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EQUIVARIANT HOLOMORPHIC MORSE
INEQUALITIES I: A HEAT KERNEL PROOF

VARGHESE MATHAT & SIYE WU

Abstract

Assume that the circle group acts holomorphically on a compact Kahler
manifold with isolated fixed points and that the action can be lifted holo-
morphically to a holomorphic vector bundle. We use some techniques devel-
oped by Bismut and Lebeau to give a heat kernel proof of the equivariant
holomorphic Morse inequalities, which, first obtained by Witten using a
different argument, produce bounds on the multiplicities of weights occur-
ring in the twisted Dolbeault cohomologies in terms of the data of the fixed
points.

1. Introduction

Morse theory gives some topological information of manifolds by
means of the critical points of functions. Let h be a Morse function on
a compact manifold of real dimension n and suppose that h has isolated
critical points only. Let my (0 < &k < n) be the k-th Morse number,
the number of critical points of Morse index k. The Hopf formula for
the gradient vector field says that the alternating sum of my is equal to
that of the Betti numbers by:

(1.1) D (=DFmy = (-1
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Replacing (—1) by ¢, we get two polynomials (Morse and Poincaré poly-
nomials, respectively) in ¢ that are equal at t = —1, i.e.,

(1.2) kat —Zbktk (1+1)q(t)

for some polynomial ¢(t) = >_;_, gxt*. The (strong) Morse inequalities
assert that ¢(¢) > 0 in the sense that g, > 0 for every 0 < k < n.

In a celebrated paper [14], Witten showed that the Morse inequalities
can be derived by using a deformation

(1.3) dyp = e "de"

of the exterior derivative of the de Rham complex (2", d). Subsequently
Bismut [2] gave a heat kernel proof of the Morse inequalities. Let d* and
dy be the (formal) adjoints of d and dj (with a choice of Riemannian
metrics), respectively, and let

(1.4) A={dd) and Ay ={d, d)}

be the corresponding Laplacians. (We adopt the standard notation of
operator (anti-)commutators {A, B} = AB + BA and [A, B] = AB —
BA.) By Hodge theory,

n n

(1.5) D (=1)F Trgr exp(—u?A) =) (=1)*by

for any w > 0; this is in fact the starting point of the heat kernel proof
of the index theorem. Similarly, after replacing (—1) by ¢, we obtain

(1.6) Zt Tror exp(— Zbktk (14+t)qu(t).

It is a straightforward consequence of Hodge theory that the polynomial
qu(t) > 0. (See for example [2, Theorem 1.3]. A slightly different
method is used to show the equivariant version in Lemma 4.1 below.)
Since (2*,d},) defines the same cohomology groups as (2, d), we can
replace the heat kernels in (1.6) by those associated to the deformed
Laplacian Aj. It turns out that

(1.7) Tgr—lr—loo ullgl-o Tror exp(— uzATh/uz) =my; (0<k<n);
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the (strong) Morse inequalities (1.2) then follow. The heart of the proof
is that as . — 0 the heat kernel is localized near the critical points of
h, around which the operator consists of n copies of (supersymmetric)
harmonic oscillators whose heat kernels are given by Mehler’s formula.

Witten [15] also introduced a holomorphic analog of [14]. Let M
be a compact Kihler manifold of complex dimension n and let E be a
holomorphic vector bundle over M. Let H*(M, O(E)) be the cohomol-
ogy groups with coefficients in the sheaf of holomorphic sections of F|
calculated from the twisted Dolbeault complex (Q%*(M, E),dg). Sup-
pose that the circle group S' acts holomorphically and effectively on
M preserving the Kiahler structure and that the action can be lifted
holomorphically to F. We denote the actions of eV=10 ¢ S on M and
FE by ¢(6) and §(8), respectively. Then eV=10 also acts on the space of
sections by sending a section s to §(#)osog=1(6). The induced action on
QO*(M, E) commutes with the operator dg. Thus we obtain representa-
tions §(6) of V=1 € S on H¥(M, O(E)); the multiplicities of weights
of St in each cohomology group will be the subject of our investigation.
The St-action on (M, w) is clearly symplectic: let V be the vector field
on M that generates the Sl-action; then Lyw = 0. If the fixed-point
set I/ of S on M is non-empty, then the Sl-action is Hamiltonian [9],
i.e., there is a moment map h: M — R such that ¢yw = dh. We further
assume that I’ contains isolated points only. It is well known that all the
Morse indices are even and hence by the lacunary principle, & is a per-
fect Morse function: maog_1 = bar—1(= 0), and mag = by (0 < k < n).
However a refined statement is possible because of the complex struc-
ture. For each p € I, S! acts on T,M by the isotropic representation;
let AY,---, AL € Z\{0} be the weights. We define the polarizing index
n? of the fixed point p € I as the number of weights A} < 0; the Morse
index of h at pis then 2(n — n,). (We need to explain our convention
in a simple (but non-compact) example M = C, w = @dz A dZz, with
an Sl-action of weight A € Z\{0}. Since V = \/=IA(zZ — zZ), we
have h = —1X|z|2. Also, the weight of the S'-action on the function z*
(a section of the trivial bundle) is —kX (k € Z, k > 0); this leads to a
sign convention different from [15] in the main result.) Furthermore, S!
acts on the fiber I/, over p € F. It is useful to recall a notation in [15].
If the group S! has a representation on a finite dimensional complex
vector space W, let W(#) (0 € R) be its character. For example, we
denote E,(6) = trg,g(f) and H*(#) = trpr(ar,0(m))9(0). The analog
of the Hopf formula (1.1) is the fixed-point formula of Atiyah and Bott
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[1], which we write as an equality of alternating sums [14]:

