J. DIFFERENTIAL GEOMETRY
45 (1997) 488-513

BIRATIONAL SYMPLECTIC MANIFOLDS
AND THEIR DEFORMATIONS

DANIEL HUYBRECHTS

1. Introduction

Compact complex manifolds X 2" with holonomy group Sp(n) can
algebraically be characterized as simply connected compact Kahler man-
ifolds with a unique (up to scalars) holomorphic symplectic two-form
([2]). These manifolds, which are higher-dimensional analogues of K3
surfaces, are called irreducible symplectic.

Beauville was able to generalize the local Torelli theorem, one of
the fundamental results in the theory of K3 surfaces, to all irreducible
symplectic manifolds. His results show that there exists a (coarse) mod-
uli space M of marked irreducible symplectic manifolds and that the
period map

P:M—-PI®C

is étale over Q C P(I'®@ C) — an open subset of a quadric defined by
q(z) = 0 and ¢(z 4+ ) > 0. By definition, a marking is an isomorphism
of lattices ¢ : H*(X,Z) = I', where H*(X,Z) is endowed with the
quadratic form defined in [2] and T is a fixed lattice.

For K3 surfaces the moduli space M consists of two connected com-
ponents which can be identified by (X, o) — (X, —0c). The global Torelli
theorem for K3 surfaces asserts that the period map P restricted to
either of the two components, say My, is surjective and ‘almost injec-
tive’. More precisely, if (X, o) and (X', ¢) are two points in Py ' (z),
then (X, o), (X',0') € My are non-separated and the underlying X
and X' are isomorphic K3 surfaces containing at least one (—2)-curve.
Furthermore, for € € in the complement of the union of countably
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many proper closed subsets the fibre PO_1 (x) is a single point. In short,
the failure of the injectivity of the period map Fy is due to the non-
separatedness of Mgy and two non-separated points are given by one
K3 surface equipped with two different markings related by reflections
orthogonal to (—2)-curves.

In the higher-dimensional situation, the global Torelli theorem does
not hold, i.e., an isomorphism of Hodge structures H*(X,7Z) =~ H*(X', Z)
compatible with the quadratic forms does not imply X = X'. In fact,
for any two birational irreducible symplectic manifolds X and X’ one
finds markings ¢ and o’ such that P(X,0) = P(X’,0’). Due to an ex-
ample of Debarre, birational X and X’ need not be isomorphic in higher
dimensions.

Although, only little evidence can be provided, we cannot resist to
formulate the following (cf. [19]):

Speculation (Global Torelli theorem). The period map Fy is almost
injective, i.e., two points (X, o) and (X'c’) in the same fibre of Py are
non-separated in Mg. In particular, X and X' are birational.

The birationality of X and X' follows from [16], [6], [8].

As the known counterexamples to the global Torelli theorem use
birational manifolds X and X', the following conjecture can be regarded
as a weaker version of this speculation:

Conjecture. Two irreducible symplectic manifolds X and X' are
birational if and only if they correspond to non-separated points in the
moduli space.

This paper proves the conjecture in two fairly general cases.

Theorem 4.7. If X and X' are projective irreducible symplectic
manifolds which are birational and isomorphic in codimension two (cf.
2.2), then the corresponding points in the moduli space of symplectic
manifolds are non-separated.

Dropping the assumption on the codimension and the projectivity,
but restricting to Mukai’s elementary transformation, the most explicit
birational correspondence, one can prove

Theorem 3.4. If X' is the elementary transformation of an irre-
ducible symplectic manifold X along a smooth Px-bundle of codimen-
ston N, then X and X' correspond to non-separated points in the moduli
space.
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Both results combined will be used in Section 5 to deduce the con-
jecture for projective X and X' and birational correspondences which
in codimension two are given by elementary transformations (cf. 5.5).

Unfortunately, only few examples of irreducible symplectic mani-
folds are known. Higher-dimensional examples were first described by
Beauville and Fujiki. Starting with a K3 surface S, Beauville showed
that the Hilbert schemes Hilb™(S) of zero-dimensional subschemes are
irreducible symplectic.

As shown by Mukai [17], moduli spaces of stable sheaves on a K3
surface also admit a (holomorphic) symplectic structure. That these
spaces are irreducible symplectic, provided they are compact, was shown
in [11] for the rank-two case and in [20] in general. The idea in both
approaches is to deform the underlying K3 surface S to a special K3
surface Sg, such that the moduli space of sheaves on Sy is birational to
the Hilbert scheme Hilb"(Sp). As the moduli space of sheaves on Sy
is a deformation of the moduli space of sheaves on 5, this shows that
any smooth moduli space is deformation equivalent to a manifold which
is birational to an irreducible symplectic manifold. This is enough to
conclude that the moduli spaces of higher rank sheaves are irreducible
symplectic.

Proving this result [11], we observed the following phenomenon. Let
S be a K3 surface and let H and H' be two different generic polar-
izations. Then the moduli spaces X := My and X' := My of H-
stable, respectively H'-stable, sheaves, which in general are not iso-
morphic, can be realized as the special fibres of the same family, i.e.,
equipped with appropriate markings they correspond to non-separated
points in the moduli space M. This observation motivated the study
of the general question explained above. Moreover, since the birational
correspondence between My and My looks quite similar to the one be-
tween moduli space and Hilbert scheme on the special K3 surface Sp, we
conjectured that moduli spaces of higher rank sheaves are deformation
equivalent to Hilbert schemes Hilb™(5).

The general results 4.7 and 3.4 do not cover this case, since the
birational correspondence of moduli space and Hilbert scheme is not an
isomorphism in codimension two. But using the result of Section 5 one
can at least prove the rank-two case.

Theorem 6.3. If S is a K3 surface, Q € Pic(S) indivisible, 2n =

deg — c2(Q) — 6 > 10 and H a generic polarization, then the moduli

space My (Q, co) of H-stable rank-two sheaves E with det(F) = Q and
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c2(E) = ¢q is deformation equivalent to Hilb"(S).

The assumption 2n > 10 is a technical condition, whereas the as-
sumption on the determinant and the polarization is needed to guar-
antee the smoothness of the moduli space. We believe that the same
result can be proved for the moduli spaces of sheaves of rank > 2, as
well. As there is evidence that our conjecture holds in general and that
the higher rank case is an immediate consequence of it, we developed
the necessary modification only in the rank-two case.

Due to this result it seems that all known examples of irreducible
symplectic manifolds are either deformation equivalent to some Hilbert
scheme Hilb"(S), where S is a K3 surface, or to a generalized Kummer
variety K"(A), where A is a two-dimensional torus.

