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DEFORMATIONS AND FOURIER-MUKAI
TRANSFORMS

YUKINOBU ToODA

Abstract

The aim of this paper is twofold. First we give an explicit con-
struction of the infinitesimal deformations of the category Coh(X)
of coherent sheaves on a smooth projective variety X. Secondly,
we show that any Fourier-Mukai transform ®: D*(X) — D(Y)
extends to an equivalence between the derived categories of the
deformed Abelian categories.

1. Introduction

Recent developments on derived categories, coming from Homological
mirror symmetry [11] or birational geometry [10], motivate the neces-
sity to establish a good deformation theory of derived categories. The
general deformation theory of Abelian categories was previously studied
in [13], and the A,-deformations of triangulated categories were stud-
ied in [1]. However, these analysis in these papers does not address the
relationship between deformations and Fourier-Mukai transforms. So
the following question arises:

“How do deformations interact with Fourier-Mukai transforms?”

In this paper we concentrate on the first order deformations of Coh(X),
and answer the above question in this case. Here X is a smooth pro-
jective variety and Coh(X) is an Abelian category of coherent sheaves
on X. By the philosophy of Kontsevich [11], the Hochschild cohomol-
ogy HH*(X) should parameterize deformations of derived categories.
The degree 2-part should consist of deformations of Coh(X), since
HH?(X) contains H'(X,Tx) (deformations of complex structures) as
a direct summand. The famous HKR-isomorphism says that N-th
Hochschild cohomology is isomorphic to the direct sum HTN (X) :=
Bptrqg=nHP (X, N1Tx). So there should be C[e]/(e?)-linear Abelian cat-
egory Coh(X,u) for u € HT?(X). Roughly the goals of this paper can
be summarized as follows.

e Give an explicit construction of C[e]/(e?)-linear Abelian category
Coh(X,u).
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e Understand the behavior of the deformed triangulated category
DY(X,u) := D”(Coh(X,u))

under Fourier-Mukai transform ®: D?(X) — Db(Y).

Note that any w € HT?(X) can be written as a sum a + 3 + v,
with a € H*(X,0x), 8 € HY(X,Tx), and v € H°(X,A?Tx). Then 8
corresponds to a deformation of X as a scheme, v is a non-commutative
deformation. We will introduce “twisted” sheaves using «, and define
Coh(X,u) as a combination of these components.

Next we make the second goal more precise. Let X and Y be smooth
projective varieties such that there exists an equivalence ®: D(X) —
D?(Y). Then we have an induced isomorphism of Hochschild cohomolo-
gies ¢: HH*(X) — HH*(Y'). By combining ¢ with HKR isomorphisms,
we obtain the isomorphism ¢7: HT?(X) — HT?(Y). Then the main
theorem of this paper is the following;:

Theorem 1.1. For u € HT*(X), let v := ¢r(u) € HT*(Y). Then
there exists an equivalence

&t DY(X,u) — DP(Y,v),
such that the following diagram is 2-commutative:

DY(X) —= s DV(X,u) — D~(X)

@l lqﬁ lcb—
DMY) —= s Db(Y,v) -2 D(Y).

By the above theorem, we can compare deformation theories under
Fourier-Mukai transforms. One of the interesting points of Theorem 1.1
is that ¢ does not necessary preserve direct summands of HT?(X).
This indicates ®' may produce new interesting Fourier-Mukai dualities,
for example dualities between usual commutative schemes and non-
commutative schemes. Recently in the paper [3], the equivalence Pf
of Theorem 1.1 has been extended to infinite order deformations, when
X is an Abelian variety, Y is its dual, and @ is given by the Poincare line
bundle. This result is giving a new kind of dualities via deformations,
and it seems we will be able to find more examples of Fourier-Mukai
equivalences through deformation methods.

Acknowledgement. The author would like to express his profound
gratitude to Professor Yujiro Kawamata, for many valuable comments,
and warmful encouragement. The author also would like to thank
T. Bridgeland for informing the author on the paper [2].
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2. Hochschild cohomology and derived category

Let X be a smooth projective variety over C and Ay € X x X
be a diagonal. We write Ax as A if it causes no confusion. In this
section we recall the definitions of Fourier-Mukai transform, Hochschild
cohomology and their properties.

Definition 2.1. Let X and Y be smooth projective varieties and
take P € DY(X x Y). Let p; be projections from X x Y onto the
corresponding factors. We define ®%_ ;- as the following functor:

O%_y = Rpa, (p(%) © P): DY(X) — DP(Y).

®% . is called an integral transform with kernel P. If ®% . gives an
equivalence, then it is called a Fourier-Mukai transform.

The following theorem is fundamental in studying derived categories.

Theorem 2.2 (Orlov [15]). Let ®: D*(X) — DY) be an evact
functor. Assume that ® is fully faithful and has a right adjoint. Then
there exists an object P € D*(X x Y) such that ® is isomorphic to the
functor <I>§_)Y, Moreover, P is uniquely determined up to isomorphism.

Next we recall the Hochschild cohomology of the structure sheaf,
given in [11].

Definition 2.3. We define HH™(X) and HTY(X) as follows:
HHY(X) := Homxxx(Oa, Oa[N)),

HTN(X):= @ HP(X, /q\TX).
pt+q=N

Here Hom is a morphism in D?(X x X). HH*(X) is called Hochschild
cohomology.

Note that the object F € D®(X x X) gives a functor % __ -, and the
morphism F — G gives a natural transformation <I>§_, x = <I>§(_> x- In
this sense, Hochschild cohomology is a natural transformation idx —
[N]. But as in [6], we can not consider D®(X x X) as the category of
functors precisely. (The map from the morphisms in D?(X x X) to the
natural transformations is not injective in general.) However, we can
show the several properties of derived categories concerning D?(X x X),
for example categorical invariance of Hochschild cohomology, as if it is a
category of functors. Since the natural transformations are categorical,
Hochschild cohomology should be categorical invariant. In fact, we have
the following theorem in [6].
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Theorem 2.4 (Caldararu [6]). Let X andY be smooth projective va-
rieties such that there exists an equivalence ®: DY(X) — D®(Y). Then
® induces an isomorphism ¢: HH*(X) — HH*(Y).

Outline of the proof. We will give the outline of the Caldararu’s
proof. Let P € DY(X x Y) be a kernel of ®, and £ € D*(X x Y) be
a kernel of ®~!. Let pij: X x X xY xY — X xY be projections
onto corresponding factors. Caldararu [6] showed that the functor with
kernel= pi,P K p5,& € DY(X x X x Y x Y),

PNy s DYX x X) = DHY x Y)
gives an equivalence which takes Oa , to Oa, . This equivalence implies

the theorem immediately. q.e.d.