) . VI
Z(—l) PEp(e) H 1 _6_\/__1/\129 H 1— 6—\/—_1|/\Z|6’

pEF A>0 A<o

(1.8)

n

= (-1)FH" ).
k=0

It turns out that if (—1) is replaced by ¢, the analog of strong Morse
inequalities such as (1.2) holds. We need

Definition 1.1. Let ¢(f) = Zmezqme\/__lme € R((eV"1%)) be a
formal character of S1. Then we say ¢(6) > 0 if ¢, > 0 for all m € Z.
Let Q(6,1) = 27—, qx(0)t" € R((eY~19))[t] be a polynomial of degree n
with coefficients in R((eY~1%)). Then we say Q(6,t) > 0 if ¢z(8) > 0 for
all k.

For example, the characters E,(8) and H*(6) are elements of

R((e¥=1)). Another important type of elements in R((eV=1¢)) is given
by the series

6x/—177€

L) e

def. chex/—_l(an)@ (ceR, &nel).
k=

We emphasize here that in (1.9) the left-hand side is a notation for the
formal series on the right-hand side. (1.8) can now be regarded as an
equality in R((eV=1%)).

Using a holomorphic version of supersymmetric quantum mechanics,
Witten [15] derived the following.

Theorem 1.2. Suppose that M is a compact Kdihler manifold on
which S1 acts holomorphically preserving the Kdhler form and with non-
empty and discrete fized-point set, and suppose that the S'-action can be
lifted holomorphically to a holomorphic vector bundle E over M. Then
we have the strong equivariant holomorphic Morse inequalities:

t"r E, (0 — —e—V—_IIAZW
Z »(0) H 1 _ o—V/—1N6 H 1 _ e~ VIINNO
AV <0

pEF A>0 p

(1.10) n
= FHMNO) + (1+0)QT(6,1),
k=0
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n—an 0 6\/__1/\}120 !
Zt »(0) H 1 _ /1IN0 H 1 _ eVLINNE

P
pEF AL>0 AL<0

= tFHMO) + 1+ 10)Q(8,1),
k=0

where Q=(8,1) > 0 in R((eV=19)).

As is standard in Morse theory, the strong inequalities (1.10) and
(1.11) imply the corresponding weak inequalities, and the fixed-point
formula of Atiyah and Bott can be recovered by setting ¢t = —1 in
either (1.10) or (1.11). Furthermore, we obtain (1.10) from (1.11) after
reversing the S'-action and replacing § by —#. The whole paper is
devoted to a heat kernel proof of (1.11).

The cohomology groups H*(M, O(E)) as representation spaces of S!
depend only on the (S'-invariant) holomorphic structure on . We can
choose an S'-invariant Hermitian form on E and let dy = dp+0g be the
unique compatible holomorphic connection. To simplify the notation,
we drop the subscript £ but keep in mind that

(1.12) *=0=0 and d*=1{0,0}=QA-,

where the curvature Q is a (1, 1)-form on M with values in End(£). Let
d*, 0%, 0* be the (formal) adjoints of d, 9, 0, respectively and let

(1.13) A={dd}, O={9,07}, O={9,07

be the corresponding Laplacians. Following Witten [15], we deform the
0-operator and its Laplacian by

(1.14) o =e "o, 07 =chore™, O, = {0, 05}

The analog of (1.6) holds, where b, should be replaced by
dim H*(M,O(F)), 0 < k < n. Contrary to the treatment of ordi-
nary Morse theory in [14], [2], the limit of Trqox (s, ) exp(—u’Orpy2)
as u — 0 does not exist. To see this, we observe that [15] (see also
formulas (2.16) and (2.22) below) up to a (bounded) 0-th order op-
erator, UQETh/uz is equal to %uzATh/uz —/=1TLy. Here Ly is, up
to a sign, the infinitesimal action of the circle group S'; it is an (un-
bounded) first order differential operator. Simple arguments such as
finite propagation speed show that as u — 0, localization does not take

