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MALCEV’S COMPLETION OF A GROUP
AND DIFFERENTIAL FORMS

BOHUMIL CENKL & RICHARD PORTER

1. Let G be a finitely generated group, and let G, = (G, G) be the normal
subgroup of G generated by the commutators (a, b) = a”'b7'ab; a,b € G.
Inductively we have the sequence of normal subgroups G, = (G, G),
k=1,2,...,G, = G of G and the corresponding tower of nilpotent groups
G/G, < G/G3« - - -. We assume that none of the groups G/ G, has an
element of finite order. Then we talk about the group G without torsion.

A group § is said to be complete if for any positive integer n and any
element g € § the equation x” = g has at least one solution in §. For any
finitely generated nilpotent group N without torsion Malcev [4] constructed a
complete nilpotent group N without torsion, called the completion of N, and
an injection of N into N. Furthermore he constructed a Lie algebra LN over
the rationals and proved that there is a 1-1 correspondence between the
complete nilpotent groups without torsion and rational Lie algebras. Thus for
any finitely generated group G without torsion we have the tower of Malcev’s

completions
/G, GG -
and the tower of nilpotent rational Lie algebras
LG/G,« LG/Gy«"- - -,
given by Malcev’s theory. We talk about the Lie algebra LG of the group G.

Each Lie algebra LG/G, can be given a structure of a group by the
Campbell-Hausdorff formula

xey=x+y+3[xy]l+---.
This group is isomorphic with G/ G,.
On the other hand the rational homotopy type of the Eilenberg-McLane
space K(G, 1) is completely determined by a differential graded algebra

which is free with a decomposable differential and is constructed inductively
by the elementary extensions. Such algebras are said to be minimal by
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Sullivan [2]. The elements of degree one form a subalgebra M = MK(G, 1) =
MG. A pair (M, y), where ¢ is a morphism of the differential graded algebra
M into the algebra of rational forms A*(K(G, 1)) on K(G, 1) which induces
an isomorphism on the cohomology in dimension 1 and injectivity in dimen-
sion 2, is called the 1-minimal model for G. The duals of the indecomposables
in M define a Lie algebra LM over the rationals with the bracket given by the
differential.

The sequence of elementary extensions in the construction of a minimal
algebra give an increasing filtration of the 1-minimal algebra M = U M,,
M, c M, C - - -, by l-minimal subalgebras; M, is the 1-minimal algebra of
the nilpotent group G/ G,. The corresponding Lie algebras give the tower of
nilpotent Lie algebras

L/Ly,—L/Lye- - -,

where L = LM, L, ., =[L, L}, k > 1, L/L, = LM,. This tower will be
called the Lie algebra L = LMG of the 1-minimal model for G.

Although it has been accepted that these two rational Lie algebras LG and
L constructed by Malcev and Sullivan are isomorphic, the proof of this fact
seems to exist only for few examples. The purpose of this note is to give a
complete proof of this fact.

Theorem. The Lie algebra LG of a finitely generated group G without
torsion and the Lie algebra L = LM of the 1-minimal model of the group G are
isomorphic as rational Lie algebras.

By extending the coefficients of LG from the rationals to the reals we get
the tower of real nilpotent Lie algebras. The exponential map exp: LG/ G, ®
R — §, defines a simply connected Lie group 8, over R. The image of the
rational Lie algebra LG/ G, in §, under the map exp is a totally disconnected
subgroup which is isomorphic with G/G,. Furthermore the inclusion of
G/ G, into its completion G/ G, via this isomorphism defines a subgroup
G(k) of §,, which is isomorphic with G/ G,. The space of orbits §, / G(k) is a
real compact nilmanifold N,.

