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ON THE STEINNESS OF A CLASS OF KAHLER
MANIFOLDS

ALBERT CHAU & LUEN-FAI TAM

Abstract

Let (M™,g) be a complete non-compact Ké&hler manifold with
non-negative and bounded holomorphic bisectional curvature. We
prove that M is holomorphically covered by a pseudoconvex do-
main in C" which is homeomorphic to R?", provided (M", g) has
uniform linear average quadratic curvature decay.

1. Introduction

Let (M™, go) be a complete non-compact Kéahler manifold with com-
plex dimension n and with bounded nonnegative holomorphic bisec-
tional curvature. Let R be the scalar curvature, and define

1
k(z,r) = AT /Bx(r) RaAV.

In [8], it was proved by the authors that if M has maximum volume
growth, then M is biholomorphic to C™. There, the authors used a
result of Ni in [22] (see also [10, 13]), which states that the condition
of maximum volume growth on M implies that

(1.1) k(z,r) < 52
for some C for all z and r. In [9], the authors proved that condition (1.1)
implies that M is holomorphically covered by C", without assuming the
maximum volume growth condition. The proof is obtained by studying
the Kahler-Ricci flow

d .
12 95 _ _p,

with initial data go. It is well-known by [30] that if the scalar curvature
decays linearly in the average sense:

(1.3) k(z,r) <C/(1+r)
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for some constant C for all z and r, then (1.2) has a long time solution
with uniformly bounded curvature. By the results in [13, 26], the linear
decay condition (1.3) is true in most cases, at least for a constant C
which may depend on .

In this paper, we will prove the following;:

Theorem 1.1. Let (M™, go) be a complete non-compact Kdihler man-
ifold with bounded non-negative holomorphic bisectional curvature. Sup-
pose the scalar curvature of gy satisfies the linear decay condition (1.3).
Then M is holomorphically covered by a pseudoconvexr domain in C"
which is homeomorphic to R?™. Moreover, if M has positive bisectional
curvature and is simply connected at infinity, then M is biholomorphic
to a pseudoconver domain in C™ which is homeomorphic to R*™, and in
particular, M is Stein.

Remark 1.1. By a result of Yau [32], the pseudoconvex domain in
Theorem 1.1 has infinite Euclidean volume. The authors would like to
thank Shing Tung Yau for providing this information.

If we assume that k(r) = WLH&, for € > 0, the result that M is
biholomorphic to a pseudoconvex domain was proved by Shi [30] under
the additional assumption that (M, g) has positive sectional curvature.
Note that if M has positive sectional curvature, then it is well-known
that M is diffeomorphic to R?" by [16], and is Stein by [15]. Under the
same decay condition and assuming maximum volume growth, similar
results were obtained by Chen-Zhu [11]. All these works are before
(8, 9].

As in the above mentioned works, our proof of Theorem 1.1 is based
on the Kéahler-Ricci flow (1.2). In fact, Theorem 1.1 will be proved as a
consequence of the following more general:

Theorem 1.2. Let M™ be a complex noncompact manifold. Suppose
there exist a sequence of complete Kdahler metrics g;, fori > 1, on M
such that
(al) cg; < giv1 < g; for some 1 > ¢ >0 for all i,

(a2) |Rm(gi)| + |[VRm(g:)| <  for some ¢ on B;(p,ro) for some p €
M, ro > 0 and all i where B;(p,1¢) is the geodesic ball with respect
to gi,

(a3) g; is contracting in the following sense: For any e, for any i, there
exists 1’ > 1 with

9i < €9;
in B;i(p,10).
Then M is covered by a pseudoconvex domain in C™ which is homeo-
morphic to R*".

To prove Theorem 1.1, the solution g(¢) to the Kéhler-Ricci flow on
M will be used to produce a sequence of Kahler metrics g; satisfying the
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hypothesis of the Theorem 1.2. The main steps in proving Theorem 1.2
can be sketched as follows. The idea is to consider the sequence of holo-
morphic normal “coordinate charts” around some p € M corresponding
to the sequence g;. We then use this sequence of charts, together with a
gluing technique as in [30], to build a map from an open set in C™ onto
M. In general, however, these charts will only be locally biholomorphic,
and to build such a map one generally needs to control the sets around
p on which these charts are injective! . We will not assume any control
on these sets. Instead, we will control the sets where corresponding co-
ordinate transition functions are injective using a method developed by
the authors in [9]. Once these transition functions are established, we
then follow techniques similar to those in [30] and [9] to build a covering
map from an open set 2 in C™ onto M. By its construction, Q will be
shown to be pseudoconvex and homeomorphic to R?".

