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COMPACT RIEMANNIAN 7-MANIFOLDS
WITH HOLONOMY G,. I

DOMINIC D. JOYCE

1. Introduction

The list of possible holonomy groups of Riemannian manifolds given
by Berger [3] includes three intriguing special cases, the holonomy
groups G5, Spin(7) and Spin(9) in dimensions 7, 8 and 16 respectively.
Subsequently [1] it was shown that Spin(9) does not occur as a non-
symmetric holonomy group, but Bryant [5] showed that both G, and
Spin(7) do occur as non-symmetric holonomy groups. Bryant’s proof
is a local one, in that it proves the existence of many metrics of holon-
omy G, and Spin(7) on small balls in R” and R® respectively. He also
gives some explicit examples of such metrics. In a subsequent paper
[6], Bryant and Salamon construct complete metrics of holonomy G,.

This is the first of two papers in which we shall construct examples
of compact riemannian 7-manifolds with holonomy G,. These are, to
our knowledge, the first such examples known. We believe that they
are the first nontrivial examples of odd-dimensional, compact, Ricci-
flat riemannian manifolds. The author has also used similar methods
to construct compact 8-manifolds with holonomy Spin(7), [12].

The goal of this first paper is to study a single example in depth. We
shall describe a certain simply-connected, compact 7-manifold M, and
construct a family of metrics on it with holonomy G,. The 7-manifold
M was chosen because it is the simplest example that we know of. The
content of the paper is mostly introductory material, and proofs using a
lot of analysis. The second paper will describe many different compact
7-manifolds admitting metrics of holonomy G,, and will have a more
topological emphasis. It will also contain much more discussion of the
results, and some interesting questions.
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The method we shall use to construct riemannian 7-manifolds with
holonomy G, is modelled on the Kummer construction for K3 surfaces
(described in §1.3), which is a way of approximating some of the family
of metrics of holonomy SU(2) on the K3 surface, that exist by Yau’s
proof of the Calabi conjecture [19]. We begin with a flat riemannian
7-torus T7, divide by the action of a finite group I', and then resolve
the resulting singularities in a certain special way to get a compact,
nonsingular 7-manifold M. The finite group preserves a flat G- struc-
ture on 77, and a family of metrics are defined on M modelled on the
flat G,- structure on 77/, that are close to having holonomy G, in a
suitable sense. It is then shown using analysis that these metrics can
be deformed to metrics that do have holonomy GS,.

The paper is divided into three chapters. This first chapter contains
introductory sections §1.1 on the geometry of the holonomy group G,,
§1.2 on the analytic tools and results that will be needed later, and §1.3
on hyperkahler 4-manifolds and K3 surfaces. Chapter 2 defines a com-
pact 7-manifold M and a family of G,- structures ¢, on M depending
on a parameter . The main results of the paper are then stated in §2.3.
They are divided into three theorems, Theorems A-C, from which we
deduce that M has a smooth family of metrics of holonomy G5, and
this is the goal of the paper. The third chapter is then devoted wholly
to the proofs of Theorems A-C of §2.3.

Now a G- structure on a 7-manifold M defines a metric g and hence
a Levi-Civita connection V. There is a geometric invariant of the G,-
structure called the torsion, which measures how far the G- structure
is from being preserved by V. The G,- structure comes from a metric
g with holonomy contained in G if and only if the torsion is zero, and
the G- structure is then called torsion-free. Theorem A of §2.3 shows
that under certain conditions, a G,- structure ¢ with small torsion on a
compact 7-manifold M may be deformed to a torsion-free G,- structure
@. Theorem B shows that the conditions of Theorem A apply to the
G,- structures ¢; on M of §2.2, for small enough ¢. Theorem C shows
that a torsion-free G,- structure on a compact 7-manifold is part of a
smooth family of diffeomorphism classes of torsion-free G- structures,
with dimension b*(M).

The most important issue behind the proofs of Theorems A and
B is the following. The G,- structures of Chapter 2 are defined by
smoothing off a singular metric (from the singular manifold 77/T') to
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make it nonsingular, and they depend on a parameter ¢, which we may
think of as the degree of smoothing. The torsion of the G,- structures
is the error introduced by the smoothing process, so that the torsion
is small when ¢ is small. But when ¢ is small, the metric is quite close
to being singular in some sense, and this means that the curvature is
large and the injectivity radius is small.

Our aim is to prove that a small deformation to a torsion-free G-
structure exists. One would hope to prove a theorem stating that if
the torsion is smaller than some a priori bound, then such a deforma-
tion exists. However, one would expect this a priori bound to depend
on geometric information such as the curvature and the injectivity ra-
dius. Therefore there is a problem in proving that the G,- structures of
Chapter 2 can be deformed to zero torsion, because although one can
get the torsion of the initial structure very small by choosing t very
small, the a priori bound that the torsion must satisfy is also small
when ¢ is small.

Thus it is not clear that the a priori bound on the torsion will be
satisfied for any ¢. The way this is solved is by writing inequalities on
the torsion, curvature, and so on explicitly in terms of functions of £,
and then proving that the powers of ¢ come out in such a way that
when ¢ is small, the necessary conditions hold and the deformation to
a torsion-free G,- structure exists. Heuristically speaking, Theorems A
and B show that if the torsion is O(t*), the curvature is O(¢2), and
the injectivity radius is at least O(t), then for ¢ sufficiently small one
may deform to a G,- structure with zero torsion.

1.1. The holonomy group G,. We begin with some necessary facts
about the structure group G, which can be found in [16, Chapter 11].
Let R” be equipped with an orientation and its standard metric g, and
let 4y, . .., y; be an oriented orthonormal basis of (R”)*. Define a 3-form
¢ on R" by

C=11 ANy AYyr + 1 ANYs ANYs + Y1 Nya ANys + y2 Ay A ys
(1) — Yo AYs ANYs +Ys AYs Ayr + s Ays Ay

Let GL,(7,R) be the subgroup of GL(7,R) preserving the orientation
of R”. The subgroup of GL,(7,R) preserving ¢ is the exceptional Lie
group G,, which is a compact, semisimple, 14-dimensional Lie group.
It is a subgroup of SO(7), so that g can be reconstructed from ¢.
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Applying the Hodge star * of g we get the 4-form

¥ Q=Y ANY AP AU+ Y1 AN AYs AYs — U1 ANYs AYs Ayr
(2) +y1 AYa AYs A Y7
T2 ANYs AYs ANyr + Y2 ANYs Nys A yr
+Y3 AYs A Ys A Ye.

The subgroup of GL,(7,R) preserving %y is also G,.

Let M be an oriented 7-manifold, and define A3 M, A% M to be re-
spectively the subsets of A3T*M and A*T*M of forms admitting ori-
ented isomorphisms with the forms ¢ and *¢ defined by (1) and (2).
Then A3 M and AL M are both canonically isomorphic to the bundle
of oriented G- structures on M, and so have fibre GL,(7,R)/G,. Let
© : A3 M — AL M be the (nonlinear) natural identification. A dimen-
sion count reveals that A3 M and A} M are open subbundles of A>T*M
and A*T*M respectively.

Let ¢ be a smooth section of A3 M. Then ¢ is a smooth 3-form
on M, and defines a G- structure on M. By abuse of notation, we
will usually identify a G,- structure on M with its 3-form ¢. A G»-
structure ¢ induces a metric g on M from the inclusion G, C SO(7).
With the Hodge star * of g we may define the 4-form *p, which by the
definition of © is equal to ©(yp). Now the most basic invariant of a G-
structure on a manifold is called the torsion of the G- structure, and is
the obstruction to finding a torsion-free connection V on M preserving
the G- structure. The condition for ¢ to be the G,- structure of a
metric with holonomy contained in G, is that the torsion of ¢ should
be zero. Let V be the Levi-Civita connection of g. Then the condition
for ¢ to have zero torsion is that Vo = 0. By [16, Lemma 11.5], this
is equivalent to the condition dp = d* ¢ = 0.

When a metric g on M has holonomy group H, the Levi-Civita
connection V of g must preserve an H- structure on M, and this in
turn implies that the Riemann curvature R of g lies in a bundle with
fibre S2h, where b is the Lie algebra of H. Therefore a holonomy
reduction imposes a linear restriction on the Riemann curvature. For
the case of holonomy G, [16, Lemma 11.8] shows that metrics with
holonomy contained in G, are Ricci-flat, which is one reason to study
them.

The action of G, on R” gives an action of G5 on AF(R")*, which splits
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A*(R")* into an orthogonal direct sum of irreducible representations of
G,. Suppose that M is an oriented 7-manifold with a G,- structure,
so that M has a 3-form ¢ and a metric g as above. Then in the same
way, A*T*M splits into an orthogonal direct sum of subbundles with
irreducible representations of GG, as fibres. In this section we shall
describe these splittings, and some results associated with them. We
shall use the notation A} for an irreducible representation of dimension
[ lying in A*T*M.

Proposition 1.1.1. Let M be an oriented 7-manifold with G-
structure, giving a 3-form ¢ and a metric g on M. Then A*T*M splits
orthogonally into components as follows, where AF is an irreducible
representation of Gy of dimension [:

(i) AT*M = AL (i) A2T"M = A2@ A2,
(i) MT*M=MNoAerl, (i) ATM=AoAoAl,
(v) ANT*M = A3 A3, (vi) AST*M = AS.

The Hodge star * gives an isometry between AF and A]~*. The spaces
AF can be described as follows:
(a) A2 is the contraction of ¢ with TM,
(b) A2, is the kernel of the map € — & A\ xp.
It is canonically isomorphic to g..

(c) A3 = (), (d) AT = (xp),

(e) Ay =pAT*M, (f) A>=*xp ANT*M.

Proof. Part (i) holds as G, acts irreducibly on R’ and parts (:z) and
(212) are given in [16, Lemma 11.4]. Applying the Hodge star we deduce
the splittings (iv), (v) and (vi). Parts (a) — (f) are then elementary.
q.e.d.

Let the orthogonal projection from A*T*M to AF be denoted m;.
Then, for instance, if £ € C®°(A*T*M), then & = m7(€) + m14(€). This
notation will be used throughout the paper.

Lemma 1.1.2. There exists a I1-form p on M such that m;(dp) =
3u A @ and m;(d* o) = 4u A *xp. Thus, if dp =0 then m(d* ) =0.

Proof. This can be calculated from the identity (xdy) A ¢ + (*d *
©) A *p = 0 of Bryant [5, p. 553], using parts (e) and (f) of Proposi-
tion 1.1.1. q.e.d.

