane, s = tann.

Also, denote

1 —tanh@ 1 _20
K = g - =€
1+tanhé  (cosh@ + sinh )2

This corresponds to
s =kt

and
L1 K22\ -
: — o (S )
(9) 90(¢50)(s) = B(t)2 (4 o(s)

Now the existence of an invariant generalized section supported on M

(corresponding to tg = 0) would imply according to Proposition 4.9 the
existence for some g > 0 of a non-zero invariant section over M of

F = D*(NM)®Sym?(NM)RK™ |5y = D*(NM)@(NM)®1Q K™

(for the last equality note that N M is a line bundle).
Note that for [ € M,

NM = T.X/TiM = (" @ (V/1))/(" @ (19/D) 2 I ® (V/I9),

where € is the Q-orthogonal complement of I, and | € M <= [ C 9.
Applying a 6-boost fixing [, the resulting transformation of the fiber of
F|; is multiplication by

k- kT kY2

for k = €%, which cannot equal 1 for any ¢. We conclude there are no
invariant sections supported on the light cone. Q.E.D.
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When k = 1, the Crofton fiber E™!|, is canonically isomorphic (in
particular, as G-equivariant bundles) to D(V)" @ D(A)*"+1).

D(V/A) @ D(T\Gr(n,n — 1)) = D(V/A) @ | AP (V/A)* @ A)|
= D(V/A) @ D((V/A)#"~Y) @ [A"P|
= D(V/A)" @ D(A)*
= D(V)" @ D(A)*"+D

Let a be the angular altitude on the sphere, and 2y be the Euclidean
section of the bundle E™!. The transformation rule under the G-action
for a f-boost gy is therefore

(90)2(920)(8) = @) =202 )
| cos 2a|™ 2
or equivalently
. 22 ntl
(10) an(60)(s) = o) (L) T 20(s)

where t = tan(§ — ), s = tan(§ — ), 8 = gga, s = kt, and Kk = e 20,

Let f be a G-invariant generalized section of E™!. When restricted
to an open orbit, such a section must be smooth (since an open orbit
is a homogeneous manifold for G). Therefore, on the open orbits f =
C| cos 2a|_nT+1z0, where C'is a locally constant function on Gr(V,n—1).

In light of Corollary 4.1, we get

Corollary 4.16. The space T=°(Gr(n,n — 1), E®")% is at most 2-
dimensional.

We will now turn to constructing two independent sections of this
space, proving it is in fact 2-dimensional. Let us first remark that ap-
plying Proposition 4.9 for this manifold (this time Ty M = (A/A9)* ®
(V/A)), one can see that an invariant generalized section supported on
the light cone can exist only if

n+1

g+1-— =0 < n=2¢+1

where ¢ is the order of the section (as a differential operator). We will
show that such sections do indeed exist.

Proposition 4.17. dimT'=>°(E™YY = 2. For odd n, there is a one-
dimensional subspace of generalized sections supported on the light cone.
For even n, none are supported on the light cone.

Proof. The sections are associated with the generalized functions on
Gr(n,n — 1) constructed in 4.4.1.
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According to equations (8) and (10), they are given (after a Euclidean
trivialization) by ffn_l \ With A = "+1 . The support properties follow

immediately from the corresponding propertles for f)\ . Q.E.D.

Those sections will be denoted fﬁt,r
Let us write explicit formulas for those sections in some dimensions:
For n = 3, the cone-symmetric section fgf 1 (after rescaling) is given by

Y)do —
% 2w —2¢0(7
2T
ot n [ oo
=0

and the cone-antisymmetric section f3, is given by

0 .
ola.vds > 5| (sina [ dvola.v))
« _ Sl
=7
For higher odd values of n, the cone-antisymmetric section is given by
d(a,Y)do — 880/” (sin” / o(a,)dp)+lower order derivatives

where m = "T_l

4.4.3. Case of general k. Denote X = Gr(V,k), M the set of Q-
degenerate subspaces.

Proposition 4.18. There are no G-invariant sections over M of the
bundle with fiber over A equal to D*(NAM) @ Sym(NAM) @ K™k, .

Proof. Fix A € M touching the light cone C along the line | = ANAX.
Denote also Q2 = A + A? = (9. Write NAM = Ty X/TaM. Then

NAM =1"® (V/Q).
Thus as in the case k = 1, for ¢ = gg € Stab(A), the action on
D*(NAM) @ Symi(NyM) @ K™F|5 is by multiplication by x9t!x!/2
where k = e72Y. So again by Proposition 4.9, there are no invariant
generalized sections of K™* supported on the light cone. Q.E.D.

