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THE EXISTENCE OF
ANTI-SELF-DUAL CONFORMAL STRUCTURES

CLIFFORD HENRY TAUBES

1. Introduction

The following is a salient feature of 4-dimensional Riemannian ge-
ometry: The conformal class of a Riemannian metric on an oriented 4-
manifold defines a splitting

(1.1) NT AT oA T

The bundles Ai T" are real, 3-plane bundles whose sections are called
self-dual (+) or anti-self-dual (—) 2-forms.

With the metric’s help, the Riemannian curvature can be thought of as
a section of the symmetric endomorphisms of AT, Then, with respect
to (1.1), this section, % , has the form

%+ﬁ‘1| B
(1.2) Z = .
BT |7f_+%~1

Here, s is the usual scalar curvature, B is the traceless Ricci tensor (in an
unusual guise), and the % are, respectively, the self-dual and anti-self-
dual Weyl tensors. (The metric is Einstein if B = 0, and it is conformally
flat if #_ and #_ are both zero.)

(a) Existence. Given that this preamble is understood (and [1] is the
canonical reference), it can be said that the purpose of this article is to
discuss metrics with 7, = 0. We give the main result:

Theorem 1.1. Let M be a smooth, compact, oriented, 4-dimensional
manifold. Use QEZ to denote complex projective 2-space with the opposite
of its complex orientation. Use # to denote the operation of connect sum.
For all sufficiently large N, M, = M# Ngf admits a metricwith #, =0.

Remark that the connect sum of manifolds X and Y is obtained from
their disjoint union by cutting out an open ball in X and one in Y and
then identifying the two resulting boundary 3-spheres.
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One more remark: The complex orientation on CP? is obtained by
identifying CP* as (C*\{0})/C"—a complex manifold. Then CP* has
the other orientation.

Without Theorem 1.1, there were known Riemannian manifolds with
#, = 0. First of all, any conformally flat manifold. Second, C_]P’2 with
the Fubini-Study metric. Third, the K3 complex surfaces with Yau’s
Kahler-Emstcm metrics [21]. Fourth, Poon [18] constructed such a metric
on Q #C]P and Floer [7] subsequently proved that such metrics exist on
#y CP’ for any N. Donaldson and Friedman [5] found more metrics of
thlS type on #NCIP , as did LeBrun [16] and Joyce [10], [1 1] Donaldson
and Friedman [5] also found %, =0 metrics on X 3#NQ for N large.

Note here that not all manifolds can have metrics with 7 = 0. Indeed,
a manifold must have nonpositive signature to have such a metric, for the
signature 7, of the intersection pairing on H,(M) is, according to Hirze-
bruch, one-third of the first Pontrjagin number of 7. Said characteristic
number is computed via a curvature integral:

1 2 2
(1.3) P(X)= /M dvol (1, % - %)
where d vol ¢ 18 the metric’s volume form and |-, is the metric norm on
End(A, T

(b) Moduli spaces. The condition #_ =0 is equivariant under the ac-
tion of the diffeomorphism group of X . This condition is also conformally
invariant: If %,[g] =0, then #,[¢"g] = 0 for any u € C*°(X). Thus,
when discussing the set of metrics on X with #, =0, one should be con-
sidering their equivalence classes under the action of Diff(X) x C*(X).

The space of such equivalence classes will be called the moduli space of
half conformally flat metrics on X and denoted by .#(X).

Various abstract properties of .# (X) are discussed in [12]; the authors
point out that .# (X) is a priori a real analytic variety with dimension at
a smooth point given by

(1.4) dim.# (X) = —1(15¢, + 297,),

where e, is the Euler characteristic of X and 7, is the signature.
It follows from (1.4) that

(1.5) dim.# (M#,CP’) = —1(15¢,, + 297,,) + TN,

which evidently increases with N .

The structure of .#(M,) and its behavior as N — oo is the subject of
a sequel which is now in preparation. Suffice it to say here (without proof)
that Theorem 1.1 constructs smooth points of .#(M,,) for large N.
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(c) The Penrose correspondence. In describing Roger Penrose’s work
on twistors, Atiyah, Hitchin, and Singer [1] point out that the condition
that . =0 for a metric on a 4-dimensional manifold implies that a cer-
tain 2-sphere bundle over said manifold has an integrable, almost complex
structure. Let X be the manifold and g the metric. The sphere bundle
is the unit sphere bundle,

(1.6) ZcAlT x.
The conformal class of a metric on X defines an almost complex structure
on Z which is integrable if and only if % =0.

As a complex 3-fold, Z is rather special, for the fibers of the projection
to X are holomorphic CP'’s with normal bundle O(1) ® O(1) . Further-
more, multiplication by (—1) on AiT"X induces an antiholomorphic
involution of Z .

Atiyah, Hitchin, and Singer [1] provide a converse to the preceding
assertion:

Theorem 1.2 [1). Let Z be a complex 3-fold with the following prop-
erties:

(1) Z has a free, antiholomorphic involution, o .

(2) Z has a o-invariant foliation by CP' ’s with normal bundle O(1) &
oQ).

Then Z is the unit sphere bundle in Ai T'X for X a smooth, oriented
4-dimensional manifold with a metric having #, = 0.

Donaldson and Friedman [5] discuss complex properties of the 3-folds
which appear in Theorem 1.2. Hitchin [9] has shown that the only such 3-
folds which are Kihler have X = S* or QC_IPZ with their canonical metrics.
Campana [3], building on work of Poon [19], has shown that for one of
these to be Moishezon, the corresponding X must be homeomorphic to
#NQEZ. King and Kotschick [12] explain the relationship between the
space of complex deformations of Z and the moduli space .#(X).

Separately, Jim Carlson and Dieter Kotschik have pointed out to the
author that Theorem 1.1 has the corollary that every finitely presentable
group is the fundamental group of a compact complex 3-manifold.

2. Strategy

This section provides a section by section outline of the strategy and
steps in Theorem 1.1’s proof.
(a) §3: Decreasing 7, . To obtain a #, = 0 metric on M, =

M# N@2 , start by fixing a metric g,, on M.
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There is a method for decreasing #, by connect summing with CP’s.
Indeed, if % is large in some ball on' M (as measured with g,/), then
a suitable measure of % can be decreased by a predetermined fraction

if enough @2 >s are connect summed into said ball.

Here is why this connect sum strategy works: The Weyl curvature trans-
forms homogeneously under a conformal change of metric. Also, the op-
eration of connect sum is almost conformal. (It actually would be were
the summing manifolds conformally flat.)

Since % |y = 0, connect summing into a very small ball on M hasan
almost negligible effect on any conformally insensitive measure of the size
of #_. The L*-norm is, for example, conformally invariant. A somewhat
different norm, | - I , (tobe specified later), will actually be used.

It turns out that if the connect sum is carefully made, and only on a
very small ball B, where %, # 0 initially, then

(2.1) 17, | pacpzll., , < (1= 8) - I1Z,Igll, ,-

Here, J, > 0 is a universal constant. Equation (2.1) holds for the L?
norm too.

It cannot be stressed enough that (2.1) is valid in any sufficiently small
ball. The ability to make B arbitrarily small is tke key to all that follows.

After connect summing, the metric on the ball B (¢ = radius B) is
unchanged near the boundary of B. The metric is distorted in some
annulus with inner radius ¢, . Then, an inner ball of radius ¢, is replaced
by CP%. (See Figure 2.1 which pictures the connect sum of manifolds X
and Y (read M and QI_E’Z) with metrics g, and g, , respectively.)

Note. When Y = CP? in Figure 2.1, with the Fubini-Study metric
8rs»> one has 7, = 0 on the region labeled “tunnel to Y ” in Figure
2.1(a), and also where the metric is labeled g, in Figure 2.1(b).

In the problem at hand, the radius & for the ball on M can be taken
as small as needed. The ratio ¢,/¢ can also be assumed small.

In any event, given (2.1) and the picture of Figure 2.1, the procedure
for decreasing er is clear: Fix some small & and judiciously choose lots
of disjoint balls of radius ¢. As pictured in Figure 2.1, connect sum with
Y = CP? in each ball. The result is

(2:2) 17,5500, , < (1= 6) - 19,5

xp = *p>

where J ~ d,/100.
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FIGURE 2.1

Now, repeat this procedure a large number, say n, times. But, be
careful to make ¢ = ¢(/) smaller each time (require that ELI e(l) be

very small), and avoid connect summing on any previously added QZ
(avoid the darkened tunnel region in Figure 2.1(a)). If care if taken, then
n-repeats produces (2.2) with (1 —J) replaced by (1 —4)".

After, say, n = 3 repeats, a ball in M can have the appearance depicted
in Figure 2.2 (next page), where each blackened spot is meant to represent
a tunnel to a different Q]EZ .

It is tempting to consider infinitely many repeats (producing a factor
(1 =38)> = 0 on the right side of (2.2)), but this is not a reasonable
option. Rather, one must stop after some large number of (say, n — 1)
repeats.

It proves useful to then connect sum on an additional, nth layer of
gC_]P;2 >s according to a slightly different rule. This last step is called the
“Cokernel Step” for reasons that should be evident after reading §9.

Theorem 3.15 summarizes some of the properties of the metric on
M# N@2 which result from these n steps.

(b) The deformation theory: §§4-8. Let X be a compact, oriented 4-
manifold with a Riemannian metric g. If 4 € Symz(T'X ) has norm
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FIGURE 2.2

|| g <1,then g+ h is also a Riemannian metric.
The self-dual Weyl curvature of g+# has the following schematic form:

(23) g +h=F,Igl+L,-h+V,-(f;(h)-V )+ f(A)NV ).

Here, L, is a second-order differential operator. Also, f (k) and fz(h)
are tensors which are analytic in & (if }h| ¢ < 1) and obey

(24) i <c-lhl, [V A<V h, (Ml <c,

where ¢ is some universal constant. (Constants which are universal, i.e.,
metric and manifold independent, will be denoted by the letter c.)

If #_ [g + h] is meant to vanish, then (2.3) defines a nonlinear differ-
ential equation for A . It is a particular example of the following inhomo-
geneous equation: '

(2.5) Ly h+ ¥ (f,(h)-V h)+ f(h) - (V ,0)®* = Q.

The relevant analytic issue is this: What properties of Q insure (2.5)’s
solvability for 2 (with |A| e <D? .

The following line of thought leads to an answer of the preceding ques-
tion: If the solution, %, is to be small (]A| ¢ < 1), then one should expect
Q to be small. Therefore, (2.5) should be amenable to techniques which
are essentially perturbative. (In practice, a contraction mapping theorem
will be proved.)
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A perturbative approach to (2.5) requires, at its start, the invertibility
of L " This operator forms part of an elliptic complex (see, e.g., [7] or
[12]) and its invertibility is insured on a finite codimension subspace of
the space of sections of the traceless, symmetric endomorphisms of Ai T".
That is, the equation (for /)

(2.6) L hy=11-Q

is solvable when II is a projection onto a subspace of the range of L g"

Of course, for application to (2.5), the solution to (2.6) must have small
L™ norm. This is a nontrivial point in as much as a small L*-bound on
Q (which is conformally invariant) will not insure a small L bound
for A, . (In dimension 4, a second-order operator will not invert I? into
L™ ) The preceding remark gives a reason for not taking the L-norm for
I-1l,,, in (2.1).

With the linear problem (2.6) understood, the nonlinear problem (2.5)
can be analyzed as a contraction mapping question.

For this purpose, one fixes a Banach space # , in which the solution 4
is to be found. Assume that

2.7) (L) 'M-Qe 7,
and that
(2.8) T(h) = (ILL,) TV, - (f,(h)V ) + fy(h) - (VH)®?)

maps # smoothly to itself.
Then, a small enough norm for (I]Lg)_1 -TIQ in #Z will be seen to
insure the existence of a (unique) small solution # of

(2.9)  0=IL,-h+ IV (f,(W)V k) + f,(h)(V ,1)** + Q).

Of course, (2.9) is not (2.5); they are only equivalent if 4 solves the
additional finite-dimensional system

(210) (1 =TD)-(Lh+V (£,(h) -V h) + £,(h)(V ,1)** + Q) = 0.

(c) §84 and S5: Linear theory. The nonlinear equation in (2.9) will be
solved using the contraction mapping theorem. This puts all the hard work
into the analysis of the linear problem, (2.6). In fact, sufficient knowledge
of (2.6) will make (2.9) a formality. (Thus, four sections study essentially
the linear problem (§§4, 5, 6, and 7) while the nonlinear problem, (2.9), is
solved in the relatively short §8.)

With this understood, §4 is occupied with estimates for first-order op-
erators and the Laplacian. (§5 factors the linear operator L ¢ into two
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operators, one a first-order, elliptic operator, and the second an operator
with the Laplacian as its highest order piece.) These estimates in §4 are
not standard (to the author’s knowledge). The subtlety is in solving (2.6)
for Q with an L™ bound on the solution hy . One is further constrained
because Q, in practice, will be controlled only in a scale-invariant norm.
For example, % will be small only in the L*-norm (which will not give
an L™ estimate for /;) and the norm

7|
2.11 v = su / ol (st e, 07|
(2.11) 7.\, , xeg[ B ° (dist,(x, ")

where Bp(x) is the radius p ball with center x and dist,(x, -) is the
distance function from x.

In any event, §4 is occupied with basic estimates for the Laplacian and
first-order operators using the norm in (2.11) and suitable generalizations.
Also, the projection IT is defined in §4 as a spectral projection for the
Laplacian.

§5 then takes §4’s relatively abstract estimates and shows how to use
them to analyze the particular equation (2.6) which comes from the 7 =
0 problem.

The novelty (to the author’s knowledge) is a decomposition of (2.6) into
two coupled equations, one first-order with elliptic symbol and the other
second-order with Laplacian symbol. Propositions 5.1 and 5.7 summarize
§5.

By the way, §5’s estimates depend intimately on properties of the metric
g on X, such as its injectivity radius and curvature. But, they depend
only on scale invariant properties of Q.

(d) §§6 and 7: Linear theory on connect sums. In the problem of inter-
est, (2.5) is an equation on M# N{,LPZ , where the metric g is pictured in
Figure 2.2 (and Figure 2.1), and Q is 7. [g].

If the problem is considered in this light, then one is forced to consider
certain seemingly unpleasant issues which arise from the fact that the in-
jectivity radius of g cannot be controlled. That is, small Q requires small
injectivity radius. (This should be clear from Figure 2.2.)

This minute injectivity radius will cause headaches if one takes the clas-
sical approach to defining (I1L g)'l (in (2.7)) using the formal adjoint L; .

The classical choice for L;' ,
-1 * *.—1
(2.12) Lg = Lg(Lng) ,
breaks the conformal invariance; as a result, standard estimates for this
operator involve said injectivity radius. One can imagine some sort of
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unpleasant feedback where the size of Q can be decreased with the addi-
tion of CP"’s, but as @2 ’s get added, control is lost over L;l and the

projection II. That is, (l'ILg)_l -I1.-Q might grow and/or the cokernel of

I1 might increase in dimension with each additional CP*. The first case
would jeopardize the solvability of (2.9) and the second would threaten
the solvability of (2.10).

Rather than tussel with (2.12), it proves simpler to construct (l'IL&,)-l
by employing a strategy of Donaldson for analyzing conformally invariant
operators on connect sums. (Donaldson employs the strategy to construct
anti-self-dual connections on bundles over connect sums, see [6].)

(This is an appropriate moment to remark that L 2 has no unique in-
verse. In fact, its symbol has a 5-dimensional kernel; a manifestation of
the conformal and diffeomorphism invariance of the equation 7, =0.)

Here (roughly) is Donaldson’s strategy: Treat the equation
I1L gh =I1-Q on a connect sum X#Y as two equations, one on X
and one on Y. However, there are matching conditions which are im-
posed by the tube which joins them. That is, think of X#Y as in Figure
2.1. Schematically, the equation on X is

(2.13a) nng,,hx =I1, - 8,0,
and the equationon Y is
(2.13b) l'IYLgth =11, - B, 0.

Here, f,+ By =1 on X#Y, with support of §, on the complement of
the shaded region in Figure 2.1(a). Then, B, is defined likewise on Y.
Meanwhile, £, is a metric on X which agrees, up to a conformal factor,
with the metric ¢ on X#Y in the complement of the shaded region.
Likewise, define g, , a metricon Y.

The matching conditions for #, and 4, come from the identifications
of the “deformed region” in Figures 2.1(a) and 2.1(b).

If it turns out (and it will) that the metric g, is suitably close to the
original metric on X (say, g,), then (2.13a) will be a perturbation of
an equation on X, written with the fixed metric, g, . The same remark
holds on Y also for equation (2.13b).

For the applications under consideration, X = M, the given mani-
fold, and Y =[], Qz . Thus, Donaldson’s strategy turns the equation
I'ILgh =I1-Q on M#, QZ into N + 1 equations, one on M and one

on each of the added QLz ’s. What is more, the metric g,, will be seen
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to be suitably close to the original metric, g,,, chosen on M . Likewise,

the metric g, ends up being the Fubini-Study metric ggg on gC_IP’2 .
These last points are important for they imply that the operators LéM

and LgCP2 can be analyzed completely in terms of L - and Lng , Te-

spectively. And, the analysis for the latter can be quoted verbatim from
Propositions 5.1 and 5.7, respectively.

Thus, Donaldson’s strategy makes it possible to sidestep completely the
small injectivity radius pathologies that were predicted from §3’s construc-
tions. The cost of this sidestep is borne by the estimates in §5.

Accept these last remarks and it should be no surprise that the projection
I1,, in (2.13a) is defined completely by g,, and is the same projection as
in (2.6). Meanwhile, on @2, the operator Lng is actually surjective, so
the projection Il.,. in (2.13b) can be the identity operator.

These last points are absolutely crucial, for they imply that the num-
ber of constraints in (2.10) is independent of the number N of added
g(_LPZ ’s. (Were Qz replaced by K3 or T* as the stabilizing manifold,
then the number of constraints would grow with N due to the failure of
the surjectivity of L g On these manifolds.)

§6 shows how to write (2.6) on M, as (2.13a, b). The section ends
with Theorem 6.3 which states an existence theorem for (2.13a, b).

§7 is occupied with Theorem 6.3’s proof. Given (2.13a, b) the proof,
though lengthy, is little more than a perturbation of the results from §5.

(e) §8: Nonlinear theory. §8 writes (2.9) on M, (from §3) in the
schematic form of (2.13). Think of Q in (2.13) as a sum of an A-
dependent term (the nonlinear part of (2.9)) and an A-independent term
(Q in (2.9)).

The linear theory for (2.13) from Theorem 6.3 was designed so that the
nonlinear version could be simply treated with the Contraction Mapping
Theorem. This is accomplished in §8 and Theorem 8.3 summarizes.

(f) §9: Killing constraints. If the reader will accept the plausibility of
the preceding comments, then the nonlinear problem (2.9) can be solved
without much trouble and one is left with (2.10). Remark that Donald-
son’s method as outlined interprets the finite system of (2.10) in terms of
equations on M as written with the original metric g,, .

These equations assert an orthogonality to the eigenvectors with small
eigenvalue of a Laplacian on M . (This Laplacian is the standard one,
V;MV g, 00 C °°(EndAi T°M).) In fact, to a first approximation, these
equations assert that the metric g on M, hasits 7 (suitably interpreted
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as a tensor on M) orthogonal to those eigenvectors of V;M \Y . with small
eigenvalue.

With this last remark understood, recall from §2a the remark that the
final step of adding Qz ’s was done using a set of rules which differed
from those of the first » — 1 steps. These new rules are designed so that
the resulting metric on M, is a solution to (2.10).

That is, (2.10) will be considered to be a finite set of equations on the
space of parameters for the addition of QIBZ ’s in that final nth layer, the
Cokernel Step.

(Note. The number of such equations is ultimately determined by g,,
through a precise definition of the word “small” as it appears in the phrase

“small eigenvalues of V_, MV )

Given the preceding remarks the solvability of (2.10) can be analyzed
by considering the manner in which the addition of a QL"Z affects the small
eigenvalue orthogonality.

In this regard, it is important to note that the addition of a C_]Pz is
local to the ball B in Figure 2.1(a), where the @2 is summed, for the
difference, % [gg,cp2] — 7. [85], is supported only in the deformed re-
gion in Figure 2.1(a). This localization of the affect makes the calculation
straightforward. Here is the result: Adding additional QEZ ’s in that nth,
Cokernel Step can insure the vanishing of (2.10).

The details of all of this are given in §9 and Theorem 9.2 summarizes.
Theorem 1.1 is a corollary to Theorem 9.2.

One last point: The ultimate number, 7n, of steps of adding QP;Z ’s
has a lower bound which is determined in §9 from these small eigenavlue
considerations. The number N of total ([_:Ez ’s added can be estimated
from g, , but this estimate will not likely be optimal.

(g) Some comparisons. The preceding strategy for the construction of
metrics with 7, = 0 is modelled heavily on a strategy that the author
used in [20] to analyze the topology of moduli spaces of anti-self-dual
connections on principal bundles over a fixed 4-manifold. As here, the
strategy in [20] had three parts consisting of: (1) Decreasing self-dual
curvature by “connect summing” a standard anti-self-dual connection from
s*. (2) Construction of a contraction mapping theorem, decomposed as
in (2.9), (2.10) into infinite- and finite-dimensional parts. (3) Solving the
finite-dimensional constraints by making additional “connect sums.”

Remark here that the author learned of the decomposition in (2.9),
(2.10) from a paper by Kuranishi [14] on deformations of complex struc-
tures.
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Finally, remark that Floer’s construction of metrics on # NQZ with
%t = 0 is similar, in spirit, to the approach here. However, Floer was not
faced with the problem of decreasing %/, , not was he forced to deal with
(2.10). For these reasons his implicit function theorem is much simpler
than the one that will be presented here.

Floer’s theorem is reproved here as Theorem 9.3.