Lemma 1.1.3. Suppose M is a compact, simply-connected 7-mani-
fold, and ¢ a torsion-free G,- structure on M. Let g be the metric
associated to @. Then the holonomy of g is G,.



296 DOMINIC D. JOYCE

Proof. This follows immediately from [5, Lemma 1, p. 563]. It is true
because if the holonomy group of g is not G, , then it must be contained
in SU(3), but this forces b' (M) = 1, contradicting the assumption that
M is simply-connected. q.e.d.

1.2. Holder spaces and elliptic regularity. Let M be a Rie-
mannian manifold with metric g, and V a vector bundle on M with
metrics on the fibres and a connection V preserving these metrics. In
problems in analysis it is often useful to consider infinite-dimensional
vector spaces of sections of V' over M, and to equip these vector spaces
with norms, making them into Banach spaces. In this paper we will
meet three different types of Banach spaces of this sort, written L%(V),
Ck¥(V) and C**(V), and they are defined below.

Define the Lesbesgue space L?(V) to be the set of locally integrable

sections v of V for which the norm |jv||; = (f,, lvlzdu)l/ ? is finite. Here
dp is the volume form of the metric g. In fact L2(V) is a Hilbert
space with inner product (vi,v;) = [,,(v1,v2)dp, where (,) is the
inner product in V. When M is compact, this L?- inner product has
the useful property of integration by parts, so that for instance we have
(dx, &) = (x,d*€) when x is a k- form and £ a (k+1)- form on M. For
integers k > 0, define the space C*(V) to be the space of continuous,
bounded sections v of V' that have k continuous, bounded derivatives,
and define the norm ||v|cx by ||v]lcr = B5, sup,,|Viv|.

The third class of vector spaces are the Holder spaces C*(V) for
k > 0 an integer and a € (0,1). We begin by defining C®*(R), where R
is regarded as a trivial vector bundle over M. Suppose M is connected,
and define the distance d(z,y) between z,y € M to be the infimum of
the lengths of paths 7 connecting z and y. Let o € (0,1). Then a
function f on M is said to be Holder continuous with exponent a if

- Tz sup O =IO

TAYEM d(a:, y)a

is finite. Any Holder continuous function f is continuous. The vec-
tor space C*%(R) is the set of continuous, bounded functions on M
which are Holder continuous with exponent o, and the norm on C%*(R)
is [ fllco.e = lIfllos + [fla-

In the same way, we would like to define Holder norms on spaces of
sections v of a vector bundle V over M. The trouble with doing this is
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that in (3) the term |f(z) — f(y)| should be replaced by |v(z) — v(y)|,
but v(z) and v(y) lie in different vector spaces, the fibres of V over z
and y. To get round this, we shall identify the fibres of V over z and y
by parallel translation using V along a path between z and y. Thus we
arrive at the following definition of [v],, by analogy with (3). Define

(4) G = {smooth maps ~v:[0,1] - M
such that Im(v) is a geodesic in M},

and for each v € G define /() to be the length of the geodesic Im(y).
Let v be a section of V over M, and define [v], by

L 6O) —s6m)
®) M=t ime

whenever the supremum exists. Here the term |v(y(0)) — v(y(1))| is
defined by identifying the fibres of V over y(0) and (1) by parallel
translation along < using V. Since V preserves the metrics in the
fibres, the metric on this identified vector space is well-defined.

Define C**(V) to be the set of v in C*(V') for which the supremum
[V*v], defined by (5) exists, working in the vector bundle @*T*M ® V
with its natural metric and connection. The Holder norm on C**(V) is
lvllcre = |Jvllcr + [V*v],. With this norm, C**(V) is a Banach space.
The condition of Holder continuity is analogous to a sort of fractional
differentiability. To see this, observe that if v € C*(V), then by the
mean value theorem [v], exists, and

(6) [W]a < (2vlles)' " IVO]|%o-

Thus [v], is a sort of interpolation between the C°- and C'- norms of
v. It can be helpful to think of C**(V) as the space of sections of V'
that are (k+a)- times differentiable.

Now Holder spaces are useful tools for problems involving elliptic
partial differential operators, because they have a property known as
elliptic regularity. Suppose that V and W are vector bundles of the
same dimension over M, and that P : C*°(V) — C*(W) is a linear
elliptic operator of order I. If P(v) = w, where v € C'(V) and w €
C**(W), then it is in general true that v € C**"*(V). In other words,
v has the maximum number of (fractional) derivatives that the problem
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allows. However, it is not in general true that v must be in C**'(M) if
w € C¥(M). This is why we work with Holder spaces rather than the
simpler spaces C*(V). Here are two elliptic regularity results for elliptic
operators on Holder spaces. The first is deduced from [4] (Theorems 27,
31, p. 463-4).

Proposition 1.2.1. Suppose M is a compact Riemannian man-
ifold, V,W are vector bundles over M of the same dimension, and
P:C>®(V) = C®(W) is a smooth, linear, elliptic differential operator
of order l. Let o € (0,1) and k > 0 be an integer. Then P extends
to P : C¥he(V) — Ck*(W), and in each of these spaces Ker P is a
finite-dimensional subspace of C*(V).

Suppose that P(v) = w holds weakly, with v € L*(V) and w €
L2(W). If w € C®(W), then v € C®(V). If w € C**(W), then
v € CHhe(V), and

(7) [vlloxste < Cllwlicrs + [[v]l2)

for some constant C independent of v,w. Moreover, if v is L?- or-
thogonal to Ker P, then the term C||v|l; may be omitted from (7) by
increasing the constant C.

Here is a similar statement for P Holder continuous rather than
smooth, that is deduced from [2, Theorem 3.55].

Proposition 1.2.2. Let M be a compact Riemannian manifold, and
V,W wvector bundles over M of the same dimension. Let o € (0,1),
k > 0 be an integer, and P : C*(V) — C°(W) be a linear, ellip-
tic differential operator of order 2 with coefficients in C**. Suppose
that P(v) = w holds almost everywhere, where v € C*(V) and w €
Ck*(W). Then v € C*2(V).

1.3. Hyperkihler 4-manifolds and K3 surfaces. A metric on an
oriented 4-manifold with holonomy contained in SU(2) is called a hy-
perkahler structure [16, p.114]. A hyperkahler 4-manifold is Ricci-flat
and self-dual, and its metric is Kéhler w.r.t. each of three anticom-
muting complex structures. Equivalently, we may define a hyperkéhler
structure on an oriented 4-manifold X to be a triple (w;,ws,,ws) of
smooth, closed 2-forms on X, that can at each point z be written as

W =1 A AYs+y2Ay3, wa =1y AyYs—y2 A\ ys,
(8)
w3 = Y1 Nya + Y3 A Ya,
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where (y1,...,y,) is an oriented basis of 7> X. Hyperkihler 4-manifolds
have received a lot of attention, and much is known about different
compact and noncompact examples.

Perhaps the simplest nontrivial example of a hyperkahler 4-manifold
is the Eguchi-Hanson space [9], which is a complete hyperkihler metric
on the noncompact 4-manifold T*CP'. We will give this metric ex-
plicitly in coordinates. Consider C* with complex coordinates (2, 2,),
acted upon by the involution —1 : (2, z3) — (—2;, —23). Let X be the
blow-up of C?>/{+1} at the singular point. Then X is biholomorphic
to T*CP', and has m (X) = {1} and H%(X,R) = R The closed, holo-
morphic 2-form dz; A dz; on C? descends to C?/{%1}, and thus lifts to
X. Define closed 2-forms ws,ws on X by wy + tws = dz; A dz,. The
function u = |2;|?> + |22|* on C* descends to C*/{+1} and so lifts to X.
Let ¢ > 0 be a positive constant, and define a function f on X by

9) f=\/u2+t4+t210gu—t2log(\/u2+t4+t2).

This is the Kahler potential for w,, and is taken from [13, p. 593].
Define the 2-form w; on X by w; = ;wé f. Then w is a closed 2-form,
and it can be shown that the triple (w;,ws,ws3) may be written in the
form (8), and thus form a hyperkahler structure on X.

The transformation (2;,22) — (cz;,cz;) for some positive constant ¢
induces an endomorphism of X, which takes w;(t) to ¢ 2w;(ct) for i =
1,2,3. Thus the hyperkédhler metrics on X induced by different positive
values of ¢ are all equivalent modulo diffeomorphisms and homotheties.
Putting ¢ = 0 gives f = u in (9), and then w; is the Kahler form of
the Euclidean metric on C?/{%1}, so that in the limiting case t = 0
the metric becomes degenerate along the exceptional curve, and away
from this is equal to the flat hyperkdhler metric on C?/{+1}. This
indicates that the Eguchi-Hanson metric is asymptotic to the flat metric
on C?/{£1} at infinity.

The only compact hyperkahler 4-manifolds are flat tori and K3 sur-
faces. K3 surfaces are compact complex surfaces with b, = ¢; = 0.
They are all diffeomorphic, and are very interesting from a number of
different points of view. By Yau’s proof of the Calabi conjecture [19],
the K3 surface possesses a 58-parameter family of metrics of holon-
omy SU(2). An approximate description of some of these hyperkahler
metrics was given by Page [15], which employs an idea known as the
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Kummer construction. Let T* be the 4-torus with a flat Riemannian
metric, and let o : T* — T* be an isometric involution that reverses
directions on T*. Then o has 16 fixed points, so T* /o has 16 singular
points modelled on the origin in R*/{+1}.

Page observed that gluing 16 small copies of the Eguchi-Hanson
space in place of small neighbourhoods of the singular points yields
a metric on K3 that is close to being hyperkéhler, in the sense that the
errors introduced by the gluing are small when the Eguchi-Hanson met-
rics are small. Later, Topiwala [17] and LeBrun and Singer [14] gave
proofs that the K3 surface admits hyperkahler metrics using Page’s
idea. These proofs use ideas from twistor theory and the deformation
theory of singular complex manifolds.

2. A ‘Kummer construction’ for a compact 7-manifold

Perhaps the best known and most studied nontrivial example of a
compact manifold admitting metrics of special holonomy is the K3
surface of §1.3, which is a compact 4-manifold possessing a family of
metrics with holonomy SU(2). This moduli space of metrics is a man-
ifold parametrized by the cohomology classes of 3 constant 2-forms
on the K3 surface. The metrics are not known explicitly, and not very
much is known about what the general K3 metric ‘looks like’. However,
orbifolds of the torus T* appear naturally as limits at the boundary of
the moduli space, and therefore one can get a fairly good grasp of what
the metrics in the moduli space close to these orbifolds are like, as they
arise from desingularizing the flat, singular manifold 7*/T" in a certain
way, where I is a finite group. This construction was described in §1.3,
and is known as the Kummer construction for the K3 surface.