place for the smooth kernel of uzﬁTh/uz. From the physics point of
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view, the operator uzﬁTh/uz near a critical point of h is the Hamil-
tonian operator of a (supersymmetric) charged particle in a uniform
magnetic field. Therefore the wave functions, and hence the kernel, do
not localize to any preferred point in the strong field limit. However
since Ly commutes with UQETh/uz, we can restrict the latter to the
eigenspaces of the former, on each of which Ly is a constant. This
leads naturally equivariant Morse-type inequalities [15]. In the heat
kernel approach of this paper, we absorb the operator v/—1TLy into
6Ly that appears in the S'-equivariant kernel. The remaining operator
uzﬁTh/uz ++/=1T Ly, which is equal to %UQATh/uz up to a 0-th order
term, does have a localized heat kernel as u — 0. Therefore the prob-
lem is reduced to calculating the Sl-equivariant heat kernel of harmonic
oscillators, which can be obtained from Mehler’s formula.

The inequalities due to Demailly [8] have also been referred to in
the literature as holomorphic Morse inequalities. The important dif-
ference with our case is that Demailly’s inequalities do not require a
group action and are asymptotic inequalities, as the tensor power of a
holomorphic line bundle gets large, whereas the inequalities which we
consider are for a fixed holomorphic vector bundle with a holomorphic
Sl action, and are not merely asymptotic.

In Section 2, we study various deformations of the Laplacians on
Kihler manifolds. In particular, the operator Oy is calculated explicitly.
We also compare two other deformations O, and ﬁ\/_—lu, which are
used in studying complex immersions [5] and holomorphic equivariant
cohomology groups [12]. Roughly speaking, the three operators %Ah,
Uy and U =, form a triplet of a certain SU(2) group. In Section 3,
we use the technique of [5] to show that as u — 0, the smooth heat
kernel associated to the operator exp(—u*Ory, /2 — vV —1TLy) (u > 0,
T > 0) is localized near the fixed-point set F', and when I is discrete, the
equivariant heat kernel can be approximated by using the operators with
coefficients frozen at the fixed points. The result of the previous section
is used to relate by a unitary conjugation the operator —uzﬁTh/uz -
V—-ITLy to —UQETU/uz that appears in [5] (but restricted to a certain
subspace) plus a 0-th order operator —/=1Try (as u — 0) whose action
does not depend on the degree of differential forms. This has enabled
us to follow the analysis of [5] closely, though a more direct approach
without using the conjugation also seems possible. In Section 4, we
calculate the equivariant heat kernel of the linearized problem using
Mehler’s formula and then deduce the (strong) equivariant holomorphic
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Morse inequalities (1.11) by taking the limit 7" — 4o0. Unlike the
argument using small eigenvalues [15], the 0-th order operator ry plays
a crucial role in the heat kernel calculation.

In a separate paper [16], equivariant holomorphic Morse inequali-
ties with torus and non-Abelian group actions are established and are
applied to toric and flag manifolds. It is also shown that the Kihler
assumption is necessary for the strong inequalities [16]. The situations
with non-isolated fixed points are left for further investigation.

2. Deformed Laplacians on Kahler manifolds

Recall that F is a holomorphic Hermitian vector bundle over a com-
pact Kéhler manifold (M,w). (The Hermitian structure is introduced
in the proof but not needed in the statement of Theorem 1.2.) Let
Ay = w A - be the exterior multiplication of w on Q**(M, E) and
A_ = A%, its adjoint. Then A3 = %[A_H A_] preserves the bi-grading of
Q=*(M, E). In fact, the action of A3 on Q77(M, E) is 2(p+g—n), hence
[As,As] = £Ax. Set Ay = 2(A; +A_) and Ay = —LL(A, — A,
Then A, (¢ = 1,2, 3) satisfy the standard su (2) commutation relations

(21) [Am Ab] = \/__1€abcAc-

(See for example [10].) So there is a unitary representation of SU(2) on
Q**(M, E); let S,(a) = e¥~1*Aa be the corresponding group elements.
We now introduce a slightly more generalized setup.

Definition 2.1. Let o € QYY(M, E) be a real-valued (1,1)-form.
Set Ay(o) =o A+, A_(0) = A%, Ai(0) = 3(As(0) + A_(0)), As(0) =
LT (0) ~ A—(0)) and As(0) = 4Ay. A_(o))(= ~4[A_, Ay (o).

Remark 2.2. In computations, it is sometimes convenient to intro-
duce local complex coordinates {z*,k=1,---,n} on M. The Kahler
form w = wy;dz" A dz! is related to the metric ¢ = g,;d2* @ dz' by
Wi =V —1g,7 = —wy,. Let €¥, el be the multiplications by dz*, dz!, and

g, U7, the contractions by % 9 respectively. Clearly they satisfy

Esy gz
the following anti-commutation relations: {e*,;} = &F, {ek i} = 511“
and others = 0. If a (1,1)-form o = oyydz* A dz' is real-valued, then
all the o;7’s are purely imaginary. Setting iF =y 72'7 and i’ L
we have AL (0) = o,5efel, A_(0) = —o7i%il, Ay (o)

i
Aa(o) = —LTog(ehe +i¥il), and As(0) = —LTay(eh,il) + [e), ).
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Lemma 2.3.