The construction of the nilmanifolds could have been started with the Lie
algebra L instead of LG. The exponential map exp: LM, ® R — @, of the
real extension of LM, defines a simply connected Lie group &, and the
image of the rational Lie algebra LM, in &, gives a totally disconnected
subgroup S* = SLM, of @,. The isomorphism of the Lie algebras L = LMG
and LG is proved by verifying that the groups S* and G/ G, are isomorphic.
Then the simply connected Lie groups @, and §, are also isomorphic.

2. In this section we prove that for any finitely generated group G without
torsion there is a 1-1 correspondance between the extension cocycles for the
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group and the extension cocycles for the Lie algebra of the 1-minimal model
of G.

Suppose that A*(G,/ Gy+1) = A*(K(Gi/ Giy 1y 1)), G/ Giiy = (Gi/ Gyy)
® Q, and 4%(G/G,) = A*(K(G/G,, 1)) are the complexes of rational
forms on the respective Eilenberg-McLane spaces, and H*(G,/G,,)
= H*(K(G,/Gys1; 1); Q) and H*(G/G,) = H*(K(TG» 1); Q) are the
singular cohomology rings of those spaces. Let x{,- .., x® be the
generators for H'(G/G,), and let y{¥,. .-, Y® be the generators for

H'(G,/ Gy, ,)- The transgression 7: H'(G,/ G,(+ ) = H*G/ G,) for the fibra-
tion K(G,/Gyy1, 1) > K(G/Giypy 1) > K(G/Gk, 1) sends the generators y*
into the elements z¥ = 7y®, j = 1,2,- - -, m,. We choose the forms a(") €

ANG/ G,y Wthh restricted to the fibre K(G,/G,,,, 1) represent the
cohomology classes yj") and the representatives bj(") for the transgressive
elements z%, j = 1,2, - -, m;. Then the transgression is given by the map
:a®>b®, j=1,2,---,m. Let ¢, - -, ¢, be elements of 4'(G/G))
representing the cohomology classes x{?, . - -, x,(,z) which generate
H'(G/G,). The successive pullbacks of the forms ¢, - - -, c,

a®, - -, a® .- . a®k=V ... a*-D by the projections
2 I my
K(G/G, 1) > K(G/Gyypy 1) > - - K(G/Gz, 1) are the elements of

A4'(G/ Gy), and will be denoted by c{¥, - - -, ¢,

On the module D A*(G/G,) ® G,/ G,(+l we define the differential d ® 1,
where d is the differential on forms. H'(G, / G +1) = Hom(H (G, /G Q)
is generated by the y®s and H,(G,/Gi.,) =G,/G,,,. We denote the
generators for the abelian group G,/ G, also by yj("), j=12---,m.

Proposition 2.1. The transgression

T Hl(Gk/Gk+l) - Hz(G/Gk)

gives the extension cocycle for the group in the form

my —_
2 b @y € 4%(G/G) ® G/ Gy -
j=1

Proof. The transgression on homology
7t H(G/Gy) = H(G/ Giy1) = G/ Gis

determines the 7 on the cohomology. It is clearly represented by the above
cocycle.

This extension cocycle is completely determined by the 1-minimal model M
for the group G. We define M = U M, inductively as in [2]. M, = /\
(wp, * * * , w,) with the differential dw;, =0,i =1, 2, - - -, n, and degree of w;,
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+ 1, and there is the algebra morphism y: M, > A*(G/G), ¥ (&;) = ¢;
i=1,2---,n In M} (clements of degree 2 in M,) there are elements §;
such that (8) = b;,j = 1,2, - - - , m; and rational numbers 3 such that

J
B = > B w, /\ .
Then define My = A\ (@, " * , @3 Y * * * > Ym)» WheTe vy, ¥5,* * * , 7, are
new generators in degree +1 and dw; = 0, dy; = B;, Y(y;) = 4. In this way
the morphism ¢ is a morphism of differential graded algebras, and it induces
an isomorphism on cohomology in all dimensions. Inductively we have
M, = N\ (@®, - - -, ©®) with the differential d,, and again in M}’ there are
elements
Bj(k) — 2 Bj(k)rswgk) /\ wgk)

such that y;: M, — A*(G/G,) maps B® to b. The elementary extension
My = A @, -, 0@ 9P, - -, 1), y¥ = 0, with the new elements
v of degree +1 and the differential d, ,, = d; on the w*”s and .,y =
B®, j=1,2---,m, and also Y, =¥ on M, and Y, ,(v/*) = a®.
From this construction we have