The situation for metrics on holonomy G, on the 7-manifold M we
shall describe shares many features with the K3 surface. There is a
family of metrics of special holonomy which we cannot write down ex-
plicitly, but which is parametrized (at least locally) by the cohomology
classes of constant 3- and 4- forms @, *p. Orbifolds of the torus 77
appear in a certain way as limits at the boundary of the moduli space,
and we can give a good approximate description of the metrics in the
moduli space close to these limits. Thus K3 surfaces furnish a good
analogy, and are useful as a mental picture and in deciding what to
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aim for — since, for instance, noone has yet succeeded in writing down
a K3 metric explicitly, we are unlikely to be able to give an explicit
metric of holonomy G5 on M in the forseeable future, as this is surely
a more difficult problem.

However, the K3 picture also has features which the G, picture
probably does not share. For underlying the metric of holonomy SU(2)
is a complex structure — a family of complex structures, in fact — and
so the rhythms of complex and even algebraic geometry run through
the study of metrics on K3. Complex geometry, with its local triviality
and lack of metrics, and algebraic geometry, with the possibility of
complete description of the objects of study and their moduli, seem
very different to riemannian geometry. Since we know of no underlying
structure in the G, case comparable to complex geometry, it seems
likely that the extraordinarily good behaviour of the moduli space of
K3 metrics may not extend to the G, case. For instance, metrics in
the moduli space may develop singularities in a disorderly way, and the
set of cohomology classes [¢] realized by torsion-free G- structures on
M may well contain ragged holes rather than being defined by pleasing
linear constraints. But this is only speculation.

In §2.1 a finite group I' = Z3 of automorphisms of 77 is defined.
This group preserves a flat G,- structure on T7. The singularities of
the quotient T7/T are determined and described. Now I' has been
chosen very carefully so that the singular set of T7/T' is particularly
simple and well-behaved. It consists of 12 disjoint copies of T3, and
each component T of the singular set has a neighbourhood in T7/T" of
the form T x (B*/{%1}), where B* is the open unit ball in R*.

Therefore, to desingularize T /T it is enough to be able to desingu-
larize B*/{+£1}. In §2.2 a compact 7-manifold M is defined by desin-
gularizing T7 /T, and the method used to desingularize B*/{%1} is
exactly that used in the Kummer construction of the K3 surface. Also
in §2.2 a family of G,- structures ¢; on M depending on a parameter ¢
is defined. These satisfy dp; = 0 and d * p; = O(¢*). Then in §2.3 the
main results of the paper are given, which lead to the existence of a
family of metrics of holonomy G, on M, stated in Theorem 2.3.1. The
proofs of the results are deferred to Chapter 3.

2.1. A finite group action on T7. Let (zy,...,z7) be coordinates
on T7 = R7/Z", where z; € R/Z. Define a section ¢ of A3T" by
equation (1) of §1.1, where y; is replaced by dz;. Let o, 8 and y be the
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involutions of T7 defined by

(10) 0‘((1”1,---,57)) = (—551,"152, —Z3, "374,1?5,%,337),
(11) B((z1,--.,27)) = (=21, % — T3, T3, T4, —T5, — L6, L7),
(12) ’Y((xl) e 3"‘[:7)) = (% — T1,T2, % — I3,T4, —T5,Te, —.'1;7)-

By inspection, a, 3 and <y preserve ¢, because of the careful choice of
exactly which signs to change. Also, o® = 3?2 = 4? =1, and ¢, and
v commute. Thus they generate a group (a, 3,7) = Z3 of isometries of
T preserving the flat G,- structure .

In the next two Lemmas, we shall describe the singular set S of 7 /T".

Lemma 2.1.1. The elements By, ya, af and afy of T have no
fized points on T". The fized points of o in T" are 16 copies of T,
and the group (B,7) acts freely on the set of 16 3-tori fized by c.
Similarly, the fized points of B, v in T" are each 16 copies of T®, and
the groups (a,v) and (o, B) act freely on the sets of 16 3-tori fized by
B, respectively.

Proof. The element (B~ acts on the coordinate z, by z; — z; + %
Therefore f7v can have no fixed point z, because the z;- coordinates
of z and Bv(z) are different. Similarly, ya changes coordinates z; and
x3, af changes coordinate z,, and a7y changes coordinate z3. Thus
none of these elements have fixed points.

By inspection, the fixed points of a are 1, 25, z3, 24 € {0, 3}, which
clearly divide into 16 disjoint copies of T°. The action of 8 on these 16
copies of T® fixes z,, 3 and x4, and takes z, to z, + % The action of
v on the 16 copies of T2 fixes z, and z, and takes z; to z; + % and z3
to z3 + 1. Therefore the group (B3,7) does act freely on the set of 16
fixed 3-tori of a. The rest of the Lemma uses the same argument, and
is left to the reader. q.e.d.

Lemma 2.1.2. The singular set S of T"/T is a disjoint union of
12 copies of T3. There is an open subset T of T7/T containing S,
such that each of the 12 connected components of T is isometric to
T? x (B{/{£1}), where B{ is the open ball of radius { in R* for some
positive constant ((( = 1/9 will do).

Proof. The singular set S is exactly the image in 77 /T of the set S’
of points in 77 that are fixed by some nonidentity element of I'. By
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Lemma 2.1.1, the only nonidentity elements of I" with fixed points are
o, and 1, and for each of these the fixed point set in 77 is 16 copies
of T3. This gives 48 copies of T° in T7. Now these 48 3-tori are all
disjoint. It is clear that distinct 3-tori fixed by the same element «, 3
or «y are disjoint. Suppose that two 3-tori fixed by different elements,
say a and f, intersect. Then the intersection point is fixed by both «
and B, so it is a fixed point of a8, which contradicts Lemma 2.1.1.

Thus S’ is the disjoint union of 48 copies of T2 in T7, and S =
S'/T'. Now each T3- component of S’ is defined by setting four of the
coordinates x1,...,Z; to some values from {0, ,1,2}. Therefore the
distance between distinct T- components of S’ is at least 1/4. Let
T' be the set of points in 77 a distance less than ¢ = 1/9 from S'.
Because 1/9 + 1/9 < 1/4, T' splits into 48 components, each isometric
to T® x Bf. Define T C T7/T by T = T'/T. Then T is a ‘tubular
neighbourhood’ of S.

Since the group (3, ) acts freely on the 16 3-tori fixed by «, it follows
that the 3-tori fixed by a contribute 4 copies of T® to S. Similarly,
the fixed 3-tori of 8 and v each contribute 4 3-tori to S. Therefore
S consists of 12 disjoint copies of T3, so that T has 12 components.
Examining the action of a, 8 and - near their fixed 3-tori, it is clear that
the component of T containing each T3- component of S is isometric
to T® x (B¢/{£1}). This completes the Lemma. q.e.d.

2.2. A compact 7-manifold, and a family of G,- structures.
Let I', S and T be as in §2.1. We shall define a compact 7-manifold M
using 77 /T, and a family of closed G- structures {¢; : t € (0,6]} on M.
Using the decomposition T' = § x (B¢/{£1}), the flat G- structure ¢
on T7/T and its dual *$ may be written as

(13) ¢=(:)1/\61+(;)2/\52+(:)3/\(53+61/\(52/\(53,

(14)
*(ﬁ=(;)1/\(52/\(53+(:)2/\63/\(51 +L:)3/\(51 /\52‘!’%(:)1 /\(;)1,

where 4;,0, and d; are constant orthonormal 1-forms on S, and
@1, ,,w; are constant 2-forms on B¢/{£1} that can be written in the
form (8) given in §1.3.

In order to desingularize T7 /T, we shall replace each factor B¢ /{+1}
in the decomposition of T by a nonsingular 4-manifold U that agrees
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with B{/{%1} in a neighbourhood of its boundary. To define a G-
structure ¢; upon the resulting 7-manifold M, U will be given a triple
wi (t), wa(t), ws(t) of 2-forms that agree with @&; near the boundary. Our
construction of U will follow that of the Eguchi-Hanson space in §1.3.
Regard B as a subset of C? with complex coordinates (21, 2;), and let
U be the blow-up of B}/{+1} at its singular point. Define real, closed
2-forms w,(t),ws(t) on U as in §1.3 by wy(t) + iws(t) = dz; A dz,. Let
u be the function |2 |*> + |22|* on U.

Let 7 : [0,¢?] — [0,1] be a fixed, smooth, nonincreasing function
with 7(r) = 1 for r < (¢%/4 and 7(r) = 0 for r > (?/2. For t > 0 define
a function f; on U by

(15) fe =y/u? + 72(u)tt + 7(u)t* logu
— 7(u)t? log (\/u2 + 72(u)tt + T(’U,)tz) ,

as in (9). Define the 2-form w;(t) on U by wi(t) = 1i00f,. Then
w; (t) is closed. Where u < ¢*/4 this triple {w;(¢)} is the hyperkahler
structure of the Eguchi-Hanson space of §1.3, and where u > (/2 it is
the flat triple {&;}. Thus the triple {w;(t)} interpolates between the
hyperkéhler structure of the Eguchi-Hanson space and the Euclidean
structure on BZ/{+1}.

Define M to be the compact, nonsingular 7-manifold without bound-
ary that is obtained by replacing each factor Bf/{£1} by U in the de-
composition of T, in the obvious way. Define a 3-form ¢; and a 4-form
v, on M by ¢, = ¢ and v; = *¢ on (T7/T') \ T, and

(16) Pt =(.U1(t)/\61 +UJ2(t)/\62+UJ3(t) /\(53 +51 /\52 /\53

Vg =w1(t) A 62 A (53 + UJz(t) A (53 A 61
(17) + w3(t) A6y A Gz + Jwi(t) Awi(2),

on T. Since by definition the 2-forms w;(t) agree with @; near the
boundary of U, ¢; and v; are smooth, and as w;(t), d; are closed, ¢,
and v, are closed.

Now the 2-forms w; of the Eguchi-Hanson space of §1.3 are in the
form (8), so comparing the definitions (9), (15) we see that the 2-forms
w;(t) are in the form (8) on U except where 7(u) has nonzero first or
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second derivatives, which is on the open annulus u € (¢?/4,(?/2). Let
A C M be the subset where u € ((?/4,¢?/2). Then A is an open subset
of T, the product of S and an annulus in Bg. On M\ A, ¢, is a section
of A% and v; = ©(p;). But on A the 2-forms w;(t) are not in the form
(8), so ¢ need not even be a section of A3. However, when ¢ is small,
the 2-forms w;(t) are close to satisfying (8), and thus ¢ is a section of
A2 because A3 is an open subbundle of A*T*M. For the same reason,
when ¢ is small, v, is close to ©(¢;) on A.