Next we can compare HH*(X) and HT*(X). Hochschild cohomology
is useful since its definition is categorical. But it is difficult to write down
Hochschild cohomology classes explicitly. In calculating Hochschild co-
homology, we decompose it into direct sums of sheaf cohomologies of
tangent bundles. The following theorem is due to Hochschild-Kostant-
Rosenberg [8], Kontsevich [11], Swan [17], and Yekutieli [19].

Theorem 2.5. There exists an isomorphism,
Iggr: HT*(X) — HH*(X).

Outline of the proof. Note that HHY(X) = Homx (LA*Oa, Ox[N])
by adjunction. Let OF € Mod(Ox) be the sheaf associated to the
following presheaf:

UcX+—T(UO0x)%.
Here ® is over C, and Ox-module structure on (’)?éi is given by
a- (To®T1® - @) = ar) QT Q-+ @ T,
for a,z € Ox. Let di: 02 — 0% be

i—1
k=0

+(~Dizor; @21 ®@ - @ i1
Then we have the complex of Ox-modules:
Cx := (—> O;eé(H_l) ﬂ O?g — .= 0x — O),

By [19], we have an explicit quasi-isomorphism Cx — LA*Oa in
D(Mod(Ox)). Yekutieli [19] describes this isomorphism by building a
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resolution using the formal neighborhood X C X x X x---x X. On the
other hand, we have the following quasi-isomorphism Cx — @p>0% [p]:

i+ 4 & 0

O?é Ox ®@c Ox Ox 0
" " °|
N QZX O e O QX 0 OX 0'

Here I*: O?}(Hl) — QfX is given by
Iz($0®®xl):$0dl‘1/\/\d$l

One can consult [12] for the detail. Consequently, we get the quasi-
isomorphism, I: LA*Oa — &,>00%[p]. Therefore we have the fol-
lowing isomorphism:

Hom x (©,50% [p], Ox[N]) - Homx (LA*Oa, Ox[N]).

The left hand side is HT™ (X) and the right hand side is HH™ (X).
q.e.d.

Iy kg is called the HKR (Hochschild-Kostant—Rosenberg)-isomorph-
ism. In the rest of this paper we write Igx g as Ix. Assume that X and
Y are related by some Fourier-Mukai transform ®: D*(X) — Db(Y).
By combining the isomorphisms I'x, Iy and ¢, we have the isomorphism:

¢r =1, opolx: HT*(X) — HT*(Y).

In the following 2-sections, we will construct deformations of Coh(X)
for u € HT?*(X).

3. Non-commutative deformations of affine schemes

Let R be a Noetherian commutative ring and X = Spec R. In this
section we will consider a sheaf A of (not necessary commutative) alge-
bras on X. Let Ux be the category whose objects consist of Zariski open
subset of X, and let A be a sheaf of algebra on X. Recall that a sheaf
M of left A-modules is quasi-coherent if for each z € X, there exists an
open neighborhood U of z and an exact sequence of left A;-modules,

(AU)J — (AU)I — My — 0.
M is coherent if the following conditions are satisfied:

e M is finitely generated, i.e., for every x € X, there exists an open
neighborhood U of x and a surjection (Ay)™ — My.

e For every U € Ux and every n € Zg, and an arbitrary morphism
of left Ay-modules ¢: (Ay)™ — My, ker ¢ is finitely generated.
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We denote by Mod(.A) the category of sheaves of left .A-modules, by
QCoh(A) full-subcategory of quasi-coherent sheaves, and by Coh(.A)
coherent sheaves. Of course, it is well-known that if A = Ox, then a
quasi-coherent s/l\lJeaf is written as M for some R-module M, and a co-
herent sheaf is M for a finitely generated R-module M. We generalize
these results to some non-commutative situations. Let v be a bidiffer-
ential operator v: R x R — R. Using v we define a (not necessary
commutative) ring structure on R[e]/(g2) as follows:

(a+be) %y (c+ de) := ac+ (v(a,c) + ad + be)e,
and denote it by R(). Let M be a left R-module. Then the functor

Ux 3 U — Ox(U)Y) @py M € (left Ox (U)V-modules)

determines a presheaf of sets on X. Let M be the associated sheaf. We
have a sheaf of rings (’)gg) := RO and M is a left (’)gg)—module. Note
that since Ox (U)") is right R-left O x (U))-module, Ox (V)" @ gy

M has a left Ox (U)™-module structure.
As in the commutative case, we have the following lemma.

Lemma 3.1.
(1) For f € R, M(Uf) = RE:’) Qpeq M. In particular, M(X) =M
and (’)gz) (X) = R0,

(2) M is a quasi-coherent ng)—module.
(3) The functor

(left R™-mod) > M — M € QCoh(0Y)

gives an equivalence of categories.
(4) For F € QCoh((’)g)), F is coherent if and only if M = F(X) is
a finitely generated left R -module.

Proof. Note that if we consider an R-module N as left R("-module
by the surjection R(Y) — R, then the action of (’)g?) on N descends to
Ox, and N is a quasi-coherent Ox-module.

(1) It suffices to show M (X) = M. By the construction of M, we have
the natural morphism M — M (X). Applying ® )M to the surjection
R — R, we obtain the exact sequence

0 — ker(r) — M L>R®R(A,) M — 0,

and the left action of R on ker(r) and R ®p) M descends to R.

—_——

Therefore, ker(r) and R ®p() M are quasi-coherent Ox-modules. By
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applying M — M and taking global sections, we obtain the commuta-
tive diagram:
0 —— ker(r) —— M(X) — RQpyy M —— 0

| | H

0 —— ker(r) —— M —— R®@py M —— 0.

It is easy to check that the multiplicative set S = {f*"},>0 C R
)

satisfies the right and left Ore localization conditions, and ng is a lo-
calization S~*R(). Therefore, the functor M — M is an exact functor.
Moreover, since H'(X, kfe\r/r) = 0, the top diagram is exact. By the
5-lemma, we have the isomorphism M — M (X).