3. Decreasing 7

Let M be a smooth, oriented, compact 4-dimensional manifold. This
section will construct metrics on M# NgC_IP’z (N is large) which have small
v, .

(a) Terminology. Let X be a 4-dimensional oriented manifold with
Riemannian metric g. Let (v, w), denote the inner product on tensor
bundles (7" X%®” @ TX®?) over X. Let || ¢ be the norm, and V, the
covariant derivative as defined with the Levi-Civita connection.

The Riemann curvature, R 27 of g is defined as follows: It is a section
of Sym2 (A2 T") and evaluates on vector fields u, v, w, z according to
the rule

(3.1) Rg(u/\v;w/\z)z(u,[vw, Vz]v—V[w,z]v)g.

As X is assumed to be oriented, the bundle A>T” decomposes as indi-
cated in (1.1). With a chosen, oriented, orthonormal frame {e, , ¢,, e;, €,}

for T°X at some point, Ai T* have orthonormal frames

(3.2) (el/\e4:l:e2/\e3 e,Ne,te;Ne e3/\e4:te1/\e2).

V2 ’ V2 ’ V2
The decomposition in (1.1) is due to the fact that the Lie algebra so(4) is
not simple; it decomposes as so(3) @ so(3).

Let FX denote the principle SO(4) bundle of oriented, orthonormal
framesin TX . Let n: FX — X denote the projection.

A point f € FX defines a coordinate system on a ball B with center
x = n(f). These are the Gaussian coordinates; a diffeomorphism ¢ y of

a ball about the origin in R* onto B. The origin is mapped to x and the
geodesics through 0 € R* (the straight lines) are mapped to the geodesics
through x. This ¢  1s characterized by the preceding two qualities plus

(3.3) d¢f<a 6 9 6)=f.
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The metric g pulls back by ¢ s as
(3.4) 08 =gz +m,g,
where g, = Z?:l dx,®dx; and
2
Iml, <c-Zy plxI’,
(3.5) Ve mly <c-Zy glxi,
®2
IVgE mng <c-Z, p
The constant Z ¢, B> above, 1s
(3.6) Z, p= sgp(lelg + diam(B) - |VgRg|g).

Here is one last and crucial remark about Gaussian coordinates:
\Y gEV gE(p}g|O both determines and is determined by R glx in that

=K

0" (o 8\,
dx,0x, \ox, " ax,/ 18 ikl

x=0
where
(3.7) K = %(Rg(e,, e, e,e)+R,(e,e,e;,e)).

Note that (3.4)-(3.7) are all classical facts which may be found in most
texts on Riemannian geometry (e.g., [13]).

One last remark about Gaussian coordinates: A ball B ¢ M is con-
tained in a Gaussian coordinate chart whenever its radius is bounded by
e o7 where ¢ > 1 is a universal constant and re is the injectivity
radius of X . The derivation of the manifold from Euclidean space will
be measured in part by
(3.8) Z, =1+ sup(|R,| + IVR,I*?).

(b) Conformal transformations. A metric g is conformally equivalent
to ametric g’ if g’ = e*-g for some u € C™(X). The phrase “conformal
equivalence class of a metric g ” is a mouthful, so we will use the term
“conformal metric.”

The splitting in (1.1) only depends on the choice of a conformal metric,
and the assertion that %, = 0 is an equation for a conformal metric. This
is because %, transforms homogeneously under conformal transforma-

tion. Write ¢ = f and

(3.9) Z1f -8l = 1 17 18,
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A diffeomorphism ¥ of M will be said to be conformal for a metric g
is y*g =e"- g for some u. Of prime interest is the following example.
Think of R* as the quaternions, H. Let A > 0 be a fixed number and
define v,: R*\{0} — R*\{0} by

(3.10) y/;x=l-x_l.
It is an exercise to check that

2
(3.11) '//;,gE=I;I°i'gE’

where gp = ZL dx; ® dx;. (Note: y, is orientation preserving!)

(c) Connect sums. Let X, and X, be oriented, 4-dimensional man-
ifolds with metrics g, and g,, respectively. The connect sum X #X,
with a conformal metric can be constructed with the choice of points
fLe FX,, f, € FX, and positive ¢,, ¢,, and 1 obeying
(3.12) i>ee, but A< min(Z, ", 82, "),

with z, defined in (3.8).
Use f, to construct the Gaussian coordinate chart on a ball B, C X
centered at n(f|). The chart ¢, for B, identifies B, with a ball centered

at 0 e R*. Let (x,, -+, x,) be the Euclidean coordinates on this R*.
Use f, to construct the Gaussian chart ¢, for B,, thus identifying B,

with a ball about 0 in a second copy of R* with coordinates ys o 5 Y4)-
Definition 3.1. The connect sum X,#X, is defined as a smooth man-
ifold as follows: It is the union of open sets U,, U, :

U =X \o,({x€ R*: x| <é}),
Uy = X,\0,({y € R: Iy| < £,}).
These sets overlap with
4, , -1
U, N0, ~ { 9,({x eR": de; > |x| >¢}) C X|,

p,{y e R*: }.el_l > |yl > &,}) C X,
The preceding identifications are
-1
Unlly =9 0900, (UNUiy),

where v, : R“\{O} - R4\{0} is given in (3.10).
Equation (3.12) insures that X,#X, is a smooth, oriented manifold.
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The construction of the conformal metric on X,#X, requires the spec-
ification (once and for all time) of a bump function g € C*([0, c))
which obeys

(3.13) Bll0,5/6] =0 and ,B|W3’oo) = l
With positive p chosen, introduce ,B € C°°(]R4) as
(3.14) B,(x) = B(Ix|/p).

In the specification below of the conformal metric, it is implicit that the
pullback by ¢, of g, has the form of (3.4), and likewise for ¢, g, .

A conformal class of a metric g is denoted below by [g].

Definition 3.2. The conformal metric [g] on X #X, is defined as fol-
lows: On U \(U,NU,),set g =g, . On U,\(U,NU,), set g = g,. Define
[g] on U, NU, by ¢} ,[g] =12 ,], where

and
!
& =8+ Y2 %(B m )+ By mg

With reference to the definition, the astute reader wﬂl have observed
that an honest metric on X, #X, has not been defined, since the indicated
8, is merely conformal to the pull-back by ¢, oy, 0 ¢, ! of the indicated
g, .

: (d) #_ for the conformal metric. Of sole interest here will be the case
where the metric g, on X, has 7 =0. It will also be assumed that the
constant Z of (3.8) is equal to 1. (When X, = CP* with the Fubini-
Study metnc the curvature is covariantly constant.)

With %, [g,] = 0, it is clear that -#[g] has support on the open set
U, , and it differs from #Z_[g,] only on U, NU,. Thus, it is natural to
compare #_[g] with 7_[g,].

The comparison requires the following algebraic fact: Identify Euclidean
R* with the quaternions H (use the inner product (a, b) = Real(ab™)).
Then conjugation on H induces an orientation reversing, isometric invo-
lution of R* and thus an isometry I: Ai T'R* - Az; T*R*. With this
understood, use I to denote the induced isometry

(3.15) I: Sym*(ALT'R") - sym’(ALT'R").
Proposition 3.3. Let X, and X, be oriented, 4-dimensional Rieman-
nian manifolds with metrics g, and g, , respectively. Suppose #_[g,] =0
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Choose f1,2 € FX, , and positive numbers ¢, ¢,, A as constrained in
(3.12). Make the connect sum X #X, with conformal metric (g] as de-
scribed in Definitions 3.1 and 3.2. Let g, be as given in Definition 3.2.

In the annulus As;l > x| > ¢,
2

. 1 A
718, =7 18], + z(’zﬂ")h:wezlxnz Fy 1 _[&]l,—o + Rem,

where Rem is estimated as follows:

2
32 A 2,2
IIRe'm]gl <c- {ﬂelﬂ(l - }9251)-21 + |x| -Zl/ + l—x—FZl +1°Z
At A
+,‘ﬂ221 + Bijze,(1 - B, " ‘;l‘s} .
Here, Z, = Zgl as defined in (3.8) and c is a universal constant.

Proof of Proposition 3.3. Of course, these formulas are obtained from
Definition 3.2 by the standard formulas for calculating the curvature from
a metric. With this said, the proof will be left to the reader except to
remark that the estimation of the Rem can be accomplished if one takes
the following schematicized approach: Suppose that a metric g is given
as
(3.16) g=8p+u +u,
with |u, ,| g small. The curvature of g can be estimated from that of
8 = g +u, and g, = g, + u, if one observes that the Levi-Civita
connection (indicated by subscripted I') for g,, g,, and g is
(3.17) I‘g=(l+a2)-l“gl+(l+al)~l“g2,

where |g;| < ¢ |y, and |Va,;| < c-|Vu,| as long as luilg‘E < % (Under
this same assumption, IFg'| <c-|Vu).) q.ed.

The application of this schematic approach obviously requires part of
the following lemma.

Lemma34. Let X,, X, and g,, g, be as in Definitions 3.1 and 3.2.
Let uy =B, m, and u, = |x|4q/;{(ﬁcz . mz)/,lz. Then

() lulg, < Z,-1xI*, |Vayl, <c-Zlx].

(2) luyl, <c-Zy-22/ix), Vi), <c-2Z, A% /|x|?, where Z, = zZ,.

The proof of this lemma is left as an exercise.

(e) Local estimates for % . The formulas in Proposition 3.3 are ulti-

mately responsible for the assertion that connect summing with <C_IF’2 can
decrease 7 .
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There are two useful measures of 7 . The first is the L*-norm over
the ball B C X, of radius 4/¢, and center n(f)):

(3.18) elel= [ dvol, 17,1211

(Keep in mind that |%f+[gl]:§| has support in U, C X, even though g is
a conformal metric on X #X,.)
The second measure of 7 is actually a function of x € X :

(3.19) elg;x]= / dvol, __IZ_[&]I_&T

B ! (dlStg] (x, )
Here, dist ¢ (x, ) is the function on X, which assigns to each y € X,
the distance, distg (x,y), from x to y as measured by the metric g, .
(Note: In (3.19), the volume form and norm are also defined with the
metric g,.)

With (3.18) and (3.19) understood, define e[g,] and e[g,; x] by the
same equations but with g, replacing 2, .

Proposition 3.5 below estimates e[g] and e [g; x]. Before reading
said proposition, please recall from Definition 3.1 that the connect sum
X,#X, is defined with the choice of positive numbers ¢, €,, 4 together
with points f, € FX, and f, € FX,. With x, = n(f) € X, , Proposition
3.5 will require

(3.20) , v, = I?V-,_[gl]lxl |‘g| > 0.

Proposition 3.5. There exist constants 6 > 0 and ¢, > 100 with the
following significance: Let X, be an oriented, compact 4-manifold with
metric g,. Let X, = Q_]Ez with the Fubini-Study metric. Pick x, € X,
where (3.20) holds. There is a constant Z, > 1 so that when

(@) Z, > Z,- (v, +2) is first chosen;

(b) given Z,, small & > 0 is chosen,

(c) and, finally, €,,¢,, and A are set to be €, = co'l(x/l . Zl_l)l/2 - €,
&, :—:cglull/z~£, and ,l=-_:c0'l -Vl”z-ez,
then there is a choice of f, € F QP_’z and f, € FX|| %, for which Definition

3.2 ’s conformal metric [g] on X, #CP obeys
e[gl < (1 -d)elg,]
and, for all x € X,,
elg; x1< (1-9)e,[g; x]
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(Remark that the conformal metric [g] on X,#X, is unchanged when
f, and f, are changed simultaneously by an SO(4) rotation.)

With respect to Figure 2.1(a), the deformed region has outer radius
i/&, = ¢ and inner radius ¢, = co'l(u1 . Zl_l)l/2 €.

(f) Proof of Proposition 3.5: The L*-norm. The value of e[g,] can be
estimated by the fundamental theorem of calculus to be
2

.4 4 2 32 5
9[31]_—2"3 2 2.

(3.21) Scoy o Z]7-€,

where the substitution 1/e, = ¢ has been made.

As for e[g], use Proposition 3.3’s expression for 7 [£,] to compute
the latter’s | - | g, ~norm. Then, integrate the square of this norm (using
dvol g,) over B. The result is
(3.22)

2

.2 T 4 2 2 4
/deolgl #1181l == -ev +c,-R -¢ (. 1&ly, 7 1&g,
+c2-R4s4+Error.

Here, R = 1/82 has been introduced. Also, ¢,;,c¢, > 0 are universal
constants. The term above marked Error involves Rem from Proposition
3.3. An estimation of the size of this term is a straightforward calculation:
As long as R in (3.22) is fixed, the term “Error” in (3.22) is bounded by
(3.23) Error < ¢, -R'-¢&*

when ¢ is small and c; is another universal constant.

Of course, (3.22) and (3.23) measure the L*-norm of #_[8,] using the
volume and inner product of the metric g, . However, Lemma 3.4 insures
that the replacement of g, by £, can be accommodated by changing the
universal constant ¢; in (3.23). Thus, (3.21)-(3.23) imply that

el£] R (1 R’
(3.24) elg,] < (1 + CIV—l (;;(%[81”03 I W_[gz]lo)gl) +C4;'lz‘) .

Given (3.24), the proof of the first assertion of Proposition 3.5 will
follow from

Lemma 3.6. There exists a universal c, > 0 with the following signifi-
cance: Let A be a 3 x 3, symmetric and traceless matrix. Let v, = |A| =
(tr(ﬁ:\2 ))l/ 2 Let &, denote the Fubini-Study metric on CP?. Pick y € CcP?
and there exists an isometry J: Az_ T*QZ — R® with the property that

(3.25) (] - F[&,],)A) < —¢y - v,.
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Before proving Lemma 3.6, consider how it implies the first assertion
of Proposition 3.5: The lemma’s isometry can be realized by choosing
f, € FCP* . With this understood, use the lemma with A =1-%[g,]|, -
Put the result in (3.24) to find

(3.26) elel (1_% gyl gt
e[gll - Vl l/l2

With (3.26) understood, one should make R’ = v - ¢ - cy/(2-¢,), tO
obtain Proposition 3.5’s first assertion.

Proof of Lemma 3.6. The Fubini-Study metric on Qz has covari-
antly constant %_ . Furthermore, there exists an isometry J, between

A T*@ziy and R’ so that

200
(3.27) Jo-Zlggsl=| 0 1 0].
0 0 1

From this fact, one gets (3.25) with some simple linear algebra. This last
step is omitted. q.e.d.

(Remark that the lemma is also true with all signs reversed on the right
side of (3.27).)

(g) Proof of Proposition 3.5’s ¢, assertion. The proof of the e, asser-
tion of Proposition 3.5 is similar in most respects to the proof of the r’
assertion. For the purpose of the proof, it is convenient to introduce the
function f on X, whose value at x is

1
(3.28) f(x)= /,,dmlgx (dist, (x, )%

Here, B C X, is the ball of radius i/e, = ¢ about x,. This function
obeys the following uniform estimate:
-1 (&% + dist(x, x,)%)

(3.29) o' < = f(x)<e,.

With f(x) understood, the fundamental theorem of calculus can be
used to estimate e,[g,; x]:

(3.30) lelg,; x1—v,- f(x)| <c-Z)7 e f(x).

As for e [g; x], if A = R-¢* with R = co'lu,'/z, ¢, > 100, then
the second term in the expression for Z[£,] (in Proposition 3.3) is ap-
proximately 1/100th the size of the first. Therefore, a Taylor’s expansion
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bounds the absolute value of the first two terms by
2

LR |l| AT E TN

c ,14
+ _V—l ° ﬂg/z(l ﬂZg) l I

Now, integrate the preceding against the function (distgI (x, -))—2
bound

(3.31)

e,.[g;X]Sul-f(x)-{l—%-cﬂ.R2+f%.R4}
1 v,

(3.32)
+/deolgl (dist, (x, D |Rem|,

Here, (3.25) has been exploited and (3.29) as well.
The last term in (3.32) can be readily estimated using Proposition 3.3
and (3.29). The result is: For ¢ small (and R fixed),

(333)  elg:xl<els; x]{l SG% g2y 5 RN L} :
Vl 14 1 ZO
a referral to (3.30) having been made. The last term in (3.33) (the one
proportional to 1/Z;) comes from the first term in the expression for
|Rem)| g in Proposition 3.3.
The second assertion of Proposition 3.5 follows directly from (3.33).
(h) Global decrease of 7, . Proposition 3.5 established that connect

summing with CIP2 can decrease %, . The decrease is nonnegligible near
the connect sum point, but its affect globally is insignificant for small ¢.
To affect #_ globally, one must connect sum at many points at once.

When connect summing at many points, the following convention will
be in effect: At each connect sum point, Definitions 3.1 and 3.2 required
parameters 4, &, , and &, . The values of these parameters will vary from
point to point and this variation will not be explicitly noted (usually). So
be forewarned.

The connected sum of many CP’’sinto a given X, starts with a choice
of N disjoint points in X, . Let Q C X, denote the chosen set, and
introduce :

34 — . .
(3.34) d x,lynet;), (dist, (x, ¥))
X#y

If one CP” is connect summed at each point in €, with parameters
€, &, and A always obeying A/e, < d, there will not be interference
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between the different connect sums. This requirement simplifies the ac-
counting of the size of #_.

Speaking of 7 , there are two convenient measures of its size. In fact,
let @ be any section of End(AiT *M). Let U C X, be an open set.
Then, the L*-norm of Q over U is

(3.35) 191, = | [, dvol, 10% ] -

It turns out that there is a better way to measure Q on U. For this
purpose, one must choose p > 0. For each x € M, let Bp(x) cCM
denote the radius p ball with center x. Set

[¢]
(3.36) 12l . xeg(,,p(w g (distgl(x,'))z)

The convention will be that ||Q|l, = ”Qilz;xl and likewise for HQII*’p .

When N QZ ’s are connect summed to X, at disjoint points with

A/&, < d, there results a conformal metric [g] on X # NQ_I[”2 . The support
for #_[g] is restricted to

(3.37) X =x\ U B, (x).
xX€EQ

Thus, the choice of a metric g, on X ; in g’s conformal class identifies
# _lg] as a section over X, of End(Ai T*X,). As such, its size can be
measured by (3.35) and (3.36).

Definition 3.2 provides a useful such &,. This metric restricts to
X \Ueca Be, (x) as g, and its restriction to each B, /e, (x) is documented
in Definition 3.2.

With this understood, one has

Proposition 3.7. There exists a & > 0 with the following significance:
Let X, be a compact, oriented 4-manifold with metric g, . There is a
constant Z, such that if one chooses,

(a) r>0,

(b) an open U C X, and

(¢) Z, > Z,,
then, given r, U, Z,, and ¢ >0, a finite set Q C U can be found so that
the balls {B,(x)},cq are disjoint and lie in U . Furthermore, with €, €,,
and ). determined for each x € Q as in Proposition 3.5 (using Z, and

e), frames {f, € FX|| .} cq and f, € FCP can be found so that connect



184 CLIFFORD HENRY TAUBES

summing CP* to X , atall x € Q (according to Definitions 3.1 and 3.2)
produces a conformal metric [g] on said multiple connect sum which obeys

(1) H%[é.]llz;v < (1 - 5) ° "%[31]”2;(} .

@) 7, (&0, .0 <A=0)- 17,18, . forall p=r.

Proof of Proposition 3.7. It is first necessary to establish the following
geometric fact: .

Lemma 3.8. There exist integers n, m with the following significance:
Let X be a compact, 4-dimensional Riemannian manifold. For all suffi-
ciently small ¢ > 0, there exists a finite set Q C X of disjoint points such
that:

(1) Uyeq By.e(x) covers X .

(2) The balls {B,(x)}, .o are mutually disjoint.

(3) Nyeq Be(x) =T if Q' c Q is a subset of m or more disjoint

points. :
Proof of Lemma 3.8. Isometrically embed X in Rlo, then cover a
tubular neighborhood of X in R using balls centered on a regular, (hy-
per)cubic lattice of side length 4.&. These Euclidean balls will not intersect
X in balls, nor will their centers lie in X . But for & small, this defect
can be readily alleviated by small deformations. g.e.d.

Given now the preceding lemma, here is how to prove Proposition 3.7:
First, pick 4 > 0 small (to be determined shortly). Then, choose ¢ and
then Q C X, according to Lemma 3.8.

When ¢ is sufficiently small, one can require the following: If, for given
xXe,

(3.38) sup | [g,]l,, > 4,
then
(3.39) 7,081l | > 3u

This condition insures that estimates in B, (x) for |Z [g]| g can be

inferred from knowledge of 7, [g,], .
With u, e, and Q chosen (subject to (3.38) and (3.39)), introduce
Q' C Q as the subset of points for which B (x) c U. Then, set

(3.40) U'=J B,(x) and U'=U\U".
xeQ’

Now, store these definitions and use Definitions 3.1 and 3.2 and Propo-
sition 3.5 to connect sum a CP’ into each B,(x) for xe Q.
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With the connect summing complete, consider the proof of the second
assertion of Proposition 3.7. The proof of the first goes in much the same
way and is left to the reader.

To obtain the proposition’s second assertion, it proves convenient to
introduce one additional piece of notation: When V' C X, is an open
set and Q is a section over V' of EndAiT *X , » introduce the function
e[V Ql(-) on X, by

|0
3.41 ; 0l) = e @ o
( ) e*[V, Q](J’) ./B(y)anvo 8 (distvgl (y’ .))2

where B(y) is the radius p ball with center y.
Introduce a function a: X, — [0, 1] by

(3.42) e lU"; Z.[g,I() = (1 —a()) - 17,0l ,.0-
Thus
(3.43) e lU'; #,18,11() < o) - #1800

A lower bound for «(-) is needed, and here is how to get one: When
(3.38) is obeyed by x € Q, then

(3.44) e[B,..(x); 7. [8]I() < c-e[B,(x); 7. [g](),
where ¢ is a universal constant. This last equation implies that
(3.45) e, (U #lgI()<c-e U Z[gll()+Z -u+Y[U;el-Z,.

