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TORUS BUNDLES AND THE GROUP
COHOMOLOGY OF GL(N, Z)
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Abstract

‘We prove the vanishing of a certain characteristic class of flat vector bundles
when the structure groups of the bundles are contained in GL(N,Z). We
do so by explicitly writing the characteristic class as an exact form on the
base of the bundle.

In this paper we consider certain characteristic classes of flat com-
plex vector bundles, which are known in algebraic K-theory as the Borel
regulator classes. We prove that if the structure group of a rank-N vec-
tor bundle is contained in GL(N,Z) with N odd, then the Borel class of
degree 2N — 1 vanishes. Our proof is analytic in nature and is a special,
but interesting, case of a more general theorem concerning the direct
images of flat vector bundles under smooth submersions [4].

The background to our result is the following. First, let N be a
positive even integer and let E be a real oriented rank-N vector bundle
over a connected manifold B. Then the rational Euler class xgo(FE) is an
element of HY (B; Q). Sullivan showed that if F is a flat vector bundle
whose structure group is contained in SL(N,Z), then xg(F) = 0 [12].
Let A be the integer lattice in E. Then M = E/A is the total space
of a torus bundle over B. Sullivan’s proof was by a simple topological
argument involving this torus bundle.

Bismut and Cheeger observed that Sullivan’s result follows from the
Atiyah-Singer families index theorem, applied to the vertical signature
operators on the torus bundle [2]. They also showed that one can write
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TORUS BUNDLES AND THE GROUP COHOMOLOGY OF GL(N,Z)

a certain differential-form representative of xg(E) explicitly as an exact
form, by means of the so-called eta-form of [1].

In [4] we proved a real analog of the Riemann-Roch-Grothendieck
(RRG) theorem. The geometric setup of our theorem involved a smooth
fiber bundle 7 : M — B with closed connected fibers Z. If F is a flat
complex vector bundle on M, then it has a direct image H (Z ;F‘ Z)
which is an alternating sum of flat complex vector bundles on B, given
by the cohomologies of the fibers Z (with value in F' ‘ 2)- We defined
certain characteristic classes of flat complex vector bundles and showed
a relationship between the characteristic classes of F' and H (Z i F ‘ Z).
We actually proved a more refined statement at the level of differential
forms on B, which involved a so-called analytic torsion form on B.

The motivation of the present paper was to see what the RRG-type
theorem of [4] says in the case of the torus bundle described above. We
now state the precise results.

Let B be a connected smooth manifold. Let E be a complex rank-
N vector bundle over B with a flat connection VZ. We define certain

characteristic classes {nj(VE) ;-V:l, with nj(VE) € H¥~(B;R). These

classes are pulled back from universal classes
n’ ov € H97H(BGL(N, C)5; R),

where § denotes the discrete topology on GL(N,C). The classes
{nj o }j\le can be characterized by the fact that the continuous real-
valued group cohomology of GL(N,C) is an exterior algebra

Z Z Z
A <”1,<CN M N 5 ,nN@N)

[5]. They are stable classes in the sense that they come from classes
in H¥ =Y BGL(c0,C)s;R), and give rise to the Borel regulators on the
algebraic K-theory of number fields.

Our main result is the following :

Theorem 0.1. Let N be a positive odd integer. Let E be a flat
complex rank-N vector bundle over B whose structure group is contained
in GL(N,Z). Then n% (VY) vanishes in H*N~1(B;R).

An equivalent formulation of the theorem is:
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198 JEAN-MICHEL BISMUT & JOHN LOTT

Theorem 0.2. Lel N be a positive odd integer. Leti: GL(N,Z) —
GL(N,C) be the natural inclusion. Then i* <
group cohomology H2N~1(GL(N,Z);R).

B . .
Ny v vanishes in the

Borel showed that for 5 > 1, the classes ¢* <nz ) are nonzero if N

J,CN
is sufficiently large compared to j [5]. Ronnie Lee informs us that he

showed many years ago in unpublished work that 2* <n§ (CN) is nonzero if

1 < 7 < N. Furthermore, Jens Franke informs us that Theorem 0.2 is a
special case of his general results on the group cohomology of arithmetic
groups [8]; his method of proof seems to be completely different from
ours.

As shown in Section 1, Theorem 0.1 follows fairly directly from the
RRG-type theorem of [4], when applied to a torus bundle. However, in
this special case of a torus bundle one can greatly simplify the arguments
in [4]. Thus in this paper we give an alternative self-contained proof
of Theorem 0.1. This parallels the corresponding proof of Sullivan’s
result in [2]. Given ¢ > 0, in Section 2 we define a form J; on the
total space of E* with the property that if A\ is a flat section of E*,
then A*d; is closed on B. Letting A* denote the dual lattice to A, we

consider the closed form 3 . "0 on B. We show that its de Rham

cohomology class {Z pEA* u*ét} is independent of ¢. Taking £ — 0, one

can see that [ZME/\* u*ét} is a nonzero constant times n% (V¥). We
then define forms p; on the total space of E, which are again closed
after being pulled back by flat sections, and which have the property
that ZMEA* p*é; is proportionate to -, -\ m*p;. Taking ¢ — oo, one
sees that > _\m*p; — 0. This proves Theorem 0.1. By keeping
track of the t-dependence, we find an explicit form on B, defined as a
Dirichlet-type series, whose differential represents n?v(VE ).

The elementary proof of Theorem 0.1 given in Section 2 is in fact a
transcription of the proof of the RRG-type theorem of [4], in the special
case of a torus bundle. The transcription proceeds by Fourier analysis
along the fibers. In Section 3 we assume a knowledge of [4] and make
the relationship explicit.

An open question is whether there is a simple topological proof of
Theorem 0.1 along the lines of Sullivan’s proof of his result.

The paper is organized as follows. In Section 1 we define the rele-
vant characteristic classes of flat vector bundles by means of differential-
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form representatives. Given a complex vector bundle F' with flat con-
nection V¥, a Hermitian metric h¥ on F and a real invariant power
series P on the space of (N x N)-complex matrices, we define a closed
differential form P*(VE, hF) € Q°44(B), whose de Rham cohomol-
ogy class P*(VF) € H°(B:R) is independent of h”. In the case
of P(A) = Tr [Aj ], we obtain the above-mentioned cohomology class
nj(VF ) € H¥~1(B;R). We study the relationships between the classes
and describe them in terms of the cohomology of the classifying space
BGL(N,C)s. We then recall the RRG-type theorem of [4] and show
how it implies Theorems 0.1 and 0.2. We also prove that Theorem 0.2
is a special case of a general vanishing theorem for the group cohomol-
ogy of a discrete group which acts smoothly on a compact manifold.

In Section 2 we start with a real oriented rank-N vector bundle V.
We review Berezin integrals, the Thom form a; € QN (V) of Mathai-
Quillen and its transgressing form 3; € QN ~1(V). If V is flat, we define
the form 6; € Q*N~1(V) by a slight modification of the definition of
ay, and also construct its transgressing form ¢, € Q2VN=2(V). We then
define an auxiliary form p; € Q> ~1(V) and its transgressing form o; €
O2N=2(V). We give an elementary proof of Theorem 0.1 along the lines
sketched above.

In Section 3 we first consider the total space of a flat vector bundle
V. Using the superconnection formalism of [4], we define a form §;, €
Q*N=L(V) and its transgressing form ¢ € Q*N=2(V). We then show
that &; and €; are essentially the same as the forms 6; and ¢ of Section
2. Using Fourier analysis on the fibers of the torus bundle M, we prove
that the closed form f (Cy, h") of [4] reduces to > uens W0y, and that
the transgressing form % I (C{, hW) of [4] reduces to ZueA* w*e. This
establishes the link between the results of Section 2 and those of [4].