(2.2) S1(a) " Az(0)S1(a) = cos a Az(0) — sin a Ay(a),
Sa(a) " A3(a)S2(a) = cos aAz(a) + sin a Ay (o),
53(04)_1A3(U)53(04) = A3(O’).

Proof. A straightforward calculation using the above anti-commutation
relations shows that [Ag, Ay(0)] = V—legweAc(o). This means that
{A,(0)} is an SU(2) triplet. Hence the result.  q.e.d.

It is clear that the Hodge relations (see for example [10])

(2.5) [A_, 0] = v=10", [A_,d]= —/—10"
(2.6) Ay, 0% =v—10,  [Ay,07] = /10

still hold after coupling to the vector bundle . Moreover, we have the
Bochner-Kodaira-Nakano identities

(2.7) A=0+0, O- O=2A3(vV-19),

which are consequences of (2.5), (2.6) and the graded Jacobi identities.
(Since F is a holomorphic Hermitian bundle, v/=1Q is a (1,1)-form
valued in the subset of End(F£) which consists of self-adjoint endomor-
phisms.) These results have been generalized to non-K&hler situations in
[7]. When FE is a flat bundle, we recover the usual relation 0 = [0 = %A.

Lemma 2.4.

S1(a) ™S (e) =0 — (1 — cosa)Az(v/—1Q)
(2.8) —sina Ay (vV/—19),
Sz () Sy (a) =0 — (1 — cos a)Az(v/—1Q)
(2.9) + sina A1 (V—=1Q),
(2.10) S3(a) "' TSs(a) =00.

Proof. From (2.5) and (2.6) we deduce that
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Therefore
Sl(oe)_lﬁSl(oe)
e O o«
(2.11) = {6035 J — sin ) J%, cos 5 J" —sin 5 J}

= cos? %ﬁ—l— sin? % O — cos % sin %({8, O} +{0%,0%})
=0— (1 - cosa)Az(v/—19Q) — sin a Ay (v/—19).

The second formula follows in the same fashion from Sy(a) 7195, (a) =
cos %5 — /—1sin $0*. The last one holds because O preserves the bi-
grading. q.e.d.

We now equip M with a holomorphic S'-action which preserves the
Kéhler structure, hence both the complex structure J and the Rieman-
nian metric g. The holomorphic condition LyJ = 0 and the Killing
equation Ly g = 0 read, in components,

(212) Vk,l o VEJI 0 and ij‘l_ ‘/i,k = 07

respectively. As explained in Section 1, we assume that the S' fixed-
point set I is non-empty. In this case, there is a moment map h: M —
R satisfying ivw = dh, or hy = —/—1V} and hJ; = /—1V;. The

equations in (2.12) are equivalent to
(2.13) h,k;l = h,E;f: 0 and h,k,f = h,f,k'

(The second part is of course the symmetry of the Hessian.) Also notice
the real-valued (1, 1)-form

(2.14) dJdh = divg = —2v/~1h , dz" A dZ".

We further assume that the S'-action can be lifted holomorphically
to the bundle E. We can choose an S'-invariant Hermitian form on FE.
Then the connection d = dg is also Sl-invariant. The group element
eV=1 ¢ S1 acts on a section s by s — §(f) o s0 g~ (8). Let Ly be the
Lie derivative of IJ-valued forms along V. (The fibers of E over different
points on the integral curve of V are related by the lifted S'-action.)
Then — Ly is the infinitesimal generator of the Sl-action on Q**(M, F).
Let Ly = {iy,d}, where d = dg. Then the operator

(2.15) rv =Ly — Ly

is an element of ['(M, End(£)). Over the fiber of a fixed point p € F,
ry (p) is simply the representation of Lie(S') on E,; this is independent
of the choice of the connection on F.
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Remark 2.5. Recall that 0 is the Laplacian of Witten’s deformed
Dolbeault operator dy.

1. O, commutes with the S'-action: Since the connection, the com-
plex structure, and the moment map h are all S'-invariant, we get
[Ly,d] = 0, [Ly,d] = 0 and [Ly,d;] = 0. Taking the adjoint gives
[Lv,d;] =0 and [Ly,0,] = 0.

2. O, also commutes with a U(1) subgroup of SU(2): Since 0y
preserves the bi-grading, [A3, )] = 0, hence S3(a) ™0, S3(a) = 0.

Proposition 2.6.

(2.16) O, =0+ 3|dh|® — As(dJdh) —/~1ry —V=1Ly.