(2) Since M +— M is an exact functor, we have an exact sequence

—

ROMJ — RO — N[ — 0.
(3) Take F € QCoh(Og?)). Applying ® ) F to the exact sequence
X

O—>€(’)X—>O§/)—>(’)X—>O,

we can easily see that F is given as an extension of quasi-coherent Ox-
modules. Therefore the problem is reduced to the following lemma:

Lemma 3.2. Let D*(R"Y) be the bounded derived category of left
R -modules, and Mod(X,~) := Mod((’)gg)). The functor

D*(R")) 5 M — M € D*(Mod(X, 7))
is fully faithful.
Proof. Take M, N € D*(R™) c D(R"™) and we will show that
Hom py( gy (M, N) — Hompod(x,.)) (M, N)

is an isomorphism. By taking a free resolution, we may assume M is
a bounded above complex of free RO)-modules. Let M, := o>_pM.
Here o>_}, denotes the stupid truncation. Now we have a sequence of
complexes — My — Myy1 — --- and if we take the homotopy colimit

(cf. [2])
®r M, ‘ﬂi S M), — hocolim(Mk) — @kMk[l]a

then there exists a quasi-isomorphism hocolim(My) — M. Here s is
the shift map, whose coordinates are the natural maps My — Mjy11.
Therefore, we may assume M is a finite complex of free R™M-modules.
Again by taking stupid truncations, we may assume M = R(). Since
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N is bounded, we may assume N = N’[k] for some left R™)-module N’
Now it suffices to show that the map

Hom ) (RO, N'[K]) — Hompagod(x.)) (OF, N'[K])
is an isomorphism. If k£ < 0, then both sides are zero. If kK = 0, then
both sides are N'. If k > 0, then the left hand side is zero, so it suffices

to show H¥(X,N’) = 0 for k > 0. But since N’ is an extension of
quasi-coherent Ox-modules, H*(X, N') = 0 for k > 0. q.e.d.

(4) First we check that a submodule of a finitely generated R()-
module is also finitely generated. In fact, let M be a finitely generated
R™-module, and N C M be a submodule. Then we have the natural
morphism g: N — R ®p) M. It is enough to check that ker(g) and
im(g) are finitely generated R("-modules. Note that we have ker(g) C
eM and im(g) C R®p) M. Since R is Noetherian and e M, R® gy M
are both finitely generated R-modules, it follows that ker(g) and im(g)
are both finitely generated R-modules. Thus, in particular, these are
finitely generated R(-modules via ‘the surjection R" - R.

Using this fact, we can see that M for a finitely generated left R(")-
module M is coherent. On the other hand, take F € Coh(Ogg)). Then
by (3), F can be written as F = M for some left R®-module M. Since
F is given by an extension of coherent Ox-modules, M is a finitely
generated left R(-module. q.e.d.

For a full subcategory C C Mod(X,7), let D%(Mod(X,~)) denote
the full subcategory of D®(Mod(X,v)) whose objects have cohomologies
contained in C. As a corollary, we obtain the following:

Corollary 3.3. There exist equivalences,
DY(RO)) <5 Dl (Mod(X, 7)), DHRD) < Dy (Mod(X, 7)).

Here D?(R(V)) is a derived category of finitely generated left R()-
modules.

Proof. We have proved the full faithfulness in Lemma 3.2. Since an

object of QCoh((’)gg)) is written as M for a left RO)-module M, the
image from the left hand side generates the right hand side. q.e.d.

Remark 3.4. In general, we can show the unbounded case of the
above corollary as in [2]. Here we gave a proof of the bounded case for
the sake of simplicity. For details, the reader should refer to [2].

4. Infinitesimal deformations of Coh(X)

From this section on, we will assume that X is a smooth projective
variety over C. The aim of this section is to construct the first order
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deformations of Coh(X). First we begin with the general situation. Let
us take an affine open cover X = U *,U;, and denote by U this open
cover. Let Usy..;, := Uiz M-+ N Ulp, and Jjig...i, : Uig.i, = X be open
immersions. For a sheaf F on X, let CP(U, F), CP(4, .7:) be

Cp(il’ F) = H jlo ’Lp*.]zo zpf CP il f H F 7,0 va
10 lp 10 lp
Let us consider a sheaf of algebras A on X and its center Z(A). Take

T € H*X,Z(A)*). Then 7 is represented by a Cech cocycle 7 =
{Tigivia} € CEU, Z(A)*). We define the category Mod(A, 7) as follows:

Definition 4.1. We define Mod (A, 7) as an Abelian category of 7-
twisted left A-modules. Namely objects of Mod(.A, 7) are collections
F = {Fihi<i<n, digin )

where F; € Mod(Aly,) and ¢;y;, are isomorphisms

Pigiy - Fi0|Ui0i1 — Fi1|Ui0i1

as left A|y,-modules. These data must satisfy the equality
gbigio o ¢i1i2 o ¢i0i1 = Tigiyio * Zd]:o

We say F € Mod(A, ) is quasi-coherent if F; € QCoh(A|y,), and

coherent if F; € Coh(A|y,). We denote by QCoh(A,7) the category

of quasi-coherent 7-twisted left .A-modules, and by Coh(.A, 7) coherent
twisted sheaves.

Lemma 4.2.
Up to equivalence, the categories Mod (A, 1), QCoh(A,7), Coh(A, )
are independent of choices of I and Cech representative of c.

Proof. The proof is easy and left to the reader. q.e.d.

Fundamental properties and operations on Mod(A4, 7).
® %, 4., 7t for an open immersion j: U — X
Let j: U — X be an open immersion. We have the obvious functors:
5 Mod(A, 1) — Mod(Alv, 7|r),
Jsr Jio Mod(Aly, 7)) — Mod(A, 7).

Js is right adjoint of j*, and j is left adjoint of j*. For F = ({Fi, }, digiy)
€ Mod(A|y, 1), with F;, € Mod(A\UmUiO), j«F and 51 F are given by
3x(Fio = (Glunwsy )« Fios  3(F)io = (lunv, 1 Fio-

Here
(Jlunw, )r: Mod(Alunu,,) — Mod(Alu,, )
is extension by zero.
e Tensor product
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Let us take F € Mod(A%, 7). Assume that the right action of the
subalgebra B C A on F is centralized. Then we have the functor
F @ *: Mod(A,7") — Mod(B,7-1').
In particular, if B is contained in the center of A, then we have the
functor,
®@: Mod(A%, 1) x Mod(A,7") — Mod(B, 7 - 7').
o Pull-back
Let f: Y — X be a morphism of varieties, and A, B be sheaves of
algebra on X and Y. If there exists a morphism of algebras f~14 — B
which preserves their centers, then we have the pullback
[ Mod(A, 1) — Mod(B, f*7),
which takes ({F;}, ¢igi,) to ({B®a fT1F}1® digi )
o Push-forward
In the same situation as above, we have a morphism of algebras A — f.B
which preserves their centers. We have the push-forward:
fs: Mod(B, f*1) — Mod(A, 7).
Clearly f, is a right adjoint of f*.

e Enough injectives and flats

Lemma 4.3.

(i) Mod(A, T) has enough injectives.

(ii) For every A € Mod(A, 1), there ezists a flat object P € Mod (A, T)
and a surjection P — A. Here we say F = ({Fi}, pigiy) s flat if
each F; is a flat Ay,-module.

Proof.