Here, Z is a constant which depends on X, and g, (not x or U), while
Y is a constant which depends on U and ¢: Y is proportional to the
volume of that subset of U which is not contained in a ball B, (x) with
x € Q. In particular,

(3.46) P“(} Y[U,el=0.
These last remarks (and (3.42), (3.43)) insure that
(3.47) 1<(1+0)-a+Z-(u+Y)-|Z,[g 1, 0

Equation (3.7) provides a uniform lower bound for o provided

1 1
(3.48) u+Y < Z'm'“%[&]”*,p;u’

a condition which will be assumed from now on. Thus,
1

(3.49) a(') > (—m')‘ > 0.
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With a(-) now understood, notice that e [U"; #,[£]1(-) is identical
to e, [U"; Z,1g,]I(-), but

(3.50) e,[U', 7,[811<(1-0)e,IlU'; #,[g]),

which is courtesy of Proposition 3.5. Put these last two facts together to
find that

(351) ||%[g1]||.,p;u < (1 -a 6) ' “W-l-[gl]"*,p;U ’

which, given a’s lower bound, is the required estimate.

(i) Properties of X, #NQZ . Proposition 3.7 constructs a conformal
metric [g] on X# NQZ which has some useful properties. These are
described in a definition and a proposition.

In both the definition and the proposition, X, is a compact, oriented
4-manifold with metric g, . Also, Z is a given constant and U C X, is
an open set.

When small ¢ > 0 has been fixed, it will be assumed that a finite set
Q c U has been specified whose points are separated by a distance 2-¢
or more. It will also be assumed that numbers 4, ¢,, &, > 0 have been
assigned to each x € Q subject to the constraints

(@) A1<Z-¢,
(3.52) (b) Ale, =€,
© e/, <(1+2Z).

Let N denote the number of points in Q, and use X # NQI_’Z to denote
the manifold constructed in Definitions 3.1 and 3.2 by connect summing
@2 to X, at points in Q using the parameters 4, ¢, and ¢,. Use [g]
for the resulting conformal metric.

Here is the promised definition:

Definition 3.9. Define X' by (3.37).

(1) Use 0: X' — X# NQ_IP_“2 to denote the canonical identification as an
open subset.

(2) Define a metric & on X' by setting g = 8 on X \U,¢q B,(x) and
on Bs(x)\BE' (x), and write g = g, as given in Definition 3.2.

(3) Define a metric g, on X, as follows: Set g = & on X,. When
x € Q, define g; on the g -radius &, ball about x to be

* 1 IX l4 *
0181 =8+ B, my + B, s BEERL! (B, - mg.)-

This notation refers back to Definition 3.2 .
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For the sake of an explanation, upon restriction to X AU, cQ le N 25(X) s
the conformal class of g; is the same as that of Definition 3.2’s confor-
mal metric [g] on X ]#NQ_P;z. However, g; is a metric on X, not on
X, # NQEZ . Trust for now that this g; has a role to play.

The role of g; is predicated on the fact that it is, for ¢ small, an
insignificant perturbation of the original g, . Here is the precise statement:

Proposition 3.10. Let X, with its metric g, be as previously described.
For ¢ > 0 small, construct the metric g{ on X, as described in Definition
3.9. Introduce m = g, — g, and then

(1) sup|m|, <e,
X, '

v, ml:
2 su / —gl.___;gl_ < & .
(3.53) @ ye;?l X, (distgl(y,'))z

IV, m|
(3) sup/ — & & 3 <&
YEX, X, (dISIgl (y9 '))
Proof of Proposition 3.10. The metrics g, and g; differ only on
{B,(X)}1eq - On one such B (x),

4
x|” .
(3.54) m= (1 —ﬂel)mgl +ﬂ81/256|7i—wl (ﬂez 'mgz).
Remember that the coordinate system here is that of (3.3)-(3.5). Thus,
(3.55) ml, <Z-&+c-ife;<c-Z

The last inequality in (3.55) used i/e, = 4/¢,-¢,/¢, and (3.52). Equation
(3.55) proves the proposition’s first assertion.
To prove the second assertion, note first that, on B,(x),

2
(3.56) Ilegl <Z -81+C-W.
Therefore, if y ¢ B,(x), then this x € Q contributes at most

(3.57) c- (dist, (7, X)) 2 {Z2e 2% 6]y

to the integral in (2) of Proposition 3.10. If y € B,(x), then x contributes
(3.58) c-(Zl*+ 2% e)) <. Zhe

to said integral.
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The integral in (2) of Proposition 3.10 can be bounded by the sum of
(3.57) and (3.58) over all x € Q. The resulting bound is

(3.59) c.le.ez{l +£4- E(distgl(y,x))—z}.

xeQ’

Here, Q' c Q is the subset of those x for which y ¢ B,(x). (Equation
(3.52) had a hand in the derivation of (3.59).) Finally, (3.59) can be
bounded by ¢- Z - &’ , where Z depends on the metric g, .

This last assertion follows after observing that the number of x € Q
whose distance from y is between 4-¢ and (d + 1)-¢ must be bounded
by Z. d> . Since the size of d is bounded by Z .¢”! one gets

(3.60) et Y dist, (v, %) " < Z,
xeQ’

The bound of (3.59) by ¢-Z - ¢’ finishes the argument for assertion (2)
of Proposition 3.10). The proof of assertion (3) is very similar and is left
to the reader.

(j) Iteration. Take a compact, oriented 4-manifold M with metric
8, and apply Proposition 3.7 with X, = M and g, = g,,. The result is
M# 0 @2 with a conformal metric whose #, is smaller than that of g, -
Now, repeat Proposition 3.7 with X, = M# N“,@z to get a manifold and
a conformal metric with even smaller %, . One can repeat Proposition
3.7 again and again to obtain a manifold diffeomorphic to M 14*1\,(3_]?'2 with
tiny # .

The purpose of this subsection is to precisely specify the iteration just
outlined. We begin with

Step 0. Select M with its metric g,, .

Also, fix £, >0 and small.

Suppose now that Step n > 0 has been completed with the following
results:

Result 1. Aninteger N with a conformal metric [g(”’] on M# N(,.)C_]Pz.

Result 2. An open subset M () C M together with an embedding
6" M M# ) CP?. Identify M'™ with its image and require that
%[g(”)] have support on M™ .

Result 3. A metric gz) on M which is in the same conformal class
on M™ as [g™]. Require that m = gl — g, obeys (3.53) with ¢ = ¢,
and g, =g, .

Given all of the above from Step », the next step is
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Step n + 1. Apply Proposition 3.7 using X, = M, U = M, g =
gg) , some large Z,,and e =¢(n) < ¢, .

The next proposition lists the salient results of Step n + 1.

Proposition 3.11. There exists a 6 > 0 with the following significance:
let M be a compact, oriented 4-dimensional manifold. Let g,, be a metric
on M. Fix r > 0. Suppose &, > 0 is small, and assume that Step n > 0
of the iteration has been applied with results 1, 2, 3. If Z, = Z,(n) is
chosen, and then ¢ = ¢(n) > 0 is chosen sufficiently small in Step n + 1,
there will result an integer NV > N a conformal metric [g™"]
on M#N(m)@z, an open set M"Y c M with embedding 6" into
M# .. CP*, and a metric g™ on M in [g""V] on MV . These
obey

(1) %[g("“)] is supported on M"Y .
2) m= ggﬂ) — g, Obeys (3.53) with ¢ =¢,.

(3) p>r,define || - lx, ,.v asin (3.36) using g, . Then

1
17,185 . . ppees < (1= ) 1,080 1M, . pgo-

(4) For L*-norms, one has

(n+1)4,2
/ , d VOlg(n+|) l%[g ]|g(n+l)
M#N(n-l-l)Q_

<(1=8)- dvol i |7, 18" 1I5m.
M#, ) CB?

Note, in particular, that this proposition affirms Results 1, 2, and 3 for
Step n+ 1.

Here is a second remark: Assertion (2) of Proposition 3.11 measures
%[g("“)] and %[g(")] using the fixed metric g,, on M. It can do
this because connect summing into balls in M ™ for the metric g;;) can
be interpreted as connect summing into M #N(n)CPZ for a metric in the

conformal class [g"].
Proof of Proposition 3.11. Take M"*" to be X| in (3.37). Then,

take 6" to be 6 from Definition 3.9 and take g\i*" to be g from
the same definition.

Assertion (1) of the proposition comes from Definition 3.2 and assertion
(4) comes from Proposition 3.7. Assertion (3) also follows from Proposi-
tion 3.7 given

Lemma 3.12. Let X be a compact Riemannian manifold. Let g and
g +m be metrics on X with |m|, < 5. Let 6 =sup, 4 |m|,. Then, for
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any x,ye X,
distg(x,y)
(1+96)

Proof of Lemma 3.12. Measure the (g + m)-length of the shortest g-
geodesic from x to y, and vice-versa. q.e.d.

Assertion (2) of Proposition 3.11 would follow automatically from Pro-
position 3.10 were the norms and covariant derivatives defined (in said
proposition) with the metric gg) instead of g,,. But such an inconve-
nience pales to insignificance using

Lemma 3.13. Let X be a smooth manifold with metrics g and g+m .
Suppose |m|, < 1. Let w be a tensor (section of ®,TM ®, T'M). Then

< distgm(x, y) < (1+6) distg(x, ¥).

(1+clml) o], <0l < (1+cm] o],

and

Vgim@— V0, <c|Vpm|-|of,.

Proof of Lemma 3.13. This is an exercise. q.e.d.

Given this lemma, Proposition 3.11’s proof becomes an exercise.

(k) The Cokernel Step. After some number, n — 1, of iteration steps,
one can stop this iteration procedure. But, it proves useful (see §9) to
stifle this urge and complete one additional iteration, which will be called
the Cokernel Step. This Cokernel Step will always be the final round of
attaching g(.‘,_lf"2 ’s.

This final round differs from the previous iteration steps in the man-
ner in which the specific parameters (i.e., Q,,{f € FM Ix}xeﬂn , and
{(¢), &35, A)|,}eq ) are chosen.

The precise details of these choices are given in §9, but a summary of
some of the features is given here for use in the sections prior to §9.

First, a positive ¢(n) = ¢ < 83 is chosen; its upper bound is determined
by the particulars of the metric gﬁ}’_l ). Then, a discrete set Q cM (»=1)
is chosen whose points are separated by distance 2¢ or more. The details
of Q, ’s specification are given in §9. Also, a frame must be chosen at
each x € Q,, and the details here are also relegated to §9.

Numbers A, ¢, and &, must also be assigned to each x € Q, . Their
specification requires a constant u, € (0, 1) (whose value is a priori de-
termined by g,,), and a constant Z > 2 which is determined by g}(‘;'” .
Given y, and Z, then ¢, &,, and 4 are defined at x € Q, by

g+m

(3.61) i=ux-£2, g =u.Z €, &=l &
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Here, 0 < u, <4y, . (Thus, 1/¢, = ¢ is constant, as in all previous steps.)
The following proposition describes the Cokernel Step’s result.
Proposition 3.14. There is a constant ¢ > O with the following signif-

icance: Let M be a compact, oriented 4-manifold with metric g,,. Fix

Ko, > 0 and &, > O but small. Suppose that Step (n —1) > 0 of the

iteration has been performed with Results 1, 2, 3. With Z fixed, when

e = ¢(n) < eé"“) is small enough, then the Cokernel Step can be per-

formed. This step results in an integer, N () >N =1 a conformal metric
[g™] on M#N(n)@z, an open subset M™ c M with embedding 6™ into
M#Nm@’;z, and a metric gf‘;) on M in [g™) on M™ . The preceding
data obeys

(1) %[g(")] is supported in 6™ (M™) .

2) m= gf‘;') — g, obeys (3.54) with ¢ replacing ¢, .

(3) For p > r, define -1l ,.u asin (3.36) using the metric g,, . Then

o -1
17,15, aem < €= (g + 171835 "M, , pgin-n)-
(4) The Lz-inequality

(n—1

(n) )
”%[g ]”LZ(M#N(,,)C_PZ) <c- (.uo + ”W.;.[g ]”LZ(M#N(I:—I)QZ)).

Proof of Proposition 3.14. With X = M with the metric gl(;_” , take

M™ 10 be X{ in (3.37). Use Definition 3.9 to take 6™ =6 and gg) =
I

g -
lAssertion (1) of the proposition is now automatic from Definition 3.2
and assertion (2) follows using Proposition 3.10 and Lemmas 3.12 and
3.13. Assertions (3) and (4) are left as exercises for the reader using Propo-
sition 3.3.

(1) Summary. The following theorem summarizes the effects of Propo-
sitions 3.11 and 3.14. In the theorem, ¢ is a universal constant.

Theorem 3.15. Let M be a compact, oriented 4-manifold with metric
8y - Given r, uy, u, > 0 and small ¢&,, iterate Proposition 3.11 some
large number of times using Z, large and & small in each step. Apply
Proposition 3.14 ’s cokernel step using large Z and small & and given u,.
The result is

(a) an integer N > 0;

(b) an open set M' C M and an embedding 0: M - M#NQI_"Z;

(c) a conformal metric [g] on M#N@2 and a metric g,'w on M.

This data obeys the following costraints:

(1) The support of #,1g] isin M.
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(2) The restriction of [g) to M’ is [g,'w]~

3 m= glll{"gM obeys (1)-(3) of Proposition 3.10 with g = g, and
E=g¢,.

(4) Sass o dVOL |7, 18115 < 1ty

(5) Forany p>r,

19 (&0 poar < - NFL8A N poas + Ho»

where the norm || - I, ,.v is defined in (3.36) using the metric g,, .

Remark. In each of Proposition 3.11’s iteration steps, there is the free-
dom to specify the constant Z, (= Z,(/) in the /th step) to be large, and
to then specify the constant ¢ (= ¢(/) in the /th step) to be small. This
freedom will subsequently be exploited to add to Theorem 3.15’s list of
[g]’s properties.

The summary of the preceding subsections continues with the following
alternate description of the conformal metric [g] on M, = M# NQZ .

One can give [g] by first specifying an open cover {Ui}fi o of M, and
honest metrics &; on U, which obey [g,] = [g][U[ . These &; must obey

(3.62) g,=9,-8 onUnU,

for a positive function ¢, ;on UnU;.

To specify {U;, £}, remember that the attachment of each (C_]P’2 re-
quires the specification of positive numbers ¢, ¢,, and 4. These num-
bers will be different for each CP* (although & = i/¢, is the same for
all QP;Z ’s which are attached in the same stage of iteration in Proposition
3.11). To avoid clutter, the dependence of ¢, ¢, , and 4 on the particular
gC,LP;z will not be indicated explicitly.

The attachment of a Qﬂj’z requires the choice of a base point, y, € Qz .

Each open set U,_, corresponds to an attached gC_E’Z (these are pre-
sumed to be labeled by {1, 2, --- , N}). With this understood, U; with
its metric £, is isometric to the complement in QI_’Z (using the Fubini-
Study metric) of the ball of radius 164/¢, and center y,.

Meanwhile, U, with its metric g, is isometric to an open subset of M,
with the metric gj'” of Theorem 3.15. This open subset (also called U,)
is the complement of N disjoint balls about N points, {x,--- , xy},
in M . The ball about the ith point has g},-radius ¢,/32.

Remark. Taking the ball about the ith point to have radius g, still
gives a disjoint set of balls in M .

We will digress momentarily to discuss the set of points {x;,--- , xy}:
The set is given as the union of disjoint subsets {Q,};;, , with each €,
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containing some N, points. The subset Q, comes from the attachment
of the @2 ’s of the /th iteration step as described in §3j and Proposition
3.11.

As remarked, the value of ¢ = ¢(/) = A/e, for all points in Q,. (Note:
e(l) < ¢ 1)1 .) Also, &(l) > ¢, for all points in Q,, and the balls of radius
&(l) about the points in Q, are disjoint.

End of the digression to consider the metric g]'u : For this purpose, fix
an orthonormal frame, f0 , for TQ_Ez | Yo This gives a Gaussian coordinate

system, ¢, a neighborhood of y, in QZ which sends 0 to y,. Use g
to denote (I_ZI_P’2 ’s Fubini-Study metric and

(3.63) 90 8rs = & + Mg,
where mgg obeys (3.5).
Meanwhile, Definition 3.9 implies that the radius ¢, ball about x; has
a coordinate system ¢, which sends 0 to x; and which obeys
y Xt
(3.64) ;8 =8t le/2567 * Y, Mes»

where y, is given by (3.10), § by (3.14), and |x| is the function on R*
which measures the Euclidean distance to 0.

The reader can use (3.63) and (3.64) to verify that the data {U,, £,},
indeed defines a conformal metric on M, . For this purpose, and for
others, it is important to note that

(a) Uint=® ifi,j>0,

®) ¢ (UNnU)={xeR" ¢/32<|x|<e/16} ifi>0.

(m) Another metricon M . A metric € on M will be needed in §§6-9
which is in the conformal class [g] over more of M than is g,"{ . It is the
purpose of this section to describe g .

Fix a number ry < % so that the radius r, ball in @2 with center y,
(measure with g.¢) lies in the coordinate chart ¢,. Once 7, is chosen,
one can require (without loss of generality) that
(3.66) Ale, < ry/4048
for each x;.

Let B(i) denote the radius A/r, ball in M with center x,. Let B'(i)
denote the ball with center x;, but with radius 24/r,.

Notice that the charts {¢,} on M and ¢, on CcP? naturally identify
M\, B(i) as an open subset of M #N@2 . This identification extends
the map 6 of Theorem 3.15 and will also be denoted by 6.

(3.65)
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The metric § on M restricts to M\ |J; B'(i) to be in the conformal
class [g] of Theorem 3.15. Also, g is flat on each B(i). In fact, g = g,
on U,, and

— x|t .
(3.67) 9, 8&=8g+ ﬂl/’o—;_:z_'//l Mg
on the radius ¢, ball about x;.

The following proposition describes how g and g,, differ.

Proposition 3.16. Let M be a compact, oriented 4-manifold with met-
ric g,,. There exists a constant Z with the following significance: Let
r, Uy, My, and € be as in Theorem 3.15. Then the conclusions of Theo-
rem 3.15 hold, and it may be additionally assumed that the metric g of
(3.67) obeys

(1) 18~ 8y, <c-75-
Also, fix p > r and use B(x) to denote the g, -radius p ball with center
x. Then , ) »

— 2 .

c-rt,
2

(3) 5P, e Jp A VOl IV, (B &y, /(disty (x, ) <c-rp.

Proof of Proposition 3.16. Note that
(3.68) -8y = (T —8y)+ (8y — &x)-
This fact and Lemmas 3.12 and 3.13 make the calculations simpler be-
cause it can be assumed a priori that m = g;'l — 8, already obeys the
assertions of Proposition 3.10. With this understood, it becomes sufficient
to prove the assertions of Proposition 3.16 with the metric g;, replacing
everywhere the metric g,, .

Given the preceding, the metrics g and g)'w differ only on the ball
about each x; of radius ¢, . On this ball, 7 = g — g,, obeys

2
®k__ A
(3.69) lvg;’ M}g;{ <c, (1- ﬂgm) : ﬂg/zro : W

for k=0,1,2,---. Here, c, is a fixed constant.

Proposition 3.16’s first assertion follows directly from (3.69).

It proves useful for proving the second assertion to observe first that the
contribution of x; € Q, to said integral is bounded by

(3.70) c-A%. rg . (distg],“ (x, xi)2 + )./rg)_l.

The bound in the proposition’s second assertion is obtained by summing
(3.70) over all i. The result can be recognized most readily by making
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some preliminary observations. First of all, dist g (x,x;) < ¢/2 for at
. . . 'M . .
most one 7. The contribution to the sum from this 7 is at most

(3.71) c-ry.

With (3.71) understood, implicitly ignore that one x; (if it exists) in all
future sums.

Next, group the points {x,, -, xy} into the subsets {Q,},_, . There
is at most one point x; € Q, such that
(3.72) g,/2< distg;d(x, x;) < e(l).
If such a point exists, then its contribution to the sum is bounded by
(3.73) c. AR <e.z, ()
Here Z,_, is a constant which depends on the metric gl(‘;'” . (Proposi-

tions 3.5 and 3.14 are used at this point to identify A and g, in terms
of ¢ = ¢(l).) Since &(/) can be made as small as one desires without
violating any of Theorem 3.15’s conclusions, one may assume that (3.73)
is bounded by

(3.74) e(l) < &b,

This is the contribution to the sum for a point in Q; for which (3.72)
holds.

When summing (3.70) over points x; in €, , one should now implicitly
delete that point (if it exists) which obeys (3.72). Let o, denote the said
sum of (3.70) over Q,.

To bound o, for / < n—1, one should recall from Proposition 3.5 that
At = Co 2. v, -e(l )4 . Remember also that the points in €, are a distance
2.&(l) apart at least. Finally, and most importantly, remember (3.30).

With £(/) made small, one should find (after all of the above reminis-
cences) that

I
(3.75) o < cro- | #,08y M, a0
Furthermore, use Proposition 3.11 to bound the right side of (3.75) by
l
(3.76) o <cort-(1-8) | #lgyll, , < Z 13- p7 - (1-0).

This, of course, holds only for / <n-—1.
A similar argument shows that the Cokernel Step produces o, with the

bound angz'rg-pz-ug.
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With this last estimate understood, sum (3.76) over [ =1,--- ,n—1
and use (3.73) and (3.71) to find the following as a bound for the left side
of (2) in Proposition 3.16:

(3.77) Z-67 +u) P+ Z gy tery.

For small ¢, this is the required estimate.
The proof of (3) in Proposition 3.16 can be made along similar lines
and is left to the reader.

4. Estimates for linear operators

Suppose that M is a compact, oriented, 4-dimensional Riemannian
manifold with metric g. As noted §2, a nonlinear equation for a traceless
section & of Sym2 T" is defined by requiring 7 _(g+h)=0. The strategy
here will be to treat nonlinear equations as perturbations of linear equa-
tions. This then provides the motivation for studying linear differential
equations.