2. Preparations

2.1. Symplectic manifolds. A complex manifold X is called
symplectic (in this paper!) if there exists a holomorphic two-form w €
HO(X,Q%) which is non-degenerate at every point. Note that the
existence of w implies that the canonical bundle Kx is trivial. If
X is compact, then the symplectic structure is unique if and only if
RO(X,9Q%) = 1. A simply connected compact Kdhler manifold with a
unique symplectic structure is called irreducible symplectic. By [2] X"
is irreduible symplectic if and only if its holonomy is Sp(n), i.e., it is
irreducible hyperkihler.

For a compact irreducible symplectic Kahler manifold Beauville in-
troduced a quadratic form on H%(X,C) by

a g/(ww)”_laz + (1 —n) /w”_lw”a . /w”wn_loe,

where w € H(X,Q%) = H*? is the symplectic form. Using Hodge
decomposition @ = aw + ¢ + bo with ¢ € HY(X) and assuming
J(w@)™ =1 this form can be written as o — ab + (n/2) [(w)* 12
It turns out that this form is non-degenerate of index (3, by — 3). More-
over, a positive multiple of it is integral (cf. [2], [9]). The unique positive
multiple making it to a primitive integral form is called the canonical
form ¢ on H*(X,C). Using the weight-two Hodge structure endowed
with this quadratic form Beauville’'s local Torelli theorem says that
Xy — [H?*°(X,)] € P(H?*(X,C)) induces a local isomorphism of the
Kuranishi space Def(X) with the quadric in P(H?*(X,C)) defined by
q(a) = 0.
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2.2. Birational symplectic manifolds. Let f : X — X' be
a birational map between two compact symplectic manifolds, and as-
sume that the symplectic structure on X is unique. Then the largest
open subset U C X where f is regular satisfies codim(X \ U) > 2.
Moreover, one shows f|y is an embedding: Since wx is unique and
C = HY%X,0%) = H°(U,Q}), the pull-back f*wys is a non-trivial
multiple of wy. Thus f is quasi-finite on U. Since it is generically one-
to-one, it is an embedding. Note that, as a consequence, the symplectic
structure on X’ is unique, too. Thus, if U C X and U’ C X’ denote
the maximal open subsets where f and f~!, respectively, are regular,
then U 2 U’ and codim (X \ U), codim(X’\ U’) > 2. A birational cor-
respondence is by definition an isomorphism in codimension two if and
only if codim (X \ U), codim(X"\ U’) > 3. Recall, that a birational map
between two K3 surfaces can always be extended to an isomorphism.

If X is a projective manifold and U C X is an open subset with
codim (X \U) > 2, then the restriction defines an isomorphism Pic(X) =
Pic(U). In particular, for two birational projective manifolds X and
X’ with unique symplectic structures one has Pic(X) = Pic(U) =
Pic(U’) 2 Pic(X’). The corresponding line bundles on X and X' will
usually be denoted by L and L', or M and M’. In particular, the Picard
numbers p(X) and p(X') are equal.

Frequently, we will use the following result due to Scheja [23]. If
IV is a locally free sheaf on X and U C X is an open subset, then the
restriction map H'(X, E) — H'(U, E|p) is

injective for ¢ < codim(X \ U) — 1 and

bijective for 7 < codim (X \ U) — 2.

In particular, this can be applied to the line bundles L and L’. Thus,
H°(X,L)= H°(U, L|y) = H(U', L'|p/) = H°(X', L') and if codim (X "\
U') >3 weget HY(X,L)Cc HY(X', L").

If X and X’ are birational irreducible symplectic manifolds, then
there exists an isomorphism between their weight-two Hodge structures
compatible with the canonical forms ¢x and ¢x/ ([19], [20]).

2.3. Deformations. Any compact Kihler manifold X with trivial
canonical bundle K x has unobstructed deformations, i.e., the base space
of the Kuranishi family Def(X) is smooth. This is originally due to
Bogomolov, Tian and Todorov ([5], [24], [25]). For an algebraic proof
see [21] and [13].

If L is a line bundle on X, such that the cup-product ¢1(L) :
HY(X,Tx) — H*(X,Ox) is surjective, then the deformations of the
pair (X, L) are unobstructed as well. This follows from the fact that the
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infinitesimal deformations of (X, L) are parametrized by H'(X,D(L))
and the obstructions are contained in H?(X,D(L)). Here D(L) is the
sheaf of differential operators of order < 1 on L. The symbol map
induces an exact sequence

0 —0x — D) —Tx —0

whose boundary map H!(X, Tx) — H?*(X, Oy) is the cup-product with
c1(L). In particular, H?(X,D(L)) — H*(X, Tx) is injective. Since X
is unobstructed, all obstructions of (X, L) vanish.

All this can be applied to irreducible symplectic manifolds. Using
HY(X,Tx) = HY(X,Qx) one finds that Def(X) is smooth of positive
dimension. Any small deformation of X is again K&hler (cf. [14]) and ir-
reducible symplectic. In fact, any Kahler deformation of X is irreducible
symplectic [2]. Under the isomorphism H!(X,7x) = H'(X,Qy) the
kernel of ¢;(L) : HY(X,Tx) — H?*(X,0Ox) = C is identified with the
kernel of ¢(c1(L), ) : HY(X,Qx) — C (cf. [2]). In particular, if L is
non-trivial, then ¢ (L) : HY(X, Tx) — H?*(X,Ox) is surjective, and
thus Def(X, L) is a smooth hypersurface of Def(X). For the tangent
space of Def(X, L) we have

ToDef(X, L) 2= H'(X, D(L)) = ker(H'(X, Tx) “Y H2(X, 0x))

= Ker(H!(X, Tx) = (X, @) 0]

C).
If ¢4(L) and ¢1(M) are linearly independent, then the deformation
spaces Def(X, L) and Def(X, M) intersect transversely.

2.4. Moduli spaces. Due to Beauville’s local Torelli theorem one
can easily construct a moduli space M of marked irreducible symplectic
manifolds. Here a marking consists of an isomorphism of H%(X, Z) with
a fixed lattice compatible with the quadratic form ¢. As for K3 surfaces
the space of marked irreducible symplectic Kdhler manifolds is smooth
but non-separated. In contrast to the K3 surface case, the moduli space
M is in general not fine; this is due to the fact that higher-dimensional
irreducible symplectic manifolds permit automorphisms inducing the
identity on H?(X,Z) (cf. [3]).

The quotient of M by the orthogonal group of (H?, ¢) is the moduli
space of unmarked manifolds, but this space is not expected to have any
reasonable analytic structure. The theme of this paper is to prove state-
ments like: X and X’ correspond to non-separated points in the moduli
space. Here, we usually refer to the moduli space of marked manifolds,
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though this distinction does not really matter for our purposes. Explic-
itly, this means that there are two one-dimensional deformations X' — S
and X — S (S is smooth), which are isomorphic over S\ {0} and the
special fibres are Xy 2 X and X] = X'.

3. Elementary transformations

An explicit birational correspondence between two symplectic man-
ifolds was introduced by Mukai [17]. We briefly want to recall the con-
struction.