Proof. Let Dy, Dy be the covariant derivative along %, %, respec-

tively. Then 0 = eiD;7 0* = —i*Dy, and 9, = 0+ eihj, 52 =0+ ikh7k.
So
T, ={0, 0} + {e', iy thy, + {0, i*h ) + {07, €' g}
=0+ ¢"hyh g+ (b re'i + b D) — (hpite + b DY)
(2.17) =0+ Ldn|* — As(dJdh) + by, (eli* — ki)
— V=TIV + ViD')
=0 + L|dh|? — As(dJdh) — V=T{D + 8, V}i* + Vii'}.

The last anti-commutator is Ly = rv + Ly.  q.e.d.

We also define two different deformations. Let v = V1Y be the
holomorphic component of V. Set

(2.18) Oy =0+1i,,  O,={0,0}
and
(2.19) 8 /=g, = 0+ v—1iy, Oz, = {0/~ 53_—17}

Then straightforward calculations similar to what leads to (2.16) yield
(2.20) O, =0+ L|dh|* + Ay (dJdh)
and

(2.21) O /=1, = O+ $|dh|* + Ay(dJTdh).
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It is also interesting to compare the deformation Ay in [14] of the usual
Laplacian (coupled to the bundle £). Using (2.13) again, we get

(2.22) LA, = LA 4 Lan)? — Ag(dJdh).

When the bundle F is flat, the only difference of O, ﬁ\/_—lv and

1A, are in the terms A,(dJdh) (e = 1,2,3), and the Z rotations in

SU(2) interchanges the three operators 0,, O /=, and 1A,

Finally we come to the relation of O, and O,.

Proposition 2.7.

S2(=5) "' 0nS2(=5)
= ﬁv - AS(\/—_lg) - Al(\/—_lg) - \/__er - \/—_1Lv.

Proof. By means of (2.16), (2.9) and (2.3), we obtain

(2.23)

Sa(e)™'0p92(a) =0 — (1 — cosa)Az(v/—1Q)
(2.24) +sin a Ay (V=19Q) + 3|dh|?
—cosawAs(dJdh) — sina Ay (dJdh)

—V=Iry —V=1Ly.

Set o« = —Z.  q.ed.

3. Localization to the fixed-point set

Definition 3.1. For v > 0,7 > 0, let P, 7(z,2’), z,2" € M, be the
smooth kernel associated to the operator exp(—uQETh/u —v—1uTLy)
calculated with respect to the Riemannian volume element dvas of M.

So for x € M, P, r(v,z) € End(Q%*(M, E))|. Moreover,
eV P (g7 (0)2, ) € End(QY (M, E))|,-
Proposition 3.2. Take o > 0, T > 0. There exist ¢ > 0, C' > 0
such that for allz € M with d(z, F) > «a, V10 ¢ St and all u € (0,1],

we have

(3.1) 1Pyru(g ()2, 2)| < ce O/
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Proof. We use the techniques (and the notation) of [5]. Consider
v: FF— M as an embedding of compact complex manifolds. Let n = ¢*F
and & = AFT*0OM @ F (k=0,---,n). Then

(3.2) ()0 =& = &1 — - = &

is a holomorphic chain complex of vector bundles on M. Since F is dis-
crete, (3.2), together with the restriction map &|r — 7, is a resolution
of the sheaf i.Op(7n). The elliptic operator considered in [5] is

(3.3) w*Oryy = @WDM +TV)? = «*(DM)? 4 uT{DM , V} + T*V?

acting on Q*O(M)@Q* (M, E) = Q**(M, E), where D™ = 9, + 0,
V =i, + i It is particularly important that the operator {DM V}
is of order zero, hence uT{DM, V} is uniformly bounded for u € (0, 1],
T € [0,1/u]. We now extend the domain of our operator 0, from
(the L?-completion of) Q%*(M, E) to (that of) Q**(M, E). Since the
operator preserves the bi-grading of Q**(M, F), it suffices to prove (3.1)
for the heat kernel with the extended domain. Using Proposition 2.7,
we obtain

34)  Sy(—=3) ' (W Orpsw + V-1uTLy)S3(—5) = w*'Oryju — ru,7-

Here r, 7 = uA3(v/=19Q) + uA1(v/=19Q) + uT+/=1ry is also uniformly
bounded for u € (0,1],7T € [0,1/u]. The operator on the right-hand side
of (3.4) has the same heat kernel P, 7 up to a conjugation by Sy(—7%).
Therefore the proof of [5, Proposition 11.10] implies that there exist
a sufficiently small & > 0 (determined by the injectivity radius of M),
and ¢; > 0, C7 > 0 such that for all g € M, u € (0,1], T € [0,1/u],
z € B(zg,b/2), we have

(3.5) (Pur = P2p) (2, 2)] < cr e/,

Here P79 is the smooth heat kernel of the same operator with Dirichlet
conditions on dBM (z,b). Hence

(36) |(Pu,T/u - Pl’,T/u)(xv $)| < Cle_cl/u2

U

for all x € M and all 0 < T < 1. The condition T < 1 can be lifted
by a scaling argument. So for any T > 0, there exist ¢;,C7 > 0 such
that (3.6) holds. Since V is invertible on M\F, by the proof of [5,
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Proposition 12.1], for any o > 0, T' > 0 there exist ¢z, C3, C% > 0 such
that

(3.7) |Py gy (@, 2)] < %6—02T2/u2+C§T

for any € M with d(z,F) > «. (3.6) and (3.7) imply that for some
c,C >0,

(3.8) [P pul, )] < ee” @

Formula (3.1) follows from [4, equation (12.7)]:

_ _ 1 1
(3:9) [Puzpulg™ (0)z,2)] < [Pupsulg™ (O)z, g7 (0)2) |7 | Py ryule, )2
and from the Sl-invariance of |Poru(z,2)|. qed.

