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SURFACES CONTRACTING WITH SPEED |A|?

OLIVER C. SCHNURER

Abstract

We show that closed strictly convex surfaces contracting with
normal velocity equal to | A|? shrink to a point in finite time. After
appropriate rescaling, they converge to spheres. We describe our
algorithm to find the main test function.

1. Introduction

We consider closed strictly convex surfaces M; in R3 that contract
with normal velocity equal to the square of the norm of the second
fundamental form

d

J— — — 2
(1.1) —X = —|APv.

This is a parabolic flow equation. We obtain a solution on a maximal
time interval [0, T'), 0 < T' < oo. For ¢t T T, the surfaces converge to
a point. After appropriate rescaling, they converge to a round sphere.
We say that the surfaces M; converge to a “round point”. The key step
in the proof, Theorem 5.1, is to show that

()\1 + )\2)()\1 — )\2)2
(1.2) mj\%x < S >

is non-increasing in time.
Here, we used standard notation as explained in Section 3.
Our main theorem is

Theorem 1.1. For any smooth closed strictly convex surface M in
R3, there exists a smooth family of closed strictly convex surfaces M,
t € [0,7), solving (1.1) with My = M. Fort T T, M; converges to
a point Q. The rescaled surfaces (M; — Q) - (6(T — t))~'/3 converge
smoothly to the unit sphere S2.

We will also consider other normal velocities for which similar results
hold. Therefore, we have to find quantities like (1.2) that are mono-
tone during the flow and vanish precisely for spheres. In general, this
is a complicated issue. In order to find these test quantities, we used
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A2 (M + A2) (A1 — A2)?
Ao
K [7] (A1 — Ag)?
72 (M1 +A2)3 (M — Ao)?
(AT +23) Aiho
o (A + MAz +A3) (O + %) (A1 — Ko)?
(AT = AA2 + A3) Aho
7t (A + MAz +A3) (O + %) (A1 — Ao)?
MAS
AP+ pH?, (AL + Aa) (A1 — Ap)?
0<p3<5 Ao
A3 (3AT 42X A2 + 3A3) (A1 — Xo)?
Ao
tr A, (A2 2572) (A1 + A2) (M1 — A2)?
a=24,56 Mg
A+ ) (A — Mo)?
HIA 2 (
Al "o
A (AT + 20300 +4A1A3 + 2073 + A3) (A1 — Ao)?
(A1 + A2) A1 A2

Table 1. Monotone quantities.

an algorithm that checks, based on randomized tests, whether possi-
ble candidates fulfill certain inequalities. These inequalities guarantee
especially that we can apply the maximum principle to prove monoto-
nicity. We used that algorithm only to propose useful quantities. The
presented proof does not depend on it. So far, all approved candidates
turned out to be appropriate for proving convergence to a round point.
In Table 1, we have collected some normal velocities F' (15 column)
and quantities w (2"¢ column) such that maxy, w is non-increasing in
time for surfaces contracting with normal velocity F'. In each case, we
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obtain convergence to round points for smooth closed strictly convex
initial surfaces My. The proofs for F' different from |A|?> will appear
elsewhere.

We could not find similar monotone quantities for arbitrary strictly
convex hypersurfaces in R¥, k > 4, contracting with normal velocities
of homogeneity larger than one.

There are many papers concerning convex hypersurfaces contracting
to a point. Convergence to round points for convex hypersurfaces con-
tracting with certain normal velocities homogeneous of degree one is
proved in [11, 3, 4, 5]. For homogeneities larger than one, appropriate
initial pinching ensures also convergence to round points [3, 14]. The
GauB curvature flow shrinks strictly convex hypersurfaces to points [16].
If the homogeneity is less than one, there are examples, where hyper-
surfaces do not become spherical [8, 1].

In [7], Ben Andrews shows that convex surfaces moving by Gauf
curvature converge to round points. This normal velocity is homoge-
neous of degree two in the principal curvatures. He does not require any
pinching condition for the initial surface. Our paper extends this result
to other flow equations. We consider also normal velocities of degree
larger than one and do not have to impose any pinching condition on
the initial surface. Any smooth strictly convex surface converges to a
round point.