(i) Take A € Mod(A, 7). Since Mod(A|y,) has enough injective, there
exists an injection j*A < I; for an injective object I; € Mod(A|y,). Let
I; := j.1;. Then the composition

A— g A—1]1

is an injection. Since j, is a right adjoint of j*, 1_[11?z is an injective
object of Mod(A, 7).

(ii) Take A € Mod(A, 7). We can take a surjection P; — j*A for flat
(9((]7) module P;. Let P; := 5 P;. Then the composition

2

@Pi — jijfA— A

is surjective and €9, P; is flat. q.e.d.
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Let us take an element
u=(a,3,7) € HT*(X) = H*(Ox) ® H (Tx) ® H*(A\’Tx).
First we construct a sheaf Og?’w of C[e]/(g?)-algebras on X. Note that
we can consider v as a bidifferential operator Ox x Ox — Ox, and i,
as a differential operator Oy, , — Oy, , - As a sheaf Og?’v) is Og?ioil),
the kernel of the following rnorphism:

1021

OX 2] Co(uv OX) ( {b }) — ﬂzou( ) + 5{bz} € Cl(ua OX)
We define the product on Ox @ C(U, Ox) by the formula:

(a,{bi}) *~ (¢, {d;}) := (ac, {ad; + cb; + v(a,c)}s).

Then it is easy to see that Og(ﬁi"”) is a subalgebra of Ox @ C°(U, Ox),

Og?”}d

and denote by this sheaf of algebras. It is also easy to check that

Og?”) doesn’t depend on the choices of i and Cech representative of 3.

Note that (’)(ﬁﬁ)] = (’)(7) as a sheaf of algebra. Since (1 — @i i,€) 18
()

Uigiyis

a:={(1- aioil’izg)}’ioilig € C2(X, Z(O(B’ﬁ/)))

contained in the center of O/ , we have an element

which is a cocycle. Let Mod (X, u) := Mod ((’)(’6’7) &), and define
QCoh(X,u) and Coh(X,u) as above.

Now we can define D*(X, u) for x = b, 4, () as follows.

Definition 4.4. We define C[¢] / (¢2)-linear triangulated category
D*(X,u) as

D*(X,u) := D*(Coh(X,u)), (x = b, +,0).
As in [2], we have the following proposition:
Proposition 4.5. There exist natural equivalences:
D*(QCoh(X, 1)) > Diyoon(Mod(X, u)),
D*(X,u) — D&, (Mod(X, u)),
for x = b, £, 0.

Proof. The proof is the same as in [2]. Take an affine open cover
X = UN ~,Ui. We use the induction on N to prove the proposition, and
the case of N =1 and % = b has been proved in the previous section.
q.e.d.

Now we can construct transformations between derived categories.
Take two smooth projective varieties X and Y, and v = (o, 3,7) €
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HT%*(X), v = (o/,0,7) € HT*(Y). For a perfect object (i.e., lo-
cally quasi-isomorphic to bounded complexes of free modules) P! €

Dgerf(X x Y, —pju + p5v), we will construct a functor,

@' DY(X,u) — Db(Y,v).

Here i := (o, —3,7). First take F € D’(X,u). Since we have a mor-
phism of algebras

pr! Og(ﬂ”) . ngxﬁ;rpéﬁ’mﬁ*pzw’)7

we obtain the object
% * + *6,7 PV ) o~
P} F € Db(Coh(OiA P Pinrin) gy
~ Db(coh(og?fgjrp;ﬁ DIV Py ),0p7p>1k62))'

L
Now, by Lemma 4.3, we can define ® P'. Since the right action of
Dy 1(’)%? ) on each term of p1F is centralized, we obtain the object,

L ’
piF & Pt e D'(Mod(p; O p3a)).

L
(Since P is perfect, ® PT preserves boundedness.) Applying Rpa., we
obtain the object,

L ’
Rp,.(piF @ P1) € D' (Mod(0V) &)).

. L
If all the cohomologies R'pa.(piF ® PT) are coherent, we can define &
as

L Y
O1(F) := Rpou (05 F @ PT) € DY (Mod(0 1) o)) ~ Db (Y, ),

by Lemma 4.5. In fact we have the following:

, L
Lemma 4.6. For each i, the object Ripa.(piF @ PT) is coherent.

Proof. Since there exists a distinguished triangle,
L L4 N T L L4
PiF @ Oxxy @ Pl — p1F @ P! — p1F @ Oxxy @ P

/A . L
in Db(Mod(pglOg}g ’”,péo/)), it suffices to show that R'pa.(piF ®

L L L
Oxxy ® PT) is coherent. But since Hi(piF @ Oxxy ® PT) are coher-
ent Ox«y-modules, the existence of a first quadrant spectral sequence

D9 . D q (% L L 1 p+q N ¥ L +
E2 =R pQ*H (pl]:® OXXY ® P ) = R pg*(p1f® OXXY QP )

. L L
shows R'po.(piF ® Oxxy ® P1) is coherent. q.e.d.
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)

Since we have a morphism of algebras i: (’)g?’7 — Ox, we have func-

tors:
isx: Coh(X) — Coh(X,u), i*: Coh(X,u) — Coh(X).

Passing to derived categories and using Proposition 4.5, we obtain the
derived functors:

iv: D"(X) — D"(X,u),  Li*: D"(X,u) — D™ (X).

Note that an equivalence ®: D?(X) — Db(Y) extends to an equivalence
¢ : D (X) — D (Y), using the same kernel with ®. Now we can state
our main theorem.

Theorem 4.7. Let X andY be smooth projective varieties such that
there exists an equivalence of derived categories ®: DY(X) — D(Y).
Take v € HT?*(X) and v := ¢7r(u) € HT?(Y). Then there exists an

object Pt e Dgerf(X X Y, —piu + p5v) such that the associated functor

@' DY(X,u) — D(Y,v)
gives an equivalence. Moreover, the following diagram is 2-commutative:

DY (X) —=— DV(X,u) — D~(X)

o [+ |-

DMY) —= s Db(Y,v) -2 D(Y).

5. Atiyah classes and FM-transforms

In this section we will analyze Atiyah classes of kernels of Fourier-
Mukai transforms, and give the preparation for the proof of the main
theorem. Firstly, let us recall the universal Atiyah class. Let X be a
smooth projective variety and A be a diagonal or diagonal embedding.
We write A as Ax when needed. Let Iao C Oxxx be an ideal sheaf of
A. Consider the exact sequence

(*) 0 — In/IZ — Oxxx/IA — Oa — 0.
Definition 5.1. The universal Atiyah class
ax: Oa — AQx[1]
is the extension class of the exact sequence (x).
Consider the composition
Oa 2% A Qx[1] W ALQ%2) - ALO).
By composing anti-symmetrization e: Q?}i — Qg(, we get a morphism

axi: Oa — AQ%[d].
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Definition 5.2. The exponential universal Atiyah class is a mor-

phism
exp(a)x 1= @axﬂ-: Opn — @ ALQ% ).
i>0 i>0

Here ax o = id.