Proposition 3.2 can also be proved using the method of [13]. The
proof here is similar to that of [6, Theorem 3.11] except that, without
the Z, symmetry there, we do not get a vanishing result in Proposition
3.4 below.

Definition 3.3. Let R,(6) be the isotropy representation of eV =10 ¢
St on T,M and let Z = (z!,---,2") be the linear complex coordinates
on T, M such that the action of R, () is

(3.10) Ry(0) (2", -+, 2") = (eV7TNOL1 .. VETAR0 oy
For T > 0, set

(3.11) B2Y __Au T22|/\p| |2¥|2 —|—TZ\/ TAP(eFeh — i)

k=1

and
1 - . .
(3.12) C2F = FA7+ T22|/\ 2|2 — TZAQ([&,%H[@’“,@,;]),

where A? is the (positive) flat Laplacian on T, M.

It is easy to see that the SU(2) group elements S,(a) (¢ = 1,2, 3)
act on Q**(T,M) and that
(3.13) So(—=Z)7ICHIS (- T) = BAY.

This can be used to recover [3, Theorem 1.6] from [14]. Moreover, if Q7.
is the heat kernel associated to exp(—C;Y), then Sa(—2)~1Qb,S5(—1)
is that of exp(—B2 7).
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Proposition 3.4. ForT >0, 8 € R,
lin% Traox (v, ) exp[—uzﬁTh/uz —(0+V—-1T)Ly]
u—+ !

=" Ep(0 + V=IT) Trgos 1, 11y [Rp(8) exp(~C20)].
peF

(3.14)

Moreover, the limit is uniform in 6.

Proof. We recall the notation of [5, §11-12]. Fix a small ¢ > 0. For
p € F, the ball BT*M (0, ¢) C T,M is identified with the ball BM (0, ¢) C
M by the exponential map. Let k'(Z) = det(dzexp), Z € T,M, be
the Jacobian. Then dvr,(Z) = K(Z)dvam(Z) and k(0) = 1. We also
identify Tz M, Ez with T, M, I, respectively, by the parallel transports
along the geodesic connecting p and Z. The operators DM and V now
act on smooth sections of A*(T,M) @ E, over BI*M(0,¢). The setup
here is simpler than that in [5], [4] because [ is discrete and we choose
the resolution (3.2). (Using the notation in [5, §8.f], here £+ = 0 and
&~ =¢&.) Following [5, §11.h-i and §12.d-e], we define

AP —
(3.15) Ly = a1~ ,02(2))7 +p(Z) (W' Dy = 1),

where p(Z) = p(]7]) is a smooth function such that p(Z) = 1if | 7] <

and p(Z) =0if |[Z] > 5, and

£
4

(3.16) Lf;;pT = FJlLi:pTFu,

where F, is a rescaling: F,,h(Z) = h(Z/u). Let P;’%(Z, Z", P%’%(Z, A

U

be the smooth heat kernel associated to the operators exp(—Li’pT)7

exp(—Li:pT), respectively, calculated in the volume element dvr,ys. Clear-

ly

(3.17) w PR (uZ uZ') = PI5(Z, 7).

The only term in Li:T that did not appear in [5, equation (11.60)]
is —p*(uZ)r,r(uZ). 1t is easy to see that for u € (0,1], T € [1,1/u],
the operator 1,|7|<c/27,7(1Z) is uniformly bounded with respect to the
norm |-|y 70,0 in [5, Definition 11.23]. This, together with [5, Proposition
11.24], is enough to establish the results in [5, Theorem 11.26] (in the
special case of Zy = 0) for Li:pT. We can then proceed as the proof of
[5, Theorem 11.31] and obtain the analog of [5, Theorem 12.14] on the
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uniform estimates of Pj’g/u. In particular, for any m € N, there exists
¢ > 0 such that if u € (0, 1], then

3,p < c
(3.18) P32 D) <

for |Z] < &. Using (3.17) and the analog of (3.9), we get
3.19 WP (WRTY )2, uZ)| < ———
Next, from (3.15) and (3.16) it follows that

L%, =3 (1= p*(uZ)A” + p* (uZ)(DM)?

(3.20) . .
+ P2 (uZ)(T{DM VY + w2 TV (uZ) — v 1, (uZ)).