We thank Christophe Soulé and Toby Stafford for helpful discus-
sions. The first author thanks the Institut Universitaire de France for
its support, and the second author thanks the NSF for its support.

I. Characteristic classes of flat vector bundles

In this section we describe certain characteristic classes of flat vector
bundles.

The section is organized as follows. In a) we establish our conven-
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tions. Given a rank-N complex vector bundle F' on a base B, a flat
connection V¥ on F, a Hermitian metric A* on F and an invariant
power series P on the space of complex (N x N)-matrices, in b) we
define a closed form P*(VF, hf") € Q°d4(B). Its de Rham cohomology
class P?(V!) is independent of h!". We describe relationships between
the forms P*(V¥ k") for different choices of P and F. In c¢) we relate
P%(VT) to the Borel regulator classes. In d) we recall the RRG-type
theorem of [4] and prove Theorems 0.1 and 0.2.

a) Conventions

Except where otherwise indicated, we will take all vector spaces in
this paper to be over C. The covariant functor A sends a vector space
V to its exterior algebra A(V'), and a linear map T : V. — W to an
algebra homomorphism A (T") : A (V) — A (W).

If Aisan N x N complex matrix, put

c(A) = det(I + A),
ch(4) =Tr [eA] ,

A
nj(A)=Tr[A7], jeN
Let {¢; (A)}j\;1 be the symmetric functions of A, satisfying

(1.2) cAA) =14+ et (A) + ...+ XWen(A).

Let B be a smooth connected manifold. If E is a smooth vector
bundle over B, we let C°°(B; F) denote the smooth sections of F, and
L*(B;E) the L? measurable sections of E. We let A (T*B) denote
the complexified exterior bundle of B, and §2 (B) the space of smooth
sections of A (T*B). We put Q(B;E) = C®(B;A(T*B) ® E). We
will say that a differential form is real if it can be written with real
coefficients.

b) Characteristic classes of flat vector bundles

Let P(A) be an ad-invariant power series on the space of N x N
complex matrices A. Then P can be expressed as a power series in the
variables {n; (A)}j\;1 We will say that P is real if P has real coefficients
in these variables.
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Let F' be a complex rank-N vector bundle on B, endowed with a
ﬂaﬂ*connec‘cion V. The antidual bundle ' inherits a flat connection
V. Let ¥ be a Hermitian metric on F. We do not require that V_F
be compatible with . The metric A" induces a Hermitian metric A% ’
on I and a C°°(B)-linear isometry

(1.3) B QB F) - Q (B;F*> .

Then the adjoint flat connection (V)" on F' is given by
(1.4) (V)" = (EF>_1 v R,

Define w (V¥, h") € Q' (B;End(F)) by
(1.5) w(VFRF) = (V) = vF = (b)) (VFRF).

In the rest of this section, except where otherwise indicated, we
will abbreviate w (VF R ) by w. With respect to a locally-defined
covariantly-constant basis of I, h!" is locally a Hermitian matrix-valued
function on B, and we can write w more simply as

(1.6) w= (h") " an’".

Definition 1.1. The connection V% on F is given by
(1.7) vhe = vF 4 %

It is easy to see that V" is compatible with A, and
(1.8) vty = 0.

The curvature of V% is given by

2

w2 oW
(1.9) (VF)" = — -

Definition 1.2. Define P(V¥, hf") € Q°v**(B) by

(1.10) P(VE BTy =P (“’—2) .

8im
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Lemma 1.3. We have

(1.11) P(VF,n") = P(0).

Proof. We can write P(A) as a power series in the variables
{n;(A)}L,. Clearly if j = 0 then n;(VF,hF) = 1. Tf j > 0 then

(1.12) Tr[w¥] = Tr [w-w¥ ] = = Tr [0V 7! - w] = = Tr [¥] =0,

and so n;j(VF, k) = 0. The lemma follows.  q.e.d.

Let z be an odd Grassmann variable, so that z> = 0. Given o €
Q(B) ® ([z], we can write « in the form

(1.13) o= ap+ 2o
with ag, a; € Q(B). Put

(1.14) Tr, [o] = aq.

Definition 1.4. Define P?(VF, hF") € Q°d4(B) by

z (o F 1 F w? w
(1.15) P*(V",h") =T, 13(8f +z§) .
1T
In particular,
(1.16) n2(VE R = j - 277D (24) U= Ty W21

Lemma 1.5. If P and Q are two ad-invariant power series, then

(1.17)  (PQ*(VE,hT) = P0)- Q¥(VE,nE) + PY(VE WT) - Q(0).

Proof. This follows from Lemma 1.3. q.e.d.

Lemma 1.6. The odd form P*(V',h'") is closed, and its de Rham
cohomology class is independent of k™. If P is real, then P*(V',h") is
also real.
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Proof.  In the case P(A) = n;(A), j > 0, a simple proof of the
statement of the lemma was given in [4, Theorems 1.8 and 1.11]. The
general case follows from expressing P(A) as a power series in the vari-
ables {nj(zﬁl)}?fz1 and using Lemma 1.5. q.e.d.

Lemma 1.7. We have

(1.18) PYVE BF) = —PY(VF RE).

Proof. One has
(1.19) w (V) = - @F)_lw <V7*,hf*> W

The lemma follows from (1.15). q.e.d.

Definition 1.8. Let P*(VT) € H°d(B:R) denote the de Rham
cohomology class of P*(V¥, h!").

Remark 1.9. Given the polynomial P, there is a corresponding
Cheeger-Chern-Simons class P(VF) € HY(B;C/Z) of the flat bundle
F [7]. If P(A) = n;(A) then, up to a multiplicative constant, P?(VT')
is the same as the imaginary part of IB(VF ) [4, Proposition 1.14].

Theorem 1.10. We have
(1.20) wV = 0.

In particular, for 3 > N,

(1.21) ni(VF,h") = 0.
For j <N,
—1)i-1
(1.22) (VI RT) = % ns(VE, Y.

Proof. Identity (1.20) appears in [11, Theorem 4.1]. We give

a direct proof, which is essentially the same as that of [11]. By the
Cayley-Hamilton theorem,
w? al w?

(1.23) (=) + D (1 (VAT (=

YN = 0.
i 8im

=1
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By Lemma 1.3, for § > 0,
(1.24) ¢;(VE,n) =0,
which together with (1.23) implies (1.20) immediately.

Equation (1.21) follows from (1.16) and (1.20). Finally, if j < N
then Newton’s formula gives an identity of polynomials:

(1.25) n; —cnj-1+...+ (—1)j_16j_177,1 + (—1)ijj = 0.
Using Lemma 1.5 we thus obtain equation (1.22). q.e.d.

Let E = EL ® E_ be a Zo-graded complex vector bundle on B.
Let V¥ = VE+ @ VF- be a flat connection on E which preserves the
splitting B = E, ® E_. Let h* = h®+ @ h®- be a Hermitian metric on
E such that F; and FE_ are orthogonal. Put

(1.26) P(VP,hP) = P/(VFH hP%) — P/(VF- hP-).

Given the flat vector bundle F, the associated flat vector bundle
A(F*) has a natural Zo-grading. If A" is a Hermitian metric on F', then
there is an induced Hermitian metric A ) on A(F).

Theorem 1.11. We have
= —k 1

(1.27) ch? (vA(F ), WAE >) = < (VI 0).

Proof. In general,
(1.28) ch(A(A)) = det(I — e?) = (1) Td(—A)™" - det(4).
Using (1.17), we get
ch” <VA(F*),hA(F*)) —(—1)V e, (vf*,hf*)

Lo (oF F
The theorem now follows from Lemma 1.7.  q.e.d.