2. Holomorphic coordinate “covering” charts

Let M, g;,p,r0 be as in Theorem 1.2 and let D(r) be the Euclidean
open ball of radius r with center at the origin in C".

Lemma 2.1. There exists r > 0, and a family of holomorphic maps
(2.1) ®,:D(r)—> M
for all i > 1 with the following properties:
(i) ®; is a local biholomorphism from D(r) C C™ onto its image,
(i) ®4(0) = p,
(il) @7(g:)(0) = ge,
(iv) &9e < @} (g:) < Cge in D(r),
where ge is the standard metric on C* and C' is a constant independent
of t and p.

Proof. Using condition (a2) and considering the pullback metric un-
der the exponential map within the conjugate locus, one can apply
Proposition 2.1 in [8] to obtain the results. q.e.d.

Corollary 2.1. B;(C~1p) C ®;(D(p)) C B;(Cp) for some C > 0 for
al0<p<randi>1.

The following two lemmas are from [9, Lemmas 3.2 and 3.3].

Lemma 2.2. Let r be as in Lemma 2.1. For any 0 < p < r, there
exists 0 < p1 < rg , independent of i, satisfying the following:
(i) For any q € By(p, p1), there is z € D(§) such that ®;(z) = q.

'In [30], positive sectional curvature was used to produce a sequence of strictly
convex domains around p exhausting M, which were then used to control the injectiv-
ity of the charts. In [11], maximal volume growth was used to control the injectivity
radius under the Kéahler-Ricci flow.
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(ii) For any q € Bi(p,p1), z € D(§) with ®;(z) = q, and any smooth
curve vy in M with v(0) = q such that Li(vy) < p1, there is a unique
lift ¥ of v by ®; so that ¥(0) = z and 5 C D(§).

Lemma 2.3. Fiz ¢ > 1. Let r be as in Lemma 2.1, let 0 < p < r
be given and let p1 be as in Lemma 2.2. Given any € > 0, there exists
0 > 0, which may depend on i, satisfying the following properties:

Let v(7), B(1), T € [0,1] be smooth curves from q € B;(p,p1) with
length less than py with respect to g; and let zy € D(%p) with ®;(z0) = q.
Let 7, B be the liftings from zo of v and B as described in Lemma 2.2.
Suppose di(y(1), (1)) < 0 for all T € [0,1]; then de(V(1),3(1)) < e.
Here d; is the distance in g; and d. is the Euclidean distance.

Corollary 2.2. Let r be as in Lemma 2.1, let 0 < p < r be given
and let py be as in Lemma 2.2. Let ~y : [0,1] x [0,1] — M be smooth
homotopy such that

(a) v(0,7) = q1 and v(1,7) = g for all T.

(b) q1 € Bi(p, ;1) and ®;(z0) = q1 for some zo € D(gpr).

(¢) For all 0 < 1 <1, the length of v(-,T) is less than p;.

For all 7, let 4, be the lift of v(-,7) as in Lemma 2.2 from zy. Then
(1) = 30(1) for all 7.

Proof. By Lemma 2.2, 3-(1) € D(3p) for all 7. Let € > 0 be such
that ®; is injective on D(w,e) for all w € D(3p). Let 6 > 0 be as in
Lemma 2.3. Let m be large enough, such that d;(v(s,j/m),v(s, (5 +
1)/m)) < ¢ for all s for 0 < 5 < m — 1. By Lemma 2.3, we have
‘ﬁj/m(l) - ﬁ(jJrl)/m(l)’ <efor 0 <j <m—1. Since $; O:?T(l) = @2,
and ®; is injective in D(5-(1),€), we have

¥ m (1) = Y41y /m(1)-
From this the corollary follows. q.e.d.