Let X be a complex manifold of dimension 2n admitting a holomor-
phic everywhere non-degenerate two-form w € HY(X,Q%). Further-
more, let P C X be a closed submanifold which itself is a projective

bundle P = P(F) 2y Here, F'is a rank-(N + 1) vector bundle
on the manifold Y. Using the symplectic structure one can define the
elementary transformation X’ of X along P as follows.

Since a projective space Py does not admit any regular two-form,
the restriction of w to any fibre of ¢ is trivial. More is true, the relative
tangent bundle 74 of ¢ is orthogonal to Tp with respect to the restriction
of w, i.e., w|p : Ty X Tp — Op vanishes. Indeed, this follows from the
isomorphism H°(Y, Q%) = HO(P,Q%), i.e., w|p is the pull-back of a two-
form on Y. Thus the composition of Tp C Tx|p with the isomorphism
Tx|p = Qx|p and the projection Qx|p —» Qp —» Q4 vanishes.
Hence w induces a vector bundle homomorphism NP/X =~ Tx|p/Tp —
Qp.

Now let codim P = N. Then both vector bundles NP/X and €24 are of
rank NV and, since w is non-degenerate, the homomorphism NP/X — Q4
is an isomorphism.

Let X — X denote the blow-up of X along P ¢ X and let D ¢ X
be the exceptional divisor. The projection D — P is isomorphic to the
projective bundle P(Np/x) = P(Qy) — P.

The natural isomorphism of the incidence variety {(z, H)|x € H} C
Px x Py as a projective bundle over Py with the projective bundle
P(Qp,) — Py can be generalized to the relative situation, i.e., there
is a canonical embedding D = P(Q4) C P(F) xy P(F*) compatible
with the projection to PP(#). The other projection D — P(F*) is a
projective bundle as well. If O (D) restricts to O(—1) on every fibre
of D — P(F~), then there exists a blow-down X — X' to a smooth
manifold X’ such that D C X is the exceptional divisor and D — X’
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is the projection D — P(F*) C X' (cf. [10]). Adjunction formula shows
that O (D) indeed satisfies this condition.

Definition 3.1. X' = elmpX is called the elementary transfor-
mation of the symplectic manifold X along the projective bundle P.

Mukai also shows that an elementary transformation elmpX of a
symplectic manifold X is again symplectic.

Example 3.2. In the case of a K3 surface S, which is a two-
dimensional symplectic manifold, and a (—2)-curve P = PPy C S one
obviously has elmpS = S. The Hilbert scheme X := Hilb"(5), which is
irreducible symplectic, then contains the projective space PP, 2 S"(P) =
Hilb™(P). The elementary transformation of Hilb™(S) along this pro-
jective space is in general not isomorphic to Hilb™(S). This is due to
an example of Debarre [7]. Though in his example the K3 surface S,
and hence X = Hilb"(S), is only Kéhler, it is expected that one can
also find examples X 2 elmp X, where X is projective. Also note that
there are examples where an elementary transformation of Hilb"(S) is
isomorphic to Hilb™(S) ([3]).

The following question was raised in [19].

Question 3.3. Are the symplectic manifolds X and X' = elmpX
deformation equivalent?

We want to give an affirmative answer to this question in the case
of compact Kahler manifolds.

Theorem 3.4. Let X be a compact symplectic Kdihler manifold
and let P C X be a smooth P n-bundle of codimension N. Then there
exist two smooth proper families X — S and X' — S over a smooth
and one-dimensional base S, such that X and X' are isomorphic as
families over S\ {0}, and the fibres over 0 € S satisfy Xy = X and
X2 X' ZelmpX.

Note that the theorem is in fact stronger than what the original
question suggests. The theorem shows that X and X’ correspond to
non-separated points in the moduli space of symplectic manifolds. In
particular, one has

Corollary 3.5. The higher-weight Hodge structures of X and elmpX
are isomorphic.



496 DANIEL HUYBRECHTS

The following lemma is needed for the proof of the theorem. Con-
sider a deformation X — S of X and assume that S is smooth and one-
dimensional. Let v € H(X, Tx) be its Kodaira-Spencer class, i.e., C-v
is the image of the Kodaira-Spencer map TpS — H'(X, Tx). Further-
more, denote by v € H*(X,Qx) the image of v under the isomorphism
HY(X, Tx) 2 H'(X,Qy) induced by the symplectic structure.

Lemma 3.6. Assume that v € H'(X,Qx) is a Kdihler class. Then
the normal bundle Np;y is isomorphic to ¢*F* @ Oy(—1).

Proof.  We certainly can assume that Y is connected and hence
HY(P,Np/x) = H'(P,Qy) = HO(Y,Oy) = C (use the Leray Spectral
Sequence for ¢ : P — Y).

By construction, the isomorphism NP/X = (4 commutes with the
projections Ty — Np/x, Qx — Q4 and the symplectic structure Ty =
Qx. In particular, the image & of v under H'(X, Tx) — H' (P, Np/x) is
non-zero if and only if © maps to a non-zero class under H'(X,Qx) —
H'(P,Qy). Since v is Kihler and so its restriction to the fibres of ¢ non-
trivial, one concludes that & is isomorphic to the unique (up to scalars)
non-trivial extension of Op by NP/X = Q4. Thus it is isomorphic to
the relative Euler sequence

0 — Qy — 0" F" @ 0y(—1) — Op — 0.

Therefore, it suffices to show that £ is also the extension class of the
canonical sequence

0 — Np;x — Np/y — Nx/xlp — 0,

where we use NX/X >~ Ox. This follows easily from the definition of
the Kodaira-Spencer class v as the extension class of

0 — Tx — Txlx —>NX/X — 0.

q.e.d.

Proof of 3.4. By 2.3 there exists a one-dimensional deformation

X — S of X such that v is K&hler. Denote the blow-up of X" along P

by X — X. By Lemma 3.6 the exceptional divisor D — P is isomorphic
to the projective bundle P(¢*F*) — P. Obviously,

P(6*F*) = P(F) xy P(F).

Now consider the second projection D = P(¢*F™*) — P(F™). As be-
fore one checks that Oy (D) restricts to O(—1) on every fibre of this
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projection, i.e., the condition of the Nakano-Fujiki criterion is satisfied.
Thus X can be blown-down to a smooth manifold A’ such that the ex-
ceptional divisor D is contracted to PP(F™). By the very construction
X'« X — X is compatible with X’ «+ X — X, ie., X’ — Sis a
smooth proper family, isomorphic to A" over S \ {0}, and its special
fibre X} is isomorphic to X'. q.e.d.

Note that the two families A’ and X’ are not isomorphic. In partic-
ular, one gets the well-known

Corollary 3.7. If X is a K3 surface with a (—2)-curve P C X, then
there exist non-isomorphic families X', X' — S which are isomorphic

over S\ {0} and Xp =2 X[ = X.