Corollary 1.12. In H°Y(B;R), one has the equality

(1.30) ch? (vW*)) - % 4 (VE).

(1.29)



TORUS BUNDLES AND THE GROUP COHOMOLOGY OF GL(N,Z) 205

In particular, ch® <VA(F*)) 18 concentrated in degree 2N — 1.

Proof. This is an immediate consequence of Theorem 1.11.  q.e.d.

¢) Topological description of the characteristic classes

The classes nj(VF ) are the characteristic classes (of flat vector bun-
dles) which are of interest to us. A more topological description of them
can be given as follows. Let V' be a finite-dimensional complex vector
space. Let Hi(GL(V);R) denote the continuous group cohomology of
GL(V), meaning the cohomology of the complex of Eilenberg-Maclane
cochains on GL(V') which are continous in their arguments. Let GL(V')s
denote GL(V') with the discrete topology and let BGL(V')s denote its
classifying space. The cohomology group H*(BGL(V )s; R) is isomorphic
to the (discrete) group cohomology H*(GL(V); R). There is a forgetful
map

(1.31) py : HY(GL(V);R) — HY(BGL(V)s; R).

Fix a basepoint * € B. Put I' = m1 (B, *) and let h : B — BT be the
classifying map for the universal cover of B, defined up to homotopy.
Let V be the fiber of F above *. The holonomy of F' is a homomor-
phism r : I' - GL(V), and induces a map Br : BI' — BGL(V)s.
Then the flat bundle F' is classified by the homotopy class of maps
v =DBroh: B — BGL(V)s. One can show that there is a class
niy € H2j'_1(GL(V);R) such that nj(VF) = v*(njy), and a class
N%,, € HITYGL(V);R) such that n?, = py(N?y). For example,
N7y is given by the homomorphism g — In|det(g)| from GL(V) to
(R, +).

Put G = GL(V) and K = U(V). Denote the Lie algebras of G and
K by v=gl(V) and x = u(V'), respectively. The quotient space y/k is
isomorphic to the space of Hermitian endomorphisms of V', and carries
an adjoint representation of K. One has that H(GL(V);R) is iso-
morphic to H*(7, K;R), the cohomology of the complex C*(y, K;R) =
Homg (A*(y/k),R) [6, Chapter IX, §5]. In fact, the differential of this
complex vanishes, and so H(GL(V);R) = C*(v, K;R) [6, Chapter II,
Corollary 3.2]. Thus the classes {nj(VF )}32, arise indirectly from K-
invariant forms on ~y/k. It is possible to see the relationship between
nj(VF) and C¥~!(y, K;R) more directly [4, §1g]. In particular, de-
fine a (2j — 1)-form ®; on v/k by sending Hermitian endomorphisms
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Ml,... 7M2j—1 to
(I)j(Ml,... ,M2j—1)

(1.32) = > (=1 Tr (M) ... My;_y) .
0ES2j-1

Then ®; is an element of C%~1(y, K;R) which, up to an overall multi-
plicative constant, corresponds to N ﬁv.

The compact dual of the symmetric space G/K is G¢/K, where
Gl =U(V) x U(V). Let v¢ = u(V) @ u(V) be the Lie algebra of G.
Duality gives an isomorphism between H*(y, K;R) and H*(v?, K;R) =
H*(U(V);R) = A(z1,73,...,T2dim(v)—1)- 1t follows that the classes

{N. ;’V}?iﬂ(v) are algebraically independent.

If V is the complexification of a real vector space Vg, then one
can apply the same arguments with G = GL(Vg), K = O(Vg) and
G? = U(V). One obtains that if the flat complex vector bundle F is
the complexification of a flat real vector bundle Fir and j is even then
ni(VF) vanishes.

d) Proof of the main theorem

We first review the RRG-type theorem of [4]. Tet Z — M 5 B
be a smooth fiber bundle with connected base B and connected closed
fibers Z, = m~!(b). Let F be a flat complex vector bundle on M. Let
H (Z ;F‘ Z) denote the Z-graded complex vector bundle on B whose
fiber over b € B is isomorphic to the cohomology group H*(Z;, F ‘ Zb)'

It has a canonical flat connection VH(Z;F‘Z) which preserves the Z-

grading. Let T'Z be the vertical tangent bundle of the fiber bundle and
let o(T'Z) be its orientation bundle, a flat real line bundle on M. Let
e(TZ) € Hi™(Z)(M; o(TZ)) be the Euler class of TZ.

Theorem 1.13 [4]. For any posilive integer j, one has an equality
in H¥~1(B;R):

(1.33) n; (VH(Z;F|Z)) = / e(TZ) nj(VF)
z

We now prove Theorem 0.1 of the introduction.

Theorem 0.1. Let B be o connected smooth manifold. Let N be
a positive odd integer. Let E be a flat complex rank-N wvector bundle
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over B whose structure group is contained in GL(N,Z). Then n?V(VE)
vanishes in H2N~1(B;R).

Proof. We may assume without loss of generality that E is real. Let
* be a basepoint in B and put T' = w1 (B, x). Let B denote the universal
cover of B. The holonomy of F is a homomorphism p: T' - GL(N,Z)
such that

(1.34) E=DBx,R".
Put

o N
(1.35) A=Bx,7Z

and M = E/A. Then M is the total space of a fiber bundle over B with
fiber Z = RN /7.

Let F' be the trivial flat complex line bundle on M. Then nj(VF )=
0. As the fiber Z is an N-torus, one can easily say what the cohomology
bundle H(Z; F|7) is. Namely, as H*(T";C) 2 A (RV") ® C, we have

(1.36) H(Z,F|z) =A(E")®C.
Theorem 1.13 now implies that

(1.37) ns (VAED) =0,

By Corollary 1.12, it follows that

(1.38) ch? (VA<E*>> = % n% (VF).

By the definition of ch”, the term of degree 2N — 1 of ch? (VA(E*)) is
proportional to n%; (VA(E*)). The theorem now follows from combining
(1.37), in the case j = N, and (1.38). q.e.d.

Recall from Section 1c that n% v denotes both an element of the
(discrete) group cohomology H?VN (G L(N,C);R) and the correspond-
ing element of H2N~!(BGL(N,C)s;R). We now prove Theorem 0.2 of
the introduction.

Theorem 0.2. Lel N be a positive odd integer. Leti: GL(N,7Z) —
GL(N,C) be the natural inclusion. Then i* (

group cohomology H2N~1(GL(N,7Z);R).

n?V,CN vanishes in the
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Proof. Tt is known that there is a model for BGL(N,Z) which
is a CW-complex with a finite number of cells in each degree. For
K >>2N — 1, let BGL(N,Z)¥X be the K-skeleton of BGL(N,Z). Let
B be a smooth connected manifold (possibly with boundary) which is
homotopy equivalent to BGL(N, 7Z)X. Let h: B — BGL(N,Z) be the
classifying map for B, defined up to homotopy. Let Bi: BGL(N,Z) —
BGL(N,C) be the map induced by i. Let £ be the canonical CV-
bundle on BGL(N,C) and put E = (Bioh)*£. Then the discussion in

Section 1c yields that n, (V) = h(Bi)* (0%, ov ) - By Theorem 0.1,
n% (V¥) = 0. As h is highly connected, it follows that (Bi)* <n§v (CN> =

0, which is equivalent to the theorem. q.e.d.
Theorem 0.2 is in fact a special case of the following theorem.