It proves simplest to treat linear equations (on 4-manifolds) first with
some generality before specializing to the particular examples which arise
from the linearization of %, (g + /) = 0. The present section treats the
generalization, and the specialization is postponed to §5.

This section should provide the reader with a tool kit of sorts; the tools
are for application in subsequent sections. Thus, the reader can opt to
study this section concurrently with the subsequent sections which require
its tools.

(a) First-order operators. Let V', W — M be vector bundles which
are associated to the orthonormal frame bundle of M . The Levi-Civita
connection on FM induces a covariant derivative V g On sections of V
and of W . Assume that the metric on 7" M also induces a covariantly
constant Euclidean inner product (denoted by (-, -) g) on both ¥V and
W . Use this inner product to implicitly identify ¥ with its dual, and W
likewise.

Suppose that

(4.1) 6 € C*(Hom(T" ; Hom(V ; W)))
is covariantly constant (V ¢0 = 0) and obeys

(4.2) o(&) a(¢) = |&[; - Identity
forany Ee T".
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Examples of such o appear as the principle symbols of various natu-
rally occurring first-order differential operators. The symbol of V ¢ is one
example. For a second example, take the symbol of the composition

(4.3) C¥NLTH & C™(NT") 5 Cc™(T).
Conversely, any such ¢ as in (4.1), (4.2) defines the operator
(4.4) d=0(V,): C*(V) = C*(W).

Note that the operator ¢ has a formal L2-adjoint,
(4.5) 8" =—0"(V,): CT(W) - C™(V).
But the symbol ¢” of ¢ will not obey (4.2) unless o is elliptic; that is,
unless dim(V) = dim(W).

(b) L2-theory for 6. For integer k£ > 0, let L,zc(V) denote the com-
pletion of C*°(V) using the norm

k
2 _ (1,2
(4.6) uanz:;0 /Mdvolglv vl

These L,zc spaces are the standard Sobolev spaces (see, e.g., [2]).
The following “Hormander” lemma is completely classical (see [2]).
Lemma 4.1. The operator & extends to a bounded operator from Lf( V)
to L*(W) and there is a constant z < oo such that

(4.7) 1632 > IV ullz2 — Z - o3

forall ve Lf(V).

The preceding is parlayed in a standard way to give

Lemma 4.2. The operator 6*8 extends to L2(V) as a closed, essen-
tially selfadjoint operator with dense domain Lg(V) . The spectrum of 6" 6
is on the nonnegative real axis. This spectrum is pure point with finite mul-
tiplicities and no accumulation points. If m > 0, then 66 +m is invertible
and, forany k>0, (6" + m)_l restricts the map Li(V) isomorphically
onto L,zc+2(V).

For proofs of the preceding lemmas, see, e.g., [2].

One can deduce from the preceding lemma that there exists, for each
E >0, a projector

(4.8) I,: LY (V) - L}(V)
whose kernel is the span of the eigenvectors of 6”6 which have eigenvalue

less than E. It is a simple matter to check that 4" is invertible on
I, -LX(V).
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This subsection ends with an estimate on the size of a solution u to the
equation
(4.9) 6*6u=0Q.

Lemma 4.3. There exists a constant z with the following significance:
Let E > 0 and Q € C™(V) be given. There exists a unique u €
(M LX(V))NL3(V) obeying 6*6u =11, -Q. Also, ue C®(V) and

(4.10) ||Vu||2 +E- ||u||2 < 1 + ’/ dvol (u

Proof of Lemma 4.3. Existence and uniqueness follow from Lemma
4.2, and (4.10) follows from (4.7).

(c) Some useful norms. Lemma 4.3’s estimate for u is obviously in-
complete. The typical completion replaces the right-hand side by (1+ £)-
llull 2 - 1|Qll;2 . Such an approach turns out to be insufficient for the appli-
cations which follow. Indeed, the foreseen applications require estimates
on ¥ and Q which “see” their point-to-point behavior.

The discussion of local estimates is facilitated with the introduction of
some additional norms on C*(V).

Definition 4.4. Let p > 0 be given. If x € M, let B(x) C M denote
the ball of radius p and center x.

(a) Introduce the norm || - ||, and ||-}l,, on C*(¥) by assigning to
u the numbers
4.11 u|| = sup |u
(4.11) lleell o sup ||
and
; 1/2
(4.12) l4ll,, = sup / dvol, — M
27 yem | I & (dist, (x, )2 ]
(b) Introduce the norm ||-|| ;0 on C* (V) by assigning to u# the number
(4.13) lull o = llull, + IV ull,,.

The norm || - || 0 will be of particular interest after its augmentation.
For, |-l &0 is not quite strong enough for application to the Weyl curvature
problem. The norm #° will be strengthened with the addition of a
seminorm || - || g1, whose definition appears below.

This seminorm || - || 1 is relatively complicated and its definition re-
quires a preliminary digression to introduce two additional notions. The
first notion is notation: Use (V) ¢ C*(¥) to denote the subset of v
with ||lv]| 5o =1.
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For the second notion, begin the digression by fixing f € FAM to define
a Gaussian coordinate chart (as in (3.3)-(3.5)) with center x = n(f). If
p > 0, but small, this identifies the ball B(x) (of radius p and center x)
with the standard radius p ball in R*.

Use the Euclidean coordinates to identify sections of T*R* with maps
from R* to R*.

Let S° ¢ R* denote the standard sphere, and promote a map from
$? to R* to one from R4\{0} to R* by requiring said promotion to be
independent of the radial coordinate.

For ke {0,1,2, .-}, let Li (S3) denote the usual Sobolov space of
functions on S> with square integrable derivatives of order up through
k. (Use the standard metric on S° 2

Let I’ denote the subset of smooth, R*-valued functions ® on s?
which have L;-norm lloll 2= 1.

With all of the above understood, and the digression, we have

Definition 4.5. Fix p > 0 as in Definition 4.4, but make p small. The
seminorm |-l on C™ (V) associates to u the number

v, 98
/ dvol _(__.q’___u)._%
B ¢ (dist,(x, )

Here is a rough explanation for the choice of these norms: First of all,
the norms require the choice of p > 0. The number p is a measure of
the locality of the norms; both || - || g0 and ||-| g measure some sort of
averaged behaviors on a ball of radius p. (In contrast, the L,zc-norms of
(4.6) average behavior over all of M .)

The norm ||-||  clearly measures u’s pointwise size and ||| g0 there-
fore measures the size of # and of its derivative.

The seminorm || - || 1 will always be employed in one of only two
contexts:

Definition 4.6. Define norms ||-|| 5 and ||-j|, on C> (V) by assigning
to u the numbers

(4.14) llul| 1 = sup sup
XEM | veF(VRT")
gell

(4.15) Nullg = lullgo +lIoull g, Nullg = Nully + llull g

The reader will see in the subsequent sections that the norm || - || is
stronger than |- ||,0 in that the addition of || - |4 allows it to measure
aspects of the second derivative. Likewise, the seminorm ||V gu|| 5 Wil
also prove to be a useful measure of second derivatives.
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The last remark in this subsection concerns the factors dist g(x, -)'2
and distg(x , -)_3 which appear in (4.11) and (4.14). The point is that the
function dist g(x , -)_2 was chosen for its resemblance to the Laplacian’s
Greens function with pole at x . (So dist, (x, ~)'3 resembles said Greens
function’s derivative.)

Lemma 4.7. There exists a constant Z < oo with the following signif-
icance: Fix x € M and let G(x,-) € C*(Hom(V|,; Vi) denote the
Greens function with pole at x for V,V, +1: C*Z(WV)— C*(V). Then

(1) 1G(x, <) — 2 dist (x, ~))_2l < Z|In(% ~dist, (x, )]

(2) [V, G(x, )+ #Vg distg(x, -)/(distg(x, -))3| <Z -(distg(x, )

Proof of Lemma 4.7. Use [2, Proposition 4.12, Theorem 4.13, and
(4.17), (4.18)]. The estimates are simple in Gaussian coordinates.

(d) Estimates for 6°6u = Q. Suppose that £ > 0 and p > 0 have
been chosen, with p small. Suppose that @ € C* (V) obeys (1-I1;)-Q =
0. Also, suppose that Q can be written as
(4.16) Q=q+b,-V,b,

Here, b, is a section of some vector bundle Y — M , and b, is a section
of C*(Hom(Y ® T*; V)). Meanwhile, ¢ € C*(V). Measure g with

lq|
4.17 = su dvol, ———%
(417) Hail. xeg B(x) g (dist, (x, )2

-1

with B(x) denoting the ball of radius p around x.

Proposition 4.8. There is a constant Z with the following significance:
let p >0 besmall, and let E > 0 be given. Let q, b,, b, be as described
above, so that Q of (4.22) obeys (1-11;)-Q=0. Let ue Il -C*(V)
be the unique solution to 6" 6u = Q. Then u obeys

(1) g < Z - (p " lull 2 + llall, + 18yl gol1By )

@) Nullgo<Z-(1+p"E7") - (llall, + 15,11 golibyl)-

Before embarking on (4.18)’s proof, it proves useful to fix a smooth
a: [0, c0) — [0, 1] which equals 1 on [0, 1] and which vanishes on
[2, 00) when x € M is specified:

(4.19) o, (1) = a(p dist (x, ).

(e) The proof of Proposition 4.8. Equation (4.2) for the symbol of &
can be used to derive the following Weitzenbach formula for §*6:

(4.20) 0 =V'V+K,

(4.18)
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where K is a section of End(V) which is constructed from the Riemann
curvature tensor.

Contract both sides of (4.9) with u and use (4.20) to find that

* |u|§ 2
(4.21) dd—2—+lVgu|g+(u,K-u)g=(u,Q)g.

Fix x € M and multiply both sides of (4.21) by «, - G(x, -), where
G(x,-) is the Greens function for d*d with pole at x. Integrate the
result over M . After integrating by parts in the appropriate places, one

sees (with Lemma 4.7) that
2
V., u
|u)(x) +/ d vol —_—l—fél—g——i
By °(dist,(x, -))

2
(4.22) <c-{p~* dvol_|uf> +Z dvol —.—-I-lilﬁ—i
B'(x) &% B'(x) ¥ (dist,(x, -))

+ [ dvol,a,G(x, -)-(u, Q)g}.
B'(x)
Here, B'(x) is the ball of radius 2- p with center x.

Evidently, (4.22) bounds ||u||_2?o by the supremum as x varies in M
of the right-hand side of (4.22). So, at issue is the size of the right-hand
side of (4.22). With this understood, observe that this side of (4.22) is a
sum of three terms; and each will be estimated in turn.

Term 1 in (4.22). Begin by bounding this term by

(4.23) c-p Yull<zZ-p7tET! ‘ / dvol (u, Q),
M

This last bound is obtained with (4.10). To estimate the integral in (4.23),
first break Q as in (4.16). Then, after an integration by parts,

/Mdvolg(u, Q)g

< {lull o (lall + VDl 2 - 15,112)

(4.24) + IVl 2116, M Dol 2}
Here,
(4.25) gl = /Mdvolg |q|g.

This last norm of g can be estimated in terms of ||g||, by covering M
by a finite set of balls of radius p. It is important to know that such a
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cover can be found for which the number of balls is bounded a priori by
Z - p~*. With this understood, one has

-2
(4.26) gl <Z-p " -llgll,-
A similar construct shows that

-1
(4.27) ||Vu||Lz <Z:.p -l g0

Therefore, (4.23), (4.24), (4.26), and (4.27) estimate Term 1 in (4.22)
by
4.28)  p ulia < Z-p  E - ullgo - (lgll, + 118, 1l go - 11B,11,,)-
Term 2 in (4.22). This is the easy one: Term 2 can be bounded by
(4.29) Z-p Nl <Z- 07 ule.

Term 3 in (4.22). This case is the most subtle, for here the ||-]| o+ norm
of b, appears. However, the construction of the bound begins mundanely
by breaking Q asin (4.16). The part with g is bounded by

(4.30) Z -||ull - llall.-

This uses Lemma 4.6.
Treat the part with bl v gbz by first integrating by parts to find it equal
to
= g @00 GO, (Tt by )+ (4,9, by b))
(4.31) _ +(d(a,-G(x,))®wu, b, -bz)g}.

Bound the first two terms in (4.31) (using Lemma 4.7) by
(4.32) Z - |lull o - 1Byl o - N, I, -

The third term in (4.31) is the tricky one. Begin its analysis by replacing
d(a,-(G(x, ) by d((27t)"-(distg(x, -))—2) . The error can be estimated
with Lemma 4.7, it only adds to the constant in (4.32). Now, go to Gaus-
sian coordinates with center x and then replace d ((2:!:)—l (dist,(x, -))_2)
by

(4.33) (2m)"'d(1/1-1})-

The error incurred by this replacement will only contribute to (4.32). (Use
(3.3)-(3.5) to prove this.)
Notice that (4.33) can be written as

(4.34) o/l-1;,
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with ¢ € C*(S; R*). With this understood, the third term in (4.31) can
be bounded by

(4.35) Z - (Jlull go - 116yl o - 105, + N1t ® by | o - 15, ]| o)
Given (4.35), the third term in (4.31) is bounded by
(4.36) Z - |lull go - 1yl g0 - 118,15,

when one appeals to
Lemma 4.9. Let V, W — M be vector bundles. Then

[vew|go < vl go - |w] 2o

Proof of Lemma 4.9. This is an exercise for the reader. g.e.d.
To finish the |ju|| o estimate, put (4.28), (4.30), and (4.36) together to
bound

2 2, 12
lullgo < Z - {/J llull o

1
(4.37) + (1 + E)z) “Nlull go - (llgll, + 115,11 o - II%H;,)}-

The final bound on lull oo in (4.18) follows directly from (4.37) if Z p2 <
1/2.

(f) First-order operators again. If w € C*°(W) isgivenand u € Lf 12
obeys

(4.38) Su=w,

then estimates for # in terms of w can be had by applying (4.18) to the
equation

(4.39) 8 0u=206w.

Indeed, write " = —0"(V,,) and then set b, = -o" and b, = w in (4.18)
to conclude

Lemma 4.10. There is a constant Z with the following significance. Let
p>0 besmalland E>0. Let we C*(W) and uell,-C*(V) be
given to satisfy (4.38). Then

- —6 g

(4.40)  fullgo < Z-(p " flull2 + lwlly) S Z- (14 p~ E D)llwll,.

If w = 0 in (4.38), then estimates for u can still be found, but the
L’-norm of u must enter. These estimates are standard:
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Lemma 4.11. For each integer k, there exists Z, such that if u €
C™(V) obeys du =0, then
k
IV ully < Zgllul 2.
(g) Estimating the || - || ,i-norm. In this subsection, assume that the

symbol ¢ (in (4.1)) of & is elliptic. (Thus, forall x € M and &€ T7[,,
a(¢): V|, — W|, is an isomorphism.) Suppose that w € C™(W) obeys
(4.41) Sw=0,

with Q as described in (4.16). (Note &" is also elliptic.) ‘

Proposition 4.12. There exists a constant Z , with the following signif-
icance: Fix p > 0, but small. Suppose that Q is as described in (4.16)
and that w obeys (4.41) with 8" elliptic. Then
(4.42) lwllgr < Z-(llgll, + 1,0 - 151l + llwlly,)-

This proposition will be proved by integrating both sides of (4.41)
against a suitably chosen test function. The estimate in question will result
after a by-parts integration and some straightforward manipulations. The
key to (4.42) is the construction of the test function.

The test function’s construction requires the following short digression
whose culmination is Lemma 4.13, below.

Let ¥, and W, be vector spaces of the same dimension, and let ¢ €
Hom(R4; Hom(V,; W;)) be such that gy () is an isomorphism for all
nonzero ¢ € R*. Require g,(&)"g,(¢) = €11 as well.

Let {yu}:=l be Euclidean coordinates on R* and let Vo =
Z:=l(6 /8x")®dx"” denote the Euclidean covariant derivative. Then
(4.43) 9y = 0,(Vy)
is a first-order, elliptic constant coefficient operator on R* which maps
V,-valued functions to W) -valued functions. Likewise, it maps (¥, ® W;)-
valued functions into (W, ® W,)-valued functions.

One more remark before Lemma 4.13. Since W), is a Euclidean vector
space, End(#)) is naturally identifiable with W, ®@ W,,. Use 1 € W @ W,
to denote the identity endomorphism.

Lemma 4.13. Let y € C°°(Ss) be given, thought of as a radially con-
stant function on R“\{O}. There exists a unique s € C*(V, ® Wilss)
(thought of as a radially constant, (V, ® W,)-valued function on R"’\{O})
which obeys

(4.44) 5| = =22t
)T
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Furthermore,
(4'45) “S"oo + ”S||L§(53) <c- ||'//”L§(s3) s
where ¢ is a universal constant and the norms ||y || Ls% are the standard
2
Sobolev norms over S°.
Proof of Proposition 4.12. Fix x € M and a Gaussian coordinate sys-
tem with center x. Make p small enough so that the Gaussian coordinates
identify B(x) with the ball B(0) C R* of radius p.

The first step in the proof is to remark that a bound for [w||g: will
result by bounding

(v, p0 W),

8g . 3
.73

(4.46) dvol

B(0)

forall p €T and v € (W RT").

Indeed, the difference between (4.46) and its twin with g, replaced by
g can be bounded by |lw]|,, .

The Gaussian coordinate system trivializes 7| B(x) for it identifies
B(x) with B(0) and the latter has coordinates {yV}:=1 . With respect
to the basis {d yu}i___l for T™, write

4
(4.47) v=3 v,edy,.
v=1

The Gaussian coordinate system also identifies V|, and W], , with
B(0) x ¥, and B(0) x W, respectively. Here ;= V|, and W,=W]| .

Introduce ¢, = |, , where o is the principal symbol of é. Then
define J,, as in (4.43) and note that Lemma 4.13 applies. Use said lemma
to construct {SV}L1 to obey (4.44) using {y = (/)V}ﬁ:l . Here {¢,} are
the components of ¢ .

Note that

(4.48) s

2“: s, ®0,
v=1 l * |§E
is a section over B(x) of V. The test function for multiplication against
both sides of (4.41) is going to be «, - s, with o (-) the bump function
of (4.19).

Multiply o, - s against both sides of (4.41), then integrate by parts to
find

(4.49) /B o dvol (6(a, -5), ), = e dvol (a, -5, Q),.
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This last equation will give an estimate for (4.46) after some massaging.
Analyze first the left-hand side of (4.49). For this purpose, note that

4

(4.50) ss=5 "0 lv 4,
v=1 | . IgE
where
S|V v sl v

(4.51) lrol < Z - all £ e, ’II-II g|+|VgEs] vl ¢ -

12, N
Thus, the left-hand side of (4.49) can be written as

(v, pd W)
(4.52) dvolg ——Tﬁ +71,
B(x) £,

where
(4.53) ISR T SR Y )

The derivation of (4.53) is straightforward but for Lemma 4.13. It allows
the replacement of ||s|| , and ||S”L§(s3) by z’||¢”1.§(s’)-

Equations (4.52) and (4.53) prove that (4.49)’s left-hand side can be
used to estimate (4.46).

Turn now to the right-hand side of (4.49). It has two parts, which
correspond to the breaking of Q in (4.16). Here is how to bound these
terms:

Term 1. Since |s| < z - ||¢|| > the first term is bounded by

(4.54) z-lIslle - gl < z-llell 25y - vl 0 - llall,-

Term 2. After integration by parts, the second term on the right in
(4.49) is bounded by

(4.55)

/;l(x)dvolg{(ax -5, ngl b))+ (Vy(a, -5), b, “by) }H -

The first term above is bounded by

(4.56) Z-|Isllo - vl - 1By 1l g0 - 115l »
which can be replaced by
(4.57) Z: "¢”L§(Sz) : "v"jzo * ”bl "3’0 ) ”bzuz*‘
As for the second term in (4.55), it can be replaced by (4.57) plus
(4-58) Z- "s|'L§(53) * "U“oo : ”bl ”oo ° ”bznyl
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This last term appears as the upper bound for

(4.59) dvol, O by bl
B(x) £ I ’ lgs
and also
vV, s-v,b-b
(4.60) dvol, Ve, — Ve
B(x) : -1,

Replace ”S”L§(s3) in (4.58) by Z - H;oll,_’z(ss) and then (4.52)-(4.54),
(4.57), and (4.58) lead directly to the assertion of Proposition 4.12.
Proof of Lemma 4.13. The operator J, has a Green’s function, p ,()

with pole at p € R* , given by

(v —p)
(4.61) —c. VP
PW=e, - plg,

Here ¢ is a constant. Thus, (4.44) has the formal solution whose value at
4 .
peR is

(4.62) n)= [ diye- 222 ¥0)
R y=plg, Wi,

Here, y = y/|y| € S3. As long as p # 0, the integral in (4.62) converges.
When p # 0, write p = p/|p| and (4.62) can be rewritten (by rescaling
the integration variable y — |p|:y) as

(4.63) np) =12,

Iple,
Thus, with s(p) defined to be n(p) with n as in (4.62), one sees that
(4.44) has a solution of the appropriate form. The estimates for s (and
uniqueness) are obtained by writing (4.44) as a differential equation for s
on S°. The equation in question is readily seen to be elliptic, and standard
elliptic theory gives the estimates in (4.45).

(h) The projection I1.. This subsection will consider the projection
I, for the operator V,V, on C™(V). Of particular interest will be
I -Q with Q asin (4.16) and an estimate for ||(1-1I;)- Q] in terms
of |lqll, and |Ib,l| g0 - [1b,l,. -

With this goal in mind, set ny = (1 —Il;). A description of 7, re-

quires the choice of an L*-orthonormal basis {ui}?;(f ), for the span of
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the eigenvectors of V;V < with eigenvalues less than E. With this basis
{1/ }N (E) ,

(4.64) ng-Q= Z [/ dvol (ul, }

Estimating ||z - Q||, is facﬂltatcd by adopting notation which distin-
guishes the norm in (4.17) as defined by p with the same norm as defined
by a number r # p. Use ||-||, , and || Il , to make this distinction.