3. Holomorphic transition functions
Let M, g;, p, 70 be as in Theorem 1.2.

Lemma 3.1. Let r be as in Lemma 2.1. There exists 0 < p < r such
that for every i > 1, there is a map Fi1q from D(p) to D(r) such that
O, = P;410F;y1 on D(p). Moreover, ®;(D(p)) C Bji(p,ro) where rg is
the constant in (a3).

Proof. In Lemma 2.2, let p = r and let p; be as in the conclusion of
the Lemma. Note that p; is independent of 7. Now let 0 < K < 1 be a
constant to be determined. For any z € D(Kpy), let v*(7), 0 < 7 < 1,
be the line segment from 0 to z, and let v = ®; o 4*. By (al) and
Lemma 2.1, we see that there is a constant C; > 0 independent of ¢
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such that

(3.1) Lit1(v) < Li(y) < C1Kp1.

Now choose K so that C1K < 1, and redefine p as p = Kp;. Since
7(0) = p, by Lemma 2.2, there is a unique lift 7 of v by ®;4; so that
3(0) = 0 and ¥ C D(r). We define Fiy1(2) = J(1). Fy41 is then a
well-defined map from D(p) to D(r) by the uniqueness of the lifting.
Also, by construction we have ®; = ®;,1 0 F; 11 on D(p). By choosing a
smaller p, we also have ®;(D(p)) C B;(p,ro). This completes the proof
of the lemma. q.e.d.

Lemma 3.2. Let p be as in Lemma 3.1. Then for any i > 1, the
map Fiy1 satisfies the following:
(a) Fi11(0) = 0.
(b) Fit1 is a local biholomorphism.
(© ,
bilv| < |Fiy1(0)v] < bofv]
for some 0 < by < by < 1 independent of i, and for all vectors
v € C", where F' is the Jacobian of F.
(d) There exist p1 and py independent of i, each in (0, p), such that

Fir1(D(p1)) € D(p2),
and FJ ezists on D(ps).

Proof. (a) follows from the definition of Fjy;.

(b) can be proved as in the proof of Lemma 3.4 part (b) in [9], using
Lemmas 2.3 and 3.1.

(c) follows from (al) and Lemma 2.1.
(d) follows from the proof of part (d) of Lemma 3.4 in [9]. q.e.d.

Corollary 3.1. Let p1 be as in Lemma 3.2. Then for any i > 1,
Fit1(D(p1)) is Runge in C".

Proof. Let i > 1 be given. Then given any holomorphic function f on
Fit1(D(p1)) € C™, we must show that f can be approximated by entire
functions on C™ uniformly on compact subsets of F;1(D(p1)). Consider
the holomorphic function f o Fjy; defined on D(p;). Since D(pp) is
just a ball in C", f o F;;1 can be approximated uniformly on compact
subsets of D(p;1) by entire functions h on C". By part (d) of Lemma
3.2, ho F;ll are defined on D(p2) and holomorphic. We see that these
approximate f uniformly on compact subsets of Fiy1(D(p1)) C D(p2).
Finally, as D(p2) is just a ball in C", we see that the functions h o szrll
can themselves be approximated uniformly on compact subsets of D(p2)
by entire functions. Thus, by part (d) of Lemma 3.2, f can be uniformly
approximated on compact subsets of Fj11(D(p1)) by entire functions.
This completes the proof of the corollary. q.e.d.
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Corollary 3.2. Let p1 be as in Lemma 3.2. Then for anyi > 1, F;1
can be approzimated uniformly on compact subsets of D(p1) by elements

of Aut(C").
Proof. This follows from Corollary 3.1 and Theorem 2.1 in [1]. q.e.d.

4. Construction of a map onto M

Let M, g;,p,r9 be as in Theorem 1.2. We begin with the following
lemma, which basically says that the maps F; are contracting.

Lemma 4.1. Let p; be as in Lemma 3.2. Then there exists positive
constants ps and C such that C > 1, Cps < p1, and for every i and
k>1:

(4.1) Fitk o oFi1(D(p3)) € D(Cps).