Proposition 2.2. The extension cocycle for the group G/ G, is the y-image

of the element
3

21 BP @ yh e M? ® G/Gyy, -
j=

The decomposable elements in M = U M, together with the differential
give the Lie algebra L = LM with the filtration by ideals L = L, D L,

>, L, =[L L)JLk=12---.LetX,,---,X,be the dual elements
to the generators w,, - - - , w, of M,; Y, - -, Y, the dual elements to the
generators y;, " - *, Y., and in general Y{®, ..., Y® the duals to
¥, v o =w, y® =7y, my=m n, = n. Denote by
X®, o X8 the lifts of the elements X,, - - -, X,
Yoo, Y-, YD o Y,f:_‘l‘). The Lie algebra L as a module is
spanned by X{®, - .-, X®, ... The bracket on L modulo L, = the

(k + I)st bracket on the generators X, - - - , X, is defined by <dk+17j(k); X;,("),
X2 = k<)v,~"‘>, k[)X"(k)’ XPD and [0, ¥O) =0, [Y, ;9] = 0. But
(e 17 ®; XO, XPY = (3,, B e® A o®; X®, x©) =
=, (B976,6,, — B¥78,,8,,). Thus we have
Proposition 2.3. With the above choice of the generators the nilpotent Lie
algebra L/ L, , | has the structure
[%,2, X0] = 3 (B978,8,, = B78,8,,) Y

rs,j

+ sum of combinations of X¥, s, i > max(p, q)
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with the coefficients determined inductively by k;
(X9, Y] =0, [Y®, Y] =0,
p.q9= 172" ° >nk;r’s=1,2" T, My
the abelian groups G, /Gy, and L,/ L, ., are isomorphic by the very construc-
tion, and the isomorphism sends y{® to Y®.
Proposition 24. The extension cocycle for the nilpotent Lie algebra
L/Ly.,, as an extension0— L, /L, ., — L/L,,,~—L/L,—>0, is the element

my

2BPRYPEML/L,,

Jj=1

Proof. For any two elements X®), X® in L, modulo L, we have

my
< S AP ® Y, X, Xg")> =3 BY7 (0P A P XD, X W)
j=1
=2 ( 'Bj(k)rsarpasq - Bj(k):ralpsxq) Y}k)
= [stk)9 ng)]’
where the last bracket is in L modulo L, ;.
We can think of the 2-cocycle

my

2By eM®. /Gy

j=1
as a “universal” extension cocycle which on one side gives the extension of
the groups

0> G,/Gy1 > G/Gyy > G/G > 1
by the map y and on the other hand the extension of the Lie algebras
0-L/L,—»L/L,,,—>L/L —0.

The structure equations for the nilpotent Lie algebra confirm the known
fact that a nilpotent Lie algebra over Q is isomorphic to a rational subalgebra
of a Lie algebra of the Lie group of the upper triangular matrices.

3. The essential step in the proof of the theorem is to enlarge the ring of the
rationals to the real numbers.

Suppose that M’ = M ® R, where M is the 1-minimal model for a finitely
generated group G without torsion. We denote by L’ = L @ R the real Lie
algebra associated with the Lie algebra L of M over the rationals. G,/ Gy, =
G,/ Gi+1 ® R, and the real Malcev’s completion G/ G, of the nilpotent
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group G/ G, is defined inductively as a central extension of G,/Gj., by
G/G; G/G,= G/G,® R;

0->G./G1y>G/Gryy > G/G, > 1

The exponential map

exp: L'/ L, — &

defines the simply connected Lie group &,. We denote the subgroup of @, by
S* = SL/L,. The group structure on S* is isomorphic to that on the
nilpotent Lie algebra L/L, with the product given by the Campbell-Haus-
dorff formula.