4. Non-separated points in the moduli space

In this section we discuss other situations where birational symplec-
tic manifolds present non-separated points in their moduli space.

Elementary transformations, dealt with previously, define very ex-
plicit birational correspondences between symplectic manifolds. But bi-
rational correspondences encountered in the examples are usually more
complicated. This section is devoted to general birational correspon-
dences. The result is analogous to 3.4, though we restrict to projective
manifolds and birational correspondences which are isomorphisms in
codimension two. Later (cf. Section 5) the result will be generalized
to the case where in codimension two the birational correspondence is
given by an elementary transformation.

We first (Proposition 4.1) prove a result generalizing some of the
arguments in the previous section. It is shown that if birational defor-
mations of X and X’ in a Kahler direction can be constructed, then the
conjecture holds true. This proposition is not strictly needed for the
main Theorem 4.7. Proposition 4.3 then shows how to construct bira-
tional deformations for projective X and X’. Unfortunately, the defor-
mations constructed there are deformations in non-Kihler directions.
Hence, Proposition 4.1 cannot be applied directly. A modification of
it is given in Corollary 4.4. The extra assumptions there are met in
many cases, e.g. for elementary transformations, but cannot be ensured
in general. Theorem 4.7 is the main result of this section. It makes use
only of Proposition 4.3 and Lemma 4.6.

Let us fix the following notation: X and X’ denote irreducible sym-
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plectic manifolds which are isomorphic on the open sets U C X and
U' c X' (cf. 2.2). If vis a class in HY(X, Tx), then the symplectic
structure 7y = Qx induces a class © € H'(X,Qy). The following
proposition does not make any assumptions on either the projectivity
of X or the codimension of X \ U. It is not needed for the proof of the
main theorem, but shows how and to what extent the idea of Section 3
works in the general context.

Proposition 4.1. Let S be smooth and one-dimensional and let
X — S and X' — S be deformations of Xo = X and X = X', re-
spectively. If X and X' are S-birational, and the Kodaira-Spencer class
v of XY = S induces a class v € HY(X,Qx) which is non-trivial on
all rational curves in X \ U, then X|g\ 10y =5 A'[s\(0} (possibly after
shrinking S to an open neighbourhood of 0).

Remarks 4.2. i) v non-trivial on a rational curve means that the
pull-back of v € H%(X, C) evaluated on the fundamental class of such a
curve is non-trivial.

ii) The condition on v is satisfied if v is contained in the cone spanned
(over R) by classes which are ample on X \ U, e.g. if v is ample. Note
that the rational curves could be singular and reducible.

iti) Whenever X is projective there are deformations with Kodaira-
Spencer class v such that » is ample. The problem is to construct
X" — S simultaneously. If the codimensions of X \ U and X'\ U’
are at least three, then the isomorphisms HY(X,Tyx) & HYU, Ty) =
HYU', Tir) = HY(X', Tx/) suggest that deformations of X can be re-
lated to deformations of X’ via the big open subsets U and U’. T do
not know how to make this rigorous. In particular, it is not clear to me
what deformations of U should really mean.

iv) In the proof of 3.4 the family X’ — S was constructed explicitly
from X — 5 as a blow-up followed by a blow-down. For the general
situation this approach seems to fail.

Proof of 4.1.  If the S-birational map &' — A’ does not extend
to an isomorphism X; = X/ for generic ¢, then there exists a surface C
together with a flat morphism C — .S such that:

i) C is smooth and irreducible,

ii) for generic ¢ the fibre C; is a disjoint union of smooth rational
curves,

iii) there exists a finite S-morphism « : C — A that maps Cy to
X\U.
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This follows from resolution of singularities: By shrinking .5 we can
assume that there is a sequence of monoidal transformations 2, —
Zot = ... = Z; — X’ with smooth centers, which either dominate
S or are contained in the fibre over 0 € S, and such that there exists
a morphism Z, — X which resolves the birational map X' — A7, If
Xy — X/ does not extend to an isomorphism for generic ¢, then at
least one monoidal transformation Z; — Z;_; with smooth center T;
dominating S occurs. Let ¢ be maximal with this property. Next one
finds a morphism S’ — T; from a smooth, irreducible curve S’ such that
the composition S" — T; — S is finite and smooth over S\ {0}. Then
Z; xz,_, 8" — 9 is a projective bundle. Since i is maximal, we have
(Z; Xz,_, 5") xs S\ {0} C 2, xs 5. Now pick a Py-bundle contained
in 2; xz,_, 5" = 9 such that its restriction to S’ x5 S\ {0} maps
generically finite to X under 2, — X'. The resolution of the closure of
it in Z,, gives the surface C.

We want to use the existence of C to derive a contradiction. We
claim that the composition

7,5 = HY(X, Ta) = HY(X,, Q) 55 HY(C, Qc,)

vanishes for generic ¢ (Here, the first map is the Kodaira-Spencer map,
and the isomorphism is induced by the symplectic structure on X}).
This is a generalization of an argument explained in the proof of 3.6.
One can either use deformation theory to show that the existence of
C — S implies the vanishing of the obstruction to deform Cyxg — 20,
which in turn gives the desired vanishing, or one makes this explicit
by the following argument: First note, that we can assume Cyzg = Py.
Then, let A, be the generalized normal sheaf of ay, i.e., the cokernel
of the injection 7¢, — «a;7Tx,. Since for t # 0 we have T, = Tp, and
Hom(7p,, 2p,) = 0, the pull-back of the symplectic structure on &} to
C; induces for ¢ # 0 a commutative diagram

asTy, —» M

! !

OéfQXt — Qct .

Thus, in order to show that 7,5 — H1(Cy, Qc,) is trivial, it is enough to
prove that 7,5 — HY(X;, Tx,) = HY(Py, o« Ty,) — H(P1, ;) vanishes.
The image of this map is spanned by the extension class of

0 — N — o« (Txlx) /[ Te, — o (Txlx,/Tx,) — 0
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(cf. proof of 3.6). Since A, /e together with the natural inclusion
Neye C of(Txla,)/Te, induced by Te — ao*Ty splits this sequence,
we conclude that T;.S — H'(Py, N}) is trivial. Hence TS — H1(Cy, Qc,)
is trivial as well.

The Kodaira-Spencer map Ts — Rlﬂ'*TX/s composed with the iso-
morphism le’TX/S = RIT*QX/S provides a global section of
RIT*QX/S ® Qg. Trivializing Ts we can think of it as an element in
HO(S, RIT*QX/S) or, using Hodge decomposition, as a C'*°-section of
R?7.Cy © Og. Moreover, making S small enough we have R?7,Cy =
H?(X,C). Thus Ts — Rlﬂ'*TX/S induces a C>®-map t — v, € H2(X, Q).
Restricting to C we get w, € H?(C,C). The vanishing we just proved
implies (wy, [C;]) = 0 for t # 0. Since t — [C;] € H?*(C,C) is conti-
nous, we can conclude (wg, [Co]) = 0. This contradicts the assumption
on v|x\rr, since Cgp as a degeneration of rational curves is still rational,
though singular, reducible or even non-reduced [22]. q.e.d.

