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THE POLYSYMPLECTIC HAMILTONIAN
FORMALISM IN FIELD THEORY
AND CALCULUS OF VARIATIONS

I: THE LOCAL CASE

CHRISTIAN GUNTHER

Abstract

An invariant geometric Hamiltonian formalism for multiple integral varia-
tional problems and field theories is presented. The formalism is based on the
notion of a polysymplectic form, which is a vector valued generalization of
symplectic forms. Hamiltonian equations, canonical transformations,
Lagrange systems, symmetries, field theoretic momentum mappings and a
classification of G-homogeneous field theoretic systems on a generalization of
coadjoint orbits are investigated.

Introduction

The subject of this article is the Hamiltonian formalism for multiple integral
variational problems and field theory.

In classical mechanics (see e.g. [1], [3]), the Hamiltonian formalism for single
integral variational problems is the central structure and the base for the
theory of symmetries, for statistical mechanics and for quantum mechanics.
The geometric setting of the Hamiltonian formalism in terms of symplectic
geometry lead to substantial progress, particularly in systems with symmetry
groups, interaction models with gauge fields (minimal coupling), and the
relation between classical and quantum systems. Thus Hamiltonian systems on
symplectic manifolds are now the generally accepted fundamental frame for
the dynamics of particle theories including quantum mechanics.

For field theory such a frame has been missing. Many of the quandries of
quantum field theory may be due in part to the lack of a satisfactory
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Hamiltonian formalism. While locally the Hamiltonian equations for multiple
integral variational problems have been known for a long time, their variant

geometric meaning has never been fully clarified and a concise formalism
based on these equations seems to be still missing.

In this article the Hamiltonian formalism for field theories and multiple
integral variational problems is presented in a global geometric setting. The
power of the Hamiltonian formalism in mechanics is a consequence of some
natural properties of the theory, which an appropriate field theoretic formalism
should share. In order to provide a fundamental frame for field theories, a
multidimensional Hamiltonian formalism should satisfy the following condi-
tions.

H.0. For each field system an evolution space can be constructed, which
describes the states of the system completely.

H.1. The evolution space carries a geometric structure, which assigns to each
function (Hamiltonian density) its Hamiltonian equations.

H.2. The geometry of the evolution space gives ‘canonical transformations,’
i.e. the general symmetry group of a system independently of the choice of a
Hamiltonian density.

H.3. The formalism is covariant, i.e. no special coordinates or coordinate
systems on the parameter space are used to construct the Hamiltonian equa-
tions.

H.4. There is an equivalence between regular Lagrange systems and certain
(regular) Hamiltonian systems.

H.5. For one dimensional parameter space the theory reduces to the ordinary
Hamiltonian formalism on symplectic manifolds in classical mechanics.

The formalism presented in this article meets all six criteria and the
construction of the phase- or evolution-space and the Hamiltonian equations is
canonical in the same sense as in mechanics.

The key idea for this generalized Hamiltonian formalism is to replace the
symplectic form in classical mechanics by a vector valued, so called polysym-
plectic form. The evolution space of a classical field will appear as the dual of a
jet bundle, which carries naturally a polysymplectic structure. The polysym-
plectic form will assign to each function on the evolution space the Hamilto-
nian equations via the ‘musical morphisms.” Canonical transformations are
bundle isomorphisms leaving this polysymplectic form invariant.

This paper treats the local case, i.e. the Hamiltonian formalism for fields as
functions or sections in a trivial fiber bundle. The global case, the Hamiltonian
formalism for fields as sections in an arbitrary fiber bundle, will be studied in
the forthcoming second part. In §1, field theoretic phase spaces are introduced
as ‘homogeneous cojet spaces,” which are generalizations of the cotangent
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bundles. In §2, polysymplectic manifolds are introduced and the canonical
polysymplectic structure on the cojet bundle is constructed. The Hamiltonian
equations on polysymplectic manifolds are studied in §3. In §4, the equivalence
of Hamiltonian and Lagrangian systems (with the usual restrictions) is proven.
§5 treats infinitesimal canonical transformations that, in the multiple integral
case, are not identical with Hamiltonian systems. §§6 and 7 study systems with
symmetries. In §6 polysymplectic actions are studied, a generalized Noether
theorem is proven, and momentum mappings for fields are introduced. §7
presents a reduction theorem for polysymplectic manifolds and culminates in a
classification of homogeneous polysymplectic spaces by generalized coadjoint
orbits. Finally, in §8, a few remarks on the global case are included.

The polysymplectic approach not only recovers all classical results and
concepts of local field theory in a global and much more transparent theory,
but leads globally and locally to many new results generalizing the Noether
theorem based on canonical transformations, the existence of momentum
mappings, the Lie algebra structure of the space of currents, the reduction
procedure, and the classification of G-homogeneous systems.

There have been several other approaches to Hamiltonian field theories.
None of them satisfies all conditions H.O-H.5. The “3 + 1 formalism” singles
out a special time coordinate and uses methods of infinite dimensional
symplectic geometry [1]. While this is very successful for Galilean systems, the
approach is not covariant, i.e. does not satisfy H.3, and, therefore, causes
problems in relativistic theories.

A natural geometric approach is the Hamilton-Cartan formalism by
Goldschmidt and Sternberg [24] and Ouzilou [39]. Their approach does not
satisfy H.1 and H.2. The theories of Garcia and Perez-Rendon and the
‘multisymplectic’ approach by Kijowski and Tulczyjew, based on a more
general theory by Dedecker, also do not satisfy H.1 and H.2. The bibliography
of the present article tries to give a survey of these geometric approaches.

This work was inspired by the symplectic formulation of classical mechanics
[1] and [51] and by the work of Edelen [9] and Rund [48] on a local
Hamiltonian formulation of field theory. The article of Edelen can be seen now
as a coordinate version of the local polysymplectic approach, which is pre-
sented in the present paper.

The mathematical framework developed in this paper is used in a separate
publication to provide a rigorous foundation for field theory. This will also
help to clarify some of the present conceptual problems in quantum field
theory.

I thank G. Emch for his continuous encouragement, his constructive critical
remarks and patient interest during all stages of this work.
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Notation. The notation follows Abraham and Marsden [1] with some
modifications. In particular, we denote by # M the smooth functions on M
and by M the vector fields on M. In general, bundles are denoted by Latin
types and the sections in a bundle by script types. The space of bounded linear
maps between two Banach spaces Q and S are denoted by Lin(Q,S) while
Hom(E, F) is the bundle of fiberwise linear maps between two vector bundles
E and F over the same base.

In the following, let U C R” be an open neighborhood of the origin, and let
vol be a volume form on U. U will be the parameter space of the theory, in the
case of classical field theory U is a neighborhood in Minkowski-space. Classi-
cal mechanics is included as the special case » = 1. Let Q be an arbitrary
smooth Banach manifold with typical tangent space Q, a reflexive Banach
space. Q is the space in which the field takes its values. As an example, for
scalar fields Q@ = R. In the special case n = 1, which represents classical
Newtonian mechanics, Q is the configuration space, and U a time interval. In
classical theories, Q is finite dimensional; the infinite dimensional case is
included here for possible applications to quantum field theory.

Fields will be considered as sections in the trivial fiber bundle £ = U X Q

@
over U, i.e. as maps U — Q. Denote by p: E — U the canonical projection.

1. Homogeneous jets and cojets

Since the field equations contain the values of the fields and their first
derivatives, the space Q of all field values together with all derivatives of fields
¢:U — Q will be made into a manifold, which is a generalization of the
velocity space in classical mechanics. This is done by the following standard
procedure:

1.1. On the set of smooth maps ¢:U — Q an equivalence relation ~ is
defined by:

Y, ~ ¥, ifandonlyif Ty, = Tyy,.

T,y denotes the tangent map of ¢ at the origin O € U C R".