The rest of this paper is organized as follows. In Section 3, we explain
our notation. We show in Section 4, that surfaces converge to a point
in finite time. Section 5 concerns the key step, Theorem 5.1, the proof
of the monotonicity of our test function during the flow. We state some
consequences of this monotonicity in Section 6 and finish the proof of
Theorem 1.1 in Section 7. Finally, we describe our algorithm to find
test functions in Section 8.
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John Stalker, Shing-Tung Yau, the Alexander von Humboldt founda-
tion, the MPI in Leipzig, and FU Berlin for discussions and support.

3. Notation

We use X = X(z, t) to denote the embedding vector of a manifold
M, into R? and %X = X for its total time derivative. It is convenient to
identify M; and its embedding in R3. We choose v to be the outer unit
normal vector to M;. The embedding induces a metric (g;;) and a second
fundamental form (h;;). We use the Einstein summation convention.
Indices are raised and lowered with respect to the metric or its inverse
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(gij ) The principal curvatures A1, A2 are the eigenvalues of the second
fundamental form with respect to the induced metric. A surface is called
strictly convex, if all principal curvatures are strictly positive. We will
assume this throughout the paper.

Symmetric functions of the principal curvatures are well-defined, we
will use the mean curvature H = \; + A9, the square of the norm of the
second fundamental form |A|2 = A2+ A3, tr A¥ = A} + )%, and the GauB
curvature K = AjX2. We write indices, preceded by semi-colons, e.g.,
hij. k, to indicate covariant differentiation with respect to the induced
metric. It is often convenient to choose coordinate systems such that
the metric tensor equals the Kronecker delta, g;; = d;;, and (h;j) is
diagonal, (h;;) = diag(A1, A2), e.g.,

2
DoMhT = D Akl = BRG] = Beshigchavg 9 g g
i, k=1

Whenever we use this notation, we will also assume that we have fixed
such a coordinate system. We will only use Euclidean coordinate sys-
tems for R3 so that hij. 1 is symmetric according to the Codazzi equa-
tions.

A normal velocity F' can be considered as a function of (A1, \2) or

(hij, gi). We set Fii — eaaTI;-’ gkl — 8h?j2c’§zkl‘ Note that in coordip@te
systems with diagonal h;; and g;; = ¢;; as mentioned above, F'* is

diagonal. For F' = |A|?, we have F = 2h% = 2);¢".

Recall, see e.g., [11, 13, 12], that for a hypersurface moving according
d

to 77X = —Fv, we have
d
(3.1) 7% = —2Fhij,
d
(3.2) i =Fiig — Fhihyj,
(3.3) v =g EX,

where Greek indices refer to components in the ambient space R3. In
order to compute evolution equations, we use the Gaufl equation and
the Ricci identity for the second fundamental form

(3.4) Rijri = hixhji — hahjg,

(3.5) hik; 17 = Pik; j1 + hipRaaj + hi Ragj-

We will also employ the Gaufl formula and the Weingarten equation
X%j = —hjv° and 1/'3; = th;o‘k.

For tensors A and B, A;; > B;; means that (A;; — Byj) is positive
definite. Finally, we use ¢ to denote universal, estimated constants.
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4. Convergence to a Point

It is known, that (1.1) is a parabolic evolution equation for strictly
convex initial data and that it has a solution on a maximal time interval.

We show that M; stays uniformly strictly convex. The following
lemma is similar to results in [5].

Lemma 4.1. For a smooth closed strictly convex surface M in R3,
flowing according to X = —|A|%v, the minimum of the principal curva-
tures is non-decreasing.

Proof. Consider M;; = h;; — £g;; with € > 0 so small that M;; is
positive semi-definite for some time 5. We wish to show that M;; is
positive semi-definite for ¢ > t;. Combine (3.2), (3.4), and (3.5) to

obtain
d
dt
In the evolution equation for M;;, we drop the positive definite terms
involving derivatives of the second fundamental form

d

dt
Let & be a zero eigenvalue of M;; with || = 1, M;;&7 = h;;&7 —eg;;67 = 0.
So, we obtain in a point with M;; > 0

hij — Fklhij;kl =2tr Aghij — 3‘A|2hfhkj + 2gkrglshkl;ihm;j'
Mi; — FM M0 > 2tr A3hy; — 3| APPREhy; + 22| AP h;.

(2 tr A3h; — 3| AR s + QE\Ayzhij) gigl
= 2etr A% — 3% A2 + 22| A2
> 282 AP — 2 APP >0
and the maximum principle for tensors [9, 10] gives the result. q.e.d.
The next result shows that |A|? stays uniformly bounded as long as

M; encloses a ball of fixed positive radius. A similar estimate is used in
[16].