Theorem 1.14. Let T" be a discrete group such that there is a CW-
complex BT which is a K(T, 1)-space with a finite number of cells in each
degree. Let Z be a connected closed smooth manifold and let I act on Z
by a homomorphism p: T — Diff(Z). For each integer p € [0,dim(Z)],
there is an induced representation v, : I' - GL(HP(Z;C)). If j is a
positive integer, we can pullback the group cohomology class nj’Hp(Z;Q

under rp to oblain T <n;7Hp(Z;©) € H¥~YT;R). Then we have an
equality in HY~Y(T; R):

dim(Z)
(1.39) S (nj,Hp(Z;@)> —0.

p=0

The proof of Theorem 1.14 is similar to that of Theorem 0.2. The-
orem 0.2 is the special case of Theorem 1.14 when I' = GL(N,Z) and
Z=1N.

Remark 1.15. One can give a more direct proof of Theorem 1.14
in the case j = 1. If j = 1, equation (1.39) says that for all y € T,

dim(Z)

(1.40) > (=1 In | det rp(7)| gy 7,00 | = 0
p=0

Let TP denote the torsion subgroup of HP(Z;Z). Then HP(Z;C) =
(HP(Z;7Z)]TP)®C. As p(v) is a diffeomorphism of 7, it acts as an auto-
morphism of the lattice H?(Z; Z)/T? C HP(Z;C). Thus det ry(v) ‘HP(Z;
= +1, and equation (1.39) follows.

)
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II. Elementary proof of the main theorem

In this section we use Berezin integrals to define certain forms &;
and p; on the total space of a flat vector bundle, which are closed when
pulled back to the base by a flat section. We also define transgressing
forms ¢; and o;. We use these forms to prove Theorem 0.1.

The section is organized as follows. In a) we briefly review the
Berezin integral. In b) we review the construction of Mathai-Quillen of
the Thom form oy of a real rank-N vector bundle V. If V is flat, we
then define the forms §; € Q?N=1(V) and ¢, € Q2N =2(V), and establish
their basic properties. In ¢) we construct useful auxiliary forms p; €
O2N-L(V) and oy € 2V ~2(V). In d) we use these forms, along with the
Poisson summation formula, to prove Theorem 0.1.

a) Berezin integrals

Let V now be a real oriented inner-product space of dimension N.
Let {t}h_, be an oriented orthonormal basis of V. We can identify
A (V) with A (¢1,...,1%n). The Berezin integral fB :A(V) > Ris
defined to be the linear functional which vanishes on A¥(V') unless k =
N, in which case it is given by

B
(2.1) / Pr1hs ..y = L.

If A is a graded-commutative superalgebra over R, there is an extension
of the Berezin integral to a linear map

(2.2) /B:A<§>A(V)—>A

such that for a € A and « € A (V),

(2.3) /Ba-a:a/Ba.

Let V be another copy of V. The exterior algebra

(2.4) A(V@ff):A<¢1,...,¢N,$1,...,$N)

has a bigrading as

N
(2.5) A (v ® 17> = P AF(V) & AYT).
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Then the Berezin integral fB A (V & Y7> — R vanishes on
ARV) & AY(V)
unless £k =1 = N, in which case it is given by

B -~ o~
(2.6) / 1. NP .. Py = L.

The Berezin integral on A <V & V) is independent of the orientation of
V.

If W is an (N x N)-matrix, we write

(2.7) <¢, W@ = Z%Wij@-
ij

Lemma 2.1. IfV is an antisymmetric (N x N)-matriz with even
entries, and W is a symmetric (N x N)-matriz with odd entries, then

B —~
/ <¢’ W@ B V)~ 1B,V D)
=Ny, [det (Z + zW)] .
e

Proof. Equation (2.8) can be checked by putting V' into normal
form. q.e.d.

(2.8)

Let A € End(V) be antisymmetric. Then we can identify A with an
element of A%2(V) by

(2.9) A%%@Aw.

b) Thom-like forms

Let V be a real rank-N oriented vector bundle over a connected
smooth manifold B, with projection map 7 : ¥V — B. Let hY be a
metric on V and let VY be a compatible connection. The connection
VYV gives a splitting

(2.10) TV =n"TB®n"V.
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There is an induced connection VA®) on A (V). Put £ = A (7*V), a
Z-graded vector bundle on V with connection V¢ = 7*VAY), We first
define the Thom-form of Mathai-Quillen [10], following the notation of
[3, Section 1.6].

The Berezin integral gives a map fB QV;E) = Q(V). There are
certain elements of Q (V; &) of interest, namely:

1. the tautological section x € QO(V; Al (7*V));

2. the element |x|2 € QO(V; A% (n*V));

3. the element V&x € QN (V; Al(7*V));

4. the curvature RY = r* (VV)Q. Using (2.9), we can think of R as
an element of Q2(V; 7*A2(V)).

Let iy : QP(V; A(7*V)) — QP(V; AL (7*V)) be interior multiplica-
tion by the tautological section. For any ¢ > 0 and a € Q (V; &), one
has

(2.11) d/Ba:/B (VE+2viin)

Definition 2.2. For ¢ > 0, define 4; € Q(V;€) by
RY

(2.12) A=

+Vt VEx +t |x|2

Definition 2.3. TFor ¢ > 0, the Mathai-Quillen form oy € QN (V)
is given by

B
( )
(2.13) a = (~1)" T w—%/ e=Ar,

The form 3; € QV~1(V) is given by

B
N4 N X
2.14 R v
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Theorem 2.4 ([10, Thm. 7.6], [3, Prop. 1.53]).
a. The form oy is closed.
b. In addition,

(90415
2.1 — = .
(2.15) L~ d,

Proof. a. One can check that
(2.16) (Vg NG ix> A, = 0.

Using (2.11) and (2.13), part a. of the theorem follows.

Part b. of the theorem can be easily checked directly, but we will give
a more general construction which will be of use later. Put B’ = B xR"
and V' = V x RT. Define «' : V' — B’ by «'(f,s) = (7(f),s). Let
pp : B’ — B and py : V' — V be the projection maps. Then V' = pLV.
Using the product structure on V', we can write exterior differentiation
on Q(V') as

(2.17) d =d+ds 0.

Let kY be the metric on V' which restricts to s - hY on V x {s}.
Then

, d
(2.18) AR v 2—2

is a connection on V' which is compatible with #Y'. Furthermore,
N
(v) =i ()"
We now apply the preceding formalism to the vector bundle V' with
metric BY" and connection VV'. Using an obvious notation, A’y €
Q(V'; &) is given by

Vv

R
(2.19) A = - +s (Vgx—l-ds/\;—S) + s|x|? = A +ds A

X
Neh

Then

(2.20) o) = /B e = /B e~ ) —ds A /B X g4,
2V/s
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From part a. of the theorem,
(2.21) day =0.

Part b. of the theorem now follows from (2.17), (2.20) and (2.21).
q.e.d.

Remark 2.5. The closed form ¢y is a Thom form in the sense
that it is rapidly decreasing at infinity and the fiberwise integral m,ay
is identically 1 on B.

We now assume that V has a flat connection VY. Let Y be a metric
on V. Define w € QY(B;End(V)) as in (1.5) and V¥** as in (1.7).

Lemma 2.6. The j-form w/ takes value in the symmetric endo-
morphisms of V if 7 = 0,1 (mod 4), and in the antisymmetric endo-
morphisms of V if 1 = 2,3 (mod 4).

Proof.  One sees from (1.5) that w takes value in the symmetric

endomorphisms of V. Then (wj)T = (—1)j(j;1)

wi.  qed.
Let V be another copy of V. Put E=A (71'*]/}) Following (2.6), the
Berezin integral gives a map fB : Q <V; 8@5’\) - Q).