Likewise, use | - |[|,, , and |-, , to distinguish (4.12) as defined by
p and r. And, similarly introduce || - || go , and l-llgo , for (4.13).

Here is this subsection’s principle result:

Proposition 4.14. There exists a constant Z with the following signifi-
cance: Fix E>0 and p,r>0. Let Q beas in (4.16). Then

2
2.7
I7g - Qll,, < Z .37(14_, E)-(llgl, , + 1bligo 1Byl ,)-

The remainder of this section is occupied with the proof of this propo-
sition.

To prove the proposition, it is first necessary to state some basic facts
about eigenfunctions of V;V e The next two lemmas make a digression
for this purpose.

Lemma 4.15. Let M be a compact, 4-dimensional manifold with met-
ric g. Let Y — M be a vector bundle which is associated to M s orthonor-
mal frame bundle. Fix n > Q0 and assume there is a constant Z which
makes the following true: Let E be an eigenvalue of V;Vg on C*(Y)
and let v be an eigenfunction obeying |v||;» = 1. Then

IVl < Z-(E+ 1)

Proof of Lemma 4.15. The n =0 assertion follows from (4.18) using
0=V ¢ and Q = E-u. Take p smaller than the injectivity radius.
Given the assertion for n = k& > 0, one can obtain the n = kK + 1 case
by differentiating both sides of V?u =E-u n-times to get Vz(Venu) =
E-V®u+ 3" % -V®u, where %, is constructed from the curvature
of g and its derivatives to order n—i. Apply (4.18) to this last equation.
g.e.d.

The next lemma concerns the totality of eigenfunctions of V v, with
eigenvalue less than E .

Lemma 4.16. Let M be a compact, 4-dimensional manifold with met-
ric g. There are constants Z and E, with the following significance:
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(1) The rank of n, obeys N(E)< Z -(E + 1)°.

(2) Fix x € M and define r,: C*(V) — V|_ by restriction. Then
r.: nEOC°°(V) — V|, is surjective for each x € M .

(3) dlso, r, oV, : 7y - Co(V) = (T*®V)|, is surjective for all x € M .

Proof of Lemma 4.16. The first assertion is well known (see, e.g., [4]).
For the second assertion, fix x € M and choose a smooth section s of V
with s(x) =1 and ||s||,> = 1. One can assume that ||V s||;2 < Z,. The
expansion of s in terms of eigenfunctions of V; v g converges pointwise,
a fact which follows from Lemma 4.2. Hence, there exists E_ such that
r, 1s surjective upon restriction to # E, C™(V). Lemma 4.15 implies that
this surjectivity is true for r: n, C*(V) — V|, if x' is near to x.
This fact and the compactness of M completes the argument. Assertion
(3) is proved with an analogous strategy.

Proof of Proposition 4.14. With r small, invoke Lemma 3.8 using X =
M and ¢ =r. Let Q C M be a set of points for which properties (1)-(3)
of Lemma 3.8 hold.

For x € M, define o (-) by (4.19) using n-r instead of p, with n as
in Lemma 3.8. Define

(4.65) a=>d o

so that {a, = a,/a}, o is a partition of unity which is subordinate to
the cover {B,. . (x)},cq of M. Note that there is a constant ¢ so that

(4.66) Vo |<c-r
Now, write
(4.67) Q0=> «a
xeEQ

Since nE is linear, an estimate of 7. - Q follows from estimates of
{nE Q) }XEQ N(E

To esumate ng-a,Q, choose an L*-orthonormal basis {v;}ich ) for
n - C*(V) so that the following conditions are met:

(1) {piP crgC).
(2) If i > N(E,), thenr v, =0and r, o Vv, = 0.
The existence of such a basis is insured by Lemma 4.16.

If i < N(E,), then

@9 |[ dvol, 0,0, <Z-F(lall +1bilge - Wl )

(4.68)
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Here, Lemma 4.15 is used to bound v, and Vv, uniformly. (Thisis possi-
ble because each v; is a linear combination of eigenvectors with eigenvalue

N(E,) or less of which there are at most Z-(E,+ 1)2 .) In deriving (4.69),
integration by parts is used to remove the derivative from b, .
Now, for i > N(E), one has in B, . (x)

4.70 v|<Z-rE', |V u|<Z-re.
i g7i

This means that when i > N(E,),

(4.71)

[ dvol, . 2,0),| <Z-#E>-(lall. .+ Wbilige - IByl )

Meanwhile, when i < N(E;), one has

(4.72) ol , <20
and for i > N(E,) one has
(4.73) lvll,, < Z-p* - E.

Together, (4.69) and (4.71)—(4.73), with Lemma 4.15, estimate
(4.74) ng-a,-Qll,, <Z-p*-r(A+r"E")-(lall, ,+1b,l g0 ,-11B,]1, ,)-

Since the number of points in Q can be bounded by Z 4, equation
(4.74) gives the required estimate.

5. Linear theory for 7

Suppose that M is a compact, oriented, 4-dimensional manifold with
metric g. Specify a section Q of the bundle of symmetric, traceless
endomorphisms of Ai T*M . Consider the equation below for a section

h of Sym*T":
d

(5.1 E%(g + th)l,o = Lgh =Q.
Equation (5.1) is a linearization about g of the equation for prescribing
# " ; (5.1) is the subject for this section.

(a) Solving for 2. With g fixed, #(g + k) depends analytically on
h aslongas |g| ¢ <1 everywhere. Thus, the left-hand side of (5.1) defines
a second-order, linear, differential operator L -

The operator L ¢ takes a section of the bundle of symmetric endomor-
phisms of T*M and gives a section of the bundle V. of symmetric, trace
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zero endomorphisms of Ai = Ai T*M . (Simplify notation here and use
AL for AZT"M ) Thus,

(5.2) L,: C®(Sym*(T")) — C*(V,).

There is, of course, always a cokernel obstruction to solving L h=Q
for general Q. This obstruction will eventually be dealt with, but for now
it is convenient to circumvent the whole cokernel issue by considering the
equation

(5.3) O,-Lh=I,.Q.

Here, £ > 0 and Il,: C°°(V+) — C™(V,) is the Lz-orthogonal projec-

+
tion onto the span of the eigenvectors of V;V ¢ with eigenvalue E or

greater. (Note that I1, is not defined by L, L")

To measure solutions to (5.3), use ||+ llgo ,, [ -llz ,, and |-l ,
to indicate that the norms in Definition 4.6 have been defined using the
parameter p > 0. Likewise, use ||-||, , for (4.17).

Proposition 5.1. Let M be a compact, oriented 4-manifold with metric
g. Let Y — M be a vector bundle. There exists Z which makes the
Jollowing true:

(1) Fix E > Z and assume that there is a continuous map
H: C®(V,) = C®(Sym’ T") for which h = H[Q] obeys (5.3).

(2) Suppose that Q = q + b, - Vb,, where b, € C*(Y) and b, €
C™MHom(Y®T"; V,)). If p,r obey Ep'*>Z"" and r’E’ < Z; then

z
(5.4) ltllg , = llhllgo , + IV, Alg , ((Q) += (Q))
Here

(5.5) (@), =llgll,, + byl go Iyl -

The remainder of this section is occupied with the proof of this propo-
sition and with a special case (Proposition 5.7). However, properties of
the solution 4 to (5.3) are derived along the way.

Before turning to the proof, here is a word of explanation for the use of
Il : The analysis of (5.3) using Il., as opposed to LgL; ’s projection,
seems easier to the author. The reason being that V’;V ¢ is a second-order
operator while L gL:, is a fourth-order operator. There are disadvantages
to the use of Il , but they prove to be of little consequence.
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(b) The linearization of %, . The metric g defines the orthgonal de-

composition
2 2 2

(5.6) Sym"T" ~R& (A ®AL).
The first factor corresponds to multiples of g. With respect to (5.6), L <
sends f-g (with fe C*(M)) to [-,.

On a section of AZ_ ®Ai , the operator L, is identical to the orthogonal
projection,

. 2y A2 2

(3.7 s: End(A]) ~A_ ®A, -V,

T . oA 2 2 00/ A2 2 -
fc.>f an operator L,: C7(AZ @ Ay) - C (A, ®A}). This L, has the
orm

(5.8) L,=0],0_,+B8,

The various terms in (5.8) are as follows: First, Bg eC °°(Hom(A2_ ; Ai))
is the traceless Ricci tensor in (1.2). Second, 9, , are defined as follows:

Take the composition *d: C°°(Ai) — C®(T") of (4.3) and extend it to
(5.9) By, CT(AL®AL) - C(T" 8 A})
using the Levi-Civita connection on Ai . Finally, 8; ¢ is the formal, I
adjoint of 4, - Thus,

* OO , 00, a2 2
(5.10) 81,: C™(T" @ A}) » CT(A] ® A])
is the covariant extension (using the Levi-Civita connection) of the com-
position
(5.11) (T 4 C®(NT) 3 e (AY),
where the P, are the orthogonal projections for (1.1).

The factorization of L ¢ 35 in (5.8) appears in [7].

() The extensions of 3, g+ Neither of the 9, < in (5.9) are elliptic, but
both have injective symbols which obey (4.2). (Much of the discussion in
§4 will be applied here to 9, ¢ .) Both a9, ¢ come as part of naturally
occurring elliptic operators,

(5.12) D,,: C®(AL ®Al)e C¥(AL) — C¥(T" o A2).
Here,

(5.13) D, (u, uy) =0, ,u+V u,
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Use D} ¢ = (8% o V;) to denote the formal L*-adjoints of D g -

Since D ¢ are elliptic, there is the usual “Hodge theorem™:

Lemma 5.2. Each a € C(T* @ Ai) has a unique decomposition
a=v,+a,, where v, eker(D.,) and a, € Im(D,,).

(d) A change of view. When u € C*(V,), then 8, u e C™(T" ®Ai)
and one can use Lemma 5.2 to decompose

(5.14) B Uu=v_+8_h+V 0,

where v_ € kerD’

Ter he C(A2 @AY), and ¢ € CP(AY). If, in
addition, u obeys

(5.15) 50,0, u—5(8,,u_+0_,V 0)+s- B,-h=0Q,
then A obeys (5.1), that is,
(5.16) Lh=Q.

The point of view that will be stressed here and henceforth is that (5.15)
is an equation for u with £, ¢, and v_ implicit functions of % which
are determined by (5.14) and Lemma 5.2.

The replacement of (5.16) (an equation for 4) by (5.15) (an equation
for u e C°°(V+)) can be justified at two levels. First, (5.16) is a second-
order equation without injective symbol. It has been replaced by (5.14)
and (5.15). The former, an equation for 4, ¢, and v_, is an elliptic,
first-order equation. The latter, (5.15), is a second-order equation whose
symbol is that of the Laplacian, ¢ €¢ T" — |& |2 - 1. In particular, the
machinery of §4 is designed for (5.14) and (5.15).

The second justification for (5.15)’s replacement of (5.16) is not so prac-
tical, but theologically much more satisfying: To understand this second
justification, one must realize that the failure of L g S symbol to be injec-
tive is the linear manifestation of the natural equivariance of the equation
Z_(g+h) = Q under the action of Diff(M). Indeed, L, isa zeroth-order

operator upon restriction to the linear subspace of C°°(A2_ <) Ai) which
is tangent to the orbit through g of Diff(M). (This subspace is the image
of C(T") under the map

00 * v 00 * * o0 2 2
(5.17) Co(THSC(T T L CT(AZ8AY),

where p is orthogonal projection.)
The degeneracy of L < ’s symbol implies that there is an infinite-dimen-

sional ambiguity in Lg—1 since Lg will have an infinite-dimensional kernel.
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To contrast, an elliptic operator has at most a finite-dimensional kernel,
so a finite-dimensional ambiguity to its inverse.

With the above understood, take comfort in the fact that the replace-
ment of (5.16) (with its great indeterminacy as an equation for 4) by
(5.15) (with its small indeterminacy as an equation for u) can be thought
of as a choice of a particular resolution of (5.16)’s indeterminacy. Indeed,
given any A satisfying (5.16), one can find u, v_, and ¢ to solve (5.14)
and (5.15) if one is willing to allow u to be a section of Ai ® Ai rather

than a section of ¥V, C Ai ® Ai . (Apply both + versions of Lemma 5.2
to prove this.) Now,

2 2 2
(5.18) A gA =V, oA oR,

where the last two terms correspond to the skew-symmetric endomor-
phisms of Ai and the multiples of the identity, respectively. On the
symbol level, the composition

(5.19) (1) "5 (A2 ® A2) "5t CF (A o A2)
is an isomorphism onto the last two summands in (5.18). This means that,
up to a finite-dimensional vector subspace, any % solving (5.16) can be
adjusted by adding elements in the kernel of L g 10 insure that the resulting
u solving (5.14) and (5.15) lies everywhere in V.

(e) Equations (5.14) and (5.15) for ». Having said all of the above,

return to (5.14) and (5.15) as an equation for u € C*(V,). To bring
(5.15) into better focus, remark that the symbol for 8”8 __ is a multiple

- . . +g +g
of the identity. This means that
(5.20) 6+g6+gu=Vngu+9?0-u,

where Z, € C*°(Hom(V__, Ai ®A2)) is a linear function of the Riemann
curvature tensor. (In fact, it depends only on % and s of (1.2).)
Also, the symbol sequence for

00, .2\ V 00 ; ¥ 2 6: 00, a2 2
(5.21) CT(A) S CT(T"eA,) ZCT (AL ®A))
is exact. This (and (5.2)) allows (5.15) to be rewritten as
(5.22) V:,Vgu-;-s-(a:gv_+.92’0-u+$1(h,¢))=Q,

where %, is a section of Hom(AZ ® A2 @ A2; A2 ®A2) which is a linear
function of the entries 7,_,s,and B in (1.2).

Together, (5.22) and (5.14) define an elliptic, second-order pseudo-
differential equation for u. The equation’s solvability cannot generally
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be insured without modifications which avoid any cokernel to the adjoint
equation. The simplest way to avoid these cokernel obstructions is to
choose E > 0 and replace (5.22) by

(5.23) ViV + g s (8] v_+Ry-u+Fh, 9)) =Tl - Q.

+g -

Note. If u satisfies (5.23) with (v_, &, ¢) determined by (5.14), then
h satisfies (5.3).

(f) Existence and uniqueness for (5.23). The analysis of (5.23) is rooted
in the following basic result:

Proposition 5.3. Let M be a compact, oriented 4-manifold with metric
g . There exists Z such that when E > Z , the following is true: Specify
Qe C°°(V+) and (5.23) has a unique solution u when subject to the addi-
tional constraints that u € 1, - C* (V) and that (h, ¢) be L*-orthogonal
to kerD_ g Furthermore, this association defines a continuous, linear map
from CZ(V,) to II,C®(V,).

Proof of Proposition 5.3. A weak solution to (5.23) has u in Lf,
(h,p)€ L’ ,and v_ € C*. Elliptic regularity (see Lemma 4.2) implies
that u, 4, ¢ are smooth.

The Lf solution will be found after rewriting (5.23) as a fixed point
equation on Il - Lf (V,). Existence and uniqueness will follow using a
contraction mapping argument.

To begin the rewriting of (5.23), consider (5.14) to be an equation for
determining (%, ¢) and v_ in terms of u € Lf (V). Hodge theory pro-
vides that there is a unique (%, ¢) and v_ solving (5.14) provided that
(h, )€ kerD_, .

Lemmas 4.1 and 4.2 estimate

(5.24) lo_llyz < Z - lull 2
and
(5.25) Ry @)z < Z - Jull 2

These last estimates can be bootstrapped to show that the asszignment
of (h,9) and v_ to u gives a bounded, linear map from L, (V,) to

L}(A2 @ A2 @ AY) x kerD? .

With (5.14) understood, turn to (5.23). With u € L}, one has
;s (8],v_+%, u+Fh, ) in L}(V,).

Lemma 4.3 provides a unique w € Il - L§(V+) which obeys

(5.26) VoV w=-Tl -5 (8] ,v_+Fy-u+#h, 9)).
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Lemma 4.2 implies that the assignment to « € L‘:'( V) of wlu]e L§(V+)
is linear and continuous.

Meanwhile, Lemma 4.3 also provides a unique u, € II.C *(V,) which
obeys

(5.27) VeV, =11 0.

With (5.26) and (5.27), one can rewrite (5.23) as the following fixed
point equation on II EL:IZ(V+) :
(5.28) u=wlu]+u,.

This equation will have a unique solution if w(-] is a contraction map-

ping from HEL:;' (V,) to itself. The Lf-norm of w is estimated using
(5.26), Lemma 4.3, and Holder’s inequality:

(5.29) | lwllz < Z- B~ full .

If E> Z2, then (5.29) implies that (5.28) is a contraction mapping.
Therefore, Proposition 5.3 is a consequence of (5.29).

(g) Local estimates for » in (5.23). Fix E so that Proposition 5.3
holds. With p > 0 fixed, the purpose of this subsection is to estimate the
size of u as measured by

(5.30) lully , = lullgs ,+Vullgr ,
(Refer here to Definitions 4.4-4.6.)

Proposition 5.4. There exists a constant Z which makes the following
true: Fix E >0 so that Proposition 5.3 holds, and let u e T1I;C*(V,) be
the solution to (5.23) given by said proposition. Suppose p,r >0 but that
p6E >Z7 ', p<Z7', and rYE' <Z. Then

(5.31) lullg ,<Z-(Q),+p/r"-(Q),),

where (Q), is defined in (5.5).

Here is how the proposition will be proved: First, Propositions 4.8 and
4.14 be used to bound the || || g0 , norm of u in terms of (Q),, (Q),,
and ||(4, ¢)ll,, . Second, Lemma 4.10 will be used to bound [|(%, ¢)||_,
in terms of |lu||l, ,. Third, IV ull g will be bounded in terms of
(Q) > (@), , and |ju|| #,, using Proposition 4.12. Steps 1-3 will give a
bound on |[jufis, , in terms of (Q) 2» (Q),, and llully , again. Finally,
when the bounds on p, E, and r are obeyed, this last bound will be
parlayed into (5.31).

To set up the first step, one must write (5.23) as

(5.32) VvV u=T,-(Q+4d),
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where

/ *
(5.33) q E—s-(6+g'v_+%ovu+.%l‘(h, 9)).

An appeal to Proposition 4.8 requires an estimate for |1 - q| P,
This number can be estimated using Proposition 4.14 from a bound on
||q'||*, , and llq'll*‘r. These, finally, are estimated by

Lemma 5.5. There exists Z such that if u obeys (5.23) and p,r >0,
then

(5.34) Il , <Z-7Q+pE" ) g .

*,r =
This lemma is proved below. With Lemma 5.5, the proof of Proposition
5.4 requires one additional result:

Lemma 5.6. There exists Z such that if u obeys (5.23), then for
p,r>0,

IV ullg < Z-(14+p°E™")- (@), + Z(1+ PE")-(Q), + (1 + F°E")
(5.35) P+ ET ulg )+ Z -l go

This last lemma is also proved below.
Proof of Proposition 5.4. Plug (5.34) into Propositions 4.8 and 4.14 to
find that

lulgo < Z (14 p~°E™) - (@), + &1+ PE) (@), + (1+P°E)

(5.36) —1/4

0"+ pT ET Y g ).
Meanwhile, Lemma 5.6 bounds ||Vgu|| &1 by the same expression as on
the right in (5.36) but for the addition of Z-||u|| 50 o Multiply both sides
of (5.36) by 2-Z and add the result to (5.35). This yields Proposition
5.4’s asserted bound when p6E 2>_' , p< z™! , and E’ <Z.

Proof of Lemma 5.5. As

(5.37) g, ,<z-7*1d N,

w,r =

it is sufficient to estimate the L™ norm of each of the three terms in
(5.35).

Term 1 in (5.33). Use Lemma 4.11 to conclude that
(5-38) ||3Ig'v_ loo £ Z -l < Z - |lull -

Term 2 in (5.33). This term is bounded by
(5.39) Z - |ul| -
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Term 3 in (5.33). This term is bounded by Z-||(k, ¢)|| . which must
now be estimated. For this purpose, write ¥ = (h, ¢). Since D_ V=
a, U=V, Lemma 4.10 can be applied if E in said lemma is taken to be

the first nonzero eigenvalue of D* Dog- Use the first estimate to bound

(5.40) Ik, 9)llgo < Z - (72lCk, @)l 2 + 11V ul,)-

To estimate the L norm of y = (h, @), pick A >0 and write ¥ =
¥, +V,,where ¥, =11, -y, with II, the projection onto the span of the
eigenvectors of D* gD_ < which have eigenvalue A or greater. One has

— 1 — z
(5.41) Wl < WIID_g%lle < ﬁllullL;-
As for ||y,l|,, one has

2 2
(542) Wl <Z-ID_ il <2 [ dvol (D, 0.,
The last term on the right of (5.42) can be bounded by
(5.43) lwall 2 - w2 < Z - 4= lylie - Nl -
Together, (5.41)—(5.43) imply that
(549 Wi <z (5 + =) -l
Now, set i = E*_ This gives

-3 ,.-1/4

(5.45) IChs @)lgo , < Z, - (P E™ " < flullga, + 11Vl ,)-

Equations (5.38), (5.39), and (5.44) give Lemma 5.5.

Proof of Lemma 5.6. The estimate for ||Vgu|| 21, will come from
Proposition 4.12. To invoke said proposition, set w = V g U Note that
(5.32) describes V,w . Meanwhile,

(5.46) ngw =%, u,
where %, € C*(End V,) is a linear function of the components of 7Z_
and s. Thus,
(5.47) D, w= (% u,(Q+q)),
with D, as defined in (5.13).
As D_ g is elliptic, Proposition 4.12 can be invoked and it yields

(5.48) |lwlg ,<Z-(1+p°E™")-((Q), +4(1+7°E")-(Q),

+(p* 40 ET Yl )+ 2wl .
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This last expression gives (5.35) with the realization that lwll,, , S
lulgo,.