Proof. Let C7 > 1 be the constant in property (iv) of ®; in Lemma
2.1 and p; as in Lemma 3.2. Let C = C? and p3 = p1/(2C). We first
want to prove that for any i,

Fit1(D(ps)) € D(Cps).
Let
A={n€(0,ps]| Fix1(D(n)) C D(Cp3)}.
Since F;+1(0) = 0 and Fj 1 is a local biholomorphism, it is easy to see
that A is nonempty in (0, p3]. Let n € A and z € D(n). Since Cp3 < p1,

the curves ®;(tz) and ;41 0 Fj41(tz), for 0 <t < 1, are defined and are
equal by Lemmas 3.1 and 3.2. By Lemma 2.1, we have

d
< Ch || Fita(tz)

dt

an | GEae)

ge 7y (9(i+1))

d
=0 @‘I%H o Fiyq(tz)

d
< — P,
=~ Cl dt @l(tz)

g(i+1)

(i)

d
7 (tz)

< CP|7
< Cfn
< Cps,

where we have used (al). From this, it is easy to see that A is both
open and closed in (0, p3], and thus Fiy1(D(p3)) C D(Cps).
Now suppose k£ > 1 such that

(4.3) Fipi0--oF;11(D(p3)) C D(Cps)

=4

@7 (9(7))
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for all 1 <[ < k. As before, let

B ={n € (0,p3]] Fiyro--oFiy1(D(n)) C D(Cpa)}.
Again, B is nonempty in (0, p3]. Suppose n € B and n € D(r). Then
®;(tz) and P;ip 0 Fjip 0 - oF;41(tz), 0 <t < 1, are well-defined and
equal. As before, we can prove that B is open and closed in (0, p3] and
(4.4) Fitr o oFi1(D(p3)) € D(Cps).
This completes the proof of the lemma. q.e.d.

Remark 4.1. For later use, we will assume that p3 < %7‘, where 7 is
as in Lemma 2.1.

Lemma 4.2. Let p3 as in Lemma 4.1 There exists a positive increas-
ing sequence n; for i > 1 such that n;y =1 and
3
(4.5) Fas 0+ Fugz© Pt (Dipa) € D (%)
for every 1.

Proof. Let C be the constant in Lemma 4.1. Let ny = 1. By Lemma
4.1, for all k, F,, g 0--- 0 Fy, 41 is defined in D(p3) for all £ > 1. As in
the proof of Lemma 4.1, for all z € D(p3), and 0 <t < 1:

d
(46) "CltFn1+k O---0 n1+1(t2)
ge

d

<O || SRsior o Fanalrz)

(I)Z+n1 (gn1+1)

d

= Cl %¢k+n1 o Fn1+k O:--0 Fnl+1(t2)

gk+n1

d

- Cl %q)nl (tZ) )

9k+nq

where C is as in the proof Lemma 4.1. Since ®,,(D(p3)) C By, (p,70)
by the choice of p in Lemma 3.1, by (a3) and (iv) in Lemma 2.1, we
can find ny > nq such that

1
Fogo+++0 Fay(D(ps)) € D (ng) |

Similarly, one can choose ns,n4,... inductively which satisfy the con-
clusion of the lemma. q.e.d.

We now want to construct an appropriate sequence Fj S Aut((C")
that will approximate the sequence F} for j > 2.

Let n; be as in Lemma 4.2. By Lemmas 4.1, 4.2 and Corollary 3.2,
we can find Fy, ..., F,, in Aut(C") such that

(4.7) Fypi 00 Fy(D(ps)) C D(p1)
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for 2 < k < ny and

(4.8) Foy 0+ 0 By(Di(ps)) € D(py).
Since ®,,, is a local biholomorphism, we have
(4.9) HD((I)nzanzO"'OF2)(Z)(U)||91 > by >0

for all z € D(p3) and unit vectors v € C".

Let So = (Fy,0-- -oFg)’l(D(pg)). Use Lemmas 4.1, 4.2 and Corollary
3.2 again, we can find Fi,,41, ..., Fy, in Aut(C") such that
(4.10) Fpg 0+ 0 Fnyr1(D(p3)) € D(p3).