Lemma 4.2. For a strictly convexr solution of (1.1), |A|? is uni-
formly bounded in terms of the radius R of an enclosed sphere Br(xo),

2
maxay, m, and maxyy, |X — zo|. More precisely, we have
) 2
(4.1)
AP? 18
sup max |A|? < max { max |X — xo| - max 1Al TS B (-
t M Mo Mo (X — xg, l/>—§R R

Proof. We may assume that xop = 0. Let a = %R. Then « is a positive
lower bound for (X, v) — a. Standard computations [11, 12, 13] yield
the evolution equations

d g
gxﬁ — FIX] = AR,
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d y
ayﬁ — FZJI/_gj = 2tr A31°,
d g
%<X7 v) — FY (X, V>;ij = _3|A‘2 +2tI‘A3<X, v),
d 2 ij 2 2 3
£|A| —F”(|A| );Z.j = 2|A|“tr A°.
In a critical point of %, we obtain

dt g(X, V) —«

iy 2 2 _ 3
s <10g | A > _ 3|AIF —2tr A a
J

(X, v)—« (X, v)—«

Note that (X, v) —a < maxyy, | X| as a sphere of radius maxyy, | X|, cen-
tered at the origin, will enclose any M;. We only have to prove that we

A2

preserve the bound in Equation (4.1), when maxjy, TX.p)—a increases.
| 2

Al
(X, v)—a
tained. This inequality and elementary calculations for convex surfaces
give

is at-

Then we have 0 < 3|A|?—2tr A3« at a point, where max y,

tr A3)°
2/ ¢ o A)

(1A]?)
at such a maximum point and the Lemma follows. q.e.d.

9
2 1/3 3
AP <212 (tr 47) < 52

We obtain that the second fundamental form of the surface stays
bounded as long as M; encloses some ball. The estimates of Krylov,
Safonov, Evans (see also [2]), and Schauder imply that the solution
stays smooth. Then, similarly as in [16], the positive lower bound on
the minimum principal curvature implies that the surfaces converge to
a point in finite time.

5. A Monotone Quantity
Theorem 5.1. For a family of smooth closed strictly convex surfaces
M, in R® flowing according to X = —|A|?v,
(A1 + A2) (A1 — Ag)? H - (2]AP - H?)
5-1 g E
R W ST v T
18 mon-increasing in time.

An immediate consequence of this theorem is

Corollary 5.2. The only homothetically shrinking smooth closed
strictly convex surfaces My, solving the flow equation X = —|A|*v in
R3, are spheres.

32
Proof. The quantity W is positive homogeneous of degree

one in the principal curvatures and non-negative. If M is homothetically
shrinking, Theorem 5.1 implies that (A1 4+ A2)(A\1 — A2)? = 0 everywhere.
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Thus, M, is umbilic and [15, Lemma 7.1] implies that M, is a sphere.
q.e.d.

Proof of Theorem 5.1. We combine (3.1), (3.2), (3.4), and (3.5) in order
to get the following evolution equations

d g
(5.2) —H = FUH, ;= - (1AP)° + 2B tr A% 12 h3,
and
d 2 ij 2 2 3
(5.3) £|A| — F”(\A| );z.j = 2|A|* tr A°.
For the rest of the proof, we consider a critical point of w| a1, for some
t > 0, where w > 0. It suffices to show that @ := log w is non-increasing
in such a point. Then, our theorem follows.
We rewrite w

W = log H + log (2|A|* — H?) — log(H? — | A]*)
=log A +log B —logC.

In a critical point of w, we obtain

d g 1/d g 1 /d g
Yo Fig == (La-FiA )+ (LB Fip,,
dt Wi = g <dt ’J> B <dt ’3>

1/d y
——(=Cc-F9C.
C (dtC ¢ J)

1 .
— = FY (A;iB;j + A;J'B;i)

AB
and
0= “Hyt o (214 — H?) , — o (H?* —|A]%)
H F T AP - H? kT HZ —|AP ik
203 + A2 + A3 203 4+ Mo + A
= 11k 22; k-

M (A= A9)
So, we deduce that

Az (A3 =)