If we in addition assume that X' is projective, then birational defor-
mations of X and X’ can be produced using the following proposition.

Proposition 4.2. Suppose L' € Pic(X') is very ample, and the
corresponding line bundle L € Pic(X) satisfies HY(X, L") = 0 for n >
0. Let X — S be a deformation of X = Xy over a smooth and one-
dimensional base S, and assume that there exists a line bundle L on X
such that Lo := L|x, = L. Then, replacing S by an open neighbourhood
of 0 € S if necessary, there exvists a deformation X' — S of X = X'’
which is S-birational to X .

Proof. First, shrink .S to the open subset of points ¢ € S such that
H' (X, L) = 0. Since HY(X, L) = 0, this is an open neighbourhood
of t = 0. By base change theorem (cf. [12, TII. 12.11]) h°(X;, Ly) is
constant on S, since it can only jump at a point ¢ if H'(X;, £;) # 0.
Hence 7L is locally free on S with fibre (7.L)(t) = HO(X:, Ly).

By the very ampleness of L’ the base locus Bs(L) of L is contained
in X \ U and therefore of codimension at least 2. The set UicsBs(Ly)
is a closed subset of X" and hence codim y, Bs(L;) > 2 for ¢ in an open
neighbourhood of ¢ = 0 (semicontinuity of the fibre dimension). Since
Bs(L}) C Bs(Ly) we can assume that codimy, Bs(Ly) > 2 forall n > 0
and t € S.

The rational maps ¢z, : &y — — — P(H(X,, L;)*), defined by the
complete linear system |L¢|, glue to a rational S-map ¢ : X' — — —
P((7.L)*). Then ¢ is regular at all points of X;\ Bs(L¢) (t € S). Let Z
be the scheme-theoretic closure of the graph I'y of ¢ in X' xsP((7.L)*),
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i.e., the closure of I'y, with the reduced induced structure.

The projection ¢ : Z2 — X is an isomorphism over every point of
X\ Bs(L:), t € S. Note that a fibre Z; of Z over t € S does not
necessarily coincide with the closure of the graph of ¢;,|. However,
since A’ has irreducible fibres and hence I'y, the generic fibre of Z — S
is irreducible as well. Thus, shrinking to an open neighbourhood of
t = 0, we can assume that 2, is irreducible for ¢t # 0. In particular,
Zi#0 equals the closure of the graph of ¢z, in A} x P(HO(X;, £,)%) at
least set-theoretically. Since Z is integral, i.e., irreducible and reduced,
and S is smooth and one-dimensional, the dominant morphism Z — S5
is flat ([12, [11. 9.7]).

Now consider the other projection ¢ : Z — P((7.L)*) and denote its
image by X’ C P((7.L)*). Strictly speaking, A" is the scheme-theoretic
image of v, and since Z is reduced, this is the image with the reduced
induced structure. Since X’ then is integral and X’ — S is dominant,
A’ is flat over S.

Obviously, X’ is contained in Xj. To conclude that X' = A it
is enough to show that A%(X’, O(n)|x/) > hO(Xé,(’)(n)ué) for n >
0, where O(1) is the tautological ample line bundle on P(H%(Xp, L)*).
Since O(1)|x: = L' and h°(X', L") = h°(X, L"), this is equivalent
to RO(X, L") > hO(Xé,(’)(n)ué) for n > 0. For any n there exists
an open neighbourhood S, C S of 0 € S, such that H'(X,, L) = 0
for t € S,. This follows from the vanishing of H'(X, L") for all n.
On the intersection NS, C .5, which is the complement of countably
many points, all the cohomology groups H'(X;, L) vanish and therefore
RO(Xy, £7) = h°(X, L™). Using this and the flatness of X’ — S, the
inequality h°(X, L") > RP(&§, O(n)|x:) is equivalent to h°(Xy, L}) >
hO(X], O(n)|y;) for n > 0. But the latter can be derived using the
composition

HOWX, O(n)|xy) 25 HO(Z,, 07O (n))
Dy HO(X\ Bs(L), L) = HO (X, £7).

Indeed, ¥* is injective since Z; — A/ is surjective, and ¢* is injective,
since it is induced by the dense open embedding X\ Bs(L:) C Z; (t # 0).
The last isomorphism is a consequence of codim (X; \ Bs(L¢)) > 2. This
shows that A] = X'. Shrinking S further we can also assume that
X' — S is smooth ([12, lII. Ex. 10.2]).

It remains to show the assertion on the birationality. Let Z* and

X'" denote the fibre products Z xg (S \ {0}) and X’ x5 (S \ {0}),
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respectively. Stein factorization decomposes ¢ : Z* — X" into a finite
morphism f:Y — A’ and a morphism Z* — Y with connected fibres.
One first shows that f : Y — X" is in fact an isomorphism. Since
fi + Ve — X/ is finite, the line bundle fFO(1) is ample. Thus f7O(n) is
very ample for n > 0. In order to prove that f is an isomorphism, it is
therefore enough to show that f;7 : HO(X/,O(n)) — H°(Yy, f7O(n)) is

surjective. We argue as above: Consider
ft* sk * n
HO(X], 0(n)|xy) = HO (Y, [FO(n)) = HO(2,470(n)) — H°(X;, L7)

and use h° (X7, On)|xy) = RO (X, On)|xr) = RO(X', L) = hO(X, L™) =
RO (X, L7) for all t € NS,,. Hence f; is bijective for ¢ in the comple-
ment of countably many points and therefore Y = X’ after shrink-
ing S. Thus Z* — A’ has connected fibres. On the other hand
dim Z; = dim &; = dim X/. Hence Z; — X} is birational for ¢ # 0.
q.e.d.

Note that the condition H'(X, L") = 0 is automatically satisfied if
codim (X'\U’) > 3, i.e.,if X’ and X are isomorphic in codimension two.
Indeed, H'(X,L™) ¢ HY(U,L"y) = HYU', L'{n) = HY(X', L") =0
by Kodaira vanishing and [23]. It is at this point that the assumption
on the codimension of X \ U enters.

Also note that the existence of £ implies ¢(¢q(L),v) = 0, where
v € H'(X,Qx) is induced by the Kodaira-Spencer class v € H'(X, Tx)
of ¥ — S5 (cf. 2.3).

Next, combining 4.1 and 4.3 we get

Corollary 4.3. Let X and X' be birational projective irreducible
symplectic manifolds isomorphic in codimension two. Assume there ex-
ist a line bundle L € Pic(X) and a class v € H' (X, Q) such that:

— the induced line bundle L' € Pic(X') is ample,

— the restriction of v to any rational curve in X \ U is non-trivial,

—q(c1(L),0) = 0.