Caldararu [5] showed the following:

Proposition 5.3 (Caldararu [5]). exp(a)x is equal to the composi-
tion A

Oa — ALA 05 221 P ALK i),
i>0

Here Oa — ALA*Oa is an adjunction, and I is a morphism which
appeared in the proof of Theorem 2.5

By the above proposition, HKR~isomorphism is nothing but the fol-
lowing morphism

HT*(X)3>ur— Ayuoexp(a)x € HH*(X).
Next, let us recall the Atiyah class and exponential Atiyah class for an

L
object P € D*(X). By applying Rpa«(piP & *) to the exact sequence
(%), we obtain the distinguished triangle,

L
(*p) PR Qx — Rpos (pT’P ® OXXX/Ii> — P — P@Qx[l].

Definition 5.4. The Atiyah class a(P) € Ext} (P, P ® Qx) is a
morphism
a(P): P — P @ Qx[1]
in the distinguished triangle (xp).
As in the exponential universal Atiyah class, let us take the compo-
sition
a(P)o--a(P): P — P Qx[l] — -+ — P @ QY.
By composing €: Q%' — Q% , we get the morphism
a(P)i: P — P @ Qx|i].
Definition 5.5. The exponential Atiyah class of P is a morphism
expa(P) := @CL(P)Z’: P — EBP ® Q% [i].
i>0 i>0
Here a(P)g = id.
Now let us consider two smooth projective varieties X and Y, and
an equivalence of derived categories ®: D?(X) — D(Y). Let P €

DY(X xY) be a kernel of ®. By Theorem 2.4, ® induces the isomorphism
¢: HH*(X) — HH*(Y'). We have the following proposition:
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Proposition 5.6. ¢ factors into the isomorphisms:
HH*(X) = Ext% .y (P,P) — HH*(Y).

Proof. Let p;; be projections from X x Y x Z onto corresponding
factors. For a € DY(X x Y) and b € D*(Y x Z), let boa € D*(X x Z)
be

L
boa:=Rpis« (PTz(a) ® PZs(b))‘

It is easy to see @%H 700% = @g?“ - We have the following functor:

Po: DY(X x X)3ar— Poaec DX xY).

The above functor is an equivalence, since the functor D*(X x V) 3
b— Eob € DX x X) gives a quasi-inverse. Here £ is a kernel of
®~!. Similarly, we have an equivalence oP: D*(Y xY) > a+s aoP €
DY(X x Y). Consider the following diagrams:

(W)
Db(X x X) —22 DY(X xY) DYY xY) —2 DVMX xY)
AX*T Tpf(*)ép AY*T Tp;(*)éép
D'(X) —— D'X), DY) —— DY)

The above diagrams are 2-commutative. Let us check that the left
diagram commutes. Take a € D’(X). Then

L
P o (Axa) = Rpis. (PTQAX*G ® P§3P>
. « Lo,
= Rpiss | (Ax x id)«pia ® p33P
. * L ©1Vk ok
= Rplg*(AX X ld)>|< pia ® (AX X ld) ]9237D

, L
=pa®P.

The second isomorphism follows from flat base change of the diagram

below
AX X idy
Bti St SN

X xY X xXxY

) B

X A&, xxx,

and the third isomorphism is the projection formula. By the above
commutative diagram, we have PoOa, = P, Oa, o P = P. Therefore,
we have the isomorphisms:

HH*(X) — Exty(P,P) — HH*(Y).
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Since the equivalence @gi@%%iy given in Theorem 2.4 is nothing but
the following functor:
Po(x)o&: D'(X x X) — DY xY),

the composition of the above isomorphisms is equal to ¢. q.e.d.

Now let us take the exponential Atiyah class of P

expa(P): P — PP @ Qv [il,
i>0
and take direct summands,
expa(P)x: P — @P@p’{ﬁ& [i], expa(P)y: P — @P®p§ L1l
i>0 i>0

By the commutative diagram (#) in the proof of Lemma 5.6, we have
two morphisms

exp(a)k: Ony — EP ALK, exp(a)f: O, — DAV,
i>0 i>0

such that P oexp(a)} = expa(P)x, exp(a)y- o P = expa(P)y. We will
investigate the relationship between exp(a)%, exp(a){-, and the univer-
sal exponential Atiyah classes of X and Y. Let 0: X x X — X x X be
the involution o(x,2’) = (2, x).

Lemma 5.7. We have the following equalities:
exp(a)f = ovoexpla)y,  exp(a)f = exp(a)y
Proof. We show exp(a)} = 0. o exp(a)x. Let
% Oax — AO[i],  a(P)x: P — P @ piQili]

be direct summands of exp(a)% and exp a(P)x respectively. For i = 1,
we write *; = * for * = a;r( or a(P)x. We will show a}i = o4ax ;. This
is equivalent to a(P)x; = P o (0xax,;). First we treat the case of i = 1.

Let p;; and g;; be projections from X x X x Y, X xY x X x Y onto
corresponding factors. Let

Ax xid: X XY —- X x X xY,
XAy : X XX xY X xY xXxY

be (Ax x id)(z,y) = (z,z,y), (id x Ay)(z,2',y) = (z,y,2",y). Let
1 A@y be the kernel of the composition

Oxxyxxxy — (id x Ay)iOxxxxy — (id X Ay).Oxxxxy /PialA -
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Then we have a morphism of distinguished triangles (in fact, morphism

of exact sequence)
OXxYxXxY/IiXXY —— Oaxyy — Axxy«Qxxy[l]
(©) | H |
Oxsxysxxxy/a o), = Onxoy = Axxv=piQx[l].
Note that since
Axxy«p1Qx = (id X Ay ) (Ax x id)piQx
= (id x Ay )«plaAxQx,

and
Oxxyxxxy/Ia o = (id x Ay)piaOxxx /1A »

the bottom sequence of (<)) is obtained by applying (id x Ay ).pj, to

the distinguished triangle,

AxQx — Oxxx/Ta, — Oay —5 Ax.Qx([1].

~ ~ L
Let ®: DY(X xY x X xY) — DP(X xY) be the functor ® := Rgzs(* ®
¢i5P). Then we have the isomorphisms of functors,

do (id X Ay ). 0 pla(*)

L
= R34+ <(id X Ay )ipla(*) @ qi‘273>
. * L . k k
= Rgss«(id X Ay ) <p12(*) ® (id x Ay) Q127)>

L
= Rpazs (p12(*) ® pi3P)

L
= R0 x10). (0 x10)pha(0) & (0 x 10) 5P

L
= Rp13« (P20« (x) @ pisP)
—Poau(s).