(h) Proof of Proposition 5.1. The # in said proposition is the same as
that in (5.14) when u is given by Proposition 5.3.

The .#%-norm of 4 is estimated in (5.45) by

~1/4

-3
(5.49) Willgo , <Z-(1+p E™") Jully .

Meanwhile, the . -norm of V gh is estimated using Proposition 4.12 and
gives

(5.50) IV hligr , < Z- (19 ull, ,+ Al ,)-

Since IV ully , < luls , and ||h||2*,p < “h”yo,p , these last two equa-
tions imply (5.4).

(i) The example of @2 and S*. The manifolds S* (with its round
metric) and @2 (with its Fubini-Study metric) provide examples for
Proposition 5.4 where the projection Il is unnecessary.

Proposition 5.7. Let M be a compact, oriented, Riemannian 4-mani-
fold whose metric g obeys #, =0, B=0, and s > 0. (Refer to (1.2).)
There is a constant Z > 2 for which the following is true:

(1) There is a continuous map H: C*(V,) — C®(Sym’ T*) for which
h = H(Q) obeys Lgh =Q.

(2) If Q is as described in Proposition 5.1, then

(5.51) g po1 € Z-(Q),oy-

Proof of Proposition 5.7. Begin with the observation that s- %, =0 in
(5.22). This is due to the vanishing of %, and B. Thus, (5.23) couples
to (5.14) only through the v_ term. This term is, in fact, zero for the

following reason: The metric orthogonally splits the bundle 7" ® Ai ~
T @ W, . (Here, W, is the kernel of a dual to T"oT — AT -

+
Ai .) When B = Z_ = 0, the components of v_ with respect to the
splitting 7" ® li ~ T" @ W, are separately annihilated by D’ g+ Use
the Weitzenboch formula for D_ gDi ¢ to prove this. When s > 0, this
same Weitzenboch formula shows that the component of v_ in W,_ must
vanish. As for the other component, the composition of 8: ¢ followed by
s is identically zero. Thus, no v_ term appears in (5.23) as claimed.

As for the term s - %, - u in (5.23), it is a positive, constant multiple
of u. Indeed, &, is linear in the scalar curvature (s);as #Z, =B =0
it can only be a multiple of the identity. As the Bianchi identity insures
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that s is constant, one need only check that s-.%, is a positive multiple
of the identity. This task is left to the reader.

The operator V.V ¢ has strictly positive spectrum also. Indeed, V u =
0 implies # = 0 which can be proved by considerations of [V g7 \Y g]u .

With the preceding understood, the projector Il; in (5.23) is the iden-
tity on C*°(V,) whenever E is small, say E, > E > 0.

Since (5.23) and (5.14) are uncoupled. One can take E = E;/2 in
(5.23) and still draw Proposition 5.3’s conclusions. Likewise, Proposition
5.4 holds for E = E;/2 and so Proposition 5.1. The conclusions of
Proposition 5.1 imply those of Proposition 5.7.

6. Linear theory on connect sums

The estimates so far have involved a fixed manifold M and a fixed
metric g on M . In particular, the constants in most of the inequalities
of §§4-5 depend implicitly on this metric g.

However, estimates are ultimately needed for manifolds of the form
M, = M# NQZ with N arbitrarily large. Furthermore, the sorts of met-
rics (see §3) that show up can have arbitrarily small injectivity radius, and
arbitrarily large curvatures. This means, of course, that the results in the
preceding sections cannot be directly applied on M, . The purpose of this
section is to begin the development for the analysis on M), by considering
the linear aspects of the analysis. §8 deals with the nonlinear aspects.

(a) Conformal solutions to Lgh = . Start with a compact, oriented
Riemannian manifold X with smooth metric g. As remarked, %, trans-
forms covariantly under conformal transformations of g. Indeed, as a
section of Ai ® Ai ,

(6.1) v.(f-8)=f-7(g)
for smooth f > 0. Equation (6.1) implies that
(6.2) L (f-h)y=f-L,h

for h € C*(Sym’ T*). (Warning: The inclusion in (5.6), #,: A ® A} —
Sym’ T*, is not conformally invariant. Rather, e =Tt

The point of this digression on conformal transformations is that the
equation Lgh = @ can be made sense of without the specification of an
honest metric; only a conformal metric is needed. Here is why: Let [g]
be a conformal metric on X, which has been specified by giving an open
cover {U;} of X and a metric g; on each U,, subject to

(6.3) g,'=¢ij'g on [J[nt
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for ¢, ;a positive, smooth function on U,NU e
If [Q]={Q, € C°°(V+[U_)} has been specified, with {Q,} obeying (6.3)
too, then it is reasonable to say that [k] = {h, € C*°(Sym’ T*"| v)} solves
Lkl =[Q] if
(a) L,hy=0,=0 onU,
(b) h,-=¢’ij'hj on U,.ﬂUj.
An [h] obeying (6.4) is a conformal solution to L al71=10].
(b) Conformal metric on M, . A conformal metric [g] on M, =

M# NQZ is constructed in §3 and some of its properties are summarized
in §31. In particular, §31 describes [g] ala (6.3) by giving an open covering
{Ui}i o of My with an honest metric §; on each U,. Please reread §31
now.

In particular, the ¢,; in (6.3) can be found by noting that

(6.4)

4
* ! X
(6.5) 0l g, = Iil‘

¥, %o 8rs
in 7(UNU).

(c) Cokernel issues. Just as there are obstructions to solving L gh =0,
there will be obstructions to (6.4)’s solvability. The equation L gh = Q was
generalized to (5.3) in order to postpone the discussions of obstructions.
Equation (6.4) has an analogous generalization which will be described
shortly. Suffice it to say now that Proposition 5.7 allows for an avoidance
of this cokernel issue by a method which treats U, and U, differently.

(d) Conformal solutions on M, .

In writing down and in solving (6.4)’s generalization, it proves useful to
write the {hi}f\;o in terms of {ﬁi}ﬁ o Which extend over M (when i =0)
or over @2 (when { > 0). When i > 0, iz,.
Sym’ 7" and it obeys

(6.6) L, h,=0,

8Fs

. . 2
is a section over CP° of

for a suitable section Q. of V, |cp2-

Meanwhile, fzo is a section over M of Sym2 T*M where it obeys
(6.7) g - LgMi'o =M 0,
for a suitable Qo , section of V_ (as defined by g,,) over M. Here, Il

is the L’ -orthogonal projection (using the metric g,,) onto the space of
the eigenvectors of V;M \v g which have eigenvalue E or greater.
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To recover {h,}N, from {h}, it is necessary to fix r, € (0, 1) so that
the radius r, ball about y, in CIP’ lies in the chart ¢, .

With r, spec1f1ed set h, = h on the compliment in CP? of the ball of
radius r; with center y, . Ins1de said ball, set

(6.8) voh; = ¢8;li +(1- ﬂr /4) bl l . '/’;(/’:i’o-

Meanwhile, set k4, = hO in the comphment in M of the union of the
balls about each x; of gM-radlus ¢, . Inside the ball about x; of gM
radius ¢, , set

(6.9) oihy =97y + (1= B, 4)- ' L viosh.
Notice from (6.8) and (6.9) that

(6.10) 9, h Iﬂl v, ¢Oh,,
where ¢,/32 < |x| < ¢,/16; i.e., on (o,._ (U;nU,).

To define {Q} it is necessary to choose r, € (0, 1) so as to invoke
Proposition 3.15. Make r, < r,/8. Its precise value will be specified in
Theorem 6.3.

When i > 0, make Q‘. = Q, on the compliment in Q of the radius
r, ball about y, . Inside this ball, set

¢0Qi = (1 - w;ﬂlﬁl/ro)-¢8Qi

(6.11) - ﬂ,0/4(P+(gE + m}:g) ’ L,,,;,p,‘g - ng*‘"‘ps)(ﬁo) ;
where

6.12 5 = LIS

( . ) po-—(l'"ﬂ,/4) 'W,{¢ohoa

and the metric g is defined in §3m.
As for Q,, on the compliment in M of the union of the balls with
center x; and g-radius ¢, set

(6.13) Q) = P,(8y) - Qo + (L, — P, (&) L5) (ho)-
On the ball with center x; and g-radius equal to ¢, set

9,0, = Bieasr, 9; (P (&) Q) + ﬂ£1/8¢;P+(gM)L¢,‘fg' 2
(6.14) + 0 (Ly = P (g4)Ly) (hy).
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Here,

. EIM
(6.15) b= (1= B ) =3 Vi 00h;

(Remark that the domain of (p;QO ’s definition has been extended to where
A/r, < |x| < &,/32 by defining it to be equal to ]x|4wZ¢aQi/Az there.)

The preceding expressions for {éi}fi o are justified in part by:

Proposition 6.1. Let M be a compact, oriented 4-manifold with metric
&, - Construct the conformal metric [g] on M#N@2 as described in §31.
Having chosen r, subject to Proposition 3.16 ’s constraints, let g be the
metric on M that is given in §3m. Cover M#N@2 by the open sets
{Ui}f.io as described above, and introduce the metrics g; on U, as above.
Let Q; be given sections over U; of V, (defined with g;) which obey
(6.3). Suppose that {hi}fio obey (6.6) and (6.7) with {Qi}lo given by
(6.11)-(6.15). Require additionally that

(1-11,)- (LgMizo -0, =0.

If {h}Y, is given by (6.8) and (6.9), then L, [h] = [Q); i.e. equation
(6.4) Is satisfied.

The proof of Proposition 6.1 requires the following:

Lemma 6.2. Orient R* with an isomorphism A*R* ~R. Let g and
&, be positive definite inner products, and use P_(g, )t AR - AR* w0
denote their associated self-dual and anti-self-dual projections. If P, (g,)-
w=P_(g) - ©=0, then 0=0.

Proof of Lemma 6.2. The first condition implies that w A w = ¢ with
¢ < 0 unless w = 0. The second condition implies that ¢ >0 or w =0.

Proof of Proposition 6.1. The verification of (6.4b) is left to the reader.

As for (6.4a), it is automatic on the compliment to the ball of radius
r, about y, on each QP;Z . It also holds on the compliment in M of the
union of the balls with center x;, and g radius ¢, . This follows using
(6.13) and Lemma 6.2.

To see (6.4a) on the remainder of U, focus attention on the g-radius
g, ball about one x,. Since ¢;Q, = 0 for |x| < ry/32, it follows that
¢3Lngi1i =0 for |x| < r,/32 and therefore Lp, =0 for 324/ry < |x| <

€,/4. Thus, on ¢,/64 < |x| < ¢,, the condition that LgMil0 = Qo reads

(6.16) 9] (P, (gy)Ly-5(97ho + (1 = B, ) 5w 05h) = 0] P, (8, - Qp-
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This is (6.4a) on the relevant part of U,. (Use Lemma 6.2.) To see (6.4a)
on the remainder of the U,, remark that

(6.17) Lgh, = Brsasr, o
on the radius ¢,/8 ball about x,. This means that
(6.18) LW;¢;§ﬁ0 = (W;ﬁ](,,{/,o) 9,0,

where 84/e, < |x| < ry/4. In turn, (6.18) allows q);Qi in (6.11) to be
written as :

(6.19) 960, =900~ Ly om_Po>
where 84/e; < |x| < r,. Equations (6.3), (6.8), and (6.19) imply (6.4a)
on the remainder of U, .

(e) Existence and uniqueness. To make a precise existence statement
about (6.6) and (6.7) it is necessary to introduce C°°(V+) to denote the
set

n
[Q1=1(Qy, Qi) € X C°°(V+IU'_)
for which
6.20) 0 = X
(6. 9?; Qo = _}.T
on ¢, (U,NnU,)C R*. (The choice of a metric g on M, in [g] will give
a natural isomorphism C*°(V,) ~ C*(V,| M#ycE) )

When measuring [(], it will be assumed that each Q, has the following

form: For i > 1, assume that
—1 =
(621) (¢0 ) (ﬂ’0/32) 'Q,‘ = q,‘+b1,,'ngsb2’,'s

as in (4.16). For Q,, assume that

v, 0,0,

N
(6.22) [H(%—l)'ﬁu/ro} Qo =4+ bV, b0
i=1
Given (6.21) and (6.22), set
(6.23) A= gilly oy + 11Dy llgo oy 1D Ml s
then, with p > 0 given, set
(6°24) Ao,p = “40”11 + ”bl,o”_gao,p y ”bz,o”b,p-

Here, the norms for ¢,, b, ,, and b, o are defined using the metric g,,

on M, while those for g, b b2’ ; are defined using g s on CP.

1,i°
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Solutions {h;}Ly to (6.6) and (6.7) will be measured using |, ,
and ||h;||lg ,_, with the former norm again defined by the metric g,, on
M and with the latter defined by gy on CP*.

If hy, h,, are defined only on U, and U, Tespectively, and obey
(6.4a), extend the definition of 4, to the complement in M of the union

of the balls about x; with g-radius 4/r,. (Use the formula ¢;h, =

x|t ph, /A’ on the ball of radius ¢, about x;.) With this extension

implicit, measure [h] = (h,, h,.,) by
(6.25)

Il , =

N
[H(q’i_ ) ﬂﬂ/r,} “hy

i=1

+5upl(97) B,z Biller e
P

Here is the precise existence statement for (6.6) and (6.7):

Theorem 6.3. Let M be a compact, oriented 4-manifold with metric
8y - There is a constant Z > 1 so that when E > Z , the following is true:
The constructions of §3 achieve

(1) Given pgy, p, >0, small ¢ >0, and r = Z7'E
of Theorem 3.15 hold.

(2) With ry=2 —lgT7? , the conclusions of Proposition 3.16 hold.

(3) In addition, there is a continuous, linear map

H: C®(V,) —» C™(Sym” T* M) x, C™(Sym’ T"CP?)
so that H((Q) = (hy, h,,,) obeys (6.6) and (6.7).
@) If p=Z""E7'"? then
ol +supllz y < Z- (g, +supd,).
(5) If [h] = {h,}, is defined by (6.8) and (6.9), then

Wl , < Z- (8., +supd,).

(6) If M = S* with its standard metric, or if M = CP? with 8 » then
(1)=(5) above hold with E = 1 and with T1; absent in (6.7). In particular,
[h] obeys (6.4).

-7 .
/2 the conclusions

7. Estimates on connect sums

The proof of Theorem 6.3 will employ the following strategy: Treat
(6.6) as an equation which specifies /4, as a functional of two variables,
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710 and Q,. That is, select a section 710 of Sym2 T*M and a section o,
of ¥,|,, and solve (6.6) for &, = k[, Q,], a section of Sym? T*CP.

Having understood izi in this way, (6.7) becomes a linear equation for
izo with an inhomogeneous term which is a functional of Q, and Q,.

But for a slight modification, Proposition 5.7 will be used to find iz,.,
while Proposition 5.1 with some perturbation theory will find 710. Thus,
the proof of Theorem 6.3 begins on CP? and endson M .

(a) Solutions on CP’. Once hy € C*®(Sym’ T* M) is specified, then
Qi in (6.11) becomes well defined. Invoke Proposition 5.7 to find

(7.1) f=H(Q,) € C™(Sym’ T"CP?).

Now, f isnot A,; it must be suitably modified. The modification is
given first. The geometry behind the modification is described afterwards.

The description of f’s modification requires the following auxiliary
lemma.

Lemma7.1. Usep: @,T" R* — Sym® T"R* to denote the symmetriza-

tion map. Let g be a metric on R*. There exists a continuous, linear map
v: C%(Sym’ T'R*) — C¥(T'RY)
which has the following characteristics:
@ (h+p- Vg'u)l0 =0.
(b) Vg(h +p- ng)lo =0.
(c) Let ¢ be a Gaussian coordinate chart for the metric g which is
centered at 0 € R*. Write ¢"h = hpdx® ® dx? and write 9’V h =

(Voh,p,dx"® dx? @ dx’. Then

(7.2) (9~ = hop(0)x® dx? + CopyX X" dXT,

where b%;caﬂy =0 and {c, ﬂy} are linear combinations of {(V gh)(O)aﬂy}.
Proof of Lemma 7.1. Al of the assertions follow by assuming (7.2) and
using linear algebra to solve for {c, s, intermsof {(V,h)(0),,,}. q.ed.
With Lemma 7.1 understood, here is iz,.: On the radius 7, ball about

Yo > Set
(7.3) Oohi = 0o f +P -V, (1= B, 1126) ),

where v = v(p;f) is given in Lemma 7.1. On the compliment of said
ball, set h, = f.
Here are izi ’s properties:
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Proposition 7.2. There is a constant ¢ which makes the following true:
Fix ry to invoke Proposition 3.16, and let Q; be a section of V. over the

compliment in CP? of the radius ry/32 ball about y, . Suppose Q, obeys
(6.21). Let izo € C™(Sym’T"M) be given and define Q by (6.11).
Define f by (7.1) and h by (7.3). Then

(1) Lgmizi =0,.

(2) If p > ¢, then

1l g oy < - (A + iAol ,)-
(3) Let B C CP? denote the radius ro/64 ball about y,. Then
ys _ .
sup Vorhl, <c-(rg 28 +10(r, /1) - gl g ,)-

Here, A, is defined in (6.23).

There is a promise to keep before proving this proposition—namely a
justification for f’s modification in (7.3). The ability to make such a
modification and still claim the proposition’s first assertion follows from

Lemma 7.3. Let X be a 4-manifold with metric g having #_ = 0.
Then L (p-V,v)=0 forall ve CT(T"X).

Proof of Lemma 7.3. This is the infinitesimal version of the fact that
the equation #_ = 0 is covariant under the action of X ’s group of dif-
feomorphisms. q.e.d.

Thus, Lemma 7.3 says that equation (7.3) is a permissible modification
of f. But why change f at all? Here is a heuristic justification for
this change: Remember that the conformal metic [g] in Theorem 3.14
was constructed by carefully tailoring the coordinate systems in Definition
3.1 to the ambient metrics on M and @2 . (Try recovering Theorem
3.14 without Gaussian coordinates.) One should expect that a change in
the ambient metrics should produce a correspondmg change in the connect
sum coordinate systems. Now h and h Lo are only changes in the metrics

gy on M and gy on tC_lP2 . With this understood, v in (7.3) is the
linearization of the predicted change in the connect summing coordinates.
(Remark that (a) and (b) of Lemma 7.1 are linearizations of (3.5).)

(b) Estimates for /. The estimates for fzi in Proposition 7.2 obviously
follow from estimates of ||f|| o ,_, and of the derivatives of f in the ball
B . Indeed, Proposition 7.2 is a corollary to

Proposition 7.4. There is a constant ¢ with the following significance:
Make the same assumptions as in Proposition 7.2. Then f of (7.1) obeys

D) 1Ml oy S - (A +llhollg ,)-
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(2) supg |V, fl, <c- (ro‘A + Al ,)-

®2
(3) supg Vgl <c- (A +In(rg/r) - Iglly ).
The proposition’s proof has two parts. The first part estimates the
)l -norm of f . The second estimates f’s derivatives.
Proof of Proposition 1.4. || f|l& | : The dependence of || f|lg ; on the
Q,-norm follows directly from Proposition 5.7. At issue is the dependence

on |ihlz,,)-
The dependence of ||f|l , on A, can be seen after observing that the
second term in (6.11) has the form

r_ ®2 . . .
(7.4) Q= kz : Vg,,-s(ﬂro/SpO) + klngs(ﬁru/Spo) + ﬁ,o/gkopo-

Here, {ka}a=0,l, , are smooth with compact support where —;Q < x| £
r,/2. Furthermore, if 0 < n < a, then
®n

(7.5) V5" kel S 001X

The analysis of (7.4) can be made in one swoop; even so, a different
tack will be taken. (The different tack simplifies the derivative estimates
in the next subsection.)

To define this new tack, introduce K as the smallest integer which
makes

(7.6) 275 <ry/8.
Thus,
1.7 0< K <c-In(ry/r, +2).

Next, consider the partition of unity
K-1
(78) 1= Brl/Z + Z(l - Br,/Z")Brl/Z"“ + (1 - ﬂ,—l/z")-
n=2
Multiply Q' by (7.8) and it decomposes as
' X '
(7.9) Q= ZQ(,,),
n=1 .
where Q[ has support where r /2" < |x| <r, /2",

Since the map H in Proposition 5.7 is linear, f has the corresponding
decomposition

K
(7.10) X:m+ﬁo
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where f,, EH(an)) and f, is H((pg (1 - W;Blﬁl/ro)'Qi)’
Lemma 7.5. For n > 1, define f(n) by (7.10) with Q(n) given by
(7.4)-(7.9). Then

—2n 2 -
"f(n)”_?,r=l <c-2 r '“ho"_?,p-

Note that Proposition 7.4’s first assertion is a direct consequence of this
lemma. (Sum over n.)

Proof of Lemma 1.5. This @, has the same form as (7.4) but with
ka,(n) replacing k, and with (1 - ﬂrl /zn—l) . /S’,l jmBy = Do () replacing

/S’,o 13Dy - Here, k, . obeys (7.5) and has support where r, 2" < x| <

r, J2"t.

With the preceding understood, write

!/

(7.11) Qum=4q+b-V, b,
where
(7.12) 4=k (Vg Po iy + Ko, mPo,(m
and
(7.13) b = k2,(n) with b, = Vngﬁo,(n)'

Having written Q' as in (7.11), Lemma 7.5 follows from
Lemma 7.6. With q, b,, and b, defined above,

() llgll, oy S =272 rd by, -

() lIbyllgo ,oy < -Az'z" 2.