It is easy to see that as u — 0, r, 7/, (uZ) — —1Try(p); the rest

of the terms in (3.20) tends to B;’f by [5, Propositions 12.10, 12.12].
Hence

(3.21) LjpT/u — B2Y — /=1Try(p), asu— 0.

Proceed as the proof of [5, Theorem 12.16] (with the simplification
Ly = L*?  and Ly2,Ly3,Lys = 0) and as [5, §12.i], we conclude

w,T/u
that
(-3 P, 5:(-5)
3.22 — S (=I)TIQE, S5 (—Z ®e\/__1TTV(p), asu— 0
(3.22) 2) W 2
in the sense of distributions on T, M x T,M. By the uniform estimates
on Pj’g/u,
P (RO Z, 7)
(3.23) = Ry(0)Qh, (R (0)7, ) @ TH/=IDv®) g 4y 5 0

uniformly in § and in Z belonging to any compact set in T,M. Using
(3.17) and taking the (local) trace over anti-holomorphic forms only, we
get

lim w?” tr ox
u—0 Qp" ®Fp

= E,(0 +—1T) trgo.x [Rp(6) P(RIN(6)Z, 7).

a0 [~ P (uR™H(0)Z, uZ)]
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The arguments leading to (3.6) imply (see [5, §12.d] and [4, §12.d]) that
there are ¢o,Cp > 0 such that for all w € (0,1] and Z € T,M with
|Z] < &, we have

|Purya((0, BN O)2), (0, 2))K(Z) = P, (R (0)Z, Z)]

(3.25) oput

< ¢pe

Therefore in (3.24) and (3.19), P, ( -10) 7, uZ) can be replaced by
Pyrsu((pouRy 1 (0)2), (p,uZ))k (uZ) for |Z| < &= Thus the dominated

convergence theorem (as in [5, Remark 12.5], but adapted to take into
account uniform convergence) yields

. —0Ly -1
il—% (s, troor o [€ Pyrrug™ (0)z, x)]doy ()
(3.26) = X;Ep(e +V/=1T)
p€

. / trgo x [Ry(8) Q4 (R; ' (6) 7, Z)]dvr,ai ()
T,M

uniformly in 8. By Proposition 3.2, we can replace the domain of the
integration on the left-hand side by M and thus the proposition follows.
q.e.d.

Definition 3.5. Let q(u,0) = > G (0) V=T be a family
of formal characters of S! parameterized by v € R and let ¢(8) =
Y meZ gmeV =T e R((eV=1%)). We say that limy_s., ¢(u,0) = ¢(f) in
R((eV=19)) if for all m € Z, limy_yuy ¢ () = Gom.

Corollary 3.6. For T > 0, the limit (3.14) holds in R((e\/je)),
Proof. By Proposition 3.4, we know that as u — 0,

Traon gy exp[—uzﬁTh/uz — (0 +V-1T)Ly]

(3.27) — " By (0 + VEIT) Trgos(r, an[Ry(8) exp(—C2E)] = 0
peF

uniformly in 6, and hence in L?(S!) as well. This implies that all the
Fourier coeflicients of the left-hand side tend to 0. The result follows.
q.e.d.
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4. Proof of the theorem

As explained in the introduction, the heat kernel proof of the equiv-
ariant Morse-type inequalities is based on the following.

Lemma 4.1. Foru >0, T > 0, we have

Ztk TI’QO,k(M7E) eXp(—UzﬁTh/u2 — OLV)

(4.1) h=0

_ itkﬂk(o) + (14 6)Qur(0,1)
k=0

in R((eV=1)[t] for some Q,1(6,t) > 0.
Proof. Recall that ﬁTh/u2 = {5Th/u27 7;h/u2}' Since 8Th/u2 and 0
differ by an S'-invariant conjugation, their cohomologies are isomorphic

as representations of S1. Using the (S!-equivariant) Hodge decomposi-
tion, we get

Traon gy exp(—uzﬁTh/uz —60Ly)
(4.2)
= Hk(e) + Tré;h/ﬁﬁovk‘l'l(M,E) exp(_u28;h/u2aTh/u2 —0Ly)

+ TI’gTh/ﬁQo,k—l(M’E) exp(_u25Th/u2 73‘%/“2 —0Ly)

as formal characters of St Notice that the spectrum of the operator
a;hﬁ 8Thju2 on (the closure of) a}h/ﬁ QUKHL(M, E) is identical to that
of drp /2 ;h/u2 on (the closure of) aTh/uz)QO’k_l(M, F). Since the S'-

action commutes with all the operators, we obtain

3 Tfé;h/ﬁmkﬂ(M,E) eXP(—“zg;h/u2 3Th/u2 —0Ly)
) = TrgTh/MQQka(M,E) eXP(—ungh/iﬁ 7;h/u2 —0Ly) >0

in R((eV=19)). We denote either of the expressions in (4.3) by Qﬁj(@).
Summing over k =0,---,n in (4.2) gives (4.1) with

Qur(6,t) =) QF +(6)tF > 0.
k=0
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We now take the limit u — 0. To use Proposition 3.4 or Corollary
3.6, we need the following result on the equivariant heat kernel of the
anti-holomorphic sector of the (supersymmetric) harmonic oscillator.