Therefore by Proposition 2.3, dim = (X, K™*)¢ = 2,

Proposition 4.19. dimF_oo(Envk)G =2 forall <k <n-—1.
For odd n, there is a one-dimensional subspace of generalized sections
supported on the light cone. For even n, none are supported on the light
cone.
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Proof. Again by Corollary 4.1, dimT~>°(E™*)¢ < 2. Let us find two
independent sections explicitly. This time A € Gr(V,n — k) and

Exn=D(V/A) @ D(TAGr(V,n —k)) =D(V) ® D(A)* @ D(A*®@ V/A)

So, similarly to the case k£ = 1, the invariant sections ffk of E™F are

given, after the Euclidean trivialization, by fn,n—k, y With A = —"TH.

Q.E.D.

For even values of n, we will also use the basis f;? o fg i corresponding
to f{, 3
Recall that for u € M>(Gr(n,k))3°™=1) such that u = ¢(a)dA
where dA is the unique SO(n)-invariant probability measure on Gr(n, n—
k), we have
fr:fk(u) = f;\t((zs(a)gn,n—k(a)da)

where g, n—r(a) = Cp sin® * 1o cos* 1o and \ =

on, we renormalize fﬁtk so that Cp, 1, = 1.

—"TH. From now

Theorem 4.20. For all1 < k < n—1,dim Val{"~ > (R")30" ("=11) =
2.

G
Proof. According to Proposition 4.4, <Valzv’_°°(V)) is naturally a

G G
subspace of (F_‘X’(K"’k)> . In particular, dim (Valzv’_oo(V)> < 2.
Then by Proposition 4.5,

Ker (C’rn_k LT (ER) Val,j”’_oo(V)> C KerTp_ s

so by Corollary 4.1 one has dim Val”~ > (V)% > 2. Thus, we get equal-
ity. Q.E.D.

It follows that every SO (n — 1, 1)-invariant continuous valuation ¢ €
Valg(V) is determined by its uniquely-defined SO (n — 1,1)-invariant
generalized Crofton measure.

5. The non-existence of even Lorentz-invariant valuations for
1<k<n-2

We now proceed to show that the generalized valuations ¢ = C'r( fk),

corresponding to the sections ffk € I =°(E™F)Y that we found, are not
continuous valuations. In fact, we will show those valuations cannot be
extended by continuity to the double cone. By Lemma 4.7, it follows
that for an SO(n — 1)-invariant smooth convex unconditional body K™
with k-support function h(a; K), those valuations are given by

O(K™) = £ (hi(es K)gp i (c)da)



CONVEX VALUATIONS INVARIANT UNDER THE LORENTZ GROUP 219

with A = —"TH. Then by 3.7, the same formula holds as long as hy (a; K)
is smooth near the light cone.

5.1. Computations related to the double cone. In the following,
C C R?is the unit ball of the I; norm. We will write hy(a) = hy(a; CFH1)
(where —5 < o < § is the angle between the normal to the hyperplane
to which C**1 is projected, and the space-like coordinate hyperplane).
It can be computed as follows: fix u = (cos «, 0, ..., 0,sin «) the normal
to the hyperplane, and v = (cos Bw, sin 3), w € S¥~1. The surface area
measure of C**1is gouii(v) = 6z (8) +6-2(B) and

hi(@) = Thlocin (8))(a)
= [ (5509 + 65 ()l (w0} cos* " Bapd. - (w).

If £ > 2, we take 0 — % <¢p< g to be the elevation angle of w € Sk-1,
If k=2, —1m < ¢ <. Let us write ar < ¢ < by for both cases. Then

b I
@) =Ci [ [ 6(8)+ 55 ()Isin gsina

+ cos 3 cos arsin ¢| cos® ™1 B cos? 2 pdBde

C bi
= —21j2 /ak (|sin v + cos asin | + | sin a — cos acsin @) cos* =2 pd
20k L . k—2
T 9k/2 /ak |sina — cos asin ¢| cos™ ™~ pdop
h];(()é), 0 <a< %

Denoting Ay = fl/r% cos¥2 ¢pd¢, and replacing Cy by 2C5 for k = 2, we
get
2C
hi (o) = 22k Apsina

T 9k/2
and
hy (a)
20}, . . /2 B2 2 (cos 204)k%1
=S (Ak sina — 2sin o /arcsmtana cos” “ pdo + F—1 (cosa)F 2

k-1
2C% 2 (cos2a) 2 ) ! k=3
— _ _ 2
=hl(a)+ k72 (k: ~1 (cosa)F—2 2sma/tana(l t*) = dt

with the exception

1
hi(a) = —=(|sin(a + %)\ + | cos(a + %)\) = max(| sin o], | cos a|).