Since
Pp, = Py 0 Fpyo0---0 k11
on D(p3), we may choose Fy,i1,... ,Fn3 such that they also satisfy:
(4.11)
~ ~ ~ ~ ~ ~ 1
dg, (Ppy 0 Fpy0---0Fp,110F,,0---0Fy(2), Py, 0Fy,0---0F(z)) < )
for z € Sy and

| D(® Oﬁns 0 ~nz+1 o Fnz S OFZ)(z)(U)”gl

(4.12) ~ ~ by
- ”D((I)m 0 Fnz ©--0 F2>(z)(U)Hg1 < ?

for all z € S5, and for all unit vectors in C™.
Now let 0 < b3 < by be such that
(4.13) | D@, 0 Fyyy 0 -+ 0 Fy(2)(v)]lg, > b3 >0

for all z € Sy and unit vectors v € C". Let S3 = (Fp,0---0Fy) " (D(p3)).
An inductive argument based on the above construction gives:

Lemma 4.3. There exist 13'2,15'3,...,13']-,... in Aut(C™), such that
the following conditions are satisfied for all i > 2:

(4.14) Foppy 00+ 0 Fu1(D(p3)) C D(p3))-
(4.15) dg, (<1>m+1 0 Fpyy 0 Fpy1 0By 000y (),
B0 000 By (2)) < 2i1+1
for all z € S;.
(4.16) | D(@py., 0 Fopyy -0 Fpsn 0 Fay 0 0 oy 11)(2) (0) o
D@, 0 B0 o) (D)l < gy

for all z € S; and Fuclidean unit vectors v, where the sequence b; is
positive, decreases, and satisfies

(4.17) |D®y, 0 By, 0 0F5(2)(v)|g, > by
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for all z € S; and Euclidean unit vectors v and

Si = (Fni 0---0 Fz)il (D(p3))-

Corollary 4.1. Let S; be as above. Then S; is an increasing sequence
of open sets in C".

Proof. From (4.14) we have
(4.18)

Fnl‘+1o" 'ani-I—lOFniO” OFQ(SZ) == Fni+1o’ : 'OFni-i-l(D(pS)) - D(p3)7
and thus
(4.19) S; C FQ_l o---o 1 (D(pg)) =511

Ni+1

q.e.d.

Definition 4.1. Let the sequences S; and n; be as above. Let
(o)
Q=Js
i=2

Corollary 4.2. Q is pseudoconvex and is homeomorphic to R>".

Proof. Since each S; is pseduoconvex in C", € is pseudoconvex. Since
each S; is homeomorphic to the unit ball in R?", € is also homeomorphic
to R?" by [2]. This completes the proof of the corollary. q.e.d.

We now begin to use the maps Fj to construct a map from Q onto
M. We need the following lemma.

Lemma 4.4. Let M, g;,p be as in Theorem 1.2. Then for all € > 0,
(U, Bi(e) = M, where B;(e) = B;(p,€).

Proof. Let 0 < 3e < rg, where 79 is as in (a3). Obviously, Bi(e) C
(U, Bi(e). We claim that if By (ke) C |J; Bi(e), k > 1, then By ((k+1)e) C
U; Bi(e).

Suppose By(ke) C |J; Bi(e); then By(ke — 3¢) C B(e) provided i is
large enough. Hence Bi((k + 1)e) C Bi(e + 3¢) C B;(3e) for i large
enough by (al). By (a3), we can find i such that Bi((k+1)e) C Bj(e).
This completes the proof of the lemma. q.e.d.

Lemma 4.5. LetI'; := ®,, o F’ni o--oFy. Then the following map
W Q) — M is well defined:

(4.20) U(z) = lim I';(z).
71— 00
Proof. This follows from (4.15) in Lemma 4.3, Corollary 4.1 and the
definition of the maps I7;. q.e.d.

Lemma 4.6. VU is a local biholomorphism and onto.
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Proof. By property (iv) of the maps ®;, and the fact that J; B;(p, €) =
M for all €, given any R > 0 we can find n; such that

(4.21) Bi(p, R) C Bn,;(p, €) C ®p,(D(Cre)),

for some constant C? is the constant in Lemma 2.1(iv). Here we have
used Corollary 2.1 provided Cie < p3. Choose such an €. Then

Li(Si) = P, © Fn, 0+ 0 F5(S;) = @, (D(p3) D Bu(p, R).
Thus, by (4.15) and the fact that the S;’s are increasing, it follows that

(4.22) Bi(p, R —1) C T;(S;)
for all j > 4. From the definition of the map W, we see that
(4.23) Bi(p,R—1) C ¥(Q).

Hence ¥(2) = M.