There are certain elements of 2 <V; ER é’\) of interest, namely:

1
2
3. the element |x|? = [%|2 € Q°(V; AO( *V) ® A(xV));
4. the element <1/) 1/)> e OV AN (m*V) & A1(7T*V));

5. the element VE®&uy ¢ QL (V; AL (V)

6. the element VE®&uz ¢ ALV A

7. the curvature RYV“ = ( *VV “) —I%=. We will think of
RV as an element of Q*(V;A%(7*V) & AO( *]/}\)), namely RV* =
— 5 (%, (T W?)y) .

8. the element & € QYV;Al(r*V) & Al(#*V)) given by
& = (W, (F*w));

9. the element w? € Q2(V;

A%(x*V) @ A2(7*V)) given by
= 1
2

($, ("))

/\



214 JEAN-MICHEL BISMUT & JOHN LOTT

As in (2.11), for any ¢t > 0 and « € <V;€ 2 g), one has
B B I
(2.22) d/ @ :/ (V&@&“ + 2Vt ix> o.

Definition 2.7. For ¢ > 0, define B, € Q2 (v;g & E) by

RV,u _

o~ 1 oy
(2.23) B; = + V1 VESE R 11 |x)? + 3 w?.

Definition 2.8. TFor ¢ > 0, define 6§, € Q2V~1(V) by

(2.24) = ’ (i 5V ﬁ) B

and ¢ € N 72(V) by
B o~
(2.25) et:—/ <%<w,w>+2iﬁ(ia—ﬁﬁ)>e—3t.

Theorem 2.9.

a. Let U be an open subset of B and let A : U — V be a flat section
of ¥V over U. Then for t > 0,

(2.26) d(A\*6;) = 0.
b. In addition,

(2.27) 8(2?) =d(N\e).

Proof. a. Asin (2.16), we have

N RV,U o
(2.28) VEIE LoVt iy ) | —— + VE VES i ¢ |x|? ) = 0.
2
From (1.8) it follows that

(2.29) (V&@a“ PN ix) o2 = 0.
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Furthermore,

o~ 1 o~
(2.30) <v5®5’“ T 2V7 ix) (Z - Vi ﬁ) = Vi vEREug g i,

Using (2.28), (2.29) and (2.30), we obtain
B o
(2.31) dé; = / (—\/Z VLR 4 g z’@) e Bt

As elements of QH(U; AO(V) & AL(V)), there is an equality
“E 1

(2.32) A (v5®&%> = 3 N (ixD).

Equation (2.26) follows.

To prove b., we continue with the setup of the proof of Theorem
2.4.b. Let VY’ now be the flat connection p*BVV. Then X = ppAis a
flat section. Since

(2.33) (V) =05 (99) + %

and

(2.34) w' = ppw + %,

we have

(2.35) (w')2 = phuw?

and

230 & =ppa+ (5.5F) =0 - (7).
The unitary connection on V' is given by

(2.37) TV = gV Z—j

Using an obvious notation, we can then write B} € Q (V’ R E > as

X

2.38 By = By +ds A .
( ) 1 S+ S 2\/§
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Thus

B /1 ,

= (Go-vax)e”

B /1

(2.39) :/ (Z O —/s ﬁ) e Ds
B
1 ~ X
—ds A _< : > x
o f (43 )T (

From part a. of the theorem,

SN
)
S
M)
N’
N——
QI
&=

(2.40) d (N*8) =o0.

Part b. of the theorem now follows from (2.17), (2.39) and (2.40).
q.e.d.

Remark 2.10. If NV is odd then a4 = 5, = 0. If N is even then
(5t =€ = 0.

Remark 2.11. There is an evident analogy between the properties
of (e, B¢) and (64, €;). However, the important difference is that a; can
be pulled-back by an arbitrary section of V to get a closed form on B,
whereas d; can only be pulled-back by a flat section of V if one wants
to get a closed form on B.

¢) Some auxiliary forms

We use the notation of Section 2b. Suppose that the holonomy of
the flat connection VY preserves a volume form 7 on the fibers. We will
assume that the metric 2Y is such that the volume form on the fibers
induced by hY equals . The holonomy of the adjoint flat connection
(VY)* also preserves 7.

Definition 2.12. Define Vol € Q¥ (V) to be the extension of 7 to
V, using (VY)*.

More precisely, if U is a contractible open set in B and U x RY is a
trivialization of V which is covariantly-constant with respect to (VY)*,
let ¢ : U x RN — RY be projection onto the fiber. Then on U x RY,
one has Vol = ¢*n. Clearly Vol is closed. Consider the Berezin integral
[Paw;8) - o).

Theorem 2.13. We have

—1 B <
(2.41) Vol = (1)~ / (VX
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If\:U =V is a section of V which is flat with respect to VV then
(2.42) A*Vol = (w>\)1 FARAVAN (LU/\)N.

Proof. In terms of the trivialization U x RY above, we can write
(V€)*x = (dg, ). Then

Nv-1y B Nv-1y B N
()*E [ et B [T ag,
j=1
(2.43) =dp1 A ... Ndon.
Equation (2.41) follows. As elements of Q'(U;V), we have
(2.44) A ((VE)x) = (VE +w) A = wA.
Equation (2.42) follows. q.e.d.
Now consider the Berezin integral [”: Q <V; é’\) - Q).

Definition 2.14. For ¢ > 0, define p; € Q*V~1(V) by
2 Bz 173
2.45 =e i 7N Vol-/ —— e7s¥
( ) Pt i
and oy € Q2N=2(V) by

2 B
(2.46) op = —6_% V=14, Vol /

<

Theorem 2.15.

a. Let U be an open subset of B and let A : U — V be a flal section
of V over U. Then for t >0,

(2.47) d(X*ps) =0.
b. In addition,

d (/\*Pt)
ot

(2.48) =d(X'oy).

Proof. TIf N is even, then p, = g, = 0 and the theorem is trivially
true. Thus we may assume that N is odd.
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a. We have
2 8 u/\ 3 =
dp = — % 1V vor. [ 2V R V TR
\/_
(2.49) R
Vg ux i 2)
Furthermore,
* Eug\ _ wVu — v ¥ — o
(2.50) A (v x>_v A (v +2>>\ =
and
3 1
* s (U — -
(2.51) A (zx(v x)) 5 ).

Equation (2.47) now follows from the explicit representation of A*Vol
as an N-form in (2.42).

b. We continue with the notation of the proof of Theorem 2.4.b,
except that we now take RY' to be the metric on V' which restricts to
% -hY on V x {s}. Let V¥ be the flat connection p% V. Then

(2:52) () = (7)==

S

Using (2.41) and (2.52), we have

B
_ . p
(253) VoI = (-1)" = / (V=5 = ol — £ A, Vol.
S

Thus
o2 B =
pp =€ 45 s NVOI-/ % e 5
Jy2 B 3 ==
(2.54) Cdsne B sV iXVOI-/ R
N

From part a. of the theorem,
(2.55) d (XN"pj) =0.

Part b. of the theorem now follows from (2.17), (2.54) and (2.55).
q.e.d.
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d) Proof of the main theorem

Let N be a positive odd integer, and B be a connected smooth
manifold. Let B be the universal cover of B and put T' = 7(B). Let
p: T — SL(N,Z) be a homomorphism. When convenient, we will
consider SL(N,7Z) to be a subgroup of SL{N,R) or SL(N,C). Define
a flat real rank-N vector bundle on B:

N N
(2.56) E=DBx,RV.

Let A C F be the lattice
(2.57) A=Bx, 7"

Let E* be the dual vector bundle to E and let A* C E* be the dual
lattice:

(2.58) AN ={p€e E" : VA€ A {u, ) € 2n7}.

Let V¥ be the canonical flat connection on E. Then V¥ preserves the
lattice A, and the dual flat connection V¥ preserves A*.