Therefore, if we apply ® to the diagram (<), we obtain the morphism

of distinguished triangles,

P . P P P Qxy|l]

! | |

Po(oxa
Po (0.0x:x/13, ) —— Po(Oax) 2= Po (A1),
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Here P := & (OXxYxXxY/IiXXY)- Since the morphism P — P o

(Oay), PR Qxxy — Po(Ax.Qx) of the above diagram are equal to
idp, and direct summand PR xxy — P®p]Qx under the isomorphism

L
PoA, =P ® pi(x) of the diagram in Lemma 5.6, we can conclude
a(P)x =P o (o.ax).
Secondly, we show a(P)x,; =P o (0.ax,) for all i. Since

Pooslay ®p§Q?}i) =Po(o.ax ®p”{Q?}i)
L
= Rp13«(plaosax ®pf2pi<9§1 ® pagP)
L
= Rpis«(piaonay @ pispi QY @ p33P)

L .
= Rp13.(plaowax @ ps3P) @ piQyY’
= (Poo.ay) ®piQY

= a(P)x ® pjQY,

we have a(P)x; = P o (0.ax,). q.e.d.

Using the above proposition, we can find the relationship between
HKR-isomorphism, the isomorphism HH* (X) — Ext% .y (P, P) of
Lemma 5.6 and the exponential Atiyah-classes. In fact, we have the
following lemma:

Lemma 5.8. The following diagrams commute:

HT*(X x V) Z22P) geis (P, P)

il 7o

HT*(X) - HH*(X),

ol x

HT*(X x V) 222P) geis (P, P)

n] [or

HT'(Y) — ——  HH'(Y).
Y
Here x exp a(P) means multiplying by exp a(P) and taking Ext*(P,P)-
component.

Proof.
We show that the top diagram commutes. Take u € HP(X,ATx).
By Lemma 5.7, we have o.ax , = a}q. So by Proposition 5.3, o, x (u)
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is the composition:
a‘j—(,q q A*u
Op —= A*QX[q] — A*Ox[p—i— q].
Therefore P o 0, Ix(u) is the composition

a(P *u
P D5 p g i g L Plp + )

But this is equal to the composition

PP p ool g L Plp+q).

Therefore the diagram commutes. q.e.d.

6. Proof of the main theorem

In this section we will prove Theorem 4.7. Let X,Y and ®, P be as in
the previous sections. We want to extend P to P e Dgerf(X XY, —piu+
p3v). For this purpose we have to investigate the relationship between

u, v, and the exponential Atiyah-class of P. For u € HP(X,N1Tx), let
@ := (—1)%u, and extend the operation to HT™*(X) linearly. Then it is
clear that o.Ix(u) = Ix(u). Take u € HT*(X) and v = ¢r(u). By
Lemma 5.8 and the above remark, we have
(—pit+ piv) -expa(P) = —P oo lx (i) + Iy(v) o P
= —Polx(u)+(polx(u))oP
=—-Polx(u)+Polx(u)oEoP
=0,
in Ext% .y (P, P). Therefore, to extend P to PT, it suffices to show the
following proposition.

Proposition 6.1. Take P € D®(X) and v € HT?*(X). Assume
that u - expa(P) = 0 in Ext3 (P, P). Then there exists an object Pt €

Db (X, u) such that Li*Pt = P.

Proof. Let P® be a complex of locally free sheaves on X, which rep-
resents P. Since P" is locally free, we have

P':= Rpa. (pTP” % OXxX/IiX) = pau (P}P" ® Oxxx/IA)
and the distinguished triangle

P @ Qx — Rpas (pTP é@ OXxX/IiX> — P — P ®Qx[l]
is represented by the exact sequence of complexes,

00— P*®0Ox —>ﬁ'w—.>73°—>0.
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But ¢™: Pm — P has a C-linear section A": P" — 75",

NYU): PMU;) 3w v— 2 ® 1 € P(U;) = P™(U;) @0y, Ov,xus /1A
and \*: P* — P* gives a C-linear splitting of ¢*: P* — P°*. Therefore
the Atiyah class a(P) becomes the zero map after applying the forgetful
functor D°(X) — D?(Mod(X,C)). Here Mod(X,C) is a category of
sheaves of C-vector spaces on X.

On the other hand, in the derived category of quasi-coherent sheaves,
the Atiyah class is represented by some morphism of complexes of quasi-
coherent sheaves, denoted by the same symbol a(P):

a(P): P* — TC* (U, P* @ Qx).

Here T is a translation functor T(X®) = X**!, T(dx) = —dx. By
the above remark, a(P) is homotopic to zero as complexes of C-vector
spaces, and we are now going to construct a homotopy. Let us choose
connections

ViV Py, — P, @ Qx
on U; for all i. Then it is easy to check that a homotopy between

a(P) and zero as morphisms of complexes of C-vector spaces is given by
V:P®* —C*(U,P*®Qx), defined as follows:

VP o (VI (@)} € COW, P @ Qx) C C'(4, P* @ Q).

Namely a(P) = Vodp+T(dc)o V. (cf. [9]). Also a(P)a2 is represented
by a morphism of complexes of quasi-coherent sheaves,

a(P)g: P* — T?C*(U,P* @ %) = C*T2(U, P* @ O%),
which is homotopic to zero as complexes of C-vector spaces. In fact, we
can calculate a(P)2 as follows:
a(P)2 = €0 T(a(P) ©1) 0 a(P)
=—€e(VodecoV)odp —dcoe(VodeoV).
Hence, the homotopy is given by
—€e(VodeoV): P* — TC* (4, P* ® Q%)

Here dp and d¢ are differentials of P* and C® (4, P*) respectively. There-
fore, if we take a Cech representative of # and consider the morphism
of complexes of quasi-coherent sheaves

B-a(P)+v-a(P)y: P* — C*T2 (4, P*),

then this is homotopic to zero as morphisms of complexes of C-vector
spaces. The homotopy is given by

Vii=B0V —7o0e(VodeoV): P* — TC*(4, P*).
By the assumption,
a®idp 4 B-a(P) +v-a(P)y: P* — C*T2(YU, P*)
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is homotopic to zero as a map of complexes of quasi-coherent sheaves,
and let h®: P* — TC*(4,P*) be such a homotopy. Note that A" is a
Ox-module homomorphism. Combining these, we can conclude o ®idp
is homotopic to zero as complexes of C-vector spaces and the homotopy
is given by hf := h — V1.

Now we are going to construct the complex (P7)® whose terms are
objects in QCoh(X,u) by using h'. First define (PT)? to be

(P} := Py, ® C"(W, P*)u,.