The terms in w; (t) due to the derivatives of 7(u) may be seen to be
O(t*). Since these are the terms that cause the triple w;(t) to deviate
from the form (8), it follows that v, — ©(¢,) and all its derivatives are
O(t*) for small ¢t. Therefore there exist positive constants 6, D, such
that when 0 < t < 6, ¢, is a section of A3, and the 3-form ), on M
defined by *; = O(p;) — v; is smooth and satisfies ||¢||; < D;t* and
ll¢llcz < Dyt*, where the metrics and Hodge star are those induced
by the G- structure ¢;. This 3-form 1, satisfies d * ¢, = dO(p;), as
dv; = 0, and this is equivalent to d*v; = d*y;, since O(p;) = *p;.

What the definitions above mean is as follows. The compact 7-
manifold M is divided into three regions. The first region, the subset
of T on which u < (?/4, is the product of S, and a closed subset U of
the Eguchi-Hanson space X of §1.3. On this region the G,- structure
@ is torsion-free, because it is the product of the flat structure on S
and the torsion-free SU(2)- structure on the Eguchi-Hanson space. The
Eguchi-Hanson space metric has parameter ¢, which is proportional to
the diameter of the exceptional curve in X. Therefore ¢ measures the
diameter of the exceptional set introduced to desingularize T7/T". The
second region is a subset of 77 /T', and on it ¢, is equal to the flat G-
structure ¢ of T7/T.

The third region, A, is a collar between the first two regions. On A
the G- structure ¢, has to interpolate smoothly between its values on
the first and second regions, and it achieves this using a partition of
unity function 7(u). On A, ¢, is not torsion-free because the derivatives
of 7(u) introduce torsion terms. This means that although dyp, = 0,
d ©(¢p;) is not identically zero on A, but is O(t*). For later convenience
we introduce a 3-form v, which is also O(t*), such that dxv, = d ©(y;).
It is important that the region A is independent of ¢, and does not
become small when ¢ is small, because this way the ‘error term’ d ©(¢p;)
is spread thinly over a large volume instead of being concentrated in
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a small one. Thus we make the error term as small as possible, which
will be crucial to the proof.

Now let us consider the topology of M. It is made by putting patches
of the form T° x U on the singularities of 77/T. It is easy to show
that both both U and T7/T' are simply-connected, so it follows that
M is simply-connected. Thus the first betti number b'(M) is zero.
The other betti numbers may be calculated too. It can be shown that
b*(T"/T') = 0 and b*(T7/T') = 7, and there are 12 patches of the form
T3 x U each of which add 1 to b and 3 to b*. Therefore b*(M) = 12
and b*(M) = 43.

2.3. The main results. We are now ready to state the results of
the paper. They hinge upon the following three theorems, which will
be proved in Chapter 3.

Theorem A. Let E,,..., Es be positive constants. Then there ezist
positive constants k, K depending only on E,,..., Es, such that when-
ever 0 <t < K, the following is true.

Let M be a compact T-manifold, and ¢ a smooth, closed section of
A3 M on M. Suppose that v is a smooth 3-form on M with d*¢ = d*¢p,
and that the following four conditions hold:

(i) l¥ll: < Ext* and |[9llraz < Ent,
(ii) if x € CYY2(AST*M) and dx =0, then
Ixlloe < Bz (¢|Vxlloo +t7(|x]l2), and
IVxllco +t72[Vx]1/2 < Es(lld*xlloo + t/2[d"x]1/2 + t°*xl2),
(i) 1< E4vol(M), and
(iv) if f is a smooth, real function and [,, fdu = 0, then | f|l> <
Es||df ||2.-
Then there exzists n € C®(A*T*M) with ||dn|lco < Kt'/?, such that
@ = @ +dn is a smooth, torsion-free G,- structure.

Theorem B. Let D,,..., D5 be positive constants. Then there exist
positive constants E,, ..., Es and X depending only on D,, ..., Dy, such
that for every t € (0, A], the following is true.

Let M be a compact 7-manifold, and ¢ a smooth, closed section of
A3M on M. Let g be the metric associated to @. Suppose that 1 is
a smooth 3-form on M with d*+) = d*¢, and that the following five
conditions hold:

(i) Il < Dt and llls < Dytt,
(ii) the injectivity radius §(g) satisfies 6(g) > Dt,
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(ii1) the Riemann curvature R(g) of g satisfies ||R(g)|,, < Dst™2,
(iv) the volume vol(M) satisfies vol(M) > Dy, and

(v) the diameter diam(M) satisfies diam(M) < Ds.

Then conditions (i)-(iv) of Theorem A hold for (M, ).

Theorem C. Let M be a compact 7-manifold, let X be the set of
torsion-free G- structures on M, and let Diffo(M) be the group of
diffeomorphisms of M isotopic to the identity. Define a map Z: X —
H3(M,R) by E(p) = [p]. Then E is invariant under the action of
Diffo(M) on X. Moreover, if ¢ € X, then there ezists an open subset
Y C X which contains ¢ and is invariant under Diffo(M), such that
= induces an isomorphism between Y/ Diffo(M) and an open ball about
[¢] in H*(M,R).

We note that the result of Theorem C was first announced by Bryant
and Harvey [5, p.561], and they have a proof of it, which pre-dates the
proof given in §3.3 by a number of years, but that this proof has not
yet been published. Using Theorems A-C we may prove the existence
of metrics of holonomy G, on M, which is the main result of the paper.

Theorem 2.3.1. The compact, simply-connected 7-manifold M of
82.2 admits a 43-dimensional family of metrics of holonomy G.,.

Proof. We will show that for small ¢, the hypotheses of Theorem B
hold with ¢ = ¢, and 9 = 1);, where ¢, 1, are as defined in §2.2. From
§2.2 we have ||1;]|2 < D;t* and ||1]|c2 < D;t* when t < 6, so part (z)
of Theorem B holds with the constant D, of §2.2. Now the metric g;
induced by ¢, is defined in §2.2 by gluing ends of the form T2 x U into
T7 /T, where T? and T7 /T carry fixed, flat metrics, and U is a subset of
the Eguchi-Hanson space shrunk by a homothety multiplying distances
by t. It is therefore clear that parts (iz)-(v) of Theorem B hold for the
metric g; on M when ¢ < 6§, for some constants D,, ..., Ds independent
of t.

So parts (i)-(v) of Theorem B hold for (M, ;) for ¢ < 6, and by
Theorem B there exist positive constants E,,..., Es and A depending
on Dy,...,Ds, such that parts (z)-(iv) of Theorem A hold for (M, ¢;)
when t < min(@, A). By Theorem A there is a constant x > 0, such that
for ¢ < min(0, A\, k), the G- structure ¢; on M may be deformed to a
torsion-free G,- structure ¢; on M. Thus M admits torsion-free G,-
structures. By Theorem C, the family of torsion-free G- structures on
M is a manifold locally isomorphic to H3(M,R). But (M) = 43 from
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§2.2, so the dimension of the family is 43. Since M is simply-connected,
the holonomy group of the associated metrics is G5, by Lemma 1.1.3.
Therefore there is a 43-dimensional family of metrics of holonomy G,
on M. q.ed.

3. The existence of torsion-free G,- structures on M

This chapter contains the proofs of Theorems A-C of §2.3. Theo-
rem A will be proved in §3.1, Theorem B in §3.2, and Theorem C in
§3.3. I have found several different proofs of the existence of metrics of
holonomy G, on the 7-manifold M of §2.2, and the current formulation
as Theorems A and B is the shortest and the one I like best. The point
about the hypotheses of Theorem B is that they actually use very little
information about the 7-manifold M and the G- structures ¢. Con-
ditions (#2)-(v) of Theorem B do not depend on the G,- structure ¢,
but only on the metric g on M it induces, and they do not use global
information about the manifold in any significant way.

Previous versions of the proof used geometric quantities that are
global in nature, such as the first nonzero eigenvalue of a Laplacian
operator, and constants estimating the norm of various Sobolev em-
beddings. The trouble with these proofs was that it takes rather more
work to estimate a geometric quantity that does not depend on purely
local information, so the proofs were lengthy, and are also not as gen-
eral as the current proofs. As the price of proving a result from minimal
information, the proof of Theorem A is slightly devious, and uses the
special geometry of G, a lot, which may make it difficult to use the
same method of proof for similar geometric problems.

Here are the general considerations that motivate the design of the
proof of Theorem A in §3.1. Our goal is to start with a G,- structure
¢ with small torsion, and deform it to a 3-form ¢ with zero torsion.
From §1.1, this means that ¢ must satisfy the two equations d¢ = 0
and dO(p) = 0. We may satisfy the first equation automatically by
starting with dyp = 0, and choosing ¢ = ¢+ dn. Thus we seek a 2-form
n satisfying the equation d ©(¢ + dn) = 0.

Now this is not a good equation to try and solve, because its lin-
earization in 7 is not elliptic. It fails to be elliptic for two reasons. The
first reason is that adding a closed 2-form to n does not change ¢, so
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that the solution space acquires an infinite-dimensional factor from the
closed 2-forms. To eliminate this we shall require that d*n = 0. The
second reason is that since the problem is diffeomorphism-invariant, if
@ is a solution, then so is the image of ¢ under any diffeomorphism, so
that there is an infinite-dimensional space of solutions.

The method we use is to construct a 2-form 7 and a real number €
satisfying a certain nonlinear equation with elliptic linearization. Hav-
ing constructed these solutions, we will use some special geometric facts
about G, to show that a solution to this nonlinear equation satisfies
dO(p +dn) = 0. It also turns out to satisfy m;(n) = 0, and this can
be interpreted as the ‘gauge-fixing’ condition for the diffeomorphism
group: in order to pick out a unique representative in each orbit of the
diffeomorphism group on C*(A3 ) we expect to impose some restriction
on the data 7, and m;(n) = 0 is the natural condition.