& 2/\% + Ay + )\%
A1 2/\% + AMAg + )\%

and a similar formula holds for h11,2, k11,2 = a2-ho2,2. We now combine
all these results and obtain in a straightforward calculation

d . 1 2H 2H d .
— W= F9%. = = — _ |\ =H—-FYH.,;
di Wiij (H 2A2 — H2 H2—|A\2> <dt ’J)
- R
AR —H2 " H? _|A]2

d g
(G- riaap) )

hao.1 = hi1;1 = athi1;1
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2

6 .
FYH. ;H.;
- (2|Ar2 @ |A12) it

+

9 N
ij
H.(Q‘AP_HQ)F ((‘A| ) Hj+ (JA]? ) )
Mg+ ANIAZ £ AN A
(A1 + A2) (A1 — X2)2A A2
(= (14P) + 2 tr A7)

()\1 + )\2)2
2(A1 — A2)2 A1 A2
M Ny 4+ ANIAZ £ AN £ A

2 Zhw k
(A 4+ X2) (A1 — A2)2 A1\

2| A tr A3

-2

A2 44X Ag + A2
poliT AN 2> Mehi kb

(= A2+ Ag)

(A1 — X2)2A1 0
8

D Ak 4 A hiic khji

U8 3T + 40003 + 9AIN3 — 2a0

(A1 4+ X2) (A1 — A2)2 A1 A2

CONIAS AN + 3] 4+ A

+2

(= A2+ )

()\1 + )\2)()\1 — )\2)2)\1)\2

AT+ 228 + 20303 + 3A4A3

(A1 — X2)2 A1 A2
NI + 20203 + 20 A8 + AJ

(A1 — X2)2 A1

A AN+ 4AN2A2 4+ A3 + A
(M + X)) (A1 — )\2)2)\1)\2

. ((1 + 3(11) hll 1 + (1 + 3@2) h22 2)
A2 4 AN g + A2
(A1 — A2)2 A1 A2
(M + a1)” - h%h L+ (1 +ag)? h%2;2)

16
(A A+ A2an) (1 +a1) - by

+X2(A2 + Araz) (1 + az) - h3y.5)
K2

— 4

H
(5AT — AAT Ao + 46A923) Ao )

A+ M) (A1 — A0)2 (A2 + A\ 2A22A3h1“
(A1 +A2) (A1 = X2)” (M + XAz 4+ 223)7 A3
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B (48ATA3 + T2XTA3 + 44X303) Ao 2
(M + A2) (A1 — A2)2 (A2 + Ahg +202) 208 11!
B (B4X208 + 8\ AL + 33) Ag 2
(M +22) = A2)2 (A2 + Ade +203)° A3
(5A8 — AT\, + 467572) A, 2
— 22:2
(M2 + A1) (g — A% (A2 + Aody + 232)° A3

(48A3A3 + T2XIAT 4+ 44X307) A y
22;2
(A2 M) (2 = M)® (A3 4+ dods +2X3)° 7
(34A3AT + 8XaA] +3A7) My .

< 0.

We finally, apply the maximum principle and our theorem follows. g.e.d.

6. Direct Consequences
We obtain a pinching estimate

Corollary 6.1. For a smooth closed strictly convex surface My in
R3, flowing according to X = —|A|?v, there exists ¢ = ¢(My) such that
0<l<i<e

c — Ao

Proof. Choose € > 0 such that A\j, Ay > ¢ at t = 0. Theorem 5.1 and
Lemma 4.1 imply that

2
(1) : :
5 \ 22 _gea ) (it ) — )t
A A1 A1
A2
We obtain the upper bound on i—; claimed above. Similarly, we obtain
an upper bound on ﬁ—f q.e.d.

Let p+ be the minimal radius of enclosing spheres and p_ the maximal
radius of enclosed spheres. The quotient of these radii can be estimated
as follows

Corollary 6.2. Under the assumptions of Corollary 6.1, py/p_ is
bounded above by a constant depending only on the constant c(My) in
Corollary 6.1.

Proof. Combine Corollary 6.1, [5, Theorem 5.1], and [5, Lemma 5.4].
q.e.d.

We also obtain a bound for [A\; — Ao



356 0.C. SCHNURER

Corollary 6.3. For a smooth closed strictly convex surface My in
R3, flowing according to X = —|A|?v, there exists a constant ¢ = c(My)

such that |A\1 — Aa] < c- (|A[2)1/4 <c-VH.

Proof. This is a direct consequence of Theorem 5.1 and Corollary 6.1.
q.e.d.

As in [7], this estimate on |A; — Aa| is “better” than scaling invariant.
It is crucial for the rest of the proof of Theorem 1.1.