The central extensions of the Lie algebras and groups together with the
exponential map make the following diagram commute:

0—Ly/Lyyy = L/Lyyy = L/L,—0

expl expl expj

0—SLy /Ly, — S¥*1 — 5k — 0.

If we succeed in proving that there is an isomorphism between the groups
G/G. and S',r=2,3,- - -, then the theorem follows by the argument at
the end of part 1.

The proof that G/ G, and S” are isomorphic for all 7 is given in two steps:

1. There is constructed a morphism of differential graded algebras

o0 M, > A*(S")
for r =2,3,---, where A*(S") is the complex of real forms on the
classifying space for the group S”.

2. From the assumption that (M,, ¢,) is the 1-minimal model for S’,
r=2,3,---,k, it is proved that (M, ,, ¢, ) is also the 1-minimal model
for S¥+1

Because the kernels of the projections $”*' — S” and G/G,,,—~G/G, are
isomorphic abelian groups, we can apply the converse of the Hirsch lemma
even over the reals. From here it follows that S” and G/ G, are isomorphic for
allr =2,3,---.

Construction of the map ¢,

There is a weak homotopy equivalence between the Eilenberg-McLane
space K(S", 1) and the fat realization |S”| of the simplicial group NS’. The
cohomologies of the differential graded algebras of forms 4A*(NS”") and
A*(S") = A*(K(S’, 1)) are isomorphic. We write 4*(S") instead of 4*(NS").
Recall that with the simplicial group NS’ = {Sp’ L,p=0,1,2,---, thereis
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given a family of face operators ¢: §; > S,_;, i =0,1,- - -, p, and inclu-
sions &': A? ! — A? of the i-th face. An n-form ¢ € A"(NS") is a sequence of
n-forms ¢» € A"(A? X S;) on the disjoint union IIA? X S, with S, dis-
crete, satisfying the compatibility conditions (¢’ X id)*¢® = (id X g)*¢p@ P
onA?~!'x §rforalli=0,1,---,pandp=1,2,- - - .

The group S” acts on the contractible Lie group @, from the left. Hence
with the universal S"-bundle NE” — NS" there is associated an &, -bundle
NB" = NE" X4 @&, — NS'. On the simplicial manifold NB" there is a double
complex of differential forms {@/(NB")}, @/(NB") = A'(BY), where A'(B])
are differential forms along the fibre with the usual differentials. From the
Theorem 2.3 of Dupont [3] it follows that there exists a morphism of
differential graded algebras

8,: €*(NB") > A*(NS")
which induces an isomorphism on the cohomology.

Suppose that C*(L/L,) is the complex of R-valued skew-symmetric multi-
linear forms on L/L,. Because L is the Lie algebra associated with the
1-minimal model M, there is a homomorphism of complexes

’L": Mr - C*(L/Lr)
defined by duality on the generators. More precisely the maps p, are defined

inductively as follows: p,: M, — C*(L/L,) sends w; to the dual of X; which is
w, itself. Thus u, is an identity on the generators and extends multiplicatively.

My=M,® \N(v{,---,v3) and L/L; has the basis X{?,- - -, X2,
Y®, .-, Y where X? is mapped onto X; by the projection 7: L/Ly—>

L/ L,. Therefore we can think of X;® as of a lift of X;. If there is a splitting A,
of the exact sequence 0 —» L,/L;— L/L, 5L /L, — 0, then we can define
sy — CH(L/Ls) by py(@®) = the dual of A(X) and py(y@X4) = y(4 —
A,mA) for each 4 € L/L,. Further extend p; to an algebra morphism.
Suppose that p, has been defined for r = 2, 3,- - - , kK — 1 by a sequence of
splittings A, of the exact sequences 0— L /L., ,—L/L_,,—L/L, —0.
Then choose a splitting A, and define A, =id —~ A7 L/L.,,—> L, /L, for
r=23,-- -,k Thus we define jy () = v ° A, and p,(«®) = the dual
to A (X%~ D). Such a map p, induces an isomorphism on cohomology with
real coefficients.