Having chosen the nonlinear, elliptic equation, we attempt to find
a solution to it by defining a sequence {7;}{2, of 2-forms that are
successive approximations to a solution, and then showing that the
sequence converges. One must ensure that the terms 7n; remain small,
and do not diverge to infinity. The art in proofs of this sort is to choose
the right norms — Lesbesgue norms, Holder norms, Sobolev norms — to
control the terms 7); of the sequence. It turns out that because of an
integration by parts formula, the L?- norm of d); is very well controlled;
in fact for small n;, ||dnj;all2 < C1 + Calldn;|l2]ldn;|lce for constants
C, Cy, where C; = O(t*). This makes the norm ||dn;||, a good choice
to work with.

However, we cannot work with this norm alone because the esti-
mate involves ||dn;||co as well. The sequence element 7);,, is defined
by setting P(n;+1) = Q(n;, Vn;, V2n;), where P is a second-order, lin-
ear, elliptic operator, and @ is a nonlinear function. Naive attempts
to estimate some norm of 7,4, always seem to involve some stronger
norm of 7;, just as the C°- norm is a stronger norm than the L?- norm.
The way to break this cycle is to use elliptic regularity results, anal-
ogous to Propositions 1.2.1 and 1.2.2. If 7; is controlled in C¥+*,
then Q(n;, Vn;, V?n;) is controlled in C*, and therefore by elliptic
regularity, 7,4, is controlled in C*+2,

Thus elliptic regularity allows us to estimate a Holder norm of 1,4, in
terms of the same Holder norm of n;. Without this property our proof
would never get off the ground. In the proof of Theorem A, we shall
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use the norms ||dn;||; and ||dn;||c11/2 to control the sequence {n;}32,,
and we will be able to show that the sequence exists, is bounded in
these norms, and is convergent in the associated topologies. This is the
thinking behind Theorem A.

3.1. An existence result for metrics of holonomy G,. In this
section we prove the core result of the paper, Theorem A, which states
that a G- structure ¢ on a compact 7-manifold M with dp = 0 and dx*¢
small in a suitable sense can, under suitable conditions, be deformed to
a G- structure ¢ with zero torsion. We begin with a result estimating
the function © of §1.1.

Lemma 3.1.1. There exist real, positive, universal constants
€1,...,6e4 such that whenever M is a 7-manifold and ¢ is a closed sec-
tion of A3, the following is true.

Suppose that x € C°(A3T*M) and |x|lcc < e;. Then ¢ + x €
C°(A3 M) and O(p + x) is given by

(18)  ©(p+x) = *p + 3 * m(x) + *m7(x) — *m27(x) — F(x),

where F is a smooth function from the closed ball of radius e; in
ANT*M  into A'T*M with F0O) = 0. Suppose  that
X, & € CVY2(A3T*M) and ||x||co, ||€]lco < €1. Then F(x) — F(&) sat-
isfies the inequalities

(19) |F(x) = F(&)| < ealx — &l(Ix| + [£]),

|d(F(x) - F(€)] < es{lx — &l(Ix] + &) ]d"¢]
(20) +HV(x = &) (Ix] + €]) + Ix — €11Vl + V€D },

[4(F(x) - F(©)],, < es{[ x €12 (lIxllco + €llco) 14" @l oo

+ lx = €Elleo ([X]1/2 + [E]1/2) ld @llce

+ lIx = Elleo (Ixllco + l€llco) [d* @)1z
(21) + V0= 9], (Ixlleo + iEllee)

+[|V(x = f)”co (Xa/2 + [E]1/2)

+ [x = &2 (IIVxlleo + IVE]lco)

+Ilx = Elleo (VX2 + [VE ) }-
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Proof. As A3 M is an open subset of A3T*M, we may choose e, > 0
independent of (M, ¢), such that the closed ball of radius e; about ¢ in
A3T*M is contained in A3 M. Let the function F be defined by (18).
Then (18) holds, and F is a smooth function of £. Now by calculating
in coordinates (using Schur’s Lemma) one can write ©(p + x) as an
explicit function of x up to the first order in y, and the answer is the
first four terms of the right-hand side of (18). So the function F() has
zero first derivative in .

Thus the principal part of the function F(x) is quadratic in x. It
follows that inequality (19) holds for some constant e;, and as this
is a calculation at a point, e; is a universal constant, independent of
M and ¢. By the chain rule, the derivative dF(x) can be written as
dF(x) = Fi(x, V) + Fy(x, Vx), where F; and F, are linear in their
second arguments, and are universal functions in the sense that their
definition at m € M depends only on the value of ¢ at the point m.

Since dy = 0 by assumption, V¢ is determined pointwise by d*y.
Using this and estimates on F}, F; it is easy to show that dF satisfies an
estimate of the form (20) for some e; > 0. But because of the universal
property of F; and F;, this e, is independent of M and ¢, as we want.
In a similar way, we can estimate the Holder norm [d(F(x) — F(£))], /2
using ‘universal functions’, and it is easy to see that (21) holds for some
universal constant e,. This completes the proof. q.e.d.

Now we shall prove Theorem A of §2.3.

Theorem A. Let E,,...,Es be positive constants. Then there
ezist positive constants k, K depending only on E,,..., Es, such that
whenever 0 < t < k, the following is true.

Let M be a compact 7-manifold, and ¢ a smooth, closed section of
A3 M on M. Suppose that 1 is a smooth 3-form on M with d*¢ = d* ¢,
and that the following four conditions hold:

(i) |IYllz < Eit* and ||[llcraz < Eqtt,

(ii) if x € CYY2(A3T*M) and dx =0, then
Ixllco < Es(t|Vxlloe +t"2lIxll2), and
IVxllco + 8 /2[VX12 < Es(lld*xlloo + t72[d* x]1/2 + 7% lIxll2),

(1) 1< E4vol(M), and

(iv) if f is a smooth, real function and [,, fdp = 0, then ||f|l. <
Esldf .-

Then there exists n € C®(A*T*M) with ||dn|lco < Kt'/2, such that
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@ = @+ dn is a smooth, torsion-free G- structure.

Proof. The idea of the proof is to construct solutions
n € C®°(A*T*M), € € R to the equations d*n =0 and
2
(22) 3vol / an A,

(23)  dO(p+dy) = Ld(sm, (dn)) + 2d(sms(dn)) — ed % o,
and then to show that 7 satisfies the requirements of the Theorem.
Suppose that n € C*'/2(A2T*M) and ||dn||co < e;. Then by Lem-
ma 3.1.1, we have ¢ + dn € C°(A3 M) and

dO(p + dn) =d * p — dF(dn) — d(xdn)
(24) + 3d(¥m1(dn)) + 2d(xm7 (dn)),

so that (23) is equivalent to the equation d(xdn) = (1+€)d*p—dF(dn),
which gives

(25) d*dn = (1 + €)d*y + *dF(dn),

as *dx = —d* acting on A3T*M, and d*¢ = d*o.

The rest of the Theorem is an immediate consequence of the following
three Propositions:

Proposition 3.1.2. Suppose t is sufficiently small. Then there exist
convergent sequences {n;}52y in C*'/2(A*T*M) and {¢;}32, in R with
1o = €9 = 0, satisfying the equatz'ons d*n; =0 and

(26) = Tvaiad) L, 4 A

3 vol

(27) d*dn; = (1 + €_1)d"y + *xdF(dn;_1),

for each 3 > 0, and the inequalities
(a) lldnsllz < 2Eqt*,  (b) |ej| < Eot®,  (c) |ldnjllce < Kt'/2,
(d) IVdn;lico < Eqt™'/2, . (e) [Vdnjli2 < E7t_1.
(A) lidn; — dnjill: < 2E:277t%,  (B) lej — €j1| < Eg277¢%,
(C) lidn; — dnj_1llce < K27981/2,
(D) IV (dn; —dnj—1)llce < E,277t71/2,
E) [V(dn; — dnj-1))1j2 < E;273¢71
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where Eg, E; and K are positive constants depending only on Es, ..., Es.
Let 7 be the limit of the sequence {n;}32, in C*'/*(A*T*M) and e be

the limit of the sequence {€;}52, in R. Then 7, € satisfy d*n =0, (22)

and (23) and the estimate ||dn||co < Kt'/? < e;.

Proposition 3.1.3. Let M, ¢, n and € be as in Proposition 3.1.2.
Then n is smooth.

Proposition 3.1.4. Let M, ¢, n and € be as in Proposition 3.1.2,
and suppose t is sufficiently small. Then dO(p + dn) = 0, so that
@ = @+ dn is a torsion-free G- structure.

The proofs of the Propositions will be given in order. At a number
of points in the proofs we shall need ¢ to be smaller than some positive
constant defined in terms of e;,...,e4 and E4,..., Es. As a shorthand
we shall simply say that this holds since ¢ < k, and suppose without
remark that £ has been chosen such that the relevant restriction holds.
Since e;,...,e4 are universal constants, the restriction really depends
only on Ey,..., E5s. The reader may if she wishes go through the proof
collecting the restrictions on the constant x, and hence obtain an ex-
plicit expression for s for which the Theorem holds.

Proof of Proposition 3.1.2. The operator d*d+dd* : C*(A*T*M) —
C>(A?T*M) is elliptic and self-adjoint and has kernel W = H?(M, R),
the vector space of Hodge representatives for H2(M,R). Let W+ be the
subspace of L?(A*T*M) that is L2- orthogonal to W. Since d*d + dd*
is self-adjoint, its image is the orthogonal complement of its kernel,
so Wt = Im(d*d + dd*). Let £ € W+. Then ¢ € Im(d*d + dd*), so
there exists a unique y € W+ with (d*d + dd*)x = £&. Moreover, by
Proposition 1.2.1 there exists some constant C(y) independent of x and
¢ such that ||x|lcz1z < C(®)||€]lcor/2 whenever & € C®'/2(A2T*M).
The constant is written C(p) to indicate that it depends on (.

The Proposition will be proved by induction on j. The first step
holds trivially because 7y = ¢o = 0. For the inductive step, suppose
that 7g,...,m: and €,...,€; exist and satisfy the conditions of the
Proposition for j < k. Then ||dni||ce < Kt'/2 < e;, ast < k. So F(dny)
is well-defined. Now (1 + €;)d*y) + *dF (dn;,) lies in W+ by integration
by parts, since dw = 0 for each w € W. Therefore from above there
exists a unique 7z, € W+ such that (d*d + dd*)nxy; = (1 + &)d*y +
*dF(dn,). Moreover, since n, € C*/2(A*T*M), d*1p + xdF(dn) €
C*'\2(A’T*M), so that mpy; € C?Y2(A2T*M) and ||mj4illczarz <
C(@)lld*p + xdF (dni)l| o2
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Because Imd and Imd* are L2- orthogonal, and (d*d + dd*)mi4, €
Imd*, it follows that dd*nm.,; = 0. Taking the inner product with
Mk+1 and integrating by parts show that d*ni,; = 0, and so d*dny =
(1 + €x)d*t + *dF(dny). Therefore the element 7;,, we have defined
satisfies d*n;4+; = 0 and equation (27), as we have to prove. Define €,
by (26) for j = k£ + 1. To complete the induction it remains to show
that parts (a)-(e) and (A)-(E) hold for 7 = k + 1. The proof will be
split into two cases, the case k¥ = 0 and the case & > 0.