V2
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For € > 0 and every n, define the e— stretching of R", S, to be the
diagonal n x n matrix ccdiag(1,...,1,tan(% +¢€)) where cc = 1 ase — 0
will be specified shortly. In the following, we will denote n = tan(F +¢).
We replace the double cone with its e— stretching C, . = S.C", and
take c. such that hy(%; Ce) = nhg(%; C). We will write in the following
hie(a) = hi(a; Cp ), omitting € when € = 0. Again for all k <n —1

b
(0 _cﬁck// (62 1o(B) +3_z_ ()] sin Bsina
3

+ cos 3 cos asin ¢| cost 1 Bcost 2 pdBdg.

h;’e(a), o>
hi o) = { hp (@), 0 < o

where for k& > 2 (again the definition of Cj for k = 2 is twice the
definition of Cj for k > 3)

Let us write

2C}
h;e( a) = 21@/2’4’“77 sin «v

and

w/2
hy. () = 352 (n sma(Ak - 2/ cosh 2 qﬁd(b)

arcsin(n tan «)

2 _
+ 1 cos a(1 — 7 tan? a)%>

2C, 2 k=1
= h;e(a) + 52 <—l<: 7 cos a1 — n? tan> a) 2

1 o k=3
—2nsina/ (1—t%) =2 dt |,
ntan a

hi(e; Cp ) = max(n|sin |, | cos «f).

while

By rescaling the bodies, and since we will be only considering a single
value of k£ at a time, we may assume in the subsequent computations

that 2¢5 = 1 for all hy.

REMARK 5.1. In this computation, « is the angle between the nor-
mal in R¥*! to the hyperplane to which we project, and the space
coordinate hyperplane. The value of the even k-homogeneous cone-
symmetric/antisymmetric valuation in R™ on Cj, ¢ when € # 0 is given by
ffn_ﬂ(hk,e(a)gn,n_k(a)da) by Proposition 3.7, since the singular sup-

2

port (in fact, the support) of the surface area measure of C,, . is disjoint
from the light cone.
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REMARK 5.2. We observe for the following that h,j admits a real
analytic extension to S', and if k is odd then also h;, admits a real
analytic extension to a € (=3, %). The same holds for hk , and in the
corresponding cases it holds in the C'°° topology that

lim hi = h.
e—0*t

It follows that for any continuous valuation ¢ with generalized Crofton
measure ffk, one may write

¢(On) = 61_i>%1+ @b(Cn,e) = €l_i>%l+ fitnTJrl (hl—gg(a)gn,n—k(a))
= fitnTH (hI (@)gnn—k(a))

and if n is odd then also
HC™) = FE oy (7 (g -1(e0)
5.2. Applying the generalized valuations to the double cone.

Proposition 5.3. (Reduction to k =n —2) If for every n > 3 there
exists no continuous even G-invariant (n — 2)-homogeneous valuation,
then there exists no continuous even G-invariant j-homogeneous valua-
tion for j <n — 2.

Proof. Let ¢ € Val;'(R")SOﬂ"_l’U be such a valuation with j <
n—2. By our assumption, if A is any (n—2)-subspace s.t. Q|x has mixed
signature, then ¢|5 = 0. Since every j-dimensional subspace is contained
in some A as above, we conclude that Kl;(¢) = 0, and therefore ¢ = 0.
Q.E.D.

Thus we may assume from now on that & = n — 2, and prove non-
extendibility of the corresponding valuations.

Proposition 5.4. (Odd n, light cone support). For odd n, an n — 2-
homogeneous even valuation ¢ on R™ having generalized Crofton mea-
sure f € T7°(E™")G supported on the light cone, cannot be extended
by continuity to all SO(n — 1)-invariant compact convex bodies.