Next we identify L/ L, with the tangent vector space to @, at the identity e
and L/ L, with a fixed subspace of L'/L/. Let »,: C*(L/L,) — A}(&,) be the
map of complexes which sends an element ay € CP(L/L,) to the left in-
variant p-form a on the Lie group &, such that a(e) = a,.

The pullback of a with respect to the projection NE” X &, — @, being S”
invariant, defines a unique p-form n,(a) = & € @ (NB").
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Finally the composition of all these maps gives a morphism of differential
graded algebras

¢, =8,°m o0, °p: M, — A*(NS").

From this construction it does not follow that ¢, is an isomorphism on
cohomology.

(M, 1> ¢4 as 1-minimal model for S**!

Now we assume that ¢,: M, > A*(S") is the 1-minimal model for S’,

r=23,---, k. Because y,: M, > A*(G/G,) is the 1-minimal model for all
r=2,3,---, we know that there is an isomorphism of groups v,: G/G,—
S” for r=2,3,- -, k. The morphism ¢, and the isomorphism of the

abelian groups exp: L, /L, ,, — SL,/ L, ., give the map of complexes ¢, =
o @exp: M, ® L, /L, ., > A*(S*) ® SL, /L, ;. The image of the exten-
sion cocycle

my
BY =3 B0 8 Y0 € ME® L/ Ly,
j=1
under ¢, is the 2-cocycle

& (BP) € 4%(S¥) ® SL,/ Ly,
&,.(B®) defines the group extension
0> SL, /L., —> S5 sk 1.

Lemma 3.1. The morphism of differential graded algebras ¢: M, @
L/L, ,,—A*S*)® SL, /L, ,, maps the extension cocycle B® € M? ®
L/ Ly s, for the elementary extension M, = M, ® A(Y{, - - -, ¥%) to the
cocycle ¢, (B®) € AX(S*) ® SL, /L, for the extension of the group

0> SL, /L, —» S5 85k,

i.e, S¥*! = exp(L/ L, ,) and $**" are isomorphic groups.
This lemma follows from the geometric construction and two propositions.
Let @ « @& « @ «--- be the tower of nilpotent contractible Lie
groups defined by the tower of nilpotent Lie algebras L'/L)« L'/L}«
L'/Lj« - - - . We choose a splitting V, of the short exact sequence

(+) 0> Li/Liy,—> L/ L > L /L, —0.

Such V, determines the splitting ® by o®(X)=X -V, 7X, X €
L'/L;,,, and bilinear skew-symmetric map @®: L'/L; X L' /L; —» L,/ L; .,
by the formula

44, B) =%{[V,{A, VkB] - Vk[A, B]}, A,BeL'/L;.
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The extension cocycle for (x) is; by definition, an element %, €
CAL' /L, L/ Liyy) = CHL' /L) ® L/ Liyy, Fi(4, B) = 29%(4, B). The
group @, is an extension 0 » K, ., - &, ., 1)62,( — 1, where K, ., is an
abelian group isomorphic with G,/G;,, and with L;/L; ,,. & ,, acts on
itself and via the projection 7 also on @, from the left.

Let T(&,.,,) be the tangent bundle, and T(&,,,)/&,,, the quotient with
respect to the right action. Let F(&,,,) = {X € T(@.,,)|m(X) = 0}. Then

@, acts from the left on each term of the exact sequence of vector bundles
over @,

(*+) 0 F(&1)/@ir = T(&i 1)/ &y — (&) —0.