Then X and X' correspond to non-separated points in the moduli
space.

Proof. By taking a high power of I we can assume that L’ is very
ample. Furthermore, H' (X, L™) = HY(X', L") = 0 for n > 0. The de-
formation space Def(X, L) of the pair (X, L) is a smooth hypersurface
of Def(X). Since q(c1(L),v) = 0 and ToDef(X, L) = ker(H'(X, Tx) =
H'(X,Qx) da (), C) (cf. 2.3), the class v € H' (X, Tx) is tangent to
Def(X,L). Therefore, there exist a deformation X' — S over a smooth
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and one-dimensional base S with Kodaira-Spencer class v and a line
bundle £ on A such that £y 2 L. Thus Proposition 4.3 shows that
there exists a deformation X’ — S of X’ which is S-birational to X,
and we conclude our proof by Proposition 4.1. q.e.d.

Remarks 4.5. i) If P, = P C X is of codimension n, then X
and X' := elmpX satisfy the assumptions of the corollary provided
they are projective. Indeed, if L’ € Pic(X’) is ample, then either there
exists an element v € H1(X,Qx) orthogonal to ¢;(L) or X and X’ are
isomorphic. The restriction +v|p is either ample, hence non-trivial on
any rational curve in P, or zero. In the latter case, change v and L
by a small rational multiple of an ample divisor H on X. Thus we get
U1 := v+ fBci(H) and Ly := L +~vH. By adjusting  and vy we can
assume ¢(cq(L}),01) = 0 and L} to be ample for small 4. Obviously,
vi|p # 0 and therefore vy and L, satisfy the conditions of the corollary.
Thus 3.4 for elementary transformations along a projective space can
be seen as a corollary of 4.4 if X and X’ are projective. Does 4.4 work
for general elementary transformations?

ii) It is sometimes hard to check if © and L satisfying the conditions
of 4.4 can be found. I do not know the answer for the examples discussed
in Section 6.

Using 4.3 one can in fact prove Corollary 4.4 without the assump-
tions on v. The proof relies on the fact that a compact Moishezon
Kéhler manifold is projective. It can be used to prove the following.

Lemma 4.6. If X and X' are birational compact irreducible sym-
plectic Kdhler manifolds with p(X) = p(X') = 1 and X' is projective,
then X = X,

Proof. X is Kihler and Moishezon, hence projective. Thus, if L’ is
the ample generator of Pic(X’), then Pic(X) = Z - L and either L or L*
is ample. Since H°(X, L") = H°(X',L'") # 0 for n > 0, one concludes
that I is ample and hence X = X'. q.e.d.

Note that the isomorphism can be chosen such that it extends the
birational map.

Here now is the main theorem of this paper.

Theorem 4.7. Let X and X' be projective irreducible symplectic
manifolds which are birational and isomorphic in codimension two. Then
X and X' correspond to non-separated points in their moduli space.

Proof.  Assume X and X' are not isomorphic. Then p(X) > 2.
Let L’ be very ample on X’, and let L be the associated line bundle on
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X. Then Def(X,L) C Def(X) is a smooth hypersurface of positive
dimension h'(X, ) — 1. Since Pic(X) is countable and any line bundle
M € Pic(X) defines a smooth hypersurface Def(X, M) intersecting
Def(X, L) transversely if M™ 22 L™ (n-m # 0) ([2] and 2.3), there
exists a generic smooth and one-dimensional S C Def(X, L) such that
SN Def(X,M) = {0} for all line bundles M linearly independent of
L. Let (X, L) — S be the associated deformation of (Xp, L£o) = (X, L).
Then p(X;) = 1 for general t € S, i.e., ¢ in the complement of countably
many points. Now apply Proposition 4.3. We get a deformation X’ — S
of X[ = X' which is S-birational to X'. Moreover, the proof of 4.3 shows
that there is a line bundle £ on A" such that £{ = L’. For small ¢ the
fibre X; is still Kahler and £} is still ample on A}. Thus the lemma
applies and shows X; = X/ for general t extending the S-birational map
X —— — X’. Since the set of points ¢t € S, where X; — — — X/ cannot be
extended to an isomorphism is closed (the base-point set of X' — — — A’
is closed and restricts to the base-point set on the fibres), we can shrink
S such that X — — — A is an isomorphism over S\ {0}. q.e.d.

We want to emphasize that the condition on the codimension of
X \ U is only needed in order to apply 4.3. If for the deformation
X — S considered in the proof the dimension h°(X;, £7) does not jump
in t = 0, then the argument goes through. This will be discussed in
length in the next section.

As an immediate consequence of the theorem we have

Corollary 4.8. If X and X' are as in Theorem /.7, then they are
diffeomorphic and their weight-n Hodge structures are isomorphic for
all n.

5. The codimension-two case

As before, let X and X’ be birational projective irreducible sym-
plectic manifolds. Let L’ € Pic(X’) be an ample line bundle and denote
by L € Pic(X) the corresponding line bundle on X. The assumption
on the codimension of X \ U in Theorem 4.7 was only needed to en-
sure HY(X,L™) = 0 for n > 0. If codim (X \ U) = 2, then H'(X, L")
is not necessarily zero. Indeed, consider an elementary transformation
of a four-dimensional manifold X along a projective plane Py C X.
Then a standard calculation shows HY(X,L") # 0 if n > 2. The
vanishing H'(X, L") = 0 was only needed at one point in the line of
arguments. Namely, we used it in Proposition 4.3 to conclude that
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RO (X, L) = const for a family X' — S. One might hope that this holds
for another reason. Indeed, if X’ = elmpX is an elementary transforma-
tion in codimension two and X' — S is as in 3.4, then h°(X;, L) = const.
To prove this use the family A’ — S constructed explicitly in the
proof of 3.4 and the equality h°(X}, £7) = RO(X/, L}") = const, since
H'(X', L") = 0. For a general birational correspondence the situation
is more complicated, since we need h®(X;, £;) = const in the first place
in order to construct X’ — S (cf. 4.3).

Under an additional assumption (cf. 5.2) one can in fact prove
RO (X, L7) = const. This is the goal of this section, and the result
5.5 will be applied in Section 6 to moduli space and Hilbert scheme on
a K3 surface.

In the examples it seems as if a birational correspondence between
irreducible symplectic manifolds might be non-isomorphic in codimen-
sion two, but that in such a case the birational correspondence is in
codimension two given by an elementary transformation. Thus, it is
not completely unlikely, that the following assumption is always sat-
isfied. For the birational correspondence between the moduli space of
rank-two sheaves and the Hilbert scheme this is established in Section

6.