Proof. Assume, on the contrary, that this can be accomplished. We
will show that ¢ does not extend to the double cone by continuity.
Recall from Proposition 4.19 that a valuation ¢ as above can occur only
for odd n, and by Remark 4.13, it is cone-symmetric if n = 1 mod 4
and cone-antisymmetric otherwise. By Remark 5.1, we may evaluate the
valuation on Cy, ¢ by ¢(Cpe) = f(hr(a; Cpe)gnn—k). Therefore,

o(C™) = lim f(hg(o; Cre) Gnon—k)-
e—0
Write

f(hgnn—k) Zc]h(] (—)



222 S. ALESKER & D. FAIFMAN

with m = ”T_l (note that the derivatives of g ,— are now incorpo-

rated into the coefficients ¢;). Note that c,, # 0 since g, ,—(§) #

0. We will show that the two limits lim._,o+ f(hg (o, C)gnn—t) and

lime_o- f(hge(o, C)gnn—i) are finite and different from one another,

thus arriving at a contradiction. Equivalently, since lim, o+ hy e = h,j
3r 3m

in the C*°[—<, <] topology, we will show that

el—ig(r]l* (f(hl—:e(o‘7 O)gn,n—k) - f(hE,e(a7 C)gn’n_k))

= tim [ (4 (0.0) = hig (00.C)gnns)

e—0~
is non-zero. Define the functions v¢(a) = h;e(a, C) = Iy, (e, C) and
ue () = (sin @) v ().
Consider first the case n > 3. Then

1

2 —

ue(a) :277/t (1—t2) S dt — - 1cot a(1 — n? tan? a)kT1
ntan a

)

where as before = tan (% +¢). It suffices to prove that lim,_,- ue )(
0 for j <m — 1, and is non-zero for j = m. Indeed, lim_,o- uc(%) =
and

|1

0,

, 2 (1 —n?tan? a)%

(@) = k—1 sin? o

Since k = n—2, the numerator is a polynomial in tan? o with coefficients
k—1
depending on €, and we conclude that u, — 2 =—%—(1 —tan?a) 2 in

3 3 Sln (0%
C®[—=F, =] Since

1ot = (1 (1o D) oo 1)) 7

:<_4>%(a_g)7+o((a_g>7>

and % = "T_?’ =m — 1, it follows that

(1 — tan? @)™ 1)m-1) (%) = (—4)™ Y (m — 1)!

implying the claim.

Now assume n = 3 so k = 1. Then v.(a) = ncosa — sina, where
again 7 = tan(% + €). Since lim._,o- ve(%) = 0 while lim,_,o- v{(§) =
lim,_,o- —sinan — cosa = —v/2 # 0, the claim follows. Q.E.D.

REMARK 5.5. We note for the following that for odd values of n, both
hme—>0+ f(hk,s(a7 O)gn,n—k) and hme—>0* f(hk,e(av C)gn,n—k) are finite,
where f is the unique G-invariant generalized Crofton measure sup-
ported on the light cone.
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Proposition 5.6. (Odd n) For odd n, no n — 2-homogeneous valua-
tion ¢ € Vall ,(R™)Y exists.

Proof. Denote k = n — 2. Assume first that ¢ is either pure cone-
symmetric or cone-antisymmetric, according to n mod 4, such that it
is not supported on the light cone.

First, assume n =1 mod 4, son > 5 and k£ > 3. Then "TH is odd,
and ¢ = Cr(f, ).

(b(cn) = lim (b(cn,s) = lim f__LH(hk(a§Cn,s)gn,n—k)'
e—0t 2

e—0t

Note that hy(o; Cpe) = Cnsina near o = 7, and so all derivatives at
a = 7 of hg(a; Cpe)gnn—k converge to a finite limit as € — 0T. Write

for an arbitrary function H on S*,

n+1
2

N_(a; H) = |cos2al™

H(a) - H(g - a) - 2; m}[(zjﬂ)(%) (a _ %)2j+1

where m = "T_l. Denote He(o) = hy(o; Cp e)gnn—k(a). We will show
that the integral

T_(H) = /0 ' N_(a: H)da

which equals ¢(C), () up to bounded summands, diverges as e — 07.
Then

i€ h_g(a)gn,n—k(a) - h+e(a)g"7"_k(a)
I_(Ho) = / . e o
0 | cos 2| 2

+ [N (@i (@)gna-r(a))do.
0

Now the second integral is bounded (uniformly in €), for instance by
C| fo' N-(a; hif (@) gnn—r())da.
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We will show that the first summand is unbounded. Calculate first
that