Let us recall a form of the maximum principle for evolving hypersur-
faces.

Lemma 6.4. Let M; and ]\;[t be two smooth closed strictly convex
solutions to (1.1) on some time interval [0, T*). If My encloses My,
then M, encloses My for any t € [0, T*).

Proof. This is a standard consequence of the maximum principle.
q.e.d.

The next result describes the evolution of spheres.

Lemma 6.5. Spheres 0B, ;) (wo) solve (1.1) fort € [0, T') with r(t) =
(6(T —t))Y/3 and T = %r?’(O).

Proof. The evolution equation for the radius of a sphere is

q.e.d.

As a consequence, we can estimate the life span of a solution in terms
of inner and outer radii.

Lemma 6.6. Let p4(t) and p_(t) be the inner and outer radii of My,
respectively. Assume that My is a smooth closed strictly convex solution
of (1.1) on a mazimal time interval [0, T'). Then, we have fort € [0, T)

1 1
L) ST —t< k().

Proof. As M; contracts to a point, we deduce from Lemma 6.4 that
T —t is bounded below by the life span of 9B,,_ ;) evolving according to
(1.1). So the lower bound follows from Lemma 6.5. The upper bound
is obtained similarly. q.e.d.
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7. Convergence to a Round Point

We closely follow the corresponding part of [7].
Proposition 7.1. Define q(t) f KX. Then

1 1

X - - — [ H < —. A — Xo| - HA(M,

< Q7V> 87['/ = 4r S}\}F‘ 1 2| H( t)7
My

where H?(M;) denotes the area of M;.
Proof. This is [7, Proposition 4]. q.e.d.
We define r (t) to be the minimal radius of a sphere, centered at q(¢),

that encloses M;. Similarly, we define r_(t) to be the maximal radius
of a sphere, centered at ¢(t), that is enclosed by M;.

Lemma 7.2. Under the assumptions of Theorem 1.1, for T —t suf-
ficiently small, vy and r_ are estimated as follows

re(t) < (6(T =) (14 (T =)'/,
re(t) 2 6T 1) (1 c- (1= 1)),
and

1< ™ <1qe (T -t

T_—

Proof. Denote the bounded component of R3\ M; by FE;. The trans-
formation formula for integrals implies that

1 KX = — /X X
47T

So, we see that ¢(t) € Et. We have

= X —qlt _ =min (X —q(¢
r =max (X —q(t), v), r- =min (X —q(t), v),
= min max (X — p, v), and _ =maxmin (X — p, v).
= pER3  M; ( Pv) P peE, My < P v)

Recall the first variation formula for a vector field Y along M,

/mxm:/@%Y
Mt Mt

and get for p € E; such that p; = maxy, (X — p, v)

1 1
Hz——/Hnu>mﬁo=——/&mﬂxz——/2:—4#@4)
My P My P M, My



358 0.C. SCHNURER

We employ Proposition 7.1 and deduce that

-1
T_Zl/H‘ 1—2</ H> -sup A — Ao - H(My)
87TM My M
t

1
> —/H-{l—p+-sup])\1—)\2\}.
8w M,
My
We estimate as follows

P+ -sup|A; — Ao <c-pg- (|A|2)1/4 by Corollary 6.3
My

1/4
<c-py- (C + ,0%) by Lemma 4.2

<c (T —t)Y/8

by Corollary 6.2 and Lemma 6.6 for (7' — t) small. So, we obtain
1 1/6
. () > — (1—c-(T- .
(7.1) r(t)_87T/H (1 ¢ (T —1) )
M

Similar calculations yield

(7.2) () < 8%/1{ (1+e @),
M

We employ Lemma 6.6
ro<po <(6(T—1)*<py <ry
and obtain for (T — t) small
(6(T —1))1/3. (1 e (T - t)1/6>
<1 [u< (6(T —t))'/3. (1 +c- (T—t)l/ﬁ) .

87
My

Using (7.1) and (7.2) gives the claimed estimates on r_ and r, and
r4/r_ is bounded as stated above. q.e.d.

Corollary 7.3. Under the assumptions of Theorem 1.1, we have the

estimate
lq(t) = Q| < c- (T — 1) /3+1/18,

where ) = %I;lq(t) = ltlTrjr} My. Therefore, we obtain estimates of the

same form as in Lemma 7.2, if we define r4 and r— using @ instead of

q(t).
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