Assumption 5.2. There exist open subsets U C V C X and
U' C V! C X’ such that codim(X \ V), codim(X’'\ V') > 3 and V' :=
elmy\yV. In particular, we assume that P := V \ U is a Py-bundle
P(F) — Y over a smooth not necessarily compact manifold Y. If X
and X’ are isomorphic in codimension two we set U =V and U’ = V",

We are going to prove 4.7 under this additional assumption.
First note, that a modification of the proof of 3.4 immediately yields

Corollary 5.3. Assume X and X' satisfy 5.2. If X — S is a
deformation as in the proof of 3.4 (i.e., v is non-trivial on the fibres
of P = Y), then there exists a smooth morphism V' — S such that
V/|S\0 =~ XS\{O} and V(/J >V,

It can be used to prove

Proposition 5.4. Let X and X' be as before, in particular L' am-
ple, and assume that 5.2 is satisfied. If (X¥,L) — S is a deforma-
tion over a smooth and one-dimensional base S such that the class
v € HYX,Qx) associated to the Kodaira-Spencer class is non-trivial
on the fibres of P — Y, then h°(X;, L;) = const in a neighbourhood of
t=20.
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Since replacing L’ by another ample line bundle (if necessary) ensures
that the generic deformation X — S in Def(X, L) has a Kodaira-
Spencer class v such that © is non-trivial on the fibres of P — Y (cf.
4.5), the proposition immediately shows

Corollary 5.5. If X and X' are projective irreducible symplectic
manifolds such that X' is an elementary transformation of X in codi-
mension two, i.e., 5.2 holds, then X and X' present non-separated points
in the moduli space.

Proof of 5.4. Let s be the local parameter of .S at 0 € S and let
S, denote the closed subspace Spec(k[s]/s"t!) C S. Furthermore, let
X, = X x5S, and L, := L|y,. In order to show that h°(X}, L;) =
const, it suffices to prove that for all n the restriction H°(X,,L,) —
HO(X,_1, L, 1) is surjective. This will be achieved by comparing it with
the analogous restriction maps for the family V' — S. For this purpose
we introduce the following notation. U, denotes the space (U, Oy, |v7)
and is considered as a deformation of U over S,,. Analogously, let V! :=
V' x5 S, and U], := (U', Oy, |y+), which is isomorphic to ¢,,. The line
bundle £ induces a line bundle £ on V'. Tts restrictions to V! are
denoted by L!. In particular £, is isomorphic to L'|y.

First, HO(V/, £0) — H°(V!_, L], _,) is surjective for all n. Indeed,
using the exact sequence

0— L'lyv — L — L] | —0

this follows from H*(V', L'|y+) = HY(X', L') = 0. Next, H°(U}, L] )
— HOU} 1, L7,y | _) s surjective and HO(V), £1) — H°(Uy, L}, urr)
is an isomorphism.  This is proved by induction starting with

HO(V' L'|y+) = H°(U', L'|y/) and the commutative diagram:
0— H(V' L'ly) —  H'VhL,) — H°(Vh_1, L121) - 0
= 1 1=

0= HOWU' L) — HU, Lhly) — HUpor Lol ) —

The isomorphism H° (U], L} |z1) = H®(Up, L1]e,) and a similar induc-
tion argument prove H°(X,,L,) = H°(U,,L,) and H°(X,, L,) —»
HO(Xn_l,,Cn_l). In the analogous diagram one has further to use

HY(X, L)< HY(U,L|y). q.ed.
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6. Application to moduli spaces of bundles on K3 surfaces

We briefly recall some facts from [11] that are necessary for our
purposes.

Let S be a K3 surface, let Q € Pic(S) be an indivisible line bundle
and let ¢g € Z such that 2n := 4¢3 — ¢#(Q) — 6 > 10. Assume that
H is a generic polarization, i.e., an ample line bundle such that a rank
two sheaf F with det(F) = Q and ¢3(F) = ¢y is H-semi-stable if and
only if it is H-stable. Then the moduli space My (Q,c3) of H-stable
rank-two sheaves with determinant Q and second Chern number ¢y is
smooth and projective. By [17] the moduli space My (Q,cz) admits a
symplectic structure.

Next, one finds a K3 surface Sy such that Pic(Sy) = Z - Hy, where
Hy is ample, and H2/2+ 3 = n. In [11] we showed that under all these
assumptions the moduli space My (Q, ¢3) is deformation equivalent to
the moduli space My, (Ho, n) of sheaves on Sp. In particular, My (Q, cz)
is irreducible symplectic if and only if My, (Ho,n) is irreducible sym-
plectic. Moreover, both spaces have the same Hodge numbers.

In order to prove that My, (Ho, n) is irreducible symplectic we used
Serre correspondence to relate this space to the Hilbert scheme Hilb™(Sp).
Roughly, the generic sheaf [E] € My, (Hp, n) admits exactly one global
section, and the zero set of this section defines a point in Hilb"(Sp). To
make this more explicit we consider the moduli space N of Hy-stable
pairs (E,s € H°(So, F)), such that det(F) = Hg and c3(F) = n. The
parameter in the stability condition for such pairs is chosen very small
and constant. As explained in [11] the maps (£, s) — Z(s) and (L, s) —
E define morphisms ¢ : N — Hilb"(S) and ¢ : N — Mp, (Ho, n), re-
spectively. For the fibers we have

o NZ) 2 P(Ext! (I ® Ho, Os,))

and

VTHE) = P(H (S, ).
Generically, h'(So, Iz ® Ho) = 1 and h°(Sp, ) = 1. Thus

X o= Hilb"(So) & N -5 My, (Ho, n) =: X'

defines a birational correspondence between irreducible symplectic man-
ifolds.

Next, we want to show that X <= N i> X' satisfies the Assumption
5.2.
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Using the exact sequence
0—I;,®Hy — Hy — Oy — 0,
the vanishing H'(So, Ho) = 0 and HZ/2+ 3 = n, one shows
h'(So, Iz @ Ho) = 1+ h°(S, Iz @ Hp).

Therefore, f := ¢ o ~! is regular at points Z which are not contained
in any divisor D € |Hyp.

Let D — |Hp| denote the family of divisors parametrized by the
complete linear system |Hg|, and let Hilb"(D) — |Hp| be the rela-
tive Hilbert scheme. Then f is regular on the complement U of the
image of the natural map ¢ : Hub"(D) — Hilb"(Sy) = X. Since
dim Hilb™(D) = n + h°(So, Ho) — 1 = 2n — 2 = dim Hilb"(Sp) — 2, the
birational correspondence f is not isomorphic in codimension two.

Let C — B C |Hyp| denote the family of smooth curves. The rel-
ative Hilbert scheme over B is just the relative symmetric product
S™(C/B) — B, which factorizes naturally through the relative Picard
Pic"(C/B) — B.