(11)
hio() = b (a)
(i)

sin o
= 2% </<; 3 . cot a(1 — n? tan? a)% B (/niana(l - t2)k23dt> n)
- cozza(l — 1" tan” 0‘)%
Wt (g
2 (- tne)?

k=1 sin? o

which is negative. Since h;e(% —€) = hy (§ —¢), it follows that hy_ (a)—

hz’e(a) > 0in (0,7 —€). Now

n+1
2

[ Balee) ot
0

| cos 2a

TS
i< hy () — b («)
/ : o da
CNTENE
i€ 1 hy, (o) — h+6 «
chn/‘1 — k,( ) k,( )dOé.
: (-t sin o

Next we integrate by parts: we integrate (§ — oz)_ngl and differentiate

the other term. The boundary term is bounded uniformly in €, and we

hy (a)=hf
by (@) =Py (@) in equation (11). The

sin «

already computed the derivative of
resulting integral thus equals

/%_E (1—772tan20z)k2;1doz o /%_6 (1—772tan2oz)%doz
C k p— =~ C k o .
" (%—Q)Tl sin? o " z (%—Q)Tl

5



CONVEX VALUATIONS INVARIANT UNDER THE LORENTZ GROUP 225

Now 1 — n?tan®a > i(oz6 — @), so the integral is bounded from below
by
k-1 k

Finally, the limit
. [T tTdt
lim — =
e—0t Jo (6 + t) 5

is infinite. Thus I_(H,) is unbounded as € — 07, i.e #(Ch, ) — oc.

Now assume n = 3 mod4 and n > 7, so k > 5 and ¢ corresponds
to f:[k For an arbitrary function H on S, define N, (a; H) by

Ny (o H)
ntl 7 1 N (T T o:
= - o) — ) <_ AV
[cos2a] % | H(a) + H(5 —a) 2; o 4)(a 7
where m = "T_?’. Exactly as before, the integral

I.(H,) = /0 " Ny (as H)da

is unbounded as € — 07, i.e ¢(C), () — 0.
Let us compute separately the case of k =1 and n = 3. Then

() - /Z—e oS g n—1(0) — nilﬁ agnn—1(a) o
0 |cos2a| 2

+/4 N_(a;nsinagnn—1(a))da
0

where
H(a) = H(5 — o) —2H'(7)(a - )
N_(o; H) = : Foam .
| cos 2a 2

Now the second integral is bounded (uniformly in €), for instance by

2| [o* N_(o;sin agn n—1())dal. The first integrand is non-negative, and

since gnn-1(a) > ¢, for a € [{5, 7] while cos2a < cla — | in that
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interval, we get

| cos 204]717+1

™ _ . ™ _ .

17 cosa —nsina 47 ¢ cosa — nsina
>c —————da>c ————do.

n 0

/%_E CcoS Oé.gn,n—l(a) — nsin ozgn,n—l(@) da
0

T ntl T ntl
0 (T —a)? (T -2
The function cos o —nsin av is decreasing and concave for 0 < o < 7 —¢,
so cosa —nsina > 1 — E‘ig for0<a< % — €. Therefore
4
Fia — psi
/ COoS & nilﬁada
0 (% —a) 2
1 %_6 T n—1 7T/4 %_6 v n+1
> ——a) 2 d 1-— ——a)” 2 do.
> [T G T - ) [T G e
Recalling that n = 3, this equals
1 € 7T/4 2 3-1 1
- log — + <1 - > € 2 =— loge + O(1).
- T T—€¢/3-1 1€

Thus for all k > 1, I_(H,) is unbounded as ¢ — 0.

Finally, consider a general f = a f,f p T+ 0f, 1, given by a linear com-
bination of pure cone-symmetric and éone—an}cisymmetric sections, and
assume it corresponds to a continuous valuation. Then by the preceding
argument and Proposition 5.4, we must have both a # 0 and b # 0.
When evaluated on H,, this would diverge as ¢ — 0T, since the light
cone-supported summand has a limit by Remark 5.5, while the other
summand diverges as was just proved. Q.E.D.

Proposition 5.7. (Even n, reduction to time-supported valuation)
For even n, an (n — 2)-homogeneous valuation ¢ € Val! ,(R™)Y on

R™, if it exists, has generalized Crofton measure equal to a multiple of

T
n,n—2-

Proof. Denote k = n — 2; assume ¢ corresponds to f = af,iak + bff’k.