For the first case we must show that parts (a)-(e) and (A)-(E) hold
for j = 1. Since 1y = 0, parts (A)-(E) imply parts (a)-(e), so it is
sufficient to prove parts (A)-(E). As 1o = ¢ = 0 and F(0) = 0, (27)
gives d*dn, = d*t. Taking the inner product with 7, and integrating
by parts gives ||dn |2 < ||dm|l2]|¥ll: by Holder’s inequality, so can-
celling ||dn; ||z from each side and using condition (i) of Theorem A
gives ||dn,||2 < E;t*, which proves part (A) for j = 1. By (26) and
condition (#i3) of Theorem A we have |e;| < : Ey|ldm |2 ]|%]|2, so condi-
tion (i) of Theorem A and part (A) for j = 1 give part (B) for j =1,
with Es = 2E,FE?/3. Also, as d*dn, = d*v, ||d*dn;|cor2 < Eit* by
condition () of Theorem A, and thus condition (iz) with xy = dn, yields

(28) IVdmllco + t*/2[Vdm )12 < Es(Eit* +t7°2Eyt?),

so that parts (D) and (E) hold for j = 1 with E; = 3E, E; since t < k,
and again by part (2) we have

(29) ldmllco < Ea(tErt™/% 4+ 72 EytY),

so that part (C) holds for j = 1 with K = 2FE,(E; + E;). So parts
(a)-(e) and (A)-(E) hold for j =1, as we have to prove.

To finish the induction we must show that parts (a)-(e) and (A)-(E)
hold for j = k + 1 for £ > 0, when the conditions of the Proposition
hold for j < k. Since o = 0, parts (a)-(e) for j = k + 1 follow from
parts (A)-(F) for j = 1,...,k+1 by induction on j. Thus it suffices to
prove parts (A)-(E) for j = k+1. The difference of (27) for j = k,k+1
gives

(30) dd(mky1 — M) = (ex — €x—1)d" ¢ + *d(F (dny) — F(dne—1))-

Taking the inner product of (30) with ;. ; —7; and integrating by parts,
we deduce that ||dney1 —dnelz < |ex—ex—1|l[¥ll2+|| F (dne) — F (dne-1) |-
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Applying inequality (19) of Lemma 3.1.1 leads to

(31) |ldnesr — dnill2 < lex — €x—1] - |92
+ezlldnk — dnk—1|l2(lldnkllco + [|dnk—1llco).

By parts (A), (B) for j = k, part (c) for j = k — 1,k, condition (i) of
Theorem A and as t < k, we obtain that part (A) holds for j = k + 1.
Part (B) for j = k+1 then follows from part (A) for j = k+1, equation
(26) and conditions (z), (472) of Theorem A.

Applying inequality (20) of Lemma 3.1.1 to (30) gives

”d*d(nk+1 - ﬂk)”Co
< lex — €1l - [|¥llc

+ es{lldne — dne_i lloo (Ildmillco + ldme-1llce) lld"pllco

(32)
+ ||Vd77k - Vd"]k—l“C“(“d"lk“CU + ||dﬂk—1||c°)

+ ldme = dmi—s llco (I Vnilico + | Vdnk_1llcs) }.

By parts (B), (C) and (D) for j = k, parts (c) and (d) for j =k — 1,k
and condition (i) of Theorem A we deduce from (32) that ||d*d(ng41 —
M) || o = O(27%), so that (D) holds for j =k +1, as t < k.

Applying inequality (21) of Lemma 3.1.1 to (30) we obtain an in-
equality for [d*d(mks1 — k)], /» Which is similar to (32), but will not be
given as it has many terms. The only problem terms in this inequality
involve terms like [dny],/2. This can be estimated using ||dni||co and
IVdnkllce, as [x]3/; < 2llxllcollVXllce from (6). Using this trick and
parts (B)-(E) for j = k, parts (c)-(e) for j = k — 1, k, condition (¢) of
Theorem A and the inequality for [d*d(nk+1 — )], |, mentioned above,
which is similar to (32), it can be shown that [d*d(nk+1 — k)] e =
O(27%t=1/2), so that (E) holds for j =k + 1, as t < k.

Part (C) for j = k + 1 then follows from parts (A) and (D) for
j = k+ 1 and part (ii) of Theorem A. Thus parts (A)-(E) hold for
j = k + 1. This completes the inductive step. Therefore, by induction
on j, the sequences {n;}32, and {¢;}32, exist and satisfy d*n; = 0,
equations (26) and (27) and parts (a)-(e) and (A)-(E) for all j.

By parts (D) and (E) of the Proposition, the sequence {d*dn,}32,
converges in C%/2(A2T*M), and as d*n; = 0 this means that {(d*d +
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dd*)nj};io converges in C%'/2(A?T*M). So by the material at the be-
ginning of the proof, the sequence {n;}32, converges in C*>'/?(A*T* M),
as we have to prove. By part (B) of the Proposition the sequence
{€;}52, converges in R. Let 7, € be the limits of these sequences. Tak-
ing the limit in (26) gives (22), and taking the limit in (27) gives (25),
so that n and e satisfy (23). Also d*n = 0 as d*n; = 0 for all j,
and part (c) shows that ||dn||co < Kt'/2. This completes the proof of
Proposition 3.1.2. q.e.d.

Proof of Proposition 3.1.3. There is a standard method called the
‘bootstrap argument’ for proving smoothness of solutions to a nonlinear
differential equation with elliptic principal part. However, we cannot
immediately apply this argument to equation (25), since both sides
involve the second derivatives of 7. Let us therefore collect on the left-
hand side the terms in (25) involving Vdn and add on the equation
dd*n = 0, giving

(33) (d*d + dd*)n + P(dn,Vdn) = G(e,d*p,dn).

Here P is a function that is linear in Vdn, smooth in dn, and is zero
when dn is zero, and G is a smooth function of its arguments.

Since d*d + dd* is elliptic and ellipticity is an open condition, we de-
duce that d*d+dd*+ P is also elliptic whenever dn is sufficiently small in
C°. But by Proposition 3.1.2, ||dn||ce < Kt'/?,s0ast < k, d*d+dd*+P
is elliptic. Now dn € C“'/2(A3T*M) by Proposition 3.1.2. Suppose
that dn € C*Y2(A3T*M). Then the coefficients of d*d + dd* + P
and the right-hand side of (33) are both in C*'/2. Thus by Proposi-
tion 1.2.2, n € C**2Y/2(A*T* M), so dn € C**+11/2(A3T*M). Therefore
by induction on k, dn € C*'/2(A3T*M) and n € C*/2(A*T* M) for all
positive integers k. So 7 is smooth. q.e.d.

Proof of Proposition 3.1.4. We begin the proof with a Lemma.

Lemma 3.1.5. Let M, ¢, n and € be as in Proposition 3.1.2, and
suppose t is sufficiently small. Define

z7 = m7(d O(p + dn)), T14 = my(dO(p + dn)),
(34) y;, = %71'7 (d* 71 (dn)), Yia = gvru(d * 71 (dn)) — ed * @,
27=27T7(d*7f7(d77)), 214 =27r14(d*7r7(d17)).
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Then x7,y7,27 and T14,Y14, 214 Satisfy the equations

Ty =Yr + 27, ZTi4 = Y14 + 214,
(35) lezllz = V2)|21allz, (27, 20) = 2(T14, 214),

and the inequalities ||z7||2 < ||z14ll2 and ||ly1all2 < tly7ll2-

Proof. Since ¢ and 7 satisfy (23) by Proposition 3.1.2 and d * ¢ €
C>(A3,) by Lemma 1.1.2, taking m; and m4 of (23) and using (34)
give ; = y; + 27 and 14 = Y14 + 214, as we have to prove. Now
d*mr(dn) = 3d(v Ap) = 3dv A for some smooth 1-form v. But it can
be shown by calculation in coordinates that if £ € AZ then £ Ap = 2%,
and if £ € A}, then { Ap = —*£. Therefore z; = Lm7(dv) Ap = *m7(dv)
and z4 = m4(dv) A p = —3 x mya(dv), so that dv = 2z, — 2 % 214.

As g is closed, dv Adv Ay is an exact 7-form, and [,, dvAdvAp =0
by Stokes’ Theorem. But dv Adv A ¢ = {2|m7(dv)|? — |m14(dv)|? }du, so
integration yields 2||m;(dv) ”z = ||m1a(dv) ||z = 0. Since dv = *z; — 2% 214,
this implies ||z7]l2 = V/2||z14ll2, as we have to prove. By definition
T7 + T4 is a closed 5-form, and dv = xz; — 2 x 214 is an exact 2-form.
Therefore (27 + 14) A (¥27 — 2% 214) is an exact 7-form, and integrating
over M shows that (z7,27) = 2(z14, 214), as we have to prove.

Let us write ¢ = @ +dn, and let AST*M = A3 @ AS, be the splitting
defined by Proposition 1.1.1 using ¢. By Lemma 1.1.2, as dgp = 0 we
have z; + 214 = dO(@) € C*(A3,). Since A3, approaches A3, as |dn|
becomes small, if |dn)| is sufficiently small then |77 (u)| < |m14(1)| when-
ever 4 € AS,. But this holds since ||dn||co < Kt'/? by Proposition 3.1.2
and t < k. Therefore ||z7||2 < ||Z14]|2, as we have to prove.

Write %m(dn) —ep = fp for f a smooth real function. Then
Tdxm(dy) —edxp = df ANxp+ fdx . But d*p € C®(A})
by Lemma 1.1.2 and df A xp € C*®(A3). Thus y; = df A *p and
y1a = fd*x @ = fd 1. A calculation in coordinates shows that

|df A x¢| = V/3|df| so that [lyrll. = v3|dfll2 and [lysall2 < [IFllzll¥llc:-

Now
7/ fduz/ pr/\*(p:z/ dn/\*<p—e/ A xp
M M 3J/m M
(36) _T / dn At — Tevol(M),
3/m

since [j,dn Axp = —[mAdxp = —[ynANd*xtp = [,dn A *p
by integration by parts, and [,, ¢ A @ = Tvol(M). But by (22) the
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r.h.s. of (36) is zero, so that [,, fdu = 0. Thus by part (iv) of Theorem
A we have ”f“2 S E5||df||2, so that ||y14”2 < 3_1/2E1E5t4”y7”2 from

above and part (¢) of Theorem A. Hence |lyi4ll2 < ily7]l2 as ¢ < &.
This concludes the proof of Lemma 3.1.5. q.e.d.