This sequence of vector bundles, restricted to the identity e € @,, coincides
with the exact sequence (*) if we disregard the Lie algebra structure. There-
fore the splitting V, defines a left invariant splitting V, of the exact sequence
(*+), and on the principal bundle @, — @, it defines an L,/L;, -valued
connection 1-form ®®. The curvature of this connection is the 2-form
QP = dg® + Lw@®, &®] on @, with values in the abelian Lie algebra
L,/ L, ,. Therefore [6®, ®] = 0, and Q® is a pullback of a 2-form from
@,. Since it is the pullback of the left invariant 2-form Q® on @, defined
above, we have Q% = 7*Q® = go®. All this can be formulated as follows.

Proposition 3.1. A splitting V, of the exact sequence (*) determines a left
invariant connection on the bundle @, , , — @,. The curvature of this connection
is an L,/ L; , -valued left invariant 2-form Q® on @, which restricted to the
identity e € ®, gives an element Q¥ which determines the extension cocycle
%, = 29 for the Lie algebra.

Now we construct a map ¢: @, X &, — L; /L, ,,. For any (a,, a)) € &, X
@, construct an oriented 2-simplex with vertices a,a,, a,, e as an immersion
A: A2 > @,, A? = (vy, v,, v,». Suppose that we are given the euclidean metric
on L'/ L; and the left invariant induced metric on &@,. Let «; be the geodesic
from a, to e, and a, the left a,-image of the geodesic from a, to e. We denote
the geodesic from e to a,a, by a;a,. Then the map A is defined on the faces
by A[vy, v1)) = ay, Aoy, v2)) = @y, AV, vg)) = ayay; A(Kvp)) = aya,,
A(v,>) = a;, A({v,>) = e. Denote the image A(A%) by A(a,, a,). The map ¢ is
defined by the formula

Wa,, ay) =f k),
A(al’aZ)
The restriction gives the map «: $* X §* — L; /L, ,. Composition of ¢ with
the exponential defines the 2-cochain
expou Skx Sk SL /L, .
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In fact this is a cocycle representing a class in the cohomology of the group
S* with the coefficients in the abelian group SL; /L, ,,. We denote by S**!
the group which is an extension of SL;/L;., by S¥ determined by this
cocycle; 0> SL; /L ,, — S**1 > Sk 1.

On the other hand we have the extension class for the group extension

(*%) 0> SL /Ly, —> S5 S 1.

This class is represented by a cocycle as follows: Let a;, ay, aja, be the
boundary components of A(a,, a,). There exist elements A, 4, BE L/L,
such that exp 4, = a,, exp 4, = a,, exp B = a,a,. Let A, =V, 4,i=12
and let B =V, B. The element G, = exp 4, is the endpoint of the horizontal
lift &, of a, ending at e € @, ,. The horizontal lift &, of a, ending at 4, starts
at d,d,, and the horizontal lift a,a, of a,a, starts at e € &, and ends at
a,a, = exp B. By the definition the extension cocycle for (***) is the map
g:S¥x Sk SL,/L,,, given by the formula (a,az) 14,4, = g(ay, ay).
This extension cocycle and the curvature defined above are related as follows.
Proposition 3.2.

€Xp QO = gi(ay, ay).
A(ay,az)

Proof. There exists a unique element Z € L, /L, ., such that the ex-
ponential map exp: L, /L, ,, —> SL, /L, ., maps Z to g,(a,, ay). Define a
curve {: [0, 1] > @, , by {(?) = (a,a,) - exp(¢Z). This curve is in the fibre of
@41 — @. It is the left translate of e- exp(tZ) by a,a, in @, ,. Choose a
2-cell A(ay, ay) in @, with the boundary a;a,, {, &,, & whose interior is
diffeomorphic onto the interior of A(a,, a,) by the projection #. Then

fA QR = fANW*QUc) = f{\"