Lemma 4.2. ForT > 0,

Troo (7,00 [Rp(6) eXP(—C;’zp)]
(4.4)
T Shao WI-T g NV e M

= Z HZ:II:(l — 6_(T—\/—_19)|/\Z|)(1 _ 6_(T+\/__16’)|/\Z|):| .

Proof. The operator C;’f acting on Q% (T, M) splits S'-equivariantly
to n copies of

(45) Cla = 1A+ IT2ARJA? = ATA(=1 4 [d2A, injos]), A € Z)\{0)

— 2

acting on Q%%(C). Here S! acts on C by R(#) = ¢V~ and hence
on QY*(C) as well. (4.5) is the sum of the Hamiltonian for the two
dimensional harmonic oscillator

(4.6) Hio = 1A + LT 0P|2|?

and a bounded operator of order zero. The smooth heat kernel associ-
ated to the operator exp(—H7.,) acting on Q°(C) is given by Mehler’s

formula
Kr2(z,2")

(4.7) T|A| 2 +2° Re(z)

= =TIA — .

27 sinh T'|A| P [ Al (2tanhT|/\| sinh T|/\|)]

Therefore

Trao ) [R(0) exp(—H72))
(4.8) :/dzzKTz(e_\/__le,z)

C

€_T|/\|

(1 — e~ (T=V=TON) (1 — e~ (T+/=TOIN)

The bounded 0-th order operator in (4.5) takes values T'A and 0, respec-
tively, on 0- and 1-forms. Furthermore, the S'-action R(8) picks up a
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phase eV=1M on dz. Therefore

Traok ) [R(6) exp(—C72)]
e—TIAI=TA
(4.9) B (1—e—(T—V=T8) N ) (1—e—(T+ /=10 ATy’
— e—TIA+V=T26
(1—e—(T—V=T8) N} (1—e—(T+V/=1B) ATy’

it k=0,
if k=1.

Returning to the problem on T,M, for I = {iy,---, 4} C {1,---,n},
set dz! = dz't A ---Adz*. Then we have
Trao (r,aryazt [F2,(0) exp(—C77)]
(4.10) e~ T Xhzo NI=T Ehgr i HV=10 Tyer Ny
IR, = e (T=VEIOEDY (1 — =T/

The trace on Q%% (7, M) is the sum of (4.10) over I with [I| = k. q.e.d.

Since T' > 0, the standard expansion of the right-hand side of (4.4)
yields a convergent series. By the spectral theorem and the unique-
ness of Fourier series, (4.4) can be interpreted as an equality of formal
characters of S! according to the expansion in (1.9).

Proof of formula (1.11). 1In (4.1) we replace § formally by 6+/—1T
and still regard it as an equality of formal series in eV=1 Since asu — 0
the limit of the left-hand side exists in R((eV=1%)) (Corollary 3.6) and
H*(0) is independent of u, we conclude that lim, o Q. 7(0+v—1T,t) =
Qr(0 ++/—1T,1) also exists and that Q7(8,t) > 0. Therefore

Z Ep(0 4+ V=1T) Traos 7, an [ Ry () exp(—C72))]
@iy

= it’“ﬂ’“m V-IT) + (1 + Q7 (0 + V—1T,1).
k=0

Using Lemma 4.2 and changing 8 + /—17 back to 8, we get

o~ T Xkt =T Eggr N H(T+V/=10) Eer A,

1L, (0) 7 7
peFJCz{;“’n} b T, [ - eV =INRIE) (1 — e~ PEICT+/=T0)y)

(4.12)

= zn:t’“H’“(O) + (1 +8)Qr(8,1).
k=0
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Finally, as T"— +o00, the limit of each summand on the left-hand side
is 0 except when the pair (p, I) satisfies I = {k| A} > 0}, in which case
the limit is )

tn—anp(e)e\/—_lzxzx) |/\k|€

HZ:I (1 - 6\/__”/\1}:'6)

Consequently, limr_40 Q7(6,t) = Q (0,t) exists as well, and
Q= (0,t) > 0. Hence formula (1.11) is proved.  q.e.d.

Remark 4.3. As pointed out by the referee, the left-hand side of
(4.1) is analytic in # € C since the operator —UQETh/uz — 0Ly is a
suitable perturbation of the Laplacian [11, Ch. 9, Theorem 2.6]. Propo-
sitions 3.2 and 3.4 show that when Im# = T, the heat kernel of the
above operator localizes to the fixed-point set I’ as u — 0 and the
limit is uniform in Re . It seems that these results remain valid when
0<Imé < 2T.
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