¢(On) = lim ¢(Cn,e) = lim anTH(hk,e(a)gn,n—k)

e—0t e—0t

Note that hy (o) = Cnsina for [a] > § — ¢, and so all derivatives at
a = T of hy, (@) gnn—i converge to a finite limit as ¢ — 0T, and likewise
lim,_, o+ ffﬂ (hio,e(0)gn.n—k) is finite. We will show that

2

lim ot f%0 (hg,e()Gn n—k) is infinite, implying b = 0.
2
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Denote He(o) = hy (@) gnn—k(c). Write for an arbitrary function H
on S,

N(a; H)
_ H@ - (HE) + FHO@ @ =D + -+ HHO F) o = ™)
| cos 20z|nT+1
where m = . The integral

H) = /4 N(a; H)do
0

equals f°,., (g, e(®)gn.n—k) up to summands corresponding to deriva-

tives of hk,:(a)gn,n_k at the light cone, of order up to m. Those deriva-
tives are uniformly bounded as e — 07, since hy () — hi() in the
C™(S1) topology by the remark following Proposition 3.6.

We will show that I(H,) diverges as e — 0. Write

do

I(He) = /0:;_E hl;,e(a)gn,n_k(a) B hl—l_e( )gn,n—k(a)

7L+1

| cos 2ar| 2

/ N Oé h+ gnn k( ))dOé

Now the second integral is bounded (uniformly in €), for instance by
C| f04 N(a; b} (@) gnn—k(a))dal, and the first summand is unbounded,
exactly as in the case of odd n before. This concludes the proof. Q.E.D.

Proposition 5.8. (Non-ezistence of time-supported valuation with
k=mn—2) Forn even, Cr(fT n—2) 18 not a continuous valuation.

Proof. Denote k =n—2, m =% =2 —1, and assume ¢ = Cr(fT nn—2)

is a continuous valuation. As before H (@) = hg cgnn—k(). By Remark
3.6, hy.c(a) = hi(a) as e — 0 in C™(S1).
Introduce the notations

1 1 .
Ji(a; H, o) = H(ag) + FH(l)(Oéo)(Oé —ag) +-- -+ ﬁH(])(Oéo)(Oé — )’
H(a) — Jj(a; H, )

N(ay H,j) =
(a7 7]) |COS2a|j+%

and .
I(u) = ’ N(a;u,m)do

jus

4
Observe that H. — H in C™(S') as well, so all the derivatives satisfy
HE(J)(%) — H(j)(%) for j <m as € — 0. We will show that

lim fTLH(HE) # lim fipm(He)
e—0t 2 e—0— 2
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Equivalently, due to C™ convergence, we will show that I(H¢) has dif-
ferent one-sided limits.
Denote b
uc(a) = Piele)
sin o
Recall that ue(a) = Agn for a > F — ¢, while for 0 < a < § — ¢ we have
1 -
ue(a) = Agn — 2n (1—t%) =z dt +

ntan o k—

k-1

| cot a(1 — n?tan® a) 2

where A;, = fl/r 32 cos" 2 ¢d¢. Therefore,
lim I(u.) = lim I(A =0.
g T(ue) = i, Tden)

Now write He = t(a)uc(o) where t(a) = gp pn—k(a) sina. According to
Lemma A.1, we may write

T
H(a) - J] (av H, Z)
= z - X z _ z m+1
- t<4) <“E(”“’) T <a“ 4)) +tte(@) Rimy1(a) +O(Cela — 7 )
where Rpy1(a) = t(a) — Jm(ast, ), and the constant Ce in the error
term is bounded by

Cr sup [ul?)|
1<j<m

with
Crmn=m sup |(gnn—k(a)sin a)V)|
0<j<m+1
where everywhere o € [0, 5]. By the convergence of uc(a) — Ay in
C™[%, %], we conclude that C. — 0 as € — 0.
Since [Rm+1(a)| < Cla — 5™, and u, converges in C[F, %], the
integral
[ o),
T |cos2a|™"2
has a limit as e — 0. Also, the integral

/’5 O(Cela — %|m+1)da

e

2 | cos 2

converges to 0 as € — 0. We conclude that I(H) —¢(5)I(uc) converges,
and thus it suffices to show that the functional I(u.) has different one-
sided limits. We will verify that

lim I(ue) # 0.

e—0~

From now on, ¢ < 0. We will use the approximations

nztan(%—i—e) =1+ 2+ O(e?)
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1—n' = -8+ 0(?)