We now show that ¥ is a local biholomorphism. Observe that ) is
open and V¥ is a holomorphic map. Now to show W is a local biholomor-
phism on €2, it will be sufficient to show it is a local biholomorphism on
the sets S; for each i. Fix some ¢. Then by (4.16) and the fact that the
b;’s are decreasing,
bi

(4.24) IDE)E @)y, > b

for all j >4, z € S; and all unit vectors v at z. Thus, by the definition
of U, (4.24) implies ¥ is a local biholomorphism on S;. Noting that 7 is
arbitrary, this completes the proof of the lemma. q.e.d.

5. Proof of Theorem 1.2

Let M and g; satisfy (al)—(a3) and let ¥ be the map constructed
in the previous section. If we take 7 : M — M to /b@ a universal
holomorphic covering of M and let g; = 7*(g;), then (M,g;) will still
satisfy (al)—(a3). Thus to prove Theorem 1.2, it will be sufficient to
prove that ¥ is injective assuming that M is simply connected. Before
we prove this, let us first prove the following:

Lemma 5.1. Let a(s), 0 < s < 1 be a smooth curve in M. Then
there exists € > 0 such that if 3(s) is another smooth curve M with same
end points as o(s) such that di(a(s), B(s)) < € for all s, then there is a
smooth homotopy (s, T) with end points fized such that v(s,0) = a(s)
and (s, 1) = B(s). Moreover, there is a constant L depending only on
(M, g1), maxo<i<i{[e/(s)]g, + |8'(8)lg, }, such that the length of v(-,T)
with respect to g1 is bounded above by L.

Proof. In the following, all lengths on M will be computed with re-
spect to the metric g;. Let a(s) be given. Then there is R > 0 such
that o C By(p, R/2). First let € > 0 be a lower bound for the injectivity
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radius of Bi(p, R). Suppose [3(s) is another smooth curve on M with
the same end points as a(s) such that dy(a(s), 3(s)) < € for all s. Then
there is a smooth homotopy (s, ) such that y(s,7), for 0 < 7 < 1 is
the minimal geodesic from «(s) to B(s). Then for each s, J = 75 is a
Jacobi field along the geodesic v(s,7) for 0 < 7 < 1, with boundary
value J(0) = o/(s) and J'(1) = f'(s). With respect to an orthonormal
frame {e;} parallel along v(s,7), 0 < 7 < 1, the component y; of J
satisfies

y’f n
: =A )
yé/n Yon

where A;; = (R(v-, €i)7r,€;). Here ' means derivatives with respect to
7. Note that |v,| < € and the curvature is bounded from below, and we

have
i
(zyz) .Yy
1 1

for some constant C; > 0 depending only on the lower bound of the
curvature and n. Hence, if € > 0 is small enough depending only on the
curvature, we can compare Y .y? with the solution f of f” = —C1e*f
with the same boundary value as ), yz. Hence

sl? =171 = Zy < Cy

for some Cy depending only on gy and maxo<i<i{|¢/(s)|g, + |5'(5)]g: }-
q.e.d.

We now complete the proof of Theorem 1.2 by proving the following:
Lemma 5.2. If M is simply connected, then V is injective.

Proof. Suppose the lemma is false. Then there are distinct points
21, 22 € Q such that U(z1) = ¥(22) = ¢. Let §(s) be a smooth curve in
Q for s € [0, 1], joining 27 to zo parametrized proportional to arc length
with respect to the Euclidean metric, and let v(s) = ¥ o 4(s). Then
7(0) = (1) = ¢. Let y(s,7) be a smooth homotopy of v for (s,7) €
[0,1] x [0, 1] such that y(s,0) = v(s), v(s,1) = ¢ for all s € [0, 1], and
v(0,7) =~(1,7) = g for all 7 € [0,1]. Let L1 = max{l(y(-,t)| 7 € [0,1]},
where {(v(+,7)) is the length of (-, 7) with respect to g;.

Let R > 0 be fixed, such that v(s,7) € Bi(p,R) for all 0 < s, 7 < 1.