(3) 11bylly oy S - lingllg ,-

Proof of Lemma 7.6. Assertion (2) js a useful exercise for the reader.
To prove (1), note first that |py| < ¢ [|A,ll., - Thus,

ko (mP
(7.14) / d vol, M
dist, (,x)<! FS (dlstng(-, x))

is bounded by ¢-272"r} - |||, . Note second that
N -2n 2
(7.15) etV g, Po,mylle, =y < €2

e ”Vngﬁo,(n)Hz»,ml
using Holder’s inequality. (The norm || -||,, , is defined in (4.12).) Now,
the | - llz*,ml-norm and the || - ||_9,1,,=1-norm of.Vngﬁo’(”) can be esti-
mated by using ¥, to change coordinates from an integral over an annulus
& c R*\{0} to one over ¥,(#) c R*\{0}. This latter integral is readily
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bounded with the || - || ,-horm of fzo. The details provide an exercise
for the reader.

(c) Derivative estimates for /. The derivative estimates for f are ob-
tained by summing bounds for the derivatives of the { f(n)}nzo in (7.10).
The latter are found after the following considerations: Recall that each
f(n) is constructed from a Uy € C™(V,) using (5.14). For CP?, this
means that

(7.16) g Jim = Org, Yn)

since both v_ and ¢ in (5.14) necessarily vanish. (Indeed, (5.14) on QEZ
implies that VgFSVng(o =0 so Vng(p =0.) o

Meanwhile, Uiy is determined by the corresponding Q(u) via

* ’

(7.17) Voo Ve bm T € iy = Q)
with ¢ > 0 a constant.

For each n, an) vanishes if |x| < 4, . Here, d(o) = ry/32 and if
n>1, d(n) =r /2'l+l which is no smaller than r,/32. This means that
U, and all of its derivatives to order k on the radius r,/64 ball about y,

are determined a priori by d(;;‘ *ll#(mllo using standard techniques (see,
€.g., [2]). Note that Proposition 5.4 bounds

(7’18) ”u(n)”m S C: (Q(n))r:l'
Meanwhile, (7.16) determines f(n) and its derivatives to order k£ on the

radius r,/128 ball about y, in terms of d&;‘ I /|l and the derivatives
of Uy 1o order k + 1. The argument is also classical [2]. (Or, appeal to
84, here, to use only U S derivatives to order k.) Note that || f(n)llw is
bounded by | f,lle ,; -

Working out the details is a straightforward exercise that gives (for
n>1)

—-_n F
Sl}gp Ings‘fi'l)lng <c-2 rye ”h()“'?a/’ ’
®2 ;
(7.19) SUD |V filgy, < € Il
For n = 0, the right side above is replaced by c-r, 1Ai and c-ry 2Al.,
respectively.

Sum (7.19) over n to get the final two assertions of Proposition 7.4.
(Use (7.7).)
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(d) Solutions on M . Equation (6.7) will be treated by invoking Propo-
sition 5.1. To do so, assume E is largg enough to invoke said proposition.
Consider now that (6.7) is solved by 4, obeying the fixed point equation

(7.20) hy = H(Q,lhy, Oy, Q1)

Here, Qo from (6.13)-(6.15) should be treated as a functional of @,
Q,.0> and h;. The dependence on @, , and A, is implicit through
{ﬁi>0} . Here it is assumed that r, has been chosen so that Proposition
7.2 can be officially invoked to construct {iti>0} .

With r, chosen for Proposition 7.2, let U C QZ denote the com-
plement of the radius 7,/32 ball about y, and let U' c M denote the
complement of the balls about the x,_, with radii 4/r,.

Proposition 7.7. Let M be a compact, oriented 4-manifold with metric
8y - A constant Z > 1 exists so that when E > Z, then the following is
true: §3’s constructions achieve

(1) Given p, u, > 0 and small ¢ > 0, the conclusions of Theorem 3.15
hold using r = Z T2,

(2) Using ry=Z —lgT2, Propositions 3.16 and 7.2 can be invoked.

(3) With E as above, Proposition 5.1 can be invoked.

(4) In addition, with Qo as defined on (7.20) ’s right side, a continuous,
multilinear

Hy: C¥(V,|y) Xy C(V,]y) — C=(Sym* T* M),

exists with the property that h, = Hy(Q,, Qo) obeys (7.20).
5V If p=2Z""-E""2 then

hollg,p <Z. (AO,p+ slg?A,) )
with A, and A, , as defined in (6.23) and (6.24).

The proof of this proposition occupies the next three subsections.

(e) The contraction mapping theorem. Let % be a Banach space with
norm ||-|| and let & C & be a closed subset. A Lipschitzmap 7: & — &
is said to be a contraction if a < 1 exists so that ||T(x)-T(y)|| £ a-||lx-y||
forall x,yed@.

The contraction mapping theorem asserts that such a contraction, T,
has a unique fixed point on & (see, e.g., [15]).

In the present case, the Banach space in question is the space .%° which
is obtained by completing C*(Sym’ T*M) using the norm || - || .,
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(Different choices of p give commensurate norms on C*°(Sym® T° M) .)
The closed domain in question will be .& itself and the map T is H ’Qo .
Since H 'Qo is a linear map, the verification that H 'Qo is a contraction
requires only an appropriate estimate of ||H - éo” EE
() The size of H-0,. In (6.13)=(6.14), §, is presented as the sum
of three terms. The first term is

N
(7.21) Q' = [H(qo,-‘ 1)"/?W/,O] - P, (8))Q
i=1

According to Proposition 5.1, when p and r are appropriately constrained
in terms of E, one has

(7.22) IHQ g, < Z@By ,+ 0" [r -8y ,).

The second term, Q" , of 0, has support only in an annulus about each
X;50- In the radius £/2-ball about x,, this piece is

(7.23) 9:0; =B, 139; P.(8) - Ly 5P
with p; given in (6.15).
The || - ||& ,-norm of H(Q") will be estimated using Proposition 5.1
by
2
(7.24) 1HQ g ,<Z- (nQ"u*,p + ’r’—zng”u,,,,) -

The norm ||Q”|, , is estimated by

Proposition 7.8. Let M be as in Proposition 7.7 with its metric g,, .
A constant Z exists so that the constructions in §3 achieve the following:

(1) Given r, uy, u, >0 and small ¢ > 0, the conclusions of Theorem
3.15 hold.

(2) Choose r, to invoke Propositions 3.16 and 17.2. Use (7.23) to
define Q" . Then for all p > r, one has, in addition, that

171, <Z- 5 {n(r/ry) - Wigl , + 75 sup A, |
1

This proposition is proved in §7h.
The final part of @, is

(7.25) Q" = (L, — Pu(8a)Lphy.

717

Use Proposition 5.1 to estimate ||H(Q")|| 2. with the help of
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Proposition 7.9. With the same assumptions as in Proposition 7.8, one
can assume the following in addition to said proposition’s conclusions: De-

"

fine Q7 by (7.25) and it has a decomposition as q +b, Vg b for which

(@), ,<Z-(p*+13) gl -
This proposition is proved in §7i.
(g) Proof of Proposition 7.7. Set E to invoke Proposition 5.1, and set

r, to invoke Propositions 3.16 and 7.2. Take p, r to obey Proposition
5.1’s constraints:

(7.26) p<z™', pPE>Zz7', Er<z

Now, observe that (7.22), (7.24) and Propositions 5.1, 7.7, and 7.8
imply that

2 2
1H( Qg ,<Z- {AO,p + %—Ao’,+ p2 SupA,
r ro >0

(7.27) N [ ln( 0>+(p + 21+ (2 ))] ||i10||_9,,p}.

Thus, H (Qo) 1s a contraction mapping if, for instance,

(7.28) pPIn(r, /r) + (P2 + )1 +1r3/r") < L.

Equations (7.26) and (7.28) are readily seen to be compatible; choose
E>Z, p=(ZE)™"*, and r= 4z 'E™")"/". This will satisfy (7.26).
Take ry = r and (7.28) is then satisfied for large E.

Thus, with these choices, H (QO) is a contraction mapping and so (7.20)
has a unique solution in .. This solution is in fact smooth because éo is
smooth automatically (This is because iz is smooth on the radius r,/32
ball about y, since Q vanishes there no matter what ho is.)

(h) Proof of Proposition 7.8. First observe that ¢; Q has support on
the annulus &, 3 < |x| < &,/2. Second, observe that Proposition 7.2’s
third assertion implies that

970N, < B, g (1= B, ) 40/e)
(7.29) S, /rg) - lgllg , + 75 A

The next step calculates |Q”], , from (7.29). For this purpose, note
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that Q] contributes to

10"
(7.30) / dvol, ———
dist,, (*,x)<p M (dlSth(' > X))
not at all unless
(7.31) disth(x,x,.) < p+e.

And, when (7.31) is obeyed, then (7.29) implies that Q;' contributes no
more than
(1.32) -2 (n(r,/ry) - Ihgllg , + 1y A - ((dist, (x, x))" +e) 7.
Add up these contributions from the x,,, by copying Proposition 3.16’s
proof from equation (3.70) on. The only changes are cosmetic. The result
is Proposition 7.8.
(i) Proof of Proposition 7.9. This proposition is actually a corollary to
Proposition 3.16 since one can write Q" as follows with the introduction
of m=g—g,,:

Q" = ky(m) - (m Vf;izo) +ky(m) - (ijm ® hy)
(7.33) +ky(m) - (V, m®V, ho)+ky(m)(V, m)® @ ).
Here, k (m) is a tensor which has an expansion
(7.34) k(a)=>c, ,-a"

n=0
that is absolutely convergent for |a| g < 1. The coefficient tensors {cu,n}
are universal, covariantly constant tensors.
With (7.33) understood, write Q" as g +b, -V, b, with g being the
last two terms in (7.33). Meanwhile, set
b, = (ky(m)®m, k,(m)® hy),
and

®2]
\Y e h,
(7.35) b, = ( o2 ) .
\Y pLL
(i) Proof of Theorem 6.3. Only the theorem’s final assertion needs prov-
ing, as the other assertions follow from Propositions 7.2 and 7.7.

The norms for {hi}iZO are bounded with the aid of the bounds for the
norms of {A;},,. Start with i > 1. The ||| ,_,-norm of %_I'Br,/sz‘hi is
less than the sum of the norms of /; and B2 (1-8, /4)-|x|4¢//I ¢;‘i10/).2 .
The ||-|| &, r=1-norm of the latter is uniformly bounded by the ||-|| ,p-horm
of h0 . One can prove this by mimicking Lemma 7.6’s proof.
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As for hy, the ||-||g ,-norm of [Hf;l(qpi—')jﬂw,l] -hy can be bounded
by considering the separate contributions of 4, and {8, e (1-8, /4) .
1 1

IxI*w; ook, /2% ;>1 to the integrals which enter the |-|[g ,-norm’s defini-
tion. By considering separately the contribution of
[

* %7
(7.36) Bsajr, (1= Be ja) - BERL Poh;
to said integrals, one arrives at the same sorts of considerations which
appear in Proposition 7.8’s proof. That is, one ends up summing over i
expressions of the form

(7.37) ¢+ 2%+ (in(ry /rg) - Whgll s, + 75 "A) - ((diist,_(x, x))" +4%/rg) ™",

(One considers here those x; for which dist ¢ (x, x;) < p+e,.) Theeval-
uation of a sum over i of terms as in (7.37) is accomplished by mimicking
Proposition 3.16’s proof.

The details here are straightforward and omitted except to note that the
derivation of (7.37) and (7.36) is facilitated by writing (7.36) as the sum
of

Ix[* . as
(7.38) B128}./r0 (11— Bel/4) : _;"TW). ¢0hi
and

Ix|* . s
(7.39) (1= Biagsyr,) * Boayr, - BERL Poh;-

Then, (7.38) is analyzed using Proposition 7.2 to bound the nth (n =
0, 1, 2) derivative of (7.38) by

22 r N _2
(7.40) ¢- B64A/r0 (1= Be,/z)' I;Im . (ln (é) . ||h0|\_<7,p + 1, Ai) .

Meanwhile, integrals of (7.39) and its first derivative should be evaluated
by using the strategy in Lemma 7.6’s proof.

Assertion (6) of Theorem 6.3 follows by replacing references to Propo-
sition 5.1 in this section with references to Proposition 5.7.

8. Prescribed %

Invoke Theorem 3.15 to describe M, = M# NQEZ with its conformal
metric [g].
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The purpose of this section is to consider aspects of the prescribed
curvature equation on M, :
(a) P+(gi) : %(g, + h,) - %_(g,) =g, on Ui »
(b) h;= ¢,;h; onUnU,.
(Refer back to §31 for notation.) It is assumed that [g] = {q, € C OO(V+|U,)}
in (8.1) has been a priori specified, and that
(a) P+(g,')q[ =g; On Ui’
(b) ¢,=9,-9; on Uunu,.

(8.1)

(8.2)

(a) Quasi-solutions to (8.1). In general, small eigenvalues obstruct (8.1)
the way small eigenvalues obstructed (6.4). Remember: In §6, small eigen-
value problems were avoided at the expense of the Il factorin (6.7). The
small eigenvalue issues in (8.1) will be avoided with a similar strategy.

Here is how to avoid small eigenvalues: First, relate (8.1) to (6.4) by
rewriting (8.1) as

(8’3) Lgih[ = Q,‘ s
where
(84) Q= ky(h) - (h;® Ve k) —ky(h) - (Vo h)*.

Here, {k,(h)},_, ., are tensors whose values at x are analytic functions
of h(x) as long as |h(x)1gi < 1. (Expand P (8)7 (g +h)-# (g) in
powers of £ .)

Fix E and consider (6.6) and (6.7) with @,. defined in (6.11) and (6.14)
using @, in (8.4). Here, one must consider {4} in (8.4) as being given
in terms of {A,} by (6.8) and (6.9).

If the resulting nonlinear equation for {izi}ﬁio has a solution, use (6.8)
and (6.9) to construct {hi}fi0 from said solution.

Call the resulting [#] an E-quasi-solution to (8.1).

To be somewhat more precise, introduce C°°(Sym’ T*M,) as the
Fréchet space of [#] in X fi 0 C"°(Sym2 T U;) which obey (8.1b). (The
choice of a metric in [g]’s conformal class identifies this space with
C™(Sym’ T"M,,) )

Next, use (6.8)—(6.9) to define a linear map,

(8.5) ¢: C®(Sym’ T"M) xV, C*(Sym’ T*CP?) — C™(Sym’ T" M,,).
With E specified, let ﬁE denote the map in Theorem 6.3.
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Definition 8.1. An E-quasi-solution [#] € C°°(Sym? T°M,) to (8.1)
solves

(8.6) [k =t H([QD),

where [Q] = {Q,-[h]}fio is given by (8.2).

Note. An E-quasi-solution to (8.1) may be an honest solution under
certain precise circumstances:

Proposition 8.2. Fix E to invoke Theorem 6.3. Let [Q] be given by
(8.2) and let [h] obey (8.6). (So, [h] is an E-quasi-solution to (8.1).)
Then [h)] is a bona-fide solution to (8.1) if

(8.7) (1-Tp)- (L, hy—Qy) =0.

Here, {h}Y, = H (IQ(h)]) and O, is given by (6.14) using Q, and
{h}YY, as above.

Remark that (8.7) is a finite-dimensional system of equations, and so a
quasi-solution fails in only finitely many ways to solve (8.1).

Proof of Proposition 8.2. This follow from Proposition 7.1. q.e.d.

Theorem 8.3, below, is an existence theorem for quasi-solutions.

To state this theorem, reintroduce C*°( V.) as defined prior to Theorem
6.3. When p > 0 has been specified, defined a norm on (~?°°(V+) by
assigning to [g] = {q[}?i0 the number
N

H((o;.l)ﬂg;/,o * 4y

i=1

(8.8) liall, , =

1%
+ SL}D ”((/’0 ) ’3’0/32 . qi”*,r:l'
*,p !
If d > 0 has been specified, set

(8.9) Z, ;={la1€ CT(V,): llqlll, , < d}.

This space is an open subset of the Fréchet space C °°(V+) so a Fréchet
manifold. k

Theorem 8.3. Let M be a compact, oriented 4-manifold with metric
8, - There exists Z > 1 so that when E > Z , the following are true:

(1) Given p,, pu, >0, small ¢ >0, and r = Z7'E7" | the conclusions
of Theorem 3.15 hold.

(2) With ry=Z ~'E™7 | the conclusions of Proposition 3.16 hold.

(3) With E as given, the conclusions of Theorem 6.3 hold.

(4) In addition, with d = Z™" and p = Z7'E7V2 | 4 smooth map
T: .%’p, i= 5‘"’(Sym2 "M ) exists with the property that T[q] = [h] is
an E-quasi-solution to (8.1) in Definition 8.1°s sense.
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(5) With p as above, define ||[hlllg , asin (6.25) and then
Al , < Z-lal.

(6) If M = S* with its standard metric, or ifM= QEZ with g, then
(1)—(5) hold except that [h] is an honest solution to (8.1).

The remainder of this section is occupied with the theorem’s proof.

(b) Contraction maps again. Here is how to prove Theorem 8.1: Com-
plete C*(Sym® T*M,) using the norm g , of (6.25). Use & to
denote the resulting Banach space. Find a solution in % using the con-
traction mapping theorem, and then prove that said solution is C*°

The contraction mapping theorem (see §7¢) can be invoked on a closed
domain in . where to ﬁE([Q(-)]) is a contraction.

Lemma 84. Let M be a compact, oriented 4-manifold with metric
8y - Theorem 6.3 has one further conclusion: Suppose that [Q] is given by
(8.2). Then the map to H £([Q(")]) is smooth, and a contraction mapping
on the closed domain & = {[h] € & : |[hll & , < z™ "}

Proof of Lemma 8.4. Introduce Q; = @, — q;- Then write out

Qi(h+m)—Qi(h) as

so(m, h)-(m® szh) +8,(m, h)(h® V?zm) + 55(m, h)(Vg_m ® Vg‘h)
(8.10) +5y(m, B)(m @ (9, 1)) + s5(m, h) - (h® (V, m)®?).
Here, {s (a, b)} are tensors which, at x, are analytic functions of a(x)

and b(x) when |a| + |b| < 1. Indeed, each s, has an absolutely
convergent (for |a| + |b| < 1) expansion of the form

(8.11) s,(a,b) = Zc(,, () @ (m®),

1,I'=0
with Catt, 1) universal, covariantly constant tensors.

With (8. 10) understood, write Q;(h + m) — Qi(h) for i > 0 as
g; + bl V b , where ¢, denotes the last three terms in (8.10), while

(8.12) 1’,.E(so(m,h)®m,s,(m,h)®h)
and
(8.13) b, ;= (;7 ::1)

For i =0, one must write Qy(h + m) — Qy(h) as g, + b ¢V, b2 0°
where b, , and b, , are given by (8.12) and (8.13), but where 7N 1s given
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by the last three terms in (8.10) plus an additional term:
0 (M@ (Vg =V )V, ) +5,(h®(V, =V, )V, m).

With g;, b, ;> and b2 ; so defined, introduce the numbers A, 0. and
A; using (6. 23) and (6. 24) A direct calculation (use Lemma 3.13 and (3)
of Theorem 3.15 to estimate V, P v gM) shows that

(8.14) Ao,p+s,l>lli’Ai SC‘“[h]"_y,p'"[m]"y,p-
[P

Equation (8.14) and assertion (5) of Theorem 6.3 imply that
(8.15) lz- He(Q(U D] -t - He(QUA g , < Z-v -l = )l &,

when ||h1||_€,,p+ ||h2||3,p <v<i.
Lemma 8.4 follows from this last equation since Theorem 6.3’s fifth
assertion also gives

(8.16) It He(la)l ., < Z - 4]l -

(c) Proof of Theorem 8.3. When the conditions of Theorem 6.3 hold,
Lemma 8.4 asserts that 7o H ([Q]), with [Q] in (8.2), is a contraction
mapping on the indicated closed domain # c & .

The contraction mapping theorem and (8.16) provide a constant Z
(depending on M and g,, only) so that when (8.16)’s right side is Z -
or less, the map toH ([Q]) becomes a contraction mapping on the domain
@ in Lemma 8.4.

Thus, when (8.16)’s right side is less than Z -t (8.5) has a unique
solution [4] in &.

The fact that [k] is smooth can be proved by applying some classical
regularity theory to (5.23) and (5.14). These techniques can be found
in Chapter 6 of Morrey’s treatise [17] and the reader will be spared the
details.

By the way, the same techmques (and almost the same argument) proves
that A variesin C (Sym T"M,,) analytically when g varies in c™ V).

This establishes the first five assertions of the theorem. The last assertion
follows by the identical arguments, but augmented with assertion (6) of
Theorem 6.3.
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9. The small eigenvalues

Theorem 3.16 constructs a conformal metric on M, = M# NQZ whose
#; is supported on the open set M'. Since [g,,] =[g] on M, ¥ [¢g]
can be measured using

9.1) 17,181l , = 1708l pars

where the latter norm is defined in (3.36) using g,, for g, .

With respect to the notation in §3I, %[g}'w] = 7,[§,] on the open set
U,, while Z_[&,.,1=0.

Understand the preceding, and the following becomes a simple corollary
of Theorems 3.15 and 8.3.

Proposition 9.1. Let M be a compact, oriented, 4-manifold with metric
8y - There exists Z > 1 with the following significance: Fix E to invoke
Theorem 8.3, and fix u > 0. If N is large and [q] is given by

9.2) 4] = {g, = -7, 1&]HLo>
then (8.1) has an E-quasi-solution [h] which obeys
(9.3) Pl ,<Z- 117,08, , <&

Here, p = Z'ETV2,
Note. Were [~] above a bona-fide solution to (8.1), then the data

(9.4) [g+h]={&+h}

would define a conformal metric on M, (N > N,) which has 7, =0.
Proposition 8.2 gives precise conditions when the quasi-solution is a bona-
fide solution.

Proposition 8.2 suggests the following question: Can §3’s constructions
insure (8.7) when [g] is given by (9.2)? Here is the answer:

Theorem 9.2. Let M be a compact, oriented 4-manifold with metric
8- There is a constant Z, > 1 with the following significance: Fix
E>Z, If ,

(a) the number of Proposition 3.11 ’s iterations is large,

(b) the parameters (Z,, €) for each iteration are chosen with Z, large
and ¢ small, and

(c) the data for §3k’s Cokernel Step is chosen appropriately,
then Proposition 9.1 can be invoked using [g] from Theorem 3.15 and
the resulting [h] is such that #[g+h]=0.