From (2.56), there are volume forms on the fibers of E coming from
the standard volume form on RY. Tet Vol(E/A) denote the com-
mon volume of the quotients of the fibers by A. Choose an inner
product B on E which is compatible with these volume forms. We
write wg for w (VZ,hT) € QY(B; End(E)) and wg- for w (VE,RE7) €
QY (B; End(EY)).

We now apply the formalism of Section 2b to the case ¥V = E*. De-
fine 6; € Q®VN"Y(E*) as in (2.24) and ¢ € Q2N~2(E*) as in (2.25). If
U is a contractible open subset of B, then over U the lattice A con-
sists of a countable number of disjoint copies of U. Thus the forms
ZueA* 1* 6 and Z/LEA* ¥ ¢, are well-defined on U, and we obtain global
forms > o\ p*0t € O?N-YB) and Do pens Hie € O2N=2(B).

Theorem 2.16. We have

(2.59) 4y =0
HEA*
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and

(2.60) aat dopthi=d ) pe.

neA* neA*

Proof. 'This is a consequence of Theorem 2.9. q.e.d.

Theorem 2.17. If K is a compact subset of B, then there is a
constant ¢ > 0 such that on K, as t — oo,

[u—

(2.61) >ty = 3T e (VERE) + 0 (7).

HEA*
If N > 1 then
(2.62) > wre =0 ("),

HEA*
and if N =1 then
(2.63) > ute=—— + O (e ).
HEA*

Proof. It is enough to consider only the contribution of y = 0,
as the other terms will be exponentially damped in ¢. From (2.24) it
follows that

B S
(2.64) 0 = § / (g e (Vb v (P ),
2
Using Lemma 2.1 with V = L* and W = , we obtain
1 * *
(2.65) 06 = —5 7 (VE  hE ) .
Equation (2.61) now follows from Lemma 1.7.
By (2.25) we get

vy = — L 710 5 s l6hon) - (D3 5)

(2.66) 0%¢; = T <1/),1/)>616 W 6 \VoWg=¥)
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Lemma 1.3 now gives
1 B

(2.67) 0= -7 <¢J> :

from which (2.62) and (2.63) follow. q.e.d.

Applying the results of Section 2¢ to the case V = F, we define
c O*N-YE) as in (2.45) and oy € Q?V2(E) as in (2.46).

Theorem 2.18. The forms Y., cam*py € Q*N"YB) and
> men mror € N2(B) satisfy
(2.68) 4y mip =0
meA
and
8 * *

(2.69) EZmpt:dZmat.

meA meA

Proof. This is a consequence of (2.47) and (2.48). q.e.d.
Theorem 2.19. We have

(2.70) 3 wra =27V 1 E Vol(B/A) S mip
HEA* meA

and

(2.71) 3wt =271 17T Vol(B/A) Y mior.
HEA* meA

Proof. From (2.23) it follows that

- 15 )+ VE (5 wmn)
+ |+ — <$ w%;*@
(2.72) LR— +f (5 mowt)

p By =

[l <$ w%;*@
=t ‘u—l— WE* w‘ <'¢,wE*12)\>.

221
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Furthermore,

(2.73) p* (i@—ﬂﬁ)z—\ﬁ <(M i w) ¢>

Let z be an auxiliary odd variable, satisfying 22 = 0. Define Tr, as
n (1.14). Then by equation (2.72), in terms of the Berezin integral

%0 <B;A(E*) & A@)) — Q(B), we have

2

(2.74) 56 = Tr /B . ‘“+ﬁzwww+#z$ )

Using the Poisson summation formula, in general one has that if
b € E* then

(2.75) 3 et B = (4nt) =% Vol(B/A) Y e 5 itmb).
HEA* meA
Applying this to (2.74) yields

dows=2Na2 ~% Vol(E/A)
HEA*

B 2 . ~ o,
/ Ze—fz—fez<mﬁwmw%z@—%wwwl
(2.76)

i Vol(E/A)

B . o~ S
S / Hmazeey) M k(G 0)
meA \/Z

SO | 2SN I
Define new Grassmann variables by n = (hE > ¥ and 77 = <hE ) .
By (1.19) we obtain

(2.77) (mywp«) = — (m,wgn)

and

13) (3.03-8) = (i)
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From (2.76), (2.77) and (2.78), in terms of the Berezin integral
B —~ o~
/ L Q <B;A(E) & A(E)> - Q(B),

it follows that

Z 1" 0

HEA*
m 2
— 27N Y Vol(E/A) S e N
meA
B N(N=1) m 1 /o 3o
279 . —1 2 €<m7wE77> - 6_1_6<777UJE77>
(2.79) ! -

=273 =% Vol(E/A) Y m*py.
meA

This proves (2.70). In view of the constructions of the proofs of Theo-
rems 2.9.b and 2.15.b, equation (2.71) follows automatically from (2.70).
q.e.d.

Corollary 2.20. If K is a compact subset of B, then there is a
constant ¢ > 0 such that on K, ast — 0,

(2.80) Y we=0 <e—%>

HEA*

and

(2.81) S wa=0 <e—%> .
HEA*

Proof. As the sums in (2.70) and (2.71) can be taken over nonzero
m, the theorem follows. q.e.d.

We now reprove Theorem 0.1 of the introduction.

Theorem 0.1. Let B be a smooth connected manifold. Let N be
a positive odd integer and let E be a flat complex rank-N vector bundle
over B with structure group contained in GL(N,Z). Then n?V(VE)
vanishes in H2N~1(B;R).

223
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Proof. Without loss of generality, we can assume that F is real.
Suppose first that the structure group is contained in SL(N,Z). By
(2.60), the de Rham cohomology class of 3 .. u*d¢ is independent of
t. The theorem follows from combining (2.61), (2.70) and (2.80). One
can check that the arguments still go through if E is not orientable.
q.e.d.

We now write ¢4 (V¥, h¥) explicitly as an exact form on B.

Definition 2.21. If N > 1 and s € C, define ¢(s) € Q?Y~2(B) by

(2.82) P(s) = —/Ooots > wre dt.

neA*

Using (2.62) and (2.81), we see that ¢(s) is well-defined and is a
holomorphic function on C.

Theorem 2.22. For R(s) << 0,

$(s) = 27N"2 =% I(N + % — ) Vol(E/A)

B =
(2.83) > (Im)P N (ixVol-/ ﬁe‘é“’z),

meA
m#0
Proof. This follows from (2.46) and (2.71). q.e.d.

Hence the right-hand side of (2.83) must also have a holomorphic
continuation to C.

Theorem 2.23. If N > 1 then

(2.84) dp(0) = % N (VE AP

Proof. This follows from (2.60), (2.61), (2.80) and (2.82). q.e.d.

ITI. Fourier analysis on torus bundles

In this section we describe how in the special case of a flat torus
bundle, the results of [4] become equivalent to the results of Section 2.
We assume a familiarity with [4].
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The section is organized as follows. In a) we review the relation-
ship between supertraces and the Berezin integral. Given a flat rank-N
vector bundle V, in b) we define its leafwise topology Vr and use the
formalism of [4] to define a closed form §; € Q*¥~1(Vz). We also con-
struct the transgressing form ¢; € O2N=2(VYx), and give the relationship
between (d;, €;) and the forms (0, €;) of Section 2. In ¢) we use Fourier
analysis on the fibers of a torus bundle to show how the results of [4]
become equivalent to those of Section 2.

a) Supertraces and the Berezin integral
Let V be a Hermitian vector space of dimension N with orthonormal
basis {ex}1_;. Given X € V, define operators on A (V) by

e(X) = (X A) —i(X),

(3.1) X)) = (X A) +i(X).