To finish the Proposition, we shall show that the conclusions of the
Lemma force z; = y; = 2 = 0 and z4 = Y14 = 214 = 0. Now as

Z7 = Y7 + 27, we have ||lyz||2 < ||z7]|2 + ||27]l2, and therefore
1
(37) |14 = 214ll2 = llgaalle < m(”ﬂm“z + || z14ll2)-

But 2(z14, 214) = ||Z14]|2+||214]|2 — ||Z14 — 214]13- Using this, (37) and the
inequality [|z14]|3+ (121413 > 2||%14]|2]|214]|2 we can show that (214, 214) >
3 ||z14]l2]|214]|2. However, since (z7, z7) = 2(Z14, 214) this implies that

3v2
(38) lzzll2llz2ll2 > (z7,27) > —4—”557”2”27“2,

which is a contradiction unless ||z;||; = 0 or ||z7]|. = 0, as 3v/2/4 > 1.
Thus z7; = 0 or z; = 0.

For the case z; = 0, z14 = 0 as ||z7]l2 = V/2||214]l2, and therefore
T7 = yr and 14 = Yy4. But then [|z7]lz < ||z14llz = lyallz < llyrll2 =
tllz7ll2, so that ||z7|| = 0, and thus z; = 14 = y7 = 414 = 0. For
the case z; = 0, we have y; = —2,, and therefore |y;4]2 < %||y7||2 =
Hzl = ‘/Ti||z14H2. Now if 214 # 0 then ||yiallz < [|214]l2 so that
(14, 214) > 0, projecting the equation z;4 = y14 + 214 onto z;4. But
this means that (z7,2;) > 0, which contradicts z; = 0. Therefore
214 = 0, so z; = 0 and we have reduced to the previous case. Thus
in both cases we have 7 = y; = 2y = 0 and £y = y14 = 214 = 0. In
particular, d (¢ +dn) = z; +z14 = 0. So putting ¢ = ¢ +dn, we have
dg =dO(p) =0, and @ is a torsion-free G,- structure. This completes
the proofs of Proposition 3.1.4 and Theorem A. q.e.d.

3.2. The proofs of some inequalities. In this section we shall
prove Theorem B of §2.3. We begin with three Lemmas.

Lemma 3.2.1. Let B3, B; be the balls about the origin in R’
with radii § and 1 respectively, and let h be the Euclidean metric on
By. Then there exist positive constants Fi, F,, F3 such that if his a
riemannian metric on By and ||h — h||c11/2 < Fy, then the following is
true.
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Let x € CVY2(A*T*B,) and suppose dx = 0. Then x satisfies the
inequalities

(39) Ixllce < F2(IIVxlice + llxll2),

(40)
”VXIBI/Z ”CO + [VX|B1/2]1/2 < F3(”d*X”C° + [d*X]l/Z + ”X”C’O)

Here the connection V and all norms are w.r.t. the metric h on B;.
Proof. Using the mean value theorem, it can be seen that for a real
function f € C'(B;), where B; has the Euclidean metric h,

(41) sup |f| < inf|f] + 2|V fllco.

But infp, |f| < vol(B;)~'/2||f|]l. Thus for f € C'(B,), we have
lfllce < 2F(lIVfllco + |Ifll2) for some constant F;, > 0 independent
of f. Since V depends on h and its first derivative, the inequality
I fllce < Fo([V£llco + (| £]l2) will hold for any metric h on B, such that
|h — hllc: < Fi, for some small F; > 0. Putting f = |x| for some
x € C*(A®T*B,) gives

(42) Ixlico < Fa([[Vixlllgo + lxll2),

where norms are with respect to A. So the inequality IVixI| < |Vx]
gives (39), as we have to prove.

Now consider the operator d + d* : @._,C®(A'T*B;) —
@'_, C°(A'T*B,), where d* is w.r.t. the metric h on B;. This is a first-
order, elliptic, self-adjoint operator. Suppose that x € C*'/2(A3T*B,)
and dx = 0. To get (40) we shall apply an elliptic regularity result for
d + d* to the equation (d + d*)x = d*x. The elliptic regularity result
we need is [7, Theorem 1, p. 517], which gives interior estimates for the
Holder norms of the solutions of an elliptic equation. Using this result
it is easy to show that (40) holds for some constant F3 depending on
some upper bounds for the C%!/2 norms of the coefficients of the op-
erator d + d*, and a positive lower bound for the elliptic constant of
d+d* on B,. But if ||h— h|lgi.1/2 < F, and F, is sufficiently small, then
such bounds hold independently of h. Therefore when F; is chosen
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sufficiently small and ||k — hl||c1.1/2 < Fy, both (39) and (40) hold for
some constant F3 > 0 independent of & and x. gq.e.d.

Lemma 3.2.2. Let D,,D;3 and t be positive constants, and sup-
pose (M,g) is a complete riemannian 7-manifold with injectivity ra-
dius 0(g) satisfying d(g) > D,t, and Riemann curvature R(g) satisfy-
ing ||R(g)|| ;o < Dst™. Then there ezists a constant Fy > 0 depending
only on Dy and Dj, such that for each v € (0, Fyt] and each m € M,
there ezists an open ball B,.(m) about m in M and a diffeomorphism
U, m : By = B.(m) where B, is the open unit ball in R", such that
U, m(0) =m and

(43) Ir=*97 1 (9) = All 1o < By

where F is the constant of Lemma 3.2.1.

Proof. Consider the conformally rescaled metric t~2g in place of g.
Then §(t~2g) = t7'd(g), and R(t~2g) = t2R(g), so that d(t~2g) > D,
and [|R(t7%g)| ;o < Ds. Therefore it suffices to prove the Lemma for
t = 1. What is required is systems of coordinates on open balls in M, in
which the metric g appears close to the Euclidean metric in the C':'/2
norm. These are provided by Jost and Karcher’s theory of harmonic
coordinates ([11], [10, p. 124]). They show that if the injectivity radius
is bounded below and the sectional curvature is bounded above, then
there exist coordinate systems on all balls of a given radius, in which
the C* norm of the metric is bounded in terms of « for each a € (0, 1).
Using this result, the Lemma quickly follows. q.e.d.

Lemma 3.2.3. Let Dy, D3 and t be positive constants, and sup-
pose (M, g) is a compact riemannian 7-manifold with injectivity radius
0(g) satisfying 6(g) > Dst, and Riemann curvature R(g) satisfying
|R(9)|oo < Dst™®. Let Fi,...,Fy be the constants of Lemmas 3.2.1
and 3.2.2. Then there exists a positive constant Fs depending on Dy, D5
such that for each r € (0, Fyt], the following is true.

Let x € CYY2(A3T*M) and suppose dx = 0. Then x satisfies the
inequalities

(44) Ixllce < Fa(rllVxllce +r~"lIxll2),

(45)
IVxllco + ’"1/2[VX]1/2 < Fy(lld*x|lco + Tl/z[d*X]l/z + 7 HIxllco)-
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Proof. By Lemma 3.2.2, there exist balls B,(m) and diffeomor-
phisms ¥, ., for each m, such that (43) holds. Therefore, Lemma
3.2.1 holds for the metric b = r=2Ur (g9) on B;. We deduce that
if x € CYY/2(A*T*M) and dx = 0, then for each m € M we have the
inequalities

46)  [IxlB.mllgo < Fo (T’IIVX|B,.(m)”Co + ’I"_7/2”X|Br(m)"2)1

"VXIBr/2(m)”CO +ri/? [VX|Br/2(m)]1/2
(47)
< FS (”d*XlBr(m)”CO + TI/Q [d*XlB,.(m)] 1/2 + T—IHXIBr(m) ”CO) .

Here the powers of r inserted in (46), (48) are those necessary to com-
pensate for the change of metric from & to r2h = U7 .(9), and B, 3(m)
is ‘Il,.,m(Bl/g).

Since (46) holds for all m € M, inequality (44) holds on M by taking
the supremum over all m € M, as we have to prove. Similarly, taking
the supremum of (48) over m € M shows that

(48) IVxllce < Fs(lld*xllco + r'/*[d"X]12 + 7" [Ixllco),

(49)
/% sup [Vx|5. a(m], o < Fs (14" Xllow + 772" Xla/2 + 7" Ixlos)-

By making the constant F; of Lemma 3.2.1 smaller if necessary, we
can ensure that the geodesic ball of radius r/4 about m is contained
in B, /2(m) for each m € M. Now every geodesic of length r/4 lies in
a geodesic ball of radius 7/4, and is thus contained in some B, /(m).
Therefore by the definition of Holder norms in §1.2, the Lh.s. of (49)
is gredter or equal to the supremum of the expression |Vx(v(0)) —
Vx(v(1))|/l(v)}/* (interpreted in the sense of §1.2) over geodesics
v:[0,1] — M of length at most r/4. But if [(y) > 7/4, then

[Vx(7(0)) — Vx(v(1))]|
I

(50) O

< 4r 2| Vx|l co.
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We deduce that
(51) [VX]1/2 < max <Sgg{[VX'Br/z(m)L/z?47‘—1/2”VX|IC°) .

Therefore, combining (48), (49) and (51) gives (45), with Fy = 5F3,
and the proof is complete. q.e.d.

Now we can prove Theorem B.

Theorem B. Let D,,..., DDy be positive constants. Then there exist
positive constants E,, ..., Es and ) depending only on D,,..., Dy, such
that for every t € (0, )], the following is true.

Let M be a compact 7-manifold, and ¢ a smooth, closed section of
A3M on M. Let g be the metric associated to . Suppose that v is
a smooth 3-form on M with d*tp = d*p, and that the following five
conditions hold:

(i) l¥ll2 < Dit* and ||9llo= < Dit?,

(11) the injectivity radius d(g) satisfies d(g) > D,t,
(i3i) the Riemann curvature R(g) of g satisfies ”R(g)”cO < D;t~2,
(iv) the volume vol(M) satisfies vol(M) > Dy, and

(v) the diameter diam(M) satisfies diam(M) < Ds.

Then conditions (z)-(iv) of Theorem A hold for (M, ).