It follows by induction that for o € (§ +¢, 5 —¢) and j > 1,

2 1 1  (2m-!
—1sin?a 21 (2m — 25 + 1)!!

uf (@) = (-1

cos? o

229

j—1
P72(1 — o tan® o) H3 <2tana> + 0((1 — 7% tan? oz)m+%‘j)

2 (2m — )N 2 sinf =3 o
—1(2m—25+ 1! cos3I =3

+ O<(1 — n?tan? a)m+%_j).

= (-1 A (1 —7?tan? a)m+%_j

In particular, for 1 < j < mand o € (X+¢, 5 —¢), [1-n? tan? a| = O(|¢|)

SO

12) 49 ()] = O(lel™+47).

It therefore also holds that

(13)  ue§) — Al = [ue(§) —ue( — ) = O™ 3).

Write

1)t [ A D)

where
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is a C* function, strictly positive in [0, 5]. Now integrate by parts—we
integrate the denominator and differentiate the numerator:

2 A — I ue, §) 1 Agn—JIn(Fiue, §) (m
/ +§ —rw(a)der = — T w(E)
fe (a—p)mTR m+ g (7)™
1 A _Jm T ; eyﬂ
y L A oG d), )
m+3 e[z 4
1 2 Jm— ;T /’z
1/2 1 u614)w(04)d01
m+ (a—%)m'i'i

_1_1/%141#7 Im(cue, )
m—i—% €

™ T

The first summand is o(1) as € — 07, since uc — A € C™[%, 3], so
In(Fiue, §) — Jm(55 Ag, §) = Ap as € — 07. Let us verify that the
last summand is also o(1). Indeed,

This can be integrated explicitly. The terms corresponding to 5 are all
o(1) again since u, — Ay, € C™[%, 7], while the terms corresponding to

T —eare all O(|¢|) by estimates (12) and (13). Therefore,
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Similarly, we may integrate by parts the second summand of I(u.) in
equation (14) as follows:

/Z_E te(@) — I (s ue, )

: (a =)+

w(a)da

1 A= Il S %)w(z —

= m_’_% k,m-ﬁ-% 4
1 T ul (o) + Jp1 (o —ul, T
+ 1/ () m-1( — 4)w(a)da.
mtal/g (a—F)me

The %-boundary term vanishes since u, is C°° near 7. Thus

A

m+g\Jze (a—T)mt3

N /%_5 ul(a) = Jp—1(a;ul, T
: (a =)+
so we should show that the expression in the brackets does not vanish as

€ — 0. Repeatedly applying integration by parts as we did for equation
(14), we end up having to show that

2 —ugm) z Fint ugm) a)—ue (T
J(e):/Tr 7(4%)10(01)61014-/ () 3 (4)w(oz)doz

i—e(@—19) i (@—=17)

does not converge to 0 as € — 07,
Recall that

w(a)da) +o(1)

sin™ 3 o

2 1
(m) _(_1ym_“~ _1\N2m—201 _ 2 2 i
u™ () = (—1) . 1(2m in (1 —n”tan® )z T

+ O((l — n* tan® a)3/2).

m 2 L om—2om
)=(-1) m@m—l)”(l—?f)zn2 2™+ O(|e*/?)

2 —20m
= (—1)mm(2m—1)un2m 29mHL 1|12 £ O(Je/?).

We will also need the finer estimate

uf™ (@) — ™ (2)

sin™ =3 o

SIS

(1) (2m = )2 (1= tan ) —(-?yhen)

+O<a— %)

cos3™m=3 o
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which is obtained by writing
. m—3
_ 2m—2 2. 9 18" a
+ sc(a)(1 — n?tan® a)?/?

where sc(a) € CY(Z,%) is uniformly bounded in C'(%,%). Then the

(m) ) is easily seen to equal

error term in u™ (@) —ue " (§
Co2\3/2 o a25.2 \3/2 T
O((l n°) (1 — n”tan” ) >+O<a 4>
and since (1 —n?tan® a)%/? is C (%, %) and uniformly bounded, one has
T

(1- 172)3/2 — (1 — 7? tan? a)3/2 = O(

Integrating the first summand of J(e¢) by parts, we get that

5 Mz 4 T
[ Buayia = G ) +o)
F-e (@—17)2 el
2 (2777, . 1)”?72771—211)(%) (2M+2 + 0(1))

while
T_e (m) (m)/x
/“ ve (@) e )y @)da = (—1)™ 2 (2m — 1)l
™ (a — %)E -

(1= tan? )i S e — (1 — ) 32m)
w(a)da + o(1)