Then for X, Y € V,

o(X)e(Y) + e(Y)e(X) = —2(X,Y),
(3.2) AXVEY) +EY)EX) = 2(X,Y),
(X)AY) +8(Y)e(X) = 0.

Thus ¢ and ¢ generate two graded-commuting Clifford algebras. Put
¢i = c(e;) and ¢; = ¢(e;). Among the monomials in the ¢;’s and ¢;’s
with less than or equal to N factors of each, the only nonzero supertrace
occurs as

N(N+1)
—=z 9N,

(33) Tl“s [01...CN/C\1 /C\N] == (—1)

We now relate the above supertrace to the Berezin integral of (2.6).
Let V be another copy of V. Let M € End(V @ V) be a skew-

symmetric endomorphism. Let det!/? <%MMZ> € C be the square-root

of det (%M) which extends to a holomorphic function on the space of
skew-symmetric endomorphisms, with value 1 at M = 0. As notation,

we write C' and W for the (2n)-vectors (’Z\) and (ZA), respectively. Let

A be a graded-commutative superalgebra. Let J = (ix) be a (2N)-

vector of odd elements of A.
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The next theorem is a consequence of [10, (2.13)].

Theorem 3.1. One has an identity in A :

Tr, [e%<C:MC)+(J,C>}

(3.4) (1) M 9N o2 (%) / e,

One can extend (3.4) to allow M to have entries which are even
elements of A, provided that the entries are nilpotent or that A is a
Banach algebra.

b) Thom-like forms IT

Let V be a complex rank-N vector bundle over a smooth connected
manifold B. Suppose that V has a flat connection VY. Let VA(Y) be
the induced flat connection on the Z-graded vector bundle A(V). The
tangent vectors of V which are horizontal for VY define an integrable
distribution on V, and hence a foliation F which is transverse to the
fibers of V. Let Vx denote the total space of V with the leaf topology,
a basis of which is given by the connected components of intersections
SN L of open sets S in V' with leaves L of F [9, p. 2]. The connected
components of Vr are exactly the leaves of F. For example, if B is a
point then Vr is CV with the discrete topology. In particular, if U is
a contractible open set in B and A : U — V& is a continuous section
of Vz over U, then X is automatically a flat section. Note that Vr is a
non-second-countable manifold whose dimension is that of B.

Let w : V£ — B be the projection map. Put
E=A(m*V),
a Z-graded vector bundle on Vr. It is equipped with the flat connection
Ve = vAY),

Definition 3.2.  The operator (x A) € C®(Vz; Hom(£®, 1))
acts at x € Vr as exterior multiplication by z on &, = A(x*V), =

Definition 3.3. The superconnection A’ on £ is given by

(3.5) A == (x A) + V&,
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Clearly A’ has total degree 1.
Theorem 3.4. The superconnection A’ is flat.

Proof.  Clearly (x A)> = (V€)® = 0. Given b € B, let U be a
contractible neighborhood of b. We can trivialize the vector bundle V
over U so that if o : U — CV is a section ofV‘U, then VY (o) = do. Now
7 1(U) 2 U x CV, and the topology on U x CV which is induced from
V£ is the product of the topology of U with the discrete topology on
CN'. The operator d on (7r_1(U )) is effectively exterior differentiation
in the U-direction on U x CV, and we can write it as dy;. Thus

(3.6) A(TV) | iy = (U xCY) x A(CY).

()
Writing a local section s : U x C¥ — A (CV) of & as s(u, z), we have

(x As)u,z) =z A s(u,x),

7
(3.7) (VEs)(u, z) = dys(u, z).

It is now clear that
(3.8) [VE, (x A)] =0,

so that the theorem follows. q.e.d.

Remark 3.5. Theorem 3.4 would not be true if we used the ordinary
topology on V. This can be seen in the case where B is a point.

Let Y be a Hermitian metric on V. Then there is an induced Her-
mitian metric h¢ on &.

Definition 3.6. Let iy € C°(Vz;Hom(£®,£°71)) be the operator
which acts at £ € V# as interior multiplication by  on &, = A (7*V),, =

A (Vi)

Define w (VY,hY) € QY(B;End(V)) as in (1.5). In the rest of
this section we will abbreviate w (Vv,hv) by w. We can lift w to
an operator 7*w € Q'(Vx;End(7*V)), and extend it to an operator
A (m*w) € QY (Vr; End(A(7*V))).

Let A” be the adjoint superconnection to A’ with respect to k.

Theorem 3.7. One has

(3.9) A" = VT iy + VE+ A (1'w).
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Proof. Clearly (x A)* = ix. In terms of the local trivializations of
the proof of Theorem 3.4, on U we have

(3.10) w=(h)"" (ah¥).

Since on U x CN

(3.11) (VE)" = dy + (h8) ™" (duhf) = V€ + A (r*w),
the theorem is proved.  q.e.d.

Following [4, Definition 2.10], for ¢ > 0 put
Cl=vV=1Vt (x A) + V¢,

Cf = —vV=1 Viix+ VS + A (n*w).
Then the Dy of [4, (2.29)] is given by

(3.12)

1 1
(3.13) Dy =3 V-1+Vtex)+ A (m*w) .
Let f(2) = z exp(2?).
Definition 3.8. Using the notation of [4, Section 2c], for ¢ > 0,

define 6, € Q0dd(Yr) and € € Q°°"(V£) by

(3.14) fo=F(CLIE), E= g P (L),

As a consequence of [4, Theorems 1.8 and 2.11], gt is closed and

96,
(3.15) 8_tt = de;.

Definition 3.9. Define ¢ € Q°V*"(Vx) to be the right-hand-side
of [4, (2.74)].

Let s : B — V£ be the zero-section.

Theorem 3.10. On Vz\ Image(s), the differential form f (V¢, h%)
15 exact and

(3.16) f(VE ) = dip.
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In addition,

(3.17) s (VERE) =1 (VAW),hA(V)) .

Proof. 1In our case, the complex [4, (2.61)] becomes

XA

(E,x A): 0 — A(7V) ZDB A (my) 2D e

(3.18)

XA

— A"(7n*V) — 0.

It is acyclic on Vz\ Image(s), and so we obtain (3.16) by [4, Theorem
2.22]. Equation (3.17) follows from the naturality of the constructions.

We now relate gt and ¢; to the forms d; and ¢ of Definition 2.8.

Theorem 3.11. Let I : Vr — V be the identity map. Then

(3.19) b= (1T 27D g,
and

1
(3.20) &= ()T 5 T Iey

Proof. Let z be an auxiliary odd variable, satisfying 22 = 0. Define

Tr, as in (1.14). From [4, Definition 1.7], it follows that

F(ClhE) = (2im) /2 Tr, [DteDf]
(3.21)

As w is a symmetric one-form, we have

Aw) = wr (ex A) iler)
¥

(3.22) = % > wp (@ + k) (@ — 1)

kil
1 ~ I~ ..
=73 Zwklckcl =3 chwklcl =3 (¢, we) .
kil k)l

= (2im)' 2 Tr, [Trs [eDtQ'i'thH .
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For simplicity, in the rest of the proof we write w in place of 7*w. Thus
we can write the D, of (3.13) as

N :
(3.23) D, = —M <c,x T wc> .

One can check that

t 1 1 2 1
3.24 D?+4:D,=—- ‘X—I——wc+— z/c\‘ + — (¢, w?e).

By (3.4) we obtain

i, [, [e27 2] = ()75 2

(3.25) Sn(M)\ [P —t|xrtope o]+ (F070)
x Tr, |det!/? <—>/ e 1TV Vi e
z M

where the matrix M is given by
_w? zw
(3.26) M = B i é .