Proof. Since [V4]2,, < 2||[Vllcol|[VZllco by (6), we deduce that
IV4)lcri2 < 3D;t* by part (i) of Theorem B. Therefore part (i) of
Theorem A holds with constant £, = 3D;, as we have to prove. To
prove part (ii) of Theorem A, suppose that x € CV'/2(A3T*M) and
dx = 0. Putting r = F4t in Lemma 3.2.3, inequality (44) shows that
lIxllco < B (t|Vixllco +t7/?||x||2) for some constant E, > 0 depending
on F; and Fy, which in turn depend on D, and D3;. This is the first
part of condition (iz) of Theorem A.

Similarly, (45) shows that for some Fg > 0 depending on F, and Fj,
we have

(52)
IVxllco + tl/z[VX]l/z < Fs(lld*xllco + tl/z[d*X]l/z +t7 Y Ixllco)-

Using (44) to substitute for ||x||co in (52) yields that

(1= FFs rt™)[|[Vxllco + t/2[Vx]1/2
(63) < Fs(lld*xllco + t/2[d*x]1/2 + Fat 7 r7"2|Ix|l2),
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for any r with 0 < r < Fyt. Choosing r = min(Fy, (2F;F;)~')t gives
1 - FFert™' > 1, and so (53) implies that

(54)
IVxlice + £2[Vxi/2 < Es(ld"xllco +/2[d"x]1/2 + t7°2|Ixl),

for some constant E3 > 0 depending on F5, F; and Fg, which in turn
depend only on D, and D;. This is the second part of condition (%)
of Theorem A. Condition (73i) of Theorem A follows trivially from
condition (zv) of Theorem B.

It remains to prove condition (iv) of Theorem A. Consider the Lapla-
cian A = d*d acting on real functions on M. This is a self-adjoint,
elliptic operator with nonnegative eigenvalues and kernel the constant
functions. Yau [18, Theorem 7, p. 504] has given an explicit, positive
lower bound for the smallest positive eigenvalue of A on a compact rie-
mannian manifold of dimension n without boundary. His lower bound
depends only on the dimension n, an upper bound for the diameter
diam(M), a positive lower bound for the volume vol(M), (which both
follow from parts (iv), (v) of Theorem B), and a bound for the Ricci
curvature Ric(g) of the manifold.

Now a torsion-free G,- structure yields a Ricci-flat metric, and the
Ricci curvature of the metric depends on the torsion of the G,- struc-
ture. Since V¢ is linear in dy and d*p, and dp = 0 and d*¢p = d*1p, it
follows that Vi and V2¢ depend on Vi) and V2 respectively. There-
fore, by part (i) of Theorem B we deduce that the Ricci curvature of
g is O(t*) for small t. Thus the Ricci curvature of g is bounded for
small £.

So by Yau’s result, the smallest positive eigenvalue of A on (M, g;) is
bounded below, for small ¢, by a positive constant, E;5? say, depending
only on Dy,...,Ds. Therefore when t is small, say when ¢ < X for
some )\ depending on Dy,..., Ds, if f is a smooth function on M and
Ju fdp = 0, we have (f,Af) > E3*|If|3. But (f,Af) = |ldfl3, so
Ifllz < Es||df]l2, which is part (iv) of Theorem A. Thus parts (i)-(iv)
of Theorem A hold for (M, ¢) when t € (0, \], and the proof of Theorem
B is complete. q.e.d.

3.3. Deformations of metrics with holonomy in G,. In this
section we prove Theorem C of §2.3. This result was first announced
by Bryant and Harvey [5, p. 561], but their proof has not yet been
published.
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Theorem C. Let M be a compact 7-manifold, let X be the set of
torsion-free G,- structures on M, and let Diffo(M) be the group of
diffeomorphisms of M isotopic to the identity. Define a map Z: X —
H3(M,R) by E(p) = [p]. Then E is invariant under the action of
Diffy(M) on X. Moreover, if ¢ € X, then there exists an open subset
Y C X which contains ¢ and is invariant under Diffy(M), such that
E induces an isomorphism between Y/ Diffy(M) and an open ball about
[¢] in H*(M,R).

Proof. The standard method for proving a result of this sort is to
find a ‘slice’ for the action of Diffy(M) on X, which is some equation
imposed on z € X that locally has a unique solution in each orbit of
Diffo(M). We shall give such a slice. Let ¢ be some fixed element of X,
and let ¢ be a nearby element of X. Then ¢ may be written uniquely as
¢ = ¢+ w +dn, where w is a smooth 3-form satisfying dw = d*w = 0,
and 7 is a d*- exact 2-form. Our ‘slice’ for the action of Diffy(M) on
X is the equation 77(n) = 0, and it can be shown that close to ¢ this
equation is transverse to the orbits of Diffy(M).

The proof using this method would then show that for each suffi-
ciently small w with dw = d*w = 0, there is a unique small n that is
d*- exact and satisfies 77(n) = 0 and d ©(¢+w+dn) = 0. (This part of
the proof follows the proof of Theorem A closely.) Thus the slice in X is
locally isomorphic to the vector space of 3-forms w with dw = d*w = 0,
which is isomorphic to H3(M, R) by Hodge theory. Therefore the slice
in X is locally isomorphic to H3(M,R). Thus X/ Diffo(M) is locally
isomorphic to H*(M,R), and the proof is complete.

For an example of a ‘slice theorem’ similar to the one required, the
reader may consult [8], which gives a slice for the space of riemannian
metrics on a manifold. Now the proof we have sketched above can be
fleshed out into a valid proof of Theorem C in a straightforward way.
However, the author finds it rather dull and unenlightening. Therefore
we will give a more motivated proof, that treats infinite-dimensional
spaces somewhat informally. The reader objecting to this lack of rigour
may follow the approach above, filling in the formal details on the local
equivalence of X/ Diffy(M) with the ‘slice’ 77(n) = 0 using [8].

Our proof relies on the following two Propositions.

Proposition 3.3.1. Suppose M is a compact 7-manifold and ¢
a torsion-free G- structure on M. Then for each sufficiently small
o € H3(M,R), there ezists a torsion-free G- structure @ close to o,
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with [@] = [¢] + 0.

Proof. The idea of the proof is to choose a closed 3-form x repre-
senting o, and to look for a smooth 2-form 7 satisfying d*n = 0 and
dO(¢+ x +dn) = 0. Using Theorems A and B, it is easy to show that
when ||x||cz is sufficiently small, n exists, and ||dn||co is bounded in
terms of ||x||cz. Putting ¢ = ¢ + x + dn, the proof is complete. q.e.d.

Proposition 3.3.2. Suppose M is a compact 7-manifold and {¢; :
t € (—€,€)} is a smooth family of torsion-free G- structures on M
with [p;] = [po] in H3(M,R) for each t € (—e¢,€). Let X be the set
of torsion-free G,- structures on M, and let Diffo(M) be the group of
diffeomorphisms of M isotopic to the identity. Then all ¢, lie in the
same orbit of Diffy(M) in X.

Proof. Since the cohomology class [p;] is constant in H3(M,R),
the derivative Op;/0t is an exact 3-form. Let us choose x such that
O, /0t = dx and ||m14(x)|, is minimized, where the splitting A>T*M =
A2@® A2, and the metric are those induced by ;. It can easily be shown
that there exists a smooth 2-form y satisfying these conditions. Now
if v is a 1-form then x' = x + dv also satisfies dyp; /0t = dx', so we
must have ||[m4(x)|, < ||7r14(x')||2. We deduce that (m4(x),dv) = 0,
and as this holds for all 1-forms v, by integration by parts we have
d*m4(x) = 0. Thus we have shown that dp,/0t = dx for some x
with d*m4(x) = 0.

Because {¢p; : t € (—¢,€)} is a family of torsion-free G- structures, it
follows from Lemma 3.1.1 that if 9, /0t = £, then § * 7 (£) + *m7(€) —
*Ty7(€) is a closed 4-form. Putting £ = dy, we deduce that

(55) d(§ * m1(dx) + *m7(dx) — *m37(dx)) = 0.

If x € C*(A2), then x = v - ¢, for some vector field v, and dx = L,¢;.
But then (55) holds trivially, since if ¢; changes by Lie translation then
©(¢p;) remains closed. Thus (55) holds with 7 () in place of x, and so
by subtraction it holds with m4(x) in place of x. Therefore

(56)  d*{&m (dma(x) + ™ (dma(x) — mar(dmia(x)) } = 0.

Now m4(x) A *p; = 0, so dma(x) A *p = 0 as d *x ¢, = 0, and
thus 7, (dms(x)) = 0. Also, *m4(x) = —ma(X) A @, s0 d*mi4(x) is
proportional to dmy4(X) A ¢;, which is proportional to m7(dm4(x)). But
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d*m14(x) = 0 from above, and thus m;(dm4(x)) = 0. Therefore from
(56) we deduce that d*dm4(x) = 0, so dm4(x) = 0 by integration by
parts. However, x was chosen such that ||714(x)||, is minimum modulo
addition of closed 2-forms, so since m4(x) is closed, it must be zero.

Therefore y € C*™(A2), and so dy;/dt = L,p; for some vector field
v, as above. But Lie translation by vector fields generates the action of
Diffo(M) on X, and so L, is a tangent vector to the orbit of Diffo (M)
through ¢;. Thus 9y;/0t is always tangent to the orbit of Diffy(M),
and all ¢, lie in the same orbit. q.e.d.

Now we can prove Theorem C. By Proposition 3.3.1, we can deduce
that the map Z : X — H*(M, R) is locally surjective, and further, that
the first derivative of E is also surjective. (This is because the construc-
tion of ¢ in the Proposition actually yields ¢ with ||¢ — ¢| < C||o]|
in some suitable norms.) Here is the informal step in the reasoning:
we deduce that in some neighbourhood of ¢ in X, the submanifolds
Z = constant are path-connected by piecewise-smooth paths. This
can probably be made rigorous using some sort of Implicit Function
Theorem.

By Proposition 3.3.2, piecewise-smooth paths in the submanifolds
E = constant remain within a single orbit of Diffo(M), so these sub-
manifolds are locally contained in a single orbit of Diffo(M). Now
cohomology classes in H3(M,R) are homotopy invariants, so they are
invariant under diffeomorphisms isotopic to the identity, and thus ¢
and ¢ must be in distinct orbits of Diffy(M) if Z(¢) # Z(¢). Therefore
= induces a local isomorphism between H*(M,R) and X/ Diffy(M),
and Theorem C is proved. q.e.d.
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