[
) 3
: (a- %)}
2
(2m — 1)!!7727”_211)(%)

()"

- k—1
e (1 —n?tan2a)2 S0 2o (1 _ p2)50m
/’r ( TI ) cos3 WJ; ( 7] ) da+0(1)
1 (a0 — z)z
So it remains to show that
7€ (1 —n?tan? %sm":nifja_ 1— 2%2m
_gm2 —l—/: ( n® tan® o) cos3 ng ( n°) da = 0.
1 (= 7)2
Since )
. e
sin « :2m+0(a—%)

cos3m=3 o

this boils down to
T _¢ 1— 21] 2 1 _(1— oy 1
A -ntan’)z —(A-m)2

f =

4

And indeed, the integral is non-positive. This concludes the proof. Q.E.D.




CONVEX VALUATIONS INVARIANT UNDER THE LORENTZ GROUP 233

6. Applications

Recently in [22], some negative results on continuity properties of
classical constructions in the theory of valuations were proved. We will
now explain how some of those results can be seen immediately from
the classification of Lorentz-invariant valuations.

6.1. The image of the Klain imbedding is not closed. Denote
by qﬁ’k € Val" (V)Y the two independent generalized valuations
that we found. The generalized Klain sections KI(¢>,) € T'(K™*) for
1 < k < n—2 are in fact continuous sections of the Klain bundle that do
not correspond to a continuous valuation. They do belong to the closure
(in the C° topology) of the image of the Klain imbedding on continuous
valuations.

6.2. The Fourier transform does not extend to continuous val-
uations. The Fourier transform on smooth even valuations extends to
the space of generalized smooth valuations by self-adjointness (see [8]):
For ¢ € Val;” "> (V), we define F¢ € Val:",*(V*) ® D(V) by letting
for all ¢ € Val;">(V*)

(Fp, ) = (¢, Fy).
It is a GL(V)-equivariant involution (in the sense that (Fy»® Id)oFy =
Id). Restricting to G = SO (n—1,1), we get a G-equivariant involution

F:Vall” (V)= Val" <(V)

which restricts to the usual (G-equivariant) Fourier transform on smooth
even valuations.

Let (brjz:,n—l € Val? (V)Y be the cone-symmetric and cone-anti-
symmetric continuous valuations that we found. It follows by equiv-
ariance that

F(¢pp_1) € Vali" (V)"
Since Val{"~>(V)% contains no non-trivial continuous valuations when
n > 3, it follows that the Fourier transform does not extend by conti-
nuity to continuous valuations for n > 3.

Appendix A. A technical lemma

We denote by J"(x; f,a) the Taylor polynomial of order m for the
function f around a.

Lemma A.1. For w € C*®(R) and h € C™(R), it holds in any fized
compact interval I around 0 that

w(x)h(z) — Jp(z;wh, 0)
= w(0)(A(z) = Jin(2:1,0)) + h(z) Rimg1 (2) + O(Jz|™ 1)
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as * — 0, where Rpy11(x) = w(z) — Jp(z;w,0). More precisely, if
W) (2)| < Hj for allz € T and 0 < j < m and |w) (z)] < W for all
rel and j <m+1, then O(|z|™") < Copug(Hm + -+ + Hy)W|z|™ L.

Proof. Write Jp,(f) for Jp,(x; f,0). Then
h = Jn(h) + ei(x)
w —w(0) = Jp(w —w(0)) + ea(z)

where

lex ()] < ¢, Hpmla™

le2(2)] < ¢ W™
SO

wh = (w —w(0))h + w(0)h = Jp(w — w(0))h + w(0)h + hRym11
= Jm(w — w(0))(Jm(h) + O(Hp|z|™)) + w(0)h + hRypt1
= (w0 = w(0))Jon (h) + w(0)h + O (HypW [z ™*1) + Ry

where the last equality holds since J,,(w—w(0)) = O(W1]|z|). Note that

T (w —10(0)) T (B) = Jyn((w — w(0))R) + O((Hm 4o +H1)W]a:\m+1>

— T (wh) — w(0)Jm (k) + o((Hm Fot Hl)W|:n|m+1>
SO
wh = Jy (wh) —w(0)Jy, (h)+w(0)h-+O((Hpy+- - -+ Hy)W 2™ ) +h Ry 11
as claimed. Q.E.D.
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