Due to the nature of the operator Tr,, we can consider it to be acting
on either the first or second factor of the term in brackets in the right-
hand-side of (3.25). As the z in M occurs in the off-diagonal entries,

(3.27) Tr, [det1/2 (%)] =0.

Thus

Tr, [Trs [eDf“DfH = (=1)F 2V et/ (—Sinj&M‘)))
0
2

(3.28) L
x Tr /Be_i ot 7| tis{vwd)

where the matrix My is given by

_@?
8
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By Lemma 1.3, det!/? (%) = 1. Hence

Tr, [Trs [eDf'i'thH

_ , )

_ (_1)N<N2+1) oN Ty /B e_i x—|—2\i/?w1/1+ﬁz1z +1—16($:w2$)
(3.30)

_ , )

= (PR | [ e

On the other hand, (2.74) implies that
2
(3.31) I*5: = Tr /B e—i Xt gzt ez |~y (D)
1 4

Equation (3.19) follows from combining (3.21), (3.30) and (3.31). Equa-
tion (3.20) follows similarly. q.e.d.

Remark 3.12. It would have been more natural to express the
results of Section 2b in terms of the forms I*6; and I*¢;. This is be-
cause it is only the flat structure of V which counts, not its topological
structure.

¢) Fourier decomposition

We follow the geometric setup of Section 2d. Put M = E/A. Then
M is the total space of a fiber bundle over B with fiber Z = TV, There
is a horizontal distribution 7" M on M given by pushing forward the
horizontal vectors for V¥ under the quotient map E — M. Let F be the
trivial complex line bundle on M, with the standard Hermitian metric
h¥. Let h¥ be an inner-product on E. We assume that the induced
volume forms on the fibers are preserved by V. Hereafter, we write

wp for w <VE N > The metric h¥ also induces a Riemannian metric

g"% on the vertical tangent bundle T'Z.

Let W be the Z-graded Hilbert bundle on B, whose fiber over b € B
is isomorphic to L2(Zy; A (T*Z3)). As the torus Z, has trivial tangent
bundle, we have isomorphisms

C®(Zy; AT Zp)) = A (Ey) @ CF (%),

(3.32) L2(Zy; AT Zy)) = A(E}) ® L2(Z).

231
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Given pp in the lattice Aj, there is a well-defined function eVl ¢
C*(Zy). By Fourier analysis, for each b € B there is an orthogonal
decomposition

(3.33) W, = P A(E;) @CeY M),
HpEAG

If U is a contractible open subset of B, then the orthogonal decompo-
sitions of {Wy}per piece together to give an orthogonal decomposition

(334)  LU;W|)= @ ILHUAMEY,) ®Ce I,

peC>=(U;A")

)

Theorem 3.13. With respect to the orthogonal decomposition
(3.33), the superconnection d™ splits as

(3.35) M= P (V—T(M A) +VA(E*\U>> & 1.

peC>=(U;A%)

Proof.  This follows from [4, Proposition 3.4], but we will give a
direct proof. We can trivialize E over U as E = U x CV so that if
o:U — CV is a section of E‘U, then V¥ (o) = do. With respect to this
trivialization, M‘U = U x TV. There is an isomorphism

(3.36)  a:Q(U) & A((CY))eCc®TN) = Q) & Q(TV).
Acting on Q (U) ® Q (TV), we have d” = (I & dyv)+ (dy & I). Then

in terms of our trivializations, the superconnection d™ can be written
as o (I @ dpw) + (dy @ I)) «

Given f € C®(U), s € A((CV)*) and p € C®°(U; A*), we have

(3.37) o <f ® s ® eV~ M ) F® seVHu),

(338) (I & dpw) (f ® se¥ L) > e (\/_—1 LA s e\/—_1<u,->>
and

(3.39) (dv ® I) (f ® seV " Tiw >) = dyf ® seV 1),
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Thus, acting on C®°(U) & A (CV)*) ® CeV~Hm) gives
(3.40) dM=(I@V-1(uNI)+(d ®ISI).
Using the isomorphism

(3.41) CR (WU AE?|,) = C=(U) © A (€)),
we see that acting on C®°(U; A(E* ‘U)) ® CeV =Xk one has

(3.42) d" = (V-1(p N +dy) @ 1.

However, in terms of our trivializations, VA(E*‘U) = dy. The theorem
follows. q.e.d.

Theorem 3.14. With respect to the orthogonal decomposition
(3.33), the superconnection (dM)* splits as
))er
U

Proof. Let h® be the standard Hermitian metric on C. The re-
striction of K" to L?(U; A(E* ‘U)) ® CeV—Hu) g hA(E*‘U) ® h®. Thus

(3.43)
(@)= D (—\/—_1 i) + VAl 4 A (w

peC>=(U;A%)

E*

it is enough to compute the adjoint of v/—1 (u A) + VA(E*‘U), acting on
LY(U; A(E* ‘U)), with respect to the Hermitian metric hA(E*‘U). Clearly

)

the adjoint of (1 A) is i(u). The adjoint of VA(E*‘U) is
-1
VA(E*‘U)_i_ (hA(E*‘U)) (VA(E*

(3.44) = VA

U)hA(E*

o)+ NCE

o)

U)+A<w .

U

We can now remove the restriction to the open set U, and work
globally on B. Put

(3.45) cp) = (1 A) +i(p).

_ A

The theorem follows. q.e.d.
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For ¢ > 0 and p € A*, let

— \f N
(346) th == ( ) —|— A ((UE*)
By defining Dy as in [4, (3.50)], Theorems 3.13 and 3.14 give that
(3.47) D= P Dol
BEA*

Then defining f (Cf,h") as in [4, (3.83)] and f"(C[,A") as in
[4, (3.103)], we have

F(CLRYY =3 (2im) P T [f (Dyp)],

EA*
(3.48) g
(e Y = Z @ Trg [— Dt,u)]
HEA*

where the supertraces on the right-hand side of (3.48) are finite-dimensional
supertraces on A (E*). Applying the results of the previous section with
VY = E*, from (3.48) and Definition 3.8 we see that

CtahW Z 12 5157
HEA*

_f/\ CtahW Z/j'et

neA*

(3.49)

Theorem 3.15. One has

0

(3.50) o

1
(Cl,n") = ;de (Cl,n").

Proof. This follows from [4, Theorem 3.20], or more directly from
equation (3.15). q.e.d.

Theorem 3.16. If K is a compact subset of B, then there is a
constant ¢ > 0 such that on K, as t — oo,

F(CLIY) = f (VAED BAED) 4 o(e),

(3.51) e R = —% + 0™ if dim(E) =1,

= 0(e™) if dim(E) > 1.
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Proof.  The contribution of the terms in (3.49) with u # 0 is
exponentially small in £. Thus it suffices to look at the y = 0 term. As

(3.52) (2im) 2T, [ (D)) = f (VAED,RAED)

the first line of (3.51) follows. Now

(353 Ty, [%f (Dt,o)] ey, [gf (1 A (wE*))] .

By Lemma 1.3, this is the same as

(3.51) [ 310) - LSy (™)

p=0
from which the rest of Theorem 3.16 follows. q.e.d.

Remark 3.17. Theorem 3.16 is the same as Theorem 2.17, which
was proved in terms of Berezin integrals.

Combining Theorem 3.11 and (3.49), we see that the form 3 -\ 1" 0

of Section 2d is essentially the same as the form f (Ct’, hW), and the form
EueA 1*e; of Section 2d is essentially the same as the form % T ( 1, hW).
Thus the analysis of Section 2d simply consists of explicitly verifying the
general properties of the forms f (Ct’, hW) and f/ (C{ , hW) in the special
case of a torus fibration.
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