Remark that Theorem 9.2 is superfluous when M = CP* and &y =
&rs - In this case, assertion (6) of Theorem 8.3 and Theorem 3.15 yield
Floer’s theorem [7]:
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Theorem 9.3. Forany N >0, #N<C_]EE2 has metrics with #_ = 0.

The remainder of this section is occupied with Theorem 9.2’s proof.

(a) The strategy. The proof’s first stage breaks (8.7) into a sum of
pieces which are small but one. This one large piece comes from 7 (g].

To state the precise result with minimal notation, agree henceforth to
identify 7 [g] for the conformal metric [g] from Theorem 3.15 with
¥.[g,,]’s restriction to M’ . Likewise, after / iterations of Proposition
3.11, one can identify %_[g(l)] with %[g(’)]’s restriction to M. With
this understood, one can measure %_[g(l)] by declaring

(9:5) 1%,18" M., = 17,18 W, . 00 »

where (3.36) defines the latter norm using g,, for g, .

The first stage of Theorem 9.2’s proof results in

Proposition 9.4. Let M be a compact, oriented 4-manifold with metric
8y - There is a constant Z with the following significance:

(a) Fix E to invoke Proposition 9.1 using u < E%. Then

lng - (Lg hy— Op)+7g-P(&y) - #ilell, , < Z-E7 - | %18, -

Here, p = VAR s

This proposition will be proved shortly; accept it now so that the second
stage of Theorem 9.2’s proof can be described.

For the purposes of such a description, introduce

(9.6) W = P,[g,] (Z.181 - 7.18"")).

Given g("—l) , remark that W is completely determined by the choice

of parameters for the Cokernel Step. These parameters are: (1) The set
Q,C M"Y (2)a gj(;—l)-orthonormal frame f, in T*M("’l)lx at each
x € Q,, and (3) the choice of 4,¢,,¢, at each such x. With (3.61)
understood, this last choice is a choice for ¢, Z, and g, in (3.61) plus
choosing {x, € (0, 4u,l},cq -

The second stage of Theorem 9.2’s proof shows that z, - W can be
the dominant contribution to 7. - P, (g,,) - #_[g]. This second stage also
analyzes the dependence of #, - W on the parameters of the Cokernel
Step. To summarize the result of said second stage, introduce

9.7 6, = {u € Range(ng): 51A1{p|u| < d}.

Here is the promised summary:



242 CLIFFORD HENRY TAUBES

Proposition 9.5. Let M be a compact, oriented 4-manifold with metric
v - There is a constant Z, > 1 with the following significance: Make E

large and then make u, p, small. If

(a) there is a large number, say (n— 1), of iteration steps in Proposition
3.11,

(b) the parameters (Z, , ¢) in each step are chosen with Z, large and ¢
small, and

(c) in (3.61), Z is large and e =¢(n) is small,
then, the points Q, ¢ MV the frames {f, € FM"™"| } .o can be
chosen, and a smooth map '

(9.8) BBy g — X "(o, 4ug)
can be defined so that when
(9.9) B = AW)I,
in (3.61), then
) 1" "N, , <m0,
(9.10) 2) W, ,<Zy-py- (HVIl_ ,,+8(n))
(3) “7[E W — ﬂo V”. p_ 'Z()'Iuo.”’/"*,p’

Here, p=Z; 1g=1n2,

Accept this proposition for now. Here is the final stage of Theorem
9.2’s proof.

(b) Proof of Theorem 9.2. The proof follows quite readily from Propo-
sitions 9.4 and 9.5 if one is given

Lemma 9.6. Let M be a compact, oriented 4-manifold with metric

v - There is a constant Z, such that if E >0 and p >0 are given, and

if v € Range(n;), then

4, 2
Wi < Z,-E* - Ivll, .

Given this lemma, to prove Theorem 9.2 pick E large enough and
Uy, #, small enough to invoke Propositions 9.1, 9.4, and 9.5.

Now, introduce p = ZO"E ~112 a5 in said propositions and set
(9.11) O = {v e Range(ny): v, , < $p°Z, ' - 27 -E7YY,

with Z0 , given by Proposition 9.5 and Lemma 9.6, respectively. Note
that Lemma 9.6 insures

(9.12) Gy C By,
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with %Zo_. as in (9.7). Thus, 4 of (9.8) is defined on &.

With g(""” determined, and with the Cokernel Step’s parameters de-
termined via Proposition 9.5, with the choice of v € @, , then the confor-
mal metric [g] from Theorem 3.15 and [#] from Proposition 9.1 become
continuous functions on & . In particular, the assignment to v € & of

(9.13) Fv)=py' -mp(Ly by~ Q)

gives a continuous map from &, to Range(ny).
Propositions 9.4 and 9.5 can be interpreted to say that

(9.14) F()=v+R(v),

where

015 1RO, <2 B (vl + Bp7) + B2
’ T Mg Mo

Here, Z, is determined a priori from the metric g,, on M. (Take
e(n) < py/iy- 7).

Now, take £ > (822)7 and require that

-1 =1 -4

(9.16) U <15 My-Zy <Zy -E,
with Z, | as in (9.11). These choices insure that R maps &, to itself.
Furthermore, if v is on the boundary of &,., then
IR, _ 1

Wi, ~2
Equation (9.17) with the Brouer Fixed Point Theorem (cf. [8]) insures that
F in (9.14) has a zero on &, i.e., F _1(0) # . This proves Theorem
9.2.

The current subsection ends with the

Proof of Lemma 9.6. let {v } be an L*-orthonormal basis for
Range(n;). Write v =3 ¢, -v,. Then

(9.18) Wiy, < 3 leal Il < EXlp g2

(9.17)

This uses Lemmas 4.15 and 4.16. Then,
-2
(9-19) IIVIIiz Sl Il £ Z-p "l - IVl

These last two equations give the lemma.
(c) Proof of Proposition 9.4. Note first that Proposition 4.14 estimates
the || -1, ,-norm of n;-Q in terms of the ||-||, ,-norm of Q.
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With the preceding understood, start the proof by decomposing Qo =
Q0 +Q"+Q",where Q', Q”,and Q" are given in (7.21), (7.23), and
(7.24), respectively. The estimate of Q° requires bounds for {Ao, 2 A}.
The latter are obtained from (8.2), (8.13) (with [m] = [-hA]), and (9.2):

AL ZARE,
Ay, <Z-(17. 1l , + ”[h]”y o)
Given (9.20), Propositions 7.8 and 7.9 bound [|Q”|, , and [|Q”], , by
921)  Z-7m(r/r)- (17,0, , + (L+ 1) - AN ,).
Meanwhile,

(9.22) Q' = P, (&) - #; 18l , < Z-|IAI2

which can be derived directly from (9.2).
Plug in Theorem 8.3’s values for r and p (r2 = Z7'E77 and
pP=Z""E7'?% 1o find

(9.23) nn,;-Q0 1P, (&) # 12, , <E" -1+ u-EN- |7,

As for ng- ho , one must remember first that h0 is computed from

u (=1u,) using (5 14), where u is given by (5.22) usmg Qo for Q. Since
ng-u=20,one has ng-L h =ng- g , where ¢’ is given by (5.33).
Lemma 5.5 estimates [lq'l]‘,,
estimates |[|u| s , in terms of éo- Work through the details to find

(9.20)

En
in terms of ||u|l oo while Proposition 5.4

9.24)  lmg-Ly holl, ,<ET (14 p-EN-\#,
too.

Proposition 9.4 is established by (9.23) and (9.24).

(d) Choosing points Q, . This subsection begins the task of specifying
the Cokernel Step’s parameters. For this purpose, one should assume that
some large number (n — 1) of Proposition 3.11’s iteration steps have been
completed. The values of (Z,, £) in each of these steps should be taken
so that Z, is large and ¢ is small.

The set Q, will be determined a priori from another finite set, Q c

M"Y Choose Q by picking a small number &(n) > 0 and then invok-
ing Lemma 3.8 using & = 200 - ¢(n) (and the metric 3 D ) to obtain a

set Q c M . Finally, set
(9.25) Q' = {xeQ: By, (x) c M"Y
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Each y € Q' will spawn 30 points, {xfy Yo x%)} c Q,. Each
xY will lie inside the gg—l )_radius 100 - ¢(n) about y. Meanwhile, the

{xl(jy )}iil will be separated by a gg—')-distance 2e(n) or more. Thus, ¢
in (3.61) is equal to &(n).

In fact, choose {xf)")}zil in any convenient manner, subject to the pre-
ceding two constraints.

(e) 3 x 3 symmetric, traceless matrices. The choice of frames for the
pointsin Q requires a preliminary digression concerning the vector space,
V, of 3 x 3 traceless, symmetric matrices.

To begin the digression, remark that SO(3) acts irreducibly on V by
conjugation.

A convenient basis for V is given as

000 00 1 010
ee=[0 0 1], ={000], e=|1 0 0],

1
(9:26) 010 00 000

-1 00 -1 00
e,={ 0 1 0], and e=| 0 0 O].
0O 0O 0 0 1

Note that this basis is orthonormal using the (SO(3)-invariant) inner prod-
uct $tr(V} V).

The preceding basis has the following added properties:

Lemma 9.7. For any pair (i, j), the matrices e, and e; are conjugate
by SO(3). Soare e; and —e;.

Proof of Lemma 9.7. This is an exercise. q.e.d.

Now, reintroduce the matrix

-2 00
(9.27) A,={0 10},
0 01

which appeared in §3 as conjugate by SO(3) to the value of 7 (ggg) at
any point of Qz . Also introduce

0 0 1
The {e',.}f=1 are related to A via
Lemma 9.8. For each i, both 3-e, and -3 -e, are conjugate by the
SO(3) actionto 2-Ay+ay-Ay- ao_1 .
Proof of Lemma 9.8. Calculate that 3-e5=2-A,+a,-Ay-a, ! and
then use Lemma 9.7.

0 10
(9.28) a, = (—-1 0 O) € SO(3).
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(f) Choosing frames. The specification of Q' required the choice of a
constant &£(n) > 0. This ¢(n) will be very small, and, in particular, small
enough so that 200-g(n) is much less than gf‘;") ’s injectivity radius. With
this understood, the radius 200g(n) ball about y € Q' can be assumed to
lie well within a Gaussian coordinate chart with center y .

Choose a gj(‘;"l)-orthonormal frame f € FTM ("_')ly to define such a

coordinate systema with y as center. (Use the metric g](l;’l) here.) Use
this coordinate system to trivialize the bundle V, [gl(‘;'l)] over the radius
200 - g(n) ball about y.

Note that if x is within this radius 200-¢(n) ball, a gﬂ'l)-orthonormal
frame f for TM (”_')|x gives an element a(f) € SO(3) by comparing f’s
trivialization of A} with f,’s. (Thus, a(f,) = Identity.)

To choose frames for TM"™ " at the points in {xiy 1}2° |, one must
first break this set into ten subsets, {&, ,.}f=, , of three points each. Label
the points in &, ; as {xii,b}l3;=l .

Choose the frame f,, , for TM"™" at x,, , so that

3
(9.29) +3e, =3 a(fy; ) Ag-alfyy )
b=1
with {el.};f’=l as in (9.26). The solvability of (9.29) is insured by Lemma
9.8.
(g) The map . Before defining ji, one must note that the choice of

a g,(‘;_l)-orthonormal frame g for TM|, atsome x defines an isometry

(use gy "),
(9.30) AV

If one thinks of v,

into End(A, TM)|, .
If E has been specified, define

x°

as a subbundle of End(A, TM), then A ¢ maps V

(9.31) i: Range(np) — X V
yeQ'
by setting
5
(9.32) i(l/)y =S(y) -ZI(V(J/), Af;'ei)gz—() -ei,
1=

where {s(y) > 0},cq Will be specified shortly.
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With 7 understood, define () by fixing y € Q' and then setting

(9.33) aw),, = wo- (), [P+ i), )72,

where

(9.34) iWw),, ;= (e iw)l,) =50 - (V) Ay - €)oo
Note that a bound for

(9.35) sup s(y) =¢&

yeQ'

means that the map 2 can be defined on By in (9.7).

These mysterious {s(¥)},cq and (Z, &) in(3.61) are further discussed
in the next proposition.

Proposition 9.9. Let M be a compact, oriented 4-manifold with metric
& - There is a constant Z, > 1 which has the following significance: Fix
E>Z,, uy >0, u,€(0, 1), and then

(a) run Proposition 3.11°s iteration steps a large number (say n — 1)
times using Z, > Z, in each step and & small in each step;

(b) choose Z large in (3.61) (E and gl(‘;"l) determine a lower bound)
and ¢ small.

A choice of {s0}yeq in the interval (0, Z;) can be made so that
when the Cokernel Step’s parameters are as described above, and when i
is defined as above on B d=z7 then assertions (1)-(3) of Proposition 9.5
hold.

Remark that Proposition 9.9 usurps Proposition 9.5.

(h) The size of [|W]|, * The purpose of this subsection is to prove
Proposition 9.5’s first two assertions for Proposition 9.9.

With this said, remark that the proposition’s first assertion is a conse-
quence of Proposition 3.11.

The complete proof of the second assertion requires an a priori bound
for £ in (9.35). Such a bound a forthcoming. With no such bound, it will
be shown here that

(9.36) Wi, ,<¢-Z-ny-llvll, ,»

with Z determined a priori from g,, .
To prove (9.36), remark that y € Q' contributes nothing to

W]
9.37 / dvol, ——— 8
(9:37) dist,, (x,")<p &m (dist, (x, )2
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unless y has g, -distance from x which is less than 2p. (This requires
small ¢ in (3.61) and all » — 1 iteration steps.)
If dist gM(x, y) < 2p, then y contributes at most

c-e(n)*-s)- (v, +e(n)
((dist, (x, )" +e(m)?)

to (9.37) unless dist ~» (x,y) < 200-¢(n). Only one y can possibly obey
this last condition, and such a y contributes at most

(9.39) E-Z - py-e(n)
to (9.37). Since this last can be ignored for small ¢, one can estimate the

value of (9.37) by summing (9.38) overall y € Q' obeying dist gM(x , )<
2p . The result, for small ¢(n), is bounded by

g,
(9.40) Cho-& | &(n) + /;ist (x,%)<2p dVOlgM (—m ‘
7Y A B

Equation (9.40) follows from (9.38) using Lemmas 4.15 and 4.16 with
Taylor’s theorem with remainder:

(i) The evaluation of 7. - W . The evaluation of n.-W is a step-by-
step procedure which begins below with Lemma 9.10. In the statement of
said lemma, {v_ } is an L’-orthonormal basis for Range(n;). Also, I is
defined in (3.15), A, in (9.27), and Af in (9.30).

Lemma 9.10. There is a constant ¢ > 0 with the following significance:
Let M be a compact, oriented 4-manifold with metric g,,. Given 6 >0
and E, then Z in (3.61) can be chosen so that when ¢ = g(n) > 0 is
small, then x € Q, contributes

(9.41) Colh 8 D, (x), Ay T Ag), v+,

a

(9.38) iy -

to g - W. Here, the error r_ obeys

(9.42) ‘ /M dvol, (v,.r,),

Proof of Lemma 9.10. This follows directly from Proposition 3.3 and
Lemma 4.15 using Taylor’s theorem again. Q.E.D.

Given this lemma, the computation of =z g W can be done by inserting
the appropriate values for {u }, e, and { f;}xea,, . Here is the result:

Lemma 9.11. Let M and g,, be as in the statement of Proposition
9.9. Given E, then Z in (3.61) can be chosen so that the following is

gé-ux-e4.
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true: Suppose {s(y)}yegv obeys (3.35). For ¢ = &(n) small, define i
on B, .- using (9.33) and (9.34) and define the frames {f} .q by
(9.29). Then ’

(9.43) ng- W=y Z(Z s)-& (V,uu)éM(y)).Va+r,

a \yeQ'

where ||rll, , <E™'-py-&-(lvll, ,+&(n)).

Proof of Lemma 9.11. The derivation of the first term on the right in
(9.43) uses (9.41)’s first term. This is just linear algebra and is left to the
reader. The error term r is estimated by summing the {r } x€Q, in (9.41)

using (9.42). The summation yields

Irl, , < > il

X€EQ,

(9.44) $6~u0-£'(Z(IV(y)I+8 ) lev ..,
yeQ'

< depy & E - p(lv )y +€)
<c-depy-E-E(lvO)l,, +E)

Now, take & < E~* in the last line of (9.44) to finish the argument. q.e.d.
(j) An approximation formula. The final determination of s(y) requires
a digression which concerns 7z . Begin the digression by fixing E and then
=(E+ 1)’10. Now, invoke Lemma 3.8 using d for ¢. Let Q denote
the resulting point set, and let {y, } .o be a partition of unity for M
which is subordinate to the cover of M which Lemma 3.8 provides.
For each x € Q, set

(9.45) p(x)= /M dvolgM W,

Lemma 9.12. Given M and g,,. there is a constant Z such that with
E and p >0 given, and d = (E + 1)"'°, one has

-2 (Ep(x)'("’ “a)gu(x)) o

<Z (E+D 0wl
a xX€EQ )

9%

Proof of Lemma 9.12. Use Taylor’s theorem with Lemmas 4.14 and
4.16 plus (9.18) and (9.19).



250 CLIFFORD HENRY TAUBES

(k) Proof of Proposition 9.9. The proof of the proposition will be re-
duced here to the choice of {s(¥)}, .o, 2 task which occupies the final
subsection.

To begin, fix E large and choose d = (E+ 1)_10 asin Lemma 9.12. Let
£ be the point set as described above, and let {V’x}xeg be as described

above too.
Rewrite the first term on (9.43)’s right side as

(9.46) 4y Y (Z v 0)s0) et (v, ua>gM(y>) v,

o x€QyeQ’
Now, one can replace (v, v,) . (v) in (9.46) with (v, v,) & (x) for x e Q
for which w_(y) # 0. These replacements make (9.46) equal to

(9.47)  po- Yy (Z (Z v, (»)-s(y) ’84) (v, va)gM(X)) Vet

a \xeQ \yeQ'

where r; obeys

~1
(9.48) Wrlle,, £ Z-py-S-E -V, ,-

Indeed, Taylor’s theorem gives
il <cuy-¢-d- [}:(IIWHoo Mlleo + VN NIVYll ) - IVal] .
a

Then use Lemmas 4.15 and 4.16 to bound thisby Z-u-¢&-d-E’-||v, ,
and plug in d = (E + 1)"10 .

Note that Proposition 9.9 will follow (9.36), (9.47), (9.48) and Lemma
9.12 if {s(y)},cq can be found so that

(1) foreachxe€Q, Y. w,(»)s(») &' =p(x),
(9.49) yeQ'

(2) s(») € (0, Z),
where p(x) is given in (9.45) and Z; here is determined a priori only by
M and g,,.

(1) Choosing s(y). There is a solution to (9.49) which can be found
with the help of the next lemma. The proof of this lemma is deferred to
the subsection’s end.

Lemma 9.13. Let M be a compact, oriented 4-manifold with metric
&y - There is a constant Z with the following significance: In Proposition
3.11°s iteration, at every step, choose Proposition 3.7’s parameter Z, > Z
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and then, given d > 0, choose the ¢ parameter small. Then, in addition
to Proposition 3.11°s other conclusions, one can assume that

(9.50) Vol, (BN MYy Vol, (B) >}

Jor any ball BC M of g,,-radius d andany 1=0,1,---.

Given this lemma, here is how to choose {s(y)} to satisfy (9.49): First,
take d = (E + 1)_lD in Lemma 9.13. Second, remark that the balls of
radius 4 about the points in Q are disjoint. Third, choose s(y) = &(n)
if disth(y , Q) >d. Fourth, given x € Q, set

(9.51) p'(x) = Vol (B,(x) n M"Yy,

where B,(x) is the radius 4 ball with center x.
It follows from Lemma 9.13 that

’
p(x)
9.52 >
(9.52) o) 2
for some universal constant c.

Fifth, by taking ¢ = ¢(n) small, it follows from Lemma 3.8 that one
can require

(9.53) P Y el=ce >
yeQ'NB,(x)
for some universal ¢ > 0.
Finally, take
(9.54) s(y) = 2%

¢, p'(x)

when disth(y, x)<d.

It is an elementary exercise for the reader to verify (9.49) from (9.54).

Proof of Lemma 9.13. To prove the lemma, note that M B e p"
as the compliment of the union over x € Q(I) of the gﬁ_l )-radius ¢, ball
about such an x.

This radius &, ball sits inside the radius ¢ = ¢(/) ball about x, and
these radius ¢ balls are mutually disjoint. Thus

-1 ! 1 > 4
(9.55) Volgz_l)(BnM( ))—Volg/w(BﬂM())szn- 3 i
- xeQ,NB

where B’ is the radius 2.4 ball with the same center as B. Here, it has
been assumed that ¢ < d.
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Now, Proposition 3.5 relates ¢, to ¢ and allows the right side of (9.53)
to be bounded by

2 Vl'

€Q, N8’

9.56
(9-56) cho )

Use (3.21) to write the preceding sum in terms of the L*-norm of
v 4 [g“ 1)] indeed, for small ¢ the right side above is bounded by

c , (-1
(957) -Z—2 ’L’ dVOlg]"‘I,—” ]W [gM ]I (l .
Then, use Proposition 3.11 to bound (9.57) by
c _
(9.58) 21 =8 17 gl 4"
Iterate (9.53) using (9.58) to get
0 ¢ 4
(9.59) Volgg)(B NM")> VolgM(B) e n%[gM]”oo d
This last equation with Proposition 3.10 imply Lemma 9.13 if
c
(9.60) Z' 22 501+ 17, [8),)ls.)-
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