By (4.22) and the fact that S; C S;11 for all 4, there exists ¢y such
that

(5.1) Bi(p, R) C T'(Si)
for all j > i > ip, and that v C Sj,.
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Since V¥ is a local biholomorphism, it is easy to see that for any
a > 0 there is a b > 0 such that for all ¢ large enough, I';(D(zx,a)) D
Bi(Ti(2x),b), & = 1,2. Since I';(zx) — ¥(zx) = ¢, by choosing an
even larger ig, for all ¢ > 4o there exist (1; # (2 € Si, such that
Fi(CLi) = FZ(CQJ) = q and that Cl,i — 21 and C2,i — Z2. Now for 1%
large enough, we can join (1; to (2; by first joining (1; to z1, then
21 to 2z along 7, then 2 to (2;. Let us denote this curve by 7;(s),
s € [0,1] parametrized proportional to arc length. We may assume
7i(s) is smooth, 7;(s) C K C S;, for some compact set K, and |7]| < C4
for some constant independent of ¢ for all i« > 73. Moreover, we have
[7(s) —7i(s)] — 0 uniformly over s as i — oo. Since VU is a local
biholomorphism, there is a constant Cy independent of ¢ such that if
~v; = W o0 7;, then

(5.2) (g < Co

For the curve ~(s), let € be as in Lemma 5.1. Since I'; converge to ¥
uniformly on compact sets together with first derivatives, if ig is chosen
large enough, then the following are true:

(i) di(y(s),7i(s)) < 5,

(i) d1 (T 075;(s),7;(5)) = di(Ti 07;(s), ¥ o 3;(s)) < 3,

(iii) (T o 35)"(s )|91 [(W05;)(5)]gy + C2 = [7i()lgy + C2 < 2C
for i,j > 9.

By (i) and (ii), we have:

di(7v(s),Tio7i(s)) < e

for all i > ip. Thus by Lemma 5.1 and (5.2), for each ¢ > ip we can find a
homotopy which deforms 7(s) to I';07;(s), with end points fixed, so that
each curve in the homotopy has length (with respect to g1) bounded by
some constant L independent of 7.

Now in Lemma 2.2, let p = r and let p; be as in the conclusion of
the lemma. Then we can choose i > iy large enough but fixed, such
that Bi(p,L + L1 + R+ 1) C ®,,(D(p3)), and any curve [ in the
above homotopies is in Bi(p,L + L1 + R + 1) and satisfies L;(3) <
1/(L+Li+ R+ )p3 Here we have used (a3).

Let wy, = F -0 Fg((;“) k =1,2. Then wy # ws. Note that we
have

Fmo"'oFQ(Sio)CFnio"'OFQ(Si)CD(pS)a

and p3 < ir (see Remark 4.1).

By Corollary 2.2, since the lift of T'; 0 4;(s) in Lemma 2.2 from w;
by ®,, is Fy,, o--- o Fy 0 i(s), the lift 5(-) of v(-,1) satisfies 7(1) =
F,, 0---0Fy0%(1) = wy. But this would give 5(0) = wy # wy = &(1),
which is impossible because ®,,, 0 d(s) = (s, 1) is a constant map and
®,,, is a local biholomorphism. q.e.d.
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6. Proof of Theorem 1.1

In this section we prove Theorem 1.1. We begin proving a general
theorem on complete solutions to the Kéhler-Ricci flow
9gij
ot
Theorem 6.1. Let g(t) be a complete solution to (6.1) with non-
negative holomorphic bisectional curvature such that g(0) has bounded

curvature. Fiz some p € M and let \;(t) be the eigenvalues of Re(p,t)
arranged in increasing order. Then

tAk(t)

is nondecreasing in t for all 1 < k <mn.

(6.1) = —Ry;.

Proof. To prove the theorem, we may assume again that M is simply
connected and by the result of [5], we may further assume that the Ricci
curvature is positive for all x € M and for all ¢ > 0.

Now let k > 1, and let h(t) be any positive function with A/(t) > 0
for all t. We claim that for any ¢y there is € > 0 such that th(t)\x(t) <
toh(to))\k(to) for all t € (to — G,to). By taking h(t) =146t with d >0
and then let § — 0, we see that the theorem will follow from this claim
which we now prove.