We introduce a left O%}f’w—module structure on (P1)?. For a € Oy, let
va € Ty, be a differential operator v, := ~y(a, *). Then for

(av b) € OUi D Co(ﬂa OX)|U¢> (:Ua y) € Pn|U1 D Cn(’u’ P.)|Ui’
define (a,b) *, (z,y) to be

(a,b) %, (2,y) = (az,bz + ay + {2 0 Vi (v, ) }io) € (PHE.

Here {%ovﬁg)m% V}io € CO(U, P™)|p,. We have to check the following:

Lemma 6.2.
- defines the left action of O((Jﬁi’y) C Ox|y, ®CO(YU, Ox)|y, on (PT).

Proof. Take (a,b), (¢,d) € Og?’V)(Ui) and (z,y) € (PT)?. Then
(@,0) +y {(¢,d) +y (z,9)}
= (a,5) %y e,y + di + {7 0 V() o)
= (acx,acy + adx + bex + {ay. o V (:U|U )+ Va0 V (cx|U ) Fio)s
and
{(a7 b) *’Y (C’ d)} *’Y (:E?y)
= (ac,v(a,c) + ad + bc) * (z,y)

= (acz,acy + adx + bex + y(a, ¢) - ¢ + {Yqc © VE:) (@lu;,) }io)-

. n) . .
Since VEO) is a connection, we have

ave o VI (alv,, ) + Yo 0 VI

= a7.0 VI (@ly,) + 7a 0 {de ® (alv, ) + ¢ VI (@l )}

(czlvs, )

=(a,¢) - (zlv,,) + (o + ave) o Vi ()
= 7(a,0) - (@lv,) + Yac © VI (27, )-

Therefore, the lemma follows. q.e.d.
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By Lemma 6.2, we have obtained the object,
(PH2 € Mod(0)).

If we regard P"|y, and C™ (4, P*)|y, as Og)—modules by the surjection,
O(UZ) — Oy,, then we have the exact sequence in Mod((’)[(g)),

0 — C"& P, — (P); — P"lo, — 0.
Since P"|y,, C™(U4, P*)|y, are objects in QCoh(Og)), we have
(P} € QCoh(07)),
by Lemma 3.1(3) and Corollary 3.3. Next define ¢}, : (73‘L)?0|Ui01.1 —
(P |u;,:, to be

21

n

ioin (2,Y) 1= (2, —{igiyj - T} + y)-
Here —{ i, j-x}; € CO(8L, P™")vsy:, - Then ¢t is clearly (’)gg(’)zz—module

homomorphism, and the cocycle condition of « implies the following:
(PH)™ == (PN}, ¢l,) € QCoh(X, u).

Now we will construct a differential d*: (P)” — (PH"*+1. On U;, we
define d' as

d} (x,y) := (dpx,dey + bl () — {oup - 2}r) € Py, @ C"HHEL P o,
for (z,y) € P"|y, ® C™(U, P*)|v;. Here {aip -z} € C' (&L, P™)|y;. Then
&t o d} (z,y)
= (0,de(dey + b (z) — {oups - 2}ia) + A (dpz) — {ovuns - dpa}i)

= (07 dChT(l‘) + thP(:E) - {aioiliz : l‘}ioiliz)

The second equality comes from the cocycle condition of . We can
check gbg”fl odl! =d o ¢, similarly. We have to check the following:
0?1 20 21 0?1

Lemma 6.3. d is Ogjﬂ)—module homomorphism.

Proof.
Take <a’b) < O[(]ﬂz‘ﬁ) C Oy, @ CO(L" OX)’UN Le., 0b = {/Bioi1 (a)}ioiu
and (z,y) € P"|y, ® C™(Y4,P*)|v;. Then
(a,0) *y dif (z,y)
=(a,b) *, (dpz,dey + h'(x) — {aiji - 2} x)
= (adpa, adey + ah'(v) — afawsn - )i + bdpat {7a 0 Vi ™ (dpa) i),

10
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and

d?{(a7 b) *’Y (33, y)}

= d(az,ay + bz + {72 © Vi, (@) }i)

= (dp(az),de(ay + bz + {a 0 VI (@) }io) + kT (az) — {aujy, - azx}jn).
Therefore it suffices to check the following:
~aVi (@) + {700 Vi (dpa) iy = 3(be) + defrao Vi) (@)} — V' (aa).
We calculate V(ax) — aVT(x). Since

V(az) —aV(z) =da®x

and
VodeoV(ax) —aVodeoV(z)
=Vodco(da®x+aV(x))—aVodeoV(x)
=Vo(da®dpx+adecoV(x))—aVodeoV(x)
=da® Vodpxr+decoV(r)®da,
we have
Vi(az) — aVi(z)
= {Bigir (@) }igir T — Yo 0 Vo dp(x) +va 0 de o V()
=6(b)z — a0 Vodp(z) +vao0deoV(z)
So the lemma follows. q.e.d.

We have constructed an unbounded complex of QCoh(X, u):
Plim . (Phn L (phyntl .

I

with d"|y, = d'. The next lemma finishes the proof of Proposition 6.1.
q.e.d.

Lemma 6.4. P is locally quasi-isomorphic to a bounded complex of
free Og?’y) -modules of finite rank, and Li*Pt = P.

Proof. Let
P} CM(WU, Py, — CO(8L Py, — P,
be a projection and ?L? be the composition,
B = PPt o (RO Py, — CVTH U P |, — P,
Let ﬁf = P"|v,[e] /(%) be a free left O[%)—module, the left action given
by for a + be € (’)(Z), x+y€€75fl7

(a4 be) xy (x +ye) := ax + (ay + bx + v, © Vg”) (x))e.
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Then define the complex 75; whose differential is given by
Pl 3 x4 ye — dp(x) + (dey + hi¥(x))e € PPFL.
We will show that the natural map
(PN)P 3 (2,y) — x+p}(y)e € P}
gives a quasi-isomorphism between P'|. and ﬁ; . It is clear that the
above map is a morphism of complexes of (’)gﬁi ) _modules. Note that D
gives a splitting of the Cech resolution on Uj, so we have the decompo-
sition,
C* (WP, = PClu; & QF,
for some complex Qf with H*(Q?) = 0. We have the following diagram:

TQ?

Pelu, Tes (U, Py, —— T(PY);

H [

Ply, —— TPy, —— TP
Therefore we obtain the distinguished triangle

Qo — (PN — PP — TQ!.

)

Rt —{osji}jn
— U

Since Q7 is acyclic, the first part of the lemma follows. For the second
part, we have a morphism of complexes (P1)® — 4,P* by construction.
By taking adjoint, we have a morphism Li*PT — P in DY(X). This
morphism is quasi-isomorphic on U;, and hence quasi-isomorphic. q.e.d.

Now let us return to the situation of the first part of this section. By

Proposition 6.1, we obtain the object Pt € Dgerf(X x Y, —piu + pv).