The equivalence classes [{/] are the one-jets of smooth maps U — Q.

Define I"Q as the collection of all these equivalence classes. By standard
arguments /"Q is a smooth vector bundle over Q, with typical fiber Lin(R", Q)
(the bounded linear maps R” — Q). I"Q is called the homogeneous 1-jet
bundle. By construction

1"Q = Hom((R", TQ) = TQ ® R™*,
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where Hom(R"”, TQ) denotes the bundle of linear maps from R” into the
tangent spaces of Q. Let 75 be the natural projection I"Q — Q.

Note. If a base e,,---,e, of R" is chosen, there is the isomorphy: I"Q =
@ ' TQ. Therefore, elements of 1"Q can also be interpreted as n-tangentvectors
of Q.

1.2. For any smooth map ¢: U — Q, TY:TU — TQ is a smooth section
U — I"Q along ¢ and T,y € Hom(R", TQ) for u € U.

0
% 1,5

U———9Q

Sections Q it I1"Q are considered to be partial differential operators
X:Z(Q,R™) by X(f)q) = df - X, € R™ or partial differential equations for
sections ¢ : U — Q.

Y: U — Q is a solution of X € FLecl"Q iff T,y = X(Y(u))forall u € U.

1.3. By Frobenius’ theorem X € Yecl”Q has a solution, i.e. is integrable
iff for the canonical base d/0X; --- 9/3X, of R” with injections i; --- i,:R
<> R" the vector fields on Q, X o i;, Xeiy, commute forall j,k=1,---,n In
other words, X is a Lie algebra morphism R* — Z'Q. By the theorem of Palais

¥
[40], in this case X has a local solution flow: UX V> Q, V=V°c Q,

TA(q) = X(¥(q), ¥,V —>¢,V) is a diffeomorphism, and ¢, ,(¢9) =
‘)bu ° lpu'(q)’

1.4. Functoriality of 1”. If f: Q, — Q, is a smooth map, then I1"f:1"Q, —
1"Q,, I"f(X,) = [f° ¥l is a vector bundle morphism. (¢:U — Q is the
representative of X, as in 1.1.) Obviously I” is a covariant functor this way.
Forn=1,I'=T,ie I'Q = TQ.

1.5. Definition. Denote by #om(R", TQ) = Lec1"Q the smooth sections
of I"Q. The ‘pointwise’ commutator

[X,Y](g)(x):= [X(x),Y(x)](q),
X,Y € #om(R",TQ), x € R", g € Q,
defines a Lie algebra structure on s£om(R", TQ).

1.6. Definition. Let a € &/?Q be a p-form on Q, and let X €
Hom(R", TQ). .

P
Xia € /771(Q,R™) =9i’0m(R", N\ T*Q

is defined by (XJ1a)(x) = X(x)la (4 is the inner product or contraction.)
Lya € #?(Q,R™) = #om(R", A’T*Q), the Lie derivative, is also ‘point-
wise’ defined: Lya(x):= Ly,
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1.7. Lemma. [X,Y)lia = L,Yla — Yida, Lya = Xida + dXl1a, Lyf =
df ° X = 0 iff f is constant along any solution of X.

Sections in I"Q play the role of directional fields. In classical mechanics
Hom(R", TQ) reduces to the vector fields on the configuration space Q. For
the Hamiltonian formulation covectors have to be introduced, the field theo-
retic generalization are cojets:

1.8. Definition. The bundle Hom(7'Q, R") over Q is called the homogeneous
cojet bundle.

Note. We have Hom(7Q,R") = T*Q ® R”". With respect to a base of R",
Hom(TQ,R") = & T*Q.

Denote the sections of Hom(7'Q, R") by s#om(TQ, R"). Hom(T'Q, R") will in
the Hamiltonian formalism of field theory play the same role as the phase
space in mechanics. In particular, Hom(7Q, R") is the dual of Hom(R", TQ);
the duality is given by the trace of linear maps R* — R"™:

1.9. Proposition. There are natural isomorphisms

Hom(R", TQ) » Hom(TQ,R")*, X, (-0 X,),

Hom(TQ,R") » Hom(R", TQ)*, ¢, ~ tr(go -),
where - denotes the variable in Hom(TQ, R"), resp. Hom(R", TQ), and the trace

is defined as tr1 = 1 (normalized). Therefore, the cojet bundle can be inter-
preted as the dual of 1"Q.

2. Polysymplectic structures

The keystone of the Hamiltonian formalisms of classical mechanics is the
symplectic structure on the phase space. For field theory we will show that this
statement remains true, provided the symplectic form is replaced by a vector
valued form, which will be called polysymplectic.

In analogy to the canonical forms on the cotangent bundle, the cojet space
Hom(7T'Q,R") carries a natural R"valued one-form ©, and the associated
two-form §2, = -d©,: Let Q be a reflexive Banach manifold. Consider the
canonical projections 75": Hom(TQ,R") > Q and 7,: TQ — Q, and the tan-
gent map of 75":T Hom(TQ,R") » TQ and 7y,,: 7T Hom(TQ,R") —
Hom(TQ,R"):

T(Hom(TQ,R"))

Hom(TQ, llt'H;< ‘/\‘*”
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A R"-valued one-form 8, on Hom(7'Q, R") is defined by
GO(qu) = mq ° TTékn(Wm,,)’

where qu € T Hom(TQ,R") and m, = THom(W,n,,) € Hom(TQ, R").

2.1. Definition. O, is the canonical one-form and Q,:= -d@, is the canoni-
cal polysymplectic form on Hom(TQ, R*).

2.2. Proposition. §, is closed and nondegenerate in the sense that Qf: TM —
Hom(TQ,R"), Qi(v)(W) = Qy(v,w) (M := Hom(TQ, R")), is injective.

Proof. We introduce natural coordinates on Hom(TQ,R"):(q, p) with
q:0Q DV — q(V)c Qachart of Q and

(¢,p):V X Lin(Q,R") - q(V) X Lin(Q,R"),
V x Lin(Q,R") = (73") (V).

-Similarly, we introduce the natural coordinates for TM : (q, p, 4, p).
In these coordinates we have

00(q. P34 p) = (4, P; 4. p)° Tr3*(q, p3 4, p) = (4. P)°(4.4) = p().
Therefore, Q4(q, p)(§1, P1), (42, P2)) = P2(41) — P1(4,). Hahn Banach’s theo-
rem gives the desired result.

2.3. Corollary. In the natural bundle coordinates the canonical forms on
Hom(7'Q, R") have the local representation:

n a n a
eo—iglpidq® a_x,»’ Qo—igldq/\dpi® a—x’

The proof for the following result is similar to the case n = 1 of symplectic
geometry:

2.4. Proposition. 1. ©, is the unique R"-valued one-form on Hom(TQ,R")
such that B*®, = B for any vector valued form B € o/'(Q,R").

2. If f: Q = Q is a diffeomorphism, then

I"*f:Hom(TQ,R") - Hom(TQ,R").
I"*f(m,)=m,°1"f, m, € Lin(T,Q,R") = Lin(R",T,Q)* is a diffeomor-
phism and leaves ©, and Q, invariant, i.e.

(In*f)*®0= 6y, (In*f)*90= .

As in classical mechanics, the Hamiltonian formalism can be extended to
situations where the phase space is not of the form Hom(7Q,R") for some
manifold Q. This requires the definition of a polysymplectic manifold:

2.5. Definition. A closed nondegenerate R"-valued two-form { on a mani-
fold M is called a polysymplectic form. The pair (M, Q) is a polysymplectic
manifold.
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Unlike the case of symplectic forms, the classification of linear polysym-
plectic forms is not trivial. Therefore, two polysymplectic forms are not
necessarily locally equivariant. Since those forms, which can be locally repre-
sented as in 2.3, are of particular interest (those give locally “canonical”
equations), so called standard forms are introduced:

2.6. Definition. A polysymplectic form @ on a manifold M is called a
standard form iff M has an atlas of canonical charts for £, i.e. charts in which
locally Q is written as the canonical evaluation form on Q X Lin(Q,R").
(M, Q) is called a standard polysymplectic manifold.

Note. Standard forms take the representation of 2.3 in canonical charts.

Morphisms of polysymplectic manifolds are introduced in the natural way:

2.7. Definition. Let (M, Q,), i = 1,2, be polysymplectic manifolds. A
smooth map f: M; — M, is polysymplectic iff

f*Q, =Q.
The group of all polysymplectic diffeomorphisms of (M,Q) is denoted by
Pspl(M, Q) (the polysymplectomorphism group). Sometimes the elements of
Pspl(M, Q) are called canonical transformations.
Remark. By 2.4.2, I"* defines an embedding

Diff (Q) => Pspl(Hom(TQ,R"),%,).
2.8. Lemma. Polysymplectic maps are immersions.
Proof. If f is polysymplectic and Tf(v) = 0, then
(£*Q,)(v,w) = Q,)(Tf(v), Tf(Ww)) =0 forallw € TM,.
This implies v = 0 since @, = f *Q, is nondegenerate. q.e.d.

The polysymplectic structure provides the procedure which assigns to a
function on M, the Hamiltonian, its associated Hamiltonian equations. The
main tools are the musical morphisms:

2.9. Definition. Let (M, Q) be a polysymplectic manifold.

Q°: TM - Hom(TM,R"), Q%(v, )(w,,) = Q(0,,, W,,).

Q* :Hom(R",TM) - T*M, Q¥(X,) = tr(Q%< X, ), where (tr(2°° X)) -
v, = —tr(2°(v,,)° X,,).

b XM — #om(TM,R") = Lec Hom(TM,R"), v®(m) = Q°(v,).

#:#omR", TM) > X *M = /M, X¥(m) = Q¥(X(m)).

Note that Q¥ is the adjoint map of Q° by the identification of Hom(R", TM)
with Hom(TM,R")* by 1.9.

2.10. Remark. Define the components @, of @ by Q, = pr,oQ, where
pr;:R" = R is the ith projection. Then each £, is a presymplectic form on M.
Moreover, £ is standard iff locally:

1. Ker@))+=V x Q,V c Q(* the polysymplectic annihilator).

2. Y Ker @; = Q* (Q* is the Banach dual of Q).
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3. Canonical equations

In classical mechanics, a symplectic form w on phase space assigns via the
musical morphism to each function H on phase space a Hamiltonian vector
field *~(dH) =: Xy, i.e. XyJw = dH. The flow of X, is, in canonical coordi-
nates, determined by the Hamiltonian equations.

For polysymplectic manifolds, a corresponding construction assigns to each
function on the polysymplectic manifold (M, Q) a system of first order partial
differential equations, the Hamiltonian equations:

For H € M, dH € /'M is a one-form on M. An affine subbundle of
Hom(R", TM) is defined by

Q*-(dH):= { X,, € Hom(R",TM) |2*(X,,) = dH(m)}.
(Note that Hom(R", TM) is a bundle over M.)
3.1 Definition. Q*-!(dH) is called the system of Hamiltonian partial
differential equations associated with the Hamiltonian function H. A smooth
map Y:U—>M, U=U°CR", is a solution of Q*\dH) iff Ty e
Q* Y dH(y(u))) forall u € U.

In order to obtain the classical local formulation of the Hamiltonian
equations we have to restrict ourselves to standard forms. For standard
polysymplectic forms £ on M canonical neighborhoods of M have the form
M>V=WX Lin(Q,R"). For y:U — V, locally ¢ is given by ¢(u)=
(q(u), p(u)) with

g:U->WcQ and p:U- Lin(Q,R").
Then Dg:U — Hom(R",TW) and Dp:U — Lin(R", Lin(Q, R")). Therefore,
Dp:U X Q - End(R"). Thus taking the trace gives trDp:U X Q - R or
trDp: U — Q* (Banach-dual).

3.2. Theorem. Let (M,Q) be a standard polysymplectic manifold, (p,q)
canonical coordinates for @ on M, and H € % M a Hamiltonian function.

A smooth map :U — M is a solution of Q*~Y(dH) iff in canonical coordi-
nates Y (u) = (q(u), p(u)) and

oH
T( y(u)) |.

Dq(u) =

-

trdp(u) = -5 (4(1)

If a base e, - -- e, of R" is chosen and p(u) = (p,(u),- - -, p,(u)) with respect
to this base, then the equations take the form:

T 2w | 3w = ) |
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These are the classical local Hamiltonian equations associated with a regular
multiple integral variational problem [48]. The equivalence of these equations
with the Euler-Lagrange equations in the regular case will be shown in §4.

Proof. Let X € Fec Hom(R", TM) with X(y(u)) = Dy(u) €
Lin(R", T, M). Since Q is a standard form the fibers of TM are isomorphic
with Q X Lin(Q,R") and in canonical coordinates X can be written as
X(m) = X,(m) + X,(m), where X (m) € Lin(R", Q) and X,(m) €
Lin(R", Lin(Q,R")).

v € M can be written in canonical coordinates as v(m) = g(m) + p(m),
g(m) € Q, p(m) € Lin(Q,R"). Since Q#(X)-v = tr Q%0 X(v) =
-tr Q%(v)e X and Q%(q, p) - (¢, p) = p(§) for (¢, p) € TM one obtains

Q*(X)(q, p) = —tu(X,(4) —p° X,).
Now let
0H 5 0H
dH = qu + igl a—pidpi.
Then dH(q, p) = —tr(X,(¢) — p° X,) is equivalent to —tr X, = dH/dq and
0H/dp = X,. qed.

3.3. Example (Scalar field). Let n=4, Q =R, and M = R X R* with
coordinates (g, py,- -+, ps)- Let H(qy, py,-- > ps) = 22 p2 + mg? be a
Hamiltonian on M. The canonical polysymplectic form Q is given by

4
Q=YY dgAdp® 9
1

a_x[.

The Hamiltonian equations for a scalar field

Y(xp, 00, Xy) = (‘I(xh' 1, X4), Pl(xp' I RERN A -~,x4))
are

4 dp, dq
Y =—=mqg and - =p, qed.
o 0x, 0x;

The fundamental object for the field theoretic Hamilton formalism is the
polysymplectic form 2. Once a polysymplectic manifold (M, ) is given, a
field theoretic system is (abstractly) determined and its Hamiltonian systems,
infinitesimal transformations, and symmetries can be studied.

3.4. Definition. Let (M, Q) be a polysymplectic manifold. Then
HoeM = { X € PecHom(R", TM) |Q*( X) is closed },

HM:={X € PecHom(R",TM ) |Q*(X) = dH for some H € FM (exact)},
EM = { X € PecHom(R",TM ) |2%(X) = 0} = LecKer Q*.
ForHEFM:Z,:= {X€#M|Q*(X)=dH}.
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Elements of s#M are the “total Hamiltonian equations” on M. An element
of &}, is a section of the bundle Q*'(dH) over M. If X € &,, is integrable,
a unique solution ¢:U — M with ¢(0) =m and D(y(u)) = X(¢(u)) is
determined. For X, € 2, one has &, = X, + ¥M, an affine subspace of
HM.

In the conventional case n = 1 of classical mechanics, 3, M and J#M are
the local and global Hamiltonian vector fields and €M is reduced to zero.

3.5. Proposition. The map % ¢:FM — #M/EM given by %y = { X +
EM| X € Zy) for HE FM is surjective and the sequence

0>RSFM->HM/EM - 0

is an exact sequence of R-vector spaces.

We now introduce the concept of energy-momentum tensors.

3.6. Definition. Let (M,{2) be a polysymplectic manifold, X € #M,
and Q¥(X)=dH for He %M. H € #(M,End(R")) is called an energy-
momentum tensor of &, iff trdH = dH.

Remark. H is an energy-momentum tensor iff trdH = tr( X 1) + const
by definition of %. For X € ##M, X1Q is in general not closed unless X is
an infinitesimal polysymplectic flow (cf. §6).

3.7. Proposition. Let M = Hom(TQ,R") = T*Q ® R" and let Q,, ©, be
the canonical forms (cf. 2.1) on M. Then:

1. X € €M implies X160, = 0.

2. Xes#Miffd(trLy0,) = 0.

3. X € M implies tr(L,0,) = —d(H — tr( X 10,)).

Proof. 1. (local in canonical coordinates): If ©,= X p,dg ® d/dx; and
X=Xp0/3q + XL X,0/9p;, then

3
X10,=) p, X, ® T

i

But X € €M iff tr(X1Q) = 0 iff
d d
(Xq@ + Z XP'B_I),-)JQ =0,

0 0
(Xq'gzl’ + Z XP’JE)E)JQ = Z((quui)dpi _(Xp,oui)dq’

where u, are the coordinate embeddings R — R”". This implies X, = 0 and
Y piou;, = 0. Thus X10, = 0.

2.trL,0, = tr(dX10, + X1d0,) is exact iff X 1dO, is exact.

3. tr((dX10,) + X1d®,) = —dH + trdX10,. q.ed.



34 CHRISTIAN GUNTHER

Remark. These results remain true for standard exact polysymplectic forms.

3.8. Definition. Let M = Hom(TQ,R"), and let €, and ©, be canonical
forms. For H € # M denote by d?H the vertical derivative of H with respect
to the projection 75*: M — Q (compare 2.1). Define the inverse Legendre
transformation ¥FH : M — Hom(R", TQ) by

tr(m’ oFH(m)) = d?H(m) - m’

(i.e. FH is the vertical derivative d”H followed by the isomorphism between
Hom(7TQ,R")* and Hom(R", TQ) in 1.9). H is called regular iff FH is a local
diffeomorphism, and H is called hyperregular iff FH is a global diffeomor-
phism.

3.9. Definition. Let H € #M be regular. Define the action tensor by
G:M — EndR" with G(m) = m °FH(m), and the action of H by G: M — R
with G:= trG.

3.10. Proposition. Let X € 5#¥M be a Hamiltonian system, Q¥(X) = dH,
M = Hom(TQ,R") and ©, is the fundamental one-form. Then

1. X100, =G.

2. -Ly®, + G is the energy-momentum tensor.

The proof depends on the following lemma.

3.11. Lemma. Let T15*:TM = T Hom(TQ,R") — TQ be the projection in
2land X € &y, ie.tr X — Q = dH. Then

Try*e X =FH |.
Proof. From 3.2 locally
X= aniq + Xp%
and
N AR ARPAY

This gives the result.

Proof of 3.10. 1. By the definition of 8,:0,° X(m) = meT75* X and by
the definition of G: G(m) = m «FH(m). 3.11 gives the result.

2.L,6, = dX10, + X1dO,.

tr(Ly®, — dG) = trdX10, + tr X1d®, — trd( X 10,) = —dH.

3.12. Corollary. H = G + H is the energy-momentum tensor.
Proof. dtrH=dtG—-dtuG+ dH = dH.
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3.13. Example (Scalar field). M =R X R* and H(q, p,, -, p,) = 332 p?
= g?*as in 3.3. The energy-momentum tensor can be calculated by 3.12.

4
G(m) =moFH(m) forme M,FH =Y p,,
1

4
Gy=ppp» wG=Yph
1

therefore
18
H, = pp; —(5;1)? + qu)-

In the case n = 1 of classical mechanics H is, up to a constant, identical with
the Hamiltonian H.

4. Lagrange theory

Originally the local form of the canonical equations (3.2) was derived as an
equivalent form of the Euler-Lagrange equations associated with a variational
problem with regular Lagrangian. In this section the alternative description of
field equations as the Euler-Lagrange equations on /"”Q and the relation with
the canonical formalism is studied.

A Lagrangian is defined as a smooth function /”Q — R. In analogy with
3.8 the Legendre transformation FL of L,

FL:1"Q - Hom(TQ,R"),
is defined by

tr(FL(p)°y) = d’L(p)ey,
where ¢,y € I"Q = Hom(R", TQ) and d”’L is the vertical derivative of L with
respect to 7":1"Q — Q. L is called regular (resp. hyperregular) iff FL is a
local (resp. global) diffeomorphism.

The canonical forms ©, and @, on Hom(7Q,R") can be pulled back to
forms ®, and £; on I"Q via FL and for regular FL canonical equations on
I"Q can be established; these are the Lagrange equations:

4.1. Definition. Let L:7"Q — R be a smooth Lagrangian and let FL:7"Q
— Hom(T'Q,R") be Legendre transformation. Define ©,:FL*®, to be the
Lagrange one-form and @, := FL*Q to be the Lagrange two-form.

Clearly Q; is a closed form and if L is regular, then ©, is a polysymplectic
form on I"Q, moreover, by 2.10, in this case 2, is standard.
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In generalization of the case of classical mechanics, » = 1, an energy
function E will now be defined, which acts as a Hamiltonian on (1"Q, ;).
But like in 3.9 in the field theoretic case tensors are obtained.

4.2. Definition. Let L:7"Q — R be a Lagrangian with Legendre transfor-
mation FL: I"Q — I*Q. Define:

the action tensor by A : 1"Q — Hom(R", R") with A(¢) = FL(@)° o,

the action density by A:1"Q — Rwith A = trA,

the energy-momentum tensor by E: A — L,

the energy-momentum density by E : trE.

4.3. Proposition. Let ¢ € TI"Q, and let 1pn,: TI"Q — 1"Q and 75:1"Q —
Q be the natural projections. Then

1.©,(¢) = FL(1pngp) o Trg().

2. In natural bundle coordinates on 1"Q:(q, y;) with y; = 0q/9x;, ©, and A
are of the form

Proof.
1. FL*®0(¢) = @0(TFL(¢’))

= Tygom°® TFL(9)° Try*o TFL(¢) (cf.2.1)

=FLo1y(¢) o T(15* °FL)(9)
= FL o 7.o(¢) o T15(¢) (since F L is bundle morphism over 1,).

3
2.FL*(Zp,dq ® %) =Y (p,°FL)(dg°TFL) ® Fw

4.4. Definition. Let L:7"Q — R be a Lagrangian.
Q" YdE) c 1"(1"Q)
are the Euler-Lagrange equations associated with L.

4.5. Remark. I"(I1"Q) = Hom(R"”, Hom(R", TQ)) is a bundle over /"Q and
by the functionality of /" there are two natural projections 7/.,:I"(1"Q) —
I"Q and I"1"Q:I"(1"Q) — 1"Q:

1"(1"Q)

Tirg I"75
o T,
x /

Q
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If ¢ is a smooth map U — Q, then T(TY )(u) € I"(1"Q), tno(T(TY)Nu) =
Ty(u), and I"t5(T(TY))(u) = T(7p(¥(u))) = TY(u). In analogy with the
case n =1 of ordmary differential equations, a section X:I"Q — I"["Q is
called a second order section of I1"1"Q iff 1',’5.Q o X = I"TQ" o X = 1,nQ, re, Xis
a section for 7., and I"7g

An integrable section X:1"Q — I"I"Q is a second order section iff for every
map o:U — I"Q with T,0 = X(o(u)) forall u € U= U’ C R": T(1j°0) =
0. 1500 is called the (base) solution of the second order equation X. If
X:1"Q - I"I"Q has the form X(q, y) = (q, y, X,, X,) in natural coordi-
nates, then X is a second order equation iff y = X,.

4.6. Lemma. Let X:1"Q — I1"I"Q be an integrable section of 1.y, i.e.
through every point m € I1"Q there exists a solution of 6: U > 1"Q of X: T,p =
X(o(u)), u€ U= U®C R" and 0(0) =

If X is a second order section, then X has a base solution {:U — Q with
T(TY ) u) = X(T,{). In particular, if in natural coordinates X has the form

X(q.y)= (g, 5. X,),

then X, € Lin(R", Lin(R", Q)) is symmetric.

Proéf Locally ¢:U — I"Q has the form o(u)= (o (u),0,(u)), where
o,(u) € Q and o,(u) € Lin(R", Q). Thus locally T,o = (0,(u),0,(u)). If X is
second order, it follows that o ,(u) = Do, (u). This implies Do (u) = DDo(u).
g.e.d.

A subbundle (or fibered submanifold) F of I"1"Q =1 "Q is called a second
order partial differential equation iff every section X of F is a second order
section of 1"1"Q.

Now all preparations for a local formulation of the Fuler-Lagrange equa-
tions are made:

4.7. Theorem. If Q7 Y(dE) is a second order equation, then a smooth map
o:U—-1I1"Q (U=U°CR") is a solution of the Euler-Lagrange equation
Q7-WdE) iff, in natural bundle coordinates of 1"Q and I"I"Q, o(u)=
(o,(u),0,(u)), u € U, and

1) L (o,(w)) = o,(u).

2) 4 p,1(0,(u).0,(1)) = D,L(s,().0,(x)) = 0

where D, and D, are the partial derivatives with respect to the coordinate
decomposition Q ® Lin(R",Q)D> V = I"Q.
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If uy,---,u, is a base of R" and y, are the components of y € Hom(R", TQ)
= @ TQ, then equation (2) can be written

S d oL 9L
Y — = - ==
=y du; 3y, 3q

Proof. The proof is a generalization of the proof for the case n =1 as
given in Abraham and Marsden [1]:

Let X:1"Q — I"I"Q be a section of Q7 (dE), i.e. @*(X) = dE. In natural
coordinates, X = (X,, X,) with X, € Lin(R",Q), X, € Lin(R"(Lin(R",Q))).
E = trA — L. Therefore, DE = D(trA) — DL and by definition of A
DE(q,y) (4, 5,) = D(D,L(q.y) (4. 51)) -y + D,L(q.y) -

—-D,L(q,y) ¢ — D,L(q,y) 7
=D,D,L(q,y) ¢,y + D,D,(q,y) y+y—D,L(q,y) ¢
By definition of
2,(q, )’)((QV (42, 5’2))

= Q9(q, ¥)(D¥(q, y) (41, 1), DFL(q, y) (43, 1))

= DFpL(q’ G2 32) -1 — DF,;L(‘I, )41 ) - ¢
(F,L(g,y) € Lin(Q X Lin(R", Q)), Lin(Q,R")) denotes the second compo-
nent of FL; note F,L = 1, in this notation)

=D,F,L(q,y) 4, ¢ +(D,F,L(q,y) 1) - &y
~DF,L(g,y) 414~ (D,F,L(q,») - 1) " 4.
Thus
Qf(q.y)(X,. X,) -(¢.7) = u2,(q,y)-((X,. X,). (4. y))
= u((D,F,L(q,»)-q)° X, +(D,F,L(g,y)° ) X,
—(D,F,L(q,y)° X,) - 4 —(D,F,L(q,y)°X,) - q)
=D,D,L(q,y) ¢ -X,+D,D,L(q,y) y-X,
-D,D,(q,y)-X,-¢—D,D,L(q,y) X, 4q,

where X,(x, y) = X,(x, ), x, y € R".
QF(X) = dE therefore implies

D,D,L(q,y)-4-X,+ D,D,L(q,y) ¥ X,
-D,D,L(q,y) X, 4~ D,D,L(q,y) X, ¢
=D,D,L(q,y) ¢ y+ D,D,L(q,y) -y y—D,L(q,y)"q.
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If X is a second order section, then X, = y. Then the condition Q7 (X) = dE
is equivalent to

-D,D,L(q,y)-y-4-D,D,L(q,y)-X,-¢=-D,L(q,y) 4.

If s:U—-> VcCQ is asmooth map, s(u)=g¢q, Ds(u) =y, then s is a base
solution of X iff

D,D,L(s(u). Ds(u)) - + D,D,L(q.y) - D’s(u) - 4 = D,L(s(u). Ds(u)).
or

D, L(s(u), Ds(u)) = D,L(s(u). Ds(u)) = 0,
which is the Lagrange equation. q.e.d.

Note. If L is regular (i.e. D,D,L is nondegenerate), then setting ¢ = 0 in
Q7 (X) = dE implies X, = y. Thus one has:

4.8. Corollary. If L is regular, then Q7 '(dE) is a second order equation.

If L is hyperregular, the Hamiltonian and Lagrangian formulations for
extremals of the variational problem [ L - vol — extrem. are equivalent. In
particular H is hyperregular iff L is hyperrregular, and then

A=7Z7,10, =F*L(Z,10,), LH=FL"

Furthermore:

4.9. Proposition. Let L:1"Q — R be a hyperregular Lagrangian, H =
E oFL. Then the set of base solutions 15°0:U — Q, T,o € Qf "'(dE) for all
u€ UCR", and t5*oy: U~ Q, Ty € QF"W(dH) for y:U — I*Q, of the
Lagrange and Hamiltonian equations are equal. Furthermore, FL maps solutions
of QF~YdE) into solutions of Q¥ Y(dH). Finally, Q7 \(dE) = FL*(Q§ '(dH)).

Remark. Even when L is regular, QF }(dE) and Qf !(dH) may have
solutions U — I"Q or U — I*Q, which are not derivatives of base solutions
U — Q. Therefore as Hamiltonian systems, i.e. as first order equations,
Q¥-Y(dE) and QF '(dH) have more solutions than the Lagrange equations in
4.7. Nevertheless, in the hyperregular case, FL still gives a 1-1 correspondence
between all solutions of Q7 }(dE) and Q¥ ~'(dH). Then solutions of QF }(dH)
which correspond to base solutions of the Euler Lagrange equations are
characterized by

FLoT(rgoy) =y fory:U— I*Q.
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5. Hamiltonian vector fields, Poisson brackets

One of the important properties of the Hamiltonian formalism in mechanics
is the fact that the canonical equations describe the flow of infinitesimal
morphisms, i.e. Hamiltonian vector fields. In the Hamiltonian formalism for
field theories the relation between canonical equations and infinitesimal
morphisms is more complicated: every polysymplectic flow is the flow of a
poly-Hamiltonian system X € .M, but not every integrable poly-
Hamiltonian system X € 5, M has a polysymplectic flow, since, for r € R”,
X(r) € M is in general not an infinitesimal polysymplectic transformation.

In this section, the relation between infinitesimal symmetries and poly-
Hamiltonian systems is studied.

5.1. Definition. Let (M, Q) be a polysymplectic manifold

THEM:={veZM|LQ =0}
be the local Hamiltonian vector fields (or infinitesimal morphisms), let
XM= {ve IM|viQ = dF for F:M — R"}
be the Hamiltonian vector fields, and let
Fh(MR"):= {F € %(M,R")|dF(m) € ImageQ’, forall m € M)}
be the currents.

5.2. Proposition. 1. [ M, 2 M]c #"M are, in particular, Z\!.M,

loc
and & "M are Lie subalgebras of Z M.
2. The map Fh(M,R") > XM, F— QP~Y(dF):= v is well defined and
the sequence of R-vector spaces

0->R'->Fh(MR") > Z"M -0

is exact. (Compare with 3.5.)

If one considers R” as a commutative Lie algebra, a natural Lie algebra
structure is induced on % h(M,R"), such that the sequence in 5.2 is an exact
sequence of Lie algebras. This leads to the introduction of Poisson brackets:

5.3. Definition. Let (M,Q) be a polysymplectic manifold, f,g € FM,
F,G € Fh(M,R"):

{F.G}:= Q(vg,v5)=L,G=-L, FEFh(M,R"),
{(f.G}=-L, f=tuQ(v5)°Z,=trL,GEFM,
{(f.8}=uQ(Z,,Z)eFM.

{-,- } are called the Poisson brackets. #h(M,R") is called the algebra of
currents.
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54.Lemma. Letf,g€e FM, F,G € Fh(M,R"). Then:

1. d{f,G} = -t(Z;, v5]1Q);

2.d{f, g} =u(Z,Z,]Q) - tr(ZfJLZgQ - ZgJLZ/SZ);

3. {F, g} = 0 iff g is constant along the trajectories of v;

4. {F,G} = 0 iff G is constant along the trajectories of vy and reverse;

5.{F, g} =0iff (dF > Z;) = trQ(v, Z,) = 0;

6. If X € M, tr X 1Q = dH, then

LyH = X1dH = Xutr( X192) = 0.

55. Remark. Let v € ZHM, v — Q = dF, and for a base uy, -, u, of R
let pr,;: R" — R be the ith projection. There is a natural injection #,: ¥ "M —
MM such that %(u,(v;)) = d(pr,° F), 4, is given by the embedding TM -
I'M = @TM.

5.6. Proposition (local characterization of "M and Fh(M,R")). Let
(M, Q) be standard.

(a) Let ¢ € (M, R") be a R™valued one-form on M. Then ¢,, € Q°(T, M)
for m € M iff, locally in canonical coordinates, ¢(q, p) = I(q) — p(r) for some
1€ Q* ® R", r € Q. Therefore @ has the coordinate representation

-, 7, 0, -+ 0
S . !
O‘ :TM - R with| - | =1
an
—a 0, O,

(b) veXMM. c:(-e,e) > M is a trajectory of v = vy iff in canonical
coordinates c(t) = (q(t), p(t)) and

d dF, dp; dF, .

d(j: . U= (foranyi=1,---,n)

(because of ()) 3F,/dp, = r for all i = 1, -+, n).

6. Polysymplectic actions and symmetries

One of the most important advantages of the Hamiltonian formalism is the
fact that the general symmetry group Pspl(M,§}) of a system has a simple
geometric characterization and is defined without reference to the choice of a
Hamiltonian. In other words, only in the Hamiltonian formalism can canonical
transformations be defined.

Indeed, the most powerful results in classical mechanics are obtained for
Hamiltonian systems with symmetry, and the progress in symplectic geometry
in the last two decades covers mainly systems with symmetry groups: geomet-
ric quantization the orbit classication, and completely integrable systems are
some examples.
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From the results in the last sections, similar achievements can be expected
from the Hamiltonian formalism for field theories. In the following the most
important results in that direction will be outlined: the polysymplectic version
of the Noether theorem, the concept of momentum mappings, the reduction
procedure, and finally the classification of polysymplectic homogeneous spaces
as coadjoint orbits.

These results are not only interesting by themselves and important for
classical fields but they indicate clearly a new way to quantum field theory: via
the poly-Hamiltonian theory.

Let (M, Q) be a polysymplectic manifold, and Pspl( M, Q) C Diff(M, Q) the
group of polysymplectomorphisms (cf. 2.6). For a smooth action A: G X M —
M of a Lie group G with Lie algebra LG, denote by A: LG — M the induced
infinitesimal action, i.e. for v € LG, A(v) is a killing vector field. Frequently in
the following A(v) will also be denoted by v.

6.1. Definition. A polysymplectic action of a Lie group G on (M,Q) is a
smooth action A:G X M — M with A%Q = @ for all g € G. Therefore A is
a homomorphism G — Pspl(M, ), and the infinitesimal action is a Lie
algebra map

AN LG - ZXEM.
A is called a strongly polysymplectic action iff A(v) € & "M for all v € LG.

F € #h(M,R")is an infinitesimal generator of v = A(v), v € LG iff v1Q =
dF.

The Noether theorem in classical mechanics states that infinitesimal genera-
tors are conserved quantities. In field theory the relation between infinitesimal
generators and conservations laws is based on the following theorem:

6.2. Theorem. Let A:G X M — M be a strongly polysymplectic action on
(M,Q), He M a G-invariant function, and :U — M a solution of the
Hamiltonian system Q#~Y(dH). Then for every infinitesimal generator F of A one
has

trd(Foy)=0.
Proof.
trd(Foy) = trL, F = tr( Z1dF)
=tr(Z,1,42) (v€ELG,viQ = dF)
~tr(v1Z,19) = ~vu(tr(Z,412)) = -L,H = 0.
6.3. Remark. If §:U — Q is considered to be a section in the trivial

bundle U X M, ie. y:U - U X M, and F is considered to be a bundle
morphism over 1,,, F:UX M — TU = U X R, then Feo ¢ is a vector field
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on U and the equation in 6.2 becomes

div(Foy) =0/

Therefore, 6.2 is one version of the classical Noether theorem, which says: The
infinitesimal generators of canonical transformations induce conserved cur-
rents. The equation div( F o ¢) is in this context a continuity equation.

The conventional form of the Noether theorem on I*Q will be given below
using the concept of momentum maps.

A group action A:G X M — M induces a Lie algebra morphism
N': Lin(R", LG) » Hom(R",TM) by A'(f)= Ao f. (Since the Lie algebra
structures are pointwise for u € R”" defined, A" is a Lie algebra morphism.)

Let G act strongly polysymplectic on (M, §). For a base (e, - -,e,) of R”,
N(f)e)=A(f(e,) € XM, fe Lin(R", LG). Let F, € Fh(M,R") be the
infinitesimal generators of A(f(e,)), i.e. N'f(e;)1 = dF,. Then for any x € R"
one has N'f(x)1Q = d(X x,F)). Therefore, if one defines E, by

dE, = N'f 12 = Q% o \'f,

E;: M — End(R") is an energy-momentum tensor. (E is uniquely determined
up to a constant.)

6.4. Remark. The definition of A" shows that, for any polysymplectic
action, d(X'(f)1Q) =0 for all fe& Lin(R", LG). If the action is strongly
polysymplectic, there exists E with

N'(f)10 = dE,.

In particular tr((A"f)1Q) = Q% o(XN'f) = dH for H = rtE,. Therefore \" is a
morphism A": Lin(R", LG) - s#'M.

If X € M is integrable, then there exists a local flow ¢: U X M —> M,
U c R”, with D¢p(m) = X($(m)). But this flow is in general not a polysym-
plectic flow as is easily seen from the poly-Hamiltonian equations (3.2): The
components (dp;/du;)(u) are not determined by the Hamiltonian H, therefore
there exist X € Z,, and b € R” with X(b) & Z”M. Polysymplectic actions
are therefore special cases of poly-Hamiltonian flows.

The map E:Lin(R", LG) - % (M,End(R")) is called a momentum-tensor
map associated with the strongly polysymplectic action. The trace of E is a
generalization of the momentum map in symplectic geometry. This will be
specified in the following definitions.

6.5. Definition. Let A:G X M — M be a (strongly) polysymplectic action.
A map

u:LG > Fh(M,R")
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is a momentum map of A, iff d(pu(v))=A(v)4Q for all v € LG, ie. the
diagram

Q#lo
FhMR)—= " o

M
LG
commutes.

6.6. Remark. There is a dual characterization of the momentum map via
AT
u":Lin(R", LG) » % M is a momentum map iff

d(p"(f)) = u(A"(f)1Q) = Q*(N'(1)),
i.e. the diagram
Q*tod
FM —————— HFM/EM
}L” [ "}\n
Lin(R", LG)

commutes. Here A" = pro A" with pr:#M — #’M /%M the natural projec-
tion. p and p” can also be considered as maps

p:M - Lin(LG,R"),
p":M - Lin(R", LG)* = Lin(LG,R").

Therefore p and p" can be identified by the isomorphism 1.9. One obtains:

6.7. Proposition. 1. p and p” differ only by the isomorphism Lin(R", LG)*
= Lin(LG,R") and can therefore be identified.

2. If E is a momentum-tensor map, then u = trE is a momentum map.

3. A polysymplectic action is strongly polysymplectic iff it has a momentum
map.

Using the concept of a momentum map, the Noether theorem can be
formulated in a more elegant way:

6.8. Proposition (Noether). Let A:G X M — M be a polysymplectic group
action with momentum p, H € M a G-invariant function, and y:U - M a
solution of X € &), C H#M, i.e. tr( X1Q2) = dH, Ty (u) = X(Y(u)). Then

trd(pey)=0/.

Proof.
tr(d(poy)) = tr(dpo Ty) = tr( X2Q°(X)) = A1dH = 0.
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Comment. As in 6.3 this result gives conserved currents, therefore 6.9 is a
generalization of the Noether theorem. In the case & = -d® (exact) and for
actions leaving ® invariant (e.g. point transformations in the classical case
M=1%Q, A, = I*[\g, A:G X Q — Q action) one obtains:

6.9. Proposition. Let £ = -dO, A:G X M — M be an action leaving ©
invariant. Then ©® c \: M — Lin(LG,R") is a momentum map.

Proof.

d(®oX(v)) =d(N(v)1©) = L, 0\ (v)1d®
= A(v)1Q sinceL,,® = 0.

This leads to the common version of the field theoretic Noether theorem:

6.10. Theorem. Let A:G X M — M be a strongly polysymplectic action on
(M, Q). Assume Q = —d® and O is G-invariant. Let H € % M be a G-invariant
function and  a solution of Q¥ ~Y(dH). Then

trd(@eA(v))ey =0 forallve LG.

Thus © o X allows one to calculate in this case the constants of motion explicitly.

7. Reduction and polycoadjoint orbits

The reduction procedure by Marsden and Weinstein and the classification of
symplectic homogeneous spaces by coadjoint orbits by Kostant and Souriau
belong to the major achievements in Hamiltonian mechanics.

In this section, we extend these results to polysymplectic manifolds. Most
preparations for such an extension were already done in the last two sections.
Therefore, we will be able to prove the desired results by a direct generalization
of the ideas of Marsden-Weinstein and Kostant-Souriau and obtain a reduc-
tion procedure for polysymplectic group actions and an orbit classification of
polysymplectic homogeneous spaces.

Let Ad:G X LG — LG be the adjoint action. We denote by Ad” the
induced action on Lin(R", LG):

Ad":G X Lin(R", LG) - Lin(R", LG),
Ad7(f)(x)=Ad,(f(x)), fe€Lin(R,LG),xER", gEQG.
The dual of Ad” is denoted by Ad*:
Ad* :GX LG*®R" > LG*®R",  Ad¥(a) = acAd",
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From the standard formula
A(Adu) = A%(N(u)) (or simply Ad, u = A’;y)

(using the notation A(u) =u, u € LG, g € G, A inf. morphism of A) one
obtains

A*X'(f) = X'(Ad%f) forall g€ G, f€ Lin(R", LG).

7.1. Proposition. Let A:G X M — M be a strongly polysymplectic group
action with momentum map n: M — Lin(LG,R") = LG* ® R". Assume M is
connected. Then the map

M- LG*Q®R", m = p(A,m) — Ad%(u(m)),

is a constant on M for all g € G.
Proof. Let g € G, u € LG,and u = A(u) € Z "M. Then

A% (u)1Q = A%(u1R) = -A%(dp(u))
—d(A’;u(u)) = —d(u(u)OAg).
Since A%u = Ad  u it follows by the definition of p that
d(p(Ad,u)) = Ad,uiQ = ~d(p(u)o A,) =d(poA,)- u),

which is the desired result.
7.2. Corollary. There is a smooth map ¥,

x:G—=>LG*®R",  x(g)=p(A,m)—Ad%(p(m)),

with the following properties:
1. x is a 1-cocycle, i.e. forallg, h € G,

x(gh) = Adj(x(g)) + x(h).

2. The bilinear map o on LG, ¢:= L, : LG > LG* ® R", p: LG X LG - R’,
is a 2-cocycle, i.e. (u,[v,w]) + @(v,[w, u]) + p(w,[u,v]) = 0 for all u,v,w €
LG.

3. Moreover,

L, (u) = Tu(u(m)) + p(m)oad,,
v1uQ = p([u,0]) ~ L, (u) - v,
o(u,0) = p([u,0]) = {p(u),p(v)}

forallm e M, u,v € LG, p(u), u(v) € FM.
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Proof. 1.For g,h € G we have
x(hg) = poAyg(m) — Adjon(m)
=po A (A,m) — AdFop(A,m) + AdY op(A,m) — AdGAd} o p(m)
= x(g) + Ad%(x(h)).
3. Lx(u)=Tx(us) = T(poAg(m)) — Ad*(-)opu(m) - u,
= TpoT . Ae(m) - u— T,Ad7q op(m) - u
(since p(m) is linear on LG)
= T,pou(m)+p(m)ead,
which implies the first formula of 3.
v1uiQ = vi-d(p(u)) = -Tu(v) - v = p(ad, - v) — Lx(u) v
= n([u,v]) = Lx(u) - v.

Finally, by definition of p, {p(u), p(v)} = —u1v1§, which implies the last
expression.

2. Follows simply from 3.

7.3. Theorem. Let A:G X M — M be a polysymplectic action with momen-
tummap p: M — LG* ® R". Then the map

Z:GXLG*®R"> GXLG*®R",  E(g,n)=x(g) +Ad¥n,

is an affine ‘operation of Gon LG* ® R" such that

n

M———IG*® R
Ay 5
N
M—— IG*®R”"

commutes for all g € G, i.e. p is G-equivariant.
Proof. Since

E(gh,m) = x(gh) + Adfm = x(h) + x(g)°Ad, + Ad} °Ad¥q
= x(h) + Ad§(x(g) + Ad*h) = =(h,Z(g, 7)),

= is an action.
In addition,

Zgon(m) = x(g) + Ad§ o p(m)
= u(A,m) — Ad%(p(m)) + Adfu(m) = po A (m).



48 CHRISTIAN GUNTHER

7.4. Remark. As in the conventional case n = 1, for semisimple G or if
Q = —d® and O is G-invariant x will be zero and therefore, x will be zero and
therefore = = Ad*;‘lt . In these cases p is a Lie algebra morphism.

For a degenerate vector valued two-form £ on a manifold N denote by
CN : Ker © the characteristic bundle of . For closed €, CN is involutive.

75. Lemma. Let A:G X M — M be a polysymplectic action with momen-
tum p: M - LG* @ R", let 1 € LG* ® R” be a (weakly) regular value of p
(¢f. Marsden and Weinstein [35)), and let G,: { g € G|Em = m} be the isotropy
group of n. Then for all m € p~'(n) the following holds:

1. T, (p"Y(n)) = orth(T, (G - m)).

2. T,(G, - m) = C,(G - m) = C,(p™(n)).

The proof is the same as for the symplectic case.

7.6. Definition (The reduced phase space). Let A:G X M = M be poly-
symplectic action with momentum p. For n € LG* ® R" let G, be the
isotropy group of n with respect to the action Z: G X LG* ® R" - LG* ® R".
Then, by 7.3, p"}(n) is G,-invariant and one can define

M, = p(n)/G,.

M, is called the reduced phase space.

7.7. Theorem. Let A:G X M — M be a polysymplectic action with momen-
tum map p: M — LG* ® R", and let 7 € LG* ® R" be a (weakly) regular
value of p. Then there exists uniquely a polysymplectic form 2, on M, =
p'(n)/G, with p¥Q, = i*Q, where p,:p"'(n) = G, is the natural projection
and i,: p~Y(m) & M is the natural injection.

Proof. Since G, acts freely and regularly on p(m), p™(n) is a submani-
fold of M and p, is a submersion. Define @, (Tp,(v,,), Tp,(w,)) = £(0,,, W,,)-
Then @, is well defined by Lemma 7.5(2). Because of dp}Q, = p*dQ, =0,
0, is closed. Because of 7.5, T, M, = T (n)/T,(G, - m) =
T, (n)/C,(G - m) and C,,imM, = C,(G - m)/C,(G - m) = 0. Therefore
{2, is nondegenerate, which proves the theorem.

7.8. Example. Let G be a Lie group and L:G X G — G the left transla-
tions action. I *G = Hom(TG,R") = G X (LG* ® R") since TG is trivial. Let
I*L:G X I*G —» I*G be the induced action. The momentum map corre-
sponding to I *L is the projection

p:I*G - LG* ® R".
Therefore, as in the symplectic case;
£ (n)/G,=G/G,=G-nC LG* ® R",

and G - 1 is a polysymplectic manifold.
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Similar to the symplectic case the polysymplectic form £, on G - 7 can be
explicitly computed (cf. Abraham and Marsden [1]):

Q,(£(v) 4, 6(u)y) = —n([u,0])
for n € LG* ® R" and £:LG — Z(G - 1) the infinitesimal action of G on
G-ncLG*Q®R"

Remark. In analogy with the symplectic case, LG* ® R" can be considered
as a manifold with a Polypoisson structure.

Let A:GX M — M be a transitive strongly polysymplectic action, i.e.
(M,Q) is a poly-Hamiltonian G-space and let p: M — LG* ® R” be the
momentum map. With the same kind of arguments as in symplectic geometry
the following can be shown for n € LG* ® R” (cf. Wallach [55]): The map
p:M — G CnC LG* ® R has the properties:

1. u(g-m)=g-p(m).

2. p*Q, = Q.

3. p is a covering map.

This implies

7.9. Theorem. Let (M,Q) be a homogeneous poly-Hamiltonian G-space.
Then there exists 1 € LG* ® R" such that the momentum map p:M — G - n is
an equivariant covering map.

This result has a similar meaning for field theories as the classical result for
particles: it allows us to classify homogeneous polysymplectic G-spaces or, in
physical terms, it gives a classification of free and elementary field systems.

8. Remarks on the global case
In the previous sections, the Hamiltonian formalism was developed for fields
as functions, i.e. sections in a trivial bundle £ = U X Q — U over some open
neighborhood U C R". In the global case fields are considered to be sections in
a fiber bundle ( E, 7, B) over some manifold B. Physically this case describes a
general relativistic field theory. The fundamental object for the global Hamil-
tonian formalism is J*E:= Hom(VerE, #*TB), the bundle over E of TB-
valued one-forms on Ver E. With the same construction as in §2, J*E is
shown to have a canonical TB-valued two-form
Q:VerJ*E X VerJ*E — TB.
The mechanism of §3 assigns to every function H on J*E a section in the
bundle Hom(#*TB, Ver J *E)) of linear maps TB — VerJ *E.
But in contrast to the local case these sections cannot be interpreted
as partial differential equations. In order to interpret sections in
Hom(#*TB, Ver J*E) as partial differential equations a connection on J*E
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has to be chosen. This allows us to identify Hom(7*TB, VerJ*E) with the
first jet bundle J1(J*E) of J*E and therefore allows us to assign to a function
H on J*E a section in J!(J*E) which represents the desired Hamiltonian
equations. Thus in the global case the Hamiltonian formalism requires the choice
of a connection in J *E and leads therefore necessarily to a gauge theory.

In the case of a regular Hamiltonian the so obtained gauge Hamiltonian
equations are equivalent to the conventional Lagrange equations for gauge
theories (see Bleeker [5]). The case of ordinary (nongauge) Lagrange systems
appears then as a special case (with a particular connection chosen). The
Hamilton-Cartan form can be easily expressed in terms of §2, H, and a volume
on B.

Symmetries are in the global case treated in the same spirit as in the local
case (§§6 and 7). Since a symmetry group may operator nontrivially on the
base B of E one obtains two types of conserved quantities: The conserved
currents (see 6.2 and 6.3) from the “vertical part” of the operation on J*E,
and conserved quantities associated with the energy-momentum tensor from
the “horizontal part” of the action on J*E — B. The classification of free
elementary systems leads to orbit in the bundle Hom(LG, TB). See also the
appendix.

The global case will be treated in detail in the forthcoming second part.

Appendix. Correspondences between classical mechanics,
local and global field theory in the Hamiltonian formalism

Classical mechanics
Parameter space R
(time)
dr time form
Configuration space Q

Configuration bundle R X Q

Evolution space R X T*Q
Phase space T*Q
Symplectic form

w, on T*Q

Canonical one form ¥,

General symplectic
phase space (M, w)
Presymplectic evolution
space (R X M, p*w)
Hamiltonian H € ¥ M

Field theory (local)
U c R” (local space time)

vol standard volume on U
Space of field values Q

local field bundle U X Q@

UXT*Q

I*Q

polysymplectic form
Q, on I'*Q
Canonical R"-valued
one form 6,

Polysymplectic manifold
(M, Q)
(U X M, p*Q)

HeFM

Field theory (global)

Bn — dim. manifold
(space time)
vol volume on B
[(typical) fiber of values Q]
Field bundle
(E, p, B) (fiber Q)
J*E
[typical fiber of J*E over B]
[polysymplectic structure

on fibers of J*E]
[Canonical TB-valued
one form @ on fibers]
[typical fiber of a
polysymplectic fiber bundle]
Polysymplectic fiber
bundle (E, Q)
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Classical mechanics
Time dependent
Hamiltonian H € # (R X M)
H (Energy)
Musical morphisms
Hamiltonian vector field
vextim

Hamiltonian vector fields
as infinitesimal generators

Hamiltonian Equations
v = w*(dH)
Observable # (M)

Time dependent
observables # (M X R)
Poisson brackets { -,- }
Momentum map
p:M—> LG*

Coadjoint orbits in LG*

Conserved quantities
fe€FMwithL,f=0

Field theory (local)
H € #(U X M) space-time
dependent
Energy-momentum tensor H
Qb Q*
Hamiltonian system
Xex#M

C Yec Hom(R", TM)
Infinitesimal canonical
transformation v € F'M
Hamiltonian Equations
Q* 1(dH)
F (M) or
Fh(M,R") currents
F(U X M)or
Fh(U X M,R")
Momentum map
p:M—- LG*® R
Orbitsin LG* ® R”
Currents F € h(M,R")
with div(Fey) =0
etc.

Field theory (global)
He%E

Energy-momentum tensor H
Qb Q*
Hamiltonian system
X e #¥E

C SecHom(n*TB, VerE)
Infinitesimal canonical
transformation v € ¥ er'E
Gauge Hamiltonian Equations
ClQ*-1(d°H)

FE or

Zh(E,TB) currents
(-} (14)
Momentum map

p: E > Hom(LG,TB)
Orbits in Hom( LG, TB)

Currents F € #h”(E, TB)
with div(F o ) = 0

(The list can be continued to the Lagrange formalism.)
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