For any ¢, let 0 < A1(t) < --- < A\, (t) be the eigenvalues of Rj5(p,t).
For any o > 0, let E,(t) be the direct sum of the corresponding eigen-
spaces with eigenvalues A < 0. Now let ty be fixed and let m > k
be the largest integer such that X\;(tg) = Ag(to) for m > j > k. Let
o > 0 be such that Ag(to) < 0 < Ap+1(to) if m < n and o > A\g(to) if
m = n. Then there exists € > 0 such that for all ¢t € (tg — €,tg + €),
Am(t) < 0 < Apg1(t) if m < n and o > A, (¢) if m = n. In any case,
the orthogonal projection P,(t) onto E,(t) is smooth in (tg — €,to + €),
see [8, p.501] for example. For any t; € (tg — €,tg + €), let v; be an
eigenvector of R;;(t1) corresponding to A, (t1) with length 1. Let

Pa (t)’l)l
t)= -2
= 1R 0l
Note that for ¢ close to t1, P,(t)v1 # 0. In local holomorphic coordinates

2%, let a(t) = R;jv'v? where v(t) = v'(t) 882, Note that P,(t1)(v1) = v1

and thus a(t;) = A (t1). Also note that we have a(t) < A, (t) for all
t € (to — €,to + €) where a(t) is defined. Now note that

_4ad
Cdt

Hence, at t; we have

(6.3) Re (gg‘Zf&) _alh) _ Aalt)

(62) 0= " {u(t), v(t)) = —Ris(p, 0" +2Re <gz,d”’ )

dt
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By the Li-Yau-Hamilton type inequality in [4], we have

ORi; i Ri;

for all t. Thus, at t; we have
(6.5)

ORy; . - R
0 < = Hoyhd + gklRi[Rk*-vzv] + o)
ot 7 ty

d i 7 d ;i\ 5 kl i7, Bigis
= a(Rijv v’) — 2Re (Rij <dtv ) vj> + 9" R R0 + ij v’

d o
= —(Rjv'v’) — Afn(tl) + )\fn(tl) + %UW

dt
= %(Rijvivj) + ]Zijvivj
d a
= %a + a,
where the third equality follows from writing the expressions in a holo-
morphic coordinate z¢ such that azi form a basis of eigenvectors of

Re(p, T) with v; = % at p, and (6.3). Since a(t;) > 0, h(t) > 0 and
R'(t) > 0, we conclude that

d
— (th(t)a(t 0

& (n(tyat) >
at t1 and hence th(t)a(t) is increasing in ¢ for t € (t; — €1,t1 + €1) for
some €1 > 0. Hence,

(66) tlh(tl)km(tl) = tlh(tl)a(tl)
< th(t)a(t)
< th(t) A (1)
for all t; <t < t;+e€;. Ast; was chosen arbitrarily in (tg —¢€,to+€), we
conclude that th(t) A, (t) is increasing in (t9 — €,to + €). In particular,
(6.7) toh(to)M\k(to) = toh(to)Am(to)
> th(t) Am(t)
> th(t)Ae(t)
for all t € (to — €,tp). This proves the claim and the theorem.  q.e.d.
Proof of Theorem 1.1. We begin by observing that if M has positive
holomorphic bisectional curvature and is simply connected near infin-
ity, then it is actually simply connected. Indeed, if M were not simply
connected there would exist a nontrivial minimizer of a free homotopy
class. This, however, is impossible by the fact that the bisectional cur-

vature is positive, and an argument as in the proof of Sygne theorem.
So the second assertion of the theorem follows from the first.
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To prove the first assertion, by the remarks at the beginning of § 5,
we may assume that M is simply connected in Theorem 1.1 and by [5]
we may also assume that the Ricci curvature is positive in spacetime.

Now by the long time existence results in [30], we know that under
the hypothesis of Theorem 1.1, (6.1) has a long time solution g(¢) with
uniformly bounded non-negative holomorphic bisectional curvature to-
gether with the covariant derivatives of the curvature tensor. Since
Rc > 0, Theorem 6.1 implies that given any compact set {2 we can find
C > 0 such that Re(t) > %g(t) on  for all ¢. From this, (6.1) and
recalling that the curvature of g(t) is uniformly bounded on [0, c0) x M,
it is not hard to see that the sequence of metrics g; = ¢(i) on M satisfies
the hypothesis of Theorem 1.2, and thus Theorem 1.1 follows.  q.e.d.
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