Therefore we can construct a functor ®': D(X,u) — Db(Y,v). Next
we will show @' fits some commutative diagram.

Lemma 6.5. The following diagram is 2-commutative,

DY(X) —= s DV(X,u) — D~(X)

@l lqﬁ lcb—
DMY) —=— Db(Y,v) -2 D(Y).
Proof. To distinguish the notation, let
Rp),: D' (Mod(p; 0" psa')) — D*(Mod (0O, &),

py*: DP(X,u) — DP(X x Y, piu+ p3(0,5,")),
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be derived push-forward and pull-back. Let us take a € D*(X). Then
L
' 0 i.(a) = Rp, (p]"i.a ® PT)
~ oo L T
= Rp2*(l*p1a QP )
= Rp2*7’*(p1a ® Li"P )

L
=4, 0 P(a).
The second isomorphism follows from flat base change, and the third
from projection formula. These properties are verified in our case as in

the commutative case. We have proved that the left diagram commutes.
The right diagram commutes similarly. q.e.d.

Proof of Theorem 4.7. It remains to show ® gives an equivalence. Take
a € D°(X,u) and b € D™(X). Then we have

Hom(®1(a), ®7i, (b)) = Hom(®'(a), i, ® (b))
=~ Hom(Li*®'(a), ®(b))
= Hom(® Li*a, (b))
= Hom(Li*a, b)
(

i
=~ Hom(a, i4b).

Therefore the map Hom(a, i.b) LR Hom(®'(a), ®(i,b)) is an isomor-
phism. Next take a,b € D?(X,u). Since we have the distinguished
triangle,

i Li*b — b — 1, Li*b — i, Li"b[1],
we have the following morphism of exact sequences, (b’ := Li*b)

Hom(a, i,b") e Hom(a, b) e Hom(a, i,b)

l I I

Hom(®'(a),®'(i,0')) ———— Hom(®'(a),®T (b)) ——— Hom(®T(a),®T(i.0")).

Therefore, the morphism Hom(a,b) — Hom(®'(a), ®T(b)) is an iso-
morphism by 5-lemma. Now we have proved ®' is fully-faithful. Finally,
we show ®' is essentially surjective. Take F € D*(Y,v). Again we have
the distinguished triangle,

i Li* F — F — i, Li*F 5 i,Li, F[1).
Let F' := Li*F. Since we have
i F' =i, ® o U(F)
=~ ol 04, U (F),
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the morphism tz: i, — i,F'[1] is obtained by applying ®' to some
morphism, sr: i, V(F') — o,V (F')[1]. Let G := Cone(sz). Then F is
isomorphic to ®7(G). It remains to show G is bounded. Note that by
the definition of ®f, there exists N > 0 such that if H*(A) = 0 for i > I
and some [, then H*(®T(A)) =0 for i > I+ N. Let us take an intelligent
truncation of G:
T<1-1G9 — G — 17>10.

Then by the above remark, H*(®f(7<;_1G)) = 0 for i > [+ N. Therefore
®T(1<;_1G) — ®1(G) = F is zero-map for sufficiently small [. Since
&' is fully-faithful, this implies T<1-1G — G is zero-map. Therefore
Tgl_lg =0. q.e.d.

7. Examples

Abelian varieties. We give an example in which ¢ does not preserve
direct summands of HT?(X). Let A be an Abelian variety, and A be its
dual Abelian variety. Let U € Pic(A x A) be the Poincare line bundle.
Then the functor

oY : D(A) — D(A)

gives an equivalence (cf. [14]). In this particular example, ¢ takes some
o € H?(O}) to v € H°(A*T4). Hence @' give equivalences between
gerby deformations and non-commutative deformations of Abelian vari-
eties first orderly. This phenomenon has been extended to infinite order
deformations in [3].

Birational geometry. In this example, we discuss the situation in
which ¢ preserves some direct summands of HT?(X). This exam-
ple comes from the equivalences under some birational transforms, e.g.,
flops. Recently the relationship between derived categories and bira-
tional geometry has been developed. For example, see [4], [7], and [10].
Two smooth projective varieties X, Y are called K-equivalent if and
only if there is a common resolution p: Z — X, q¢: Z — Y such that
p*Kx = ¢*Ky. Kawamata [10] conjectured that derived categories are
equivalent under K-equivalence. On the other hand, Wang [18] conjec-
tured that the deformation theories of complex structures are invariant
under K-equivalence. Since derived category contains much informa-
tion, it is reasonable to guess that Kawamata’s conjecture is stronger
than Wang’s conjecture. We will see the relationship between two con-
jectures using Theorem 4.7. Recall that X EA W LY is called a flop
if

f and g are isomorphisms in codimension one.

Relative Picard numbers of f, g are one.

Kx = f*Kw, Ky = g"Kw.

Birational map ¢~ ' o f: X --» Y is not an isomorphism.
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If X and Y are connected by flops, then X and Y are K-equivalent. We
denote by Def(X) the Kuranishi deformation spaces, and by Ty Def(X)
its tangent space at the origin . Let X — Def(X), Y — Def(Y) be Ku-
ranishi families. For 3 € Tp Def(X), let X be a scheme over C[e]/(¢?),
the infinitesimal deformation of X corresponding to S.

Theorem 7.1. Let X and Y be smooth projective varieties, which are

connected by a flop, X EA W &Y. Assume that there exists an object
P € DY(X xY), which is supported on X xyw Y, such that the functor
®F _,: D’(X) — DP(Y) gives an equivalence. Then there exists an
isomorphism ¢p: Ty Def(X) — ToDef(Y) such that ® extends to an
equivalence,

®f: DP(Coh(&s)) — D*(Coh(Vy,(5)))-

Proof. Let ¢r: HT?(X) — HT?(Y) be the isomorphism induced by
®. Tt suffices to show ¢ takes (0,3,0) to (0,4,0). Let U C W be the
maximum open subset on which f and g are isomorphic. Then, since
codim(X \ U) > 2, codim(Y \ U) > 2, and f|x\v, gly\v has positive
dimensional fibers, it follows that codim(W\U) > 3. On the other hand,
since P is supported on X Xy Y, the following diagram commutes:

HT*(X) —2" HT(Y)
HT?*(U) —— HT?*{U).

Here the vertical arrows are restrictions. Let (o/, 5',7") := ¢7(0,3,0).
By the above diagram, we have /|y = 0, 4|y = 0. It is clear that
7' = 0. On the other hand, since Rg.Oy = Oy, we have H2(Y, Oy) =
H2(W,Ow). Since codim(W \ U) > 3, the restriction H?(W,Ow) —
H?(U, Op) is injective by [16]. Therefore, o/ = 0. q.e.d.
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