(a1, az) (a1, )
o —— . . —~
But the boundary 9A(a,, a,) is the union of oriented arcs ajay, v, &, &;.
Because the arcs a;a,, d,, &, are horizontal with respect to the connection
@®, the connection 1-form @® restricted to these arcs is zero. Therefore

A

Proof of the Lemma. When the splitting A, is the restriction of V, then
We+1 and also ¢, ., are well defined maps. From the above propositions it
follows that «S* X S¥) c L, /L, ,,, and that exp -« = g,- Hence the groups
Sk+1 and $**! are isomorphic.

Q) = K) = o)
a -fA do® = [___ a®.

(a1, a2) (a1, a2) 0A(ay, @)

Q) = f a® = f a® = Z.

(a1, a2) exp (1Z)
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The groups S**! and $%*! are related by the commutative diagram

0—SLy/Lyp, — SFH1 —85F — 1

L

0—SLy/Ljy, — SK*1 — 8§k — 1,

Lemma 3.2. Suppose that (M,,¢,), r=1,2,--- ,k, is the 1-minimal
model for the group S". Then (M} .1, ¢, ) is the 1-minimal model for the group
Sr+1. \

Proof. This is proved by the comparison of the spectral sequences E for
the elementary extension M, ., = M, ® A(y{, - - -, y¥) and the spectral
sequence & for the de Rham cohomology of the fibration K(S**!, 1) —»
K(S%, 1).

The map ¢, , ; is a composition of maps

Mt L/ L) ™S (@) ™S @ (NBHY) 25 @3 (5%+1),
The projections L' /L; ., — L' /L;, & ,, — &, S**!' - §* and the inclusion
M, — M, ,, induce decreasing bounded filtrations on each one of the com-
plexes. The maps ., and », ., preserve the filtrations by the very construc-
tion, and it follows from [2] that the maps n,,, and §,,, are filtration
preserving.

Let { F’M, ,,} be the filtration of the differential graded algebra M, ,,,
where FPM, | are elements of degree > p in terms of the subalgebra M,, and
let {FPA4*(S**")} be the filtration of A*(S**1), FA*(S¥*1) are forms of
degree > p in the elements from 7*A4*(S*). Then the 1-st terms of the
spectral sequences are

EMrM =M ® H"(A(y{"), e, va’;‘))),
&p7 = A7(S*) ® HU(SLy/ Ly 1),

with the differentials induced from the differentials on M, and 4*(S*)
respectively. Again from the construction of the map ¢,,; we get the
isomorphism E$? = &£ for all p > 0, ¢ > 0. Thus from the comparison of
spectral sequences we can conclude that ¢, ., induces an isomorphism on
cohomology.

Remark. It is instructive to check directly how the map ¢, induces an
isomorphism on the 2-nd terms of the spectral sequences. That there is an
isomorphism of algebras ¢, ,: Ef? — &89 is straightforward, and that ¢f,,
commutes with the differentials 4f and df can be verified directly in the
following way. Because the maps §,, , and », are maps of the differential
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graded algebras for r = 2, 3, - - -, we demonstrate that ., also commutes
with the differentials.

The differential df is determined by the differential d, ,, on the generators
of My, In particular d,, vy = B®, j=1,2,- -+, m, where y* is a
representative for the element [y*] € E;, and B® is the representative for
dF([(y] = [BY] € E}®, d5 being the transgression.

On the other hand ¥, ,, ° py ,,(y*) = a®, where 0® = % ,a® ® y® is
the left invariant connection 1-form on &, —» @&, and [a«®] € &)
Vw1 © Mies( :Bj(k)) = Vey1 © M@ .B}(k)mwr(k) Ne®) =32 @(k)":ar(k) AN a.sk) =
da®, where [daf®] € &3°. Hence ¢, induces the isomorphism of the 2-nd
terms of the spectral sequences.
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