The fibre of the factorization ¢ : S"(C/B) — Pic"(C/B) over a
point L € Pic"(Cy) is naturally isomorphic to P(H®(Cs, L)). Note that
by Riemann-Roch x(Ci, L) = n — HZ/2 = 3. Hence h°(Cy, L) > 3.
Let Y C Pic™(C/B) denote the open set of line bundles L € Pic"(Cy)
such that h°(C;, L) = 3 and let ¢ : P := ¢! (Y) — Y be the induced
P,-bundle.

Proposition 6.1. i) The morphism g : Hilb"(D) — X restricted
to P is an embedding.
ii) The union V of U and g(P) is open and codim(X \ V) > 3.

iii) V. & omY(V) RN V(e (V) is an elementary transformation

along the Py-bundle P.

Proof. There is a number of little things to check. First, by our
assumption n > 5 we have HZ > 4. Thus we can apply a result of Saint-
Donat (cf. [18]) to conclude that Hg is very ample. Hence B C |Hy| is
dense. Moreover, Hilb"(C) is dense in Hulb"(D) (cf. [1, Th. 5]).

Next, we show that Y C Pic™(C/B) is non-empty and, therefore,
dense in Pic”(C/B). Indeed, if 21, ..., ,,_3 are generic points in Sy, then
there is exactly one smooth curve C' € |Hp| containing them all. Let
x,—1 and x, be two more generic points on C' and let 7 := {ay,...,2,}.
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Then h°(So, Iz @ Hg) = 1 and hence h'(Sg, Iz @ Ho) = 2. Using the

exact sequence
0— 05, — Iz@Hy — Oc(—2) @ Hy — 0

we get W1 (C, Oc(=Z) @ Hy) = h'(So, Iz @ Ho) + h*(So, Os,) = 3 and
therefore h°(C, Oc(Z)) = 3. Thus the line bundle L := O¢(Z) defines
a point in Y. Note that one could invoke a result by Lazarsfeld [15] to
prove Y # (. His result also shows that for the generic curve C; the
complemet of Y N Pic™(C;) C Pic™(Cy) has at least codimension four.

Since P is obviously smooth and any Z € Im(g) satisfies
h°(So, Iz @ Hg) = 1, the morphism ¢ is an embedding on P.

By definition V is the intersection of the open set
{Z|h°(So, [z@ Hy) < 1} and the complement of g(Hilb™(D)\ Hilb"(C)).
Hence V is open. The assertion on the codimension follows from Y # ()
and the irreducibility of Hilb"(D) (cf. [1]).

It remains to prove iii). Here we make essential use of the moduli
space V.

Let Np denote ¢~!(P). We first show that ¢ : Np — X’ respects
the projective bundle ¢ : P — Y, i.e., a fibre of ¥ maps to a fibre of ¢.
Indeed, if [F] € X’ and s;, sy € H°(So, F) are two linearly independent
global sections, then we have a diagram

Os, Os,

s1d 514
Os, = E — Iy(s,) @ Ho
=| \ \J
Os, 2 Iz ©Hy — H

Thus 3% and $; vanish along the same curve C' € |Hp| and
H = Oc(—Z(s)) @ Hy for i = 1,2. Hence Oc(Z(s1)) = Oc(Z(s2)),
ie., G(p(F, 51)) = (2(F, 52)).

This reduces assertion i) to the following problem. Let
L € Pic"(C;)NY, let P :=P(HYCy, L)) 2 Py and let Np, := o~ H(Pyp),
which is a Py-bundle over Py. Identify P, «— Np, — ¥ (Np,) with
Py «— P(Qp,) — P3 !
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The argument goes as follows. Any point Z € P, gives an exact
sequence:

0—0s, — Iz0Hy — Oc,(-Z)@Hy —0
~ * @ Ke,

Now use the canonical isomorphisms
P(H®(Cs, L)) = P(H'(Cy, L* @ Kc,)®) 2 P(Ext (L* @ K¢,, Os,))
to obtain the exact sequence

0— q"0s, ®p"Op, (1) — 12 ® ¢"Ho @ p"Op, (a) — ¢"(L" @ K¢,) — 0,

where ¢ and p are the two projections from Sy x Pr and [z, is the
ideal sheaf of the universal subscheme Z C Sy x Pr. By restricting to
{2} X Pp, where z € Sy \ C;, we deduce @ = 1. The push-forward under
p induces the exact sequence

0 — R'pu(Iz @ ¢"Ho) @ Op, (1) — H'(C:, L* @ Kc,) ® Op, — Op, (1) — 0.

Hence Rlp.(Iz @q*Ho) = Qp, . Tt is straightforward to identify Np, —
Pr, with P(R'p.(Iz @ ¢*Hg)*). Thus (Np, — Pr) = (P(Tp,) — P2) =
(P(Qr,) — P2).

It remains to show that ¢ : Pg := P(H®(So, E)) = v 1(F) — Pp is
a linear embedding. On Pg we have

0 — O — (" E@p Op, (1) — (1x )" (12 00" Ho) ©p" Op, () — 0,

where by abuse of notation ¢ and p are again the projections from
So X Pg. As above one finds ¢ = 2. Taking direct images we obtain

0 — H'(S0,E) @ Opy (1) — " (R'ps(Iz @ ¢" Ho)) @ Opy(2) — Opy — 0,

ie.,,0 — OPE(l) — QD*QPL(EQOPE (2) — OPE — 0. Thus QD*OPL(l)
= Op,(1). q.ed.

Remark. The identification Np, = P(7p,) seems to show that the
birational correspondence described by NN is not some kind of “nested el-
ementary transformation”: It is only in the codimension-two case where

one has P(Qp,) 2 P(Tp,).
Corollary 5.5 now immediately implies

Corollary 6.2. If Sy is a K3 surface with Pic(Sy) = Z - Hy and
HZ > 4, then My, (Ho,n) and Hilb"(So) correspond to non-separated
points in the moduli space of symplectic manifolds (n = HZ/2 +3).
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Thus we can conclude

Theorem 6.3. IfS isa K3 surface, Q € Pic(95) is indivisible, 2n :=
deg — c3(Q) — 6 > 10 and H is a generic polarization, then the moduli
space My (Q, c2) of H-stable rank-two sheaves E with det(F) = Q and
c2(E) = ¢q is deformation equivalent to Hilb"™(S).

Note that in particular moduli space and Hilbert scheme are just
different complex structures on the same differentiable manifold.

Remark. O’Grady works with an elliptic surface instead of Sy and
shows that every moduli space is deformation equivalent to a moduli
space on an elliptic surface [20]. The birational correpondence between
moduli space and Hilbert scheme on the elliptic surface is again given
by Serre correspondence. The picture there is slightly more complicated
than what we have encountered above. Nevertheless I believe, that
also in his situation the assumptions 5.2 are satisfied and that moduli
space and Hilbert scheme are deformation equivalent. This would prove
Theorem 6.3 also for the case of moduli spaces of sheaves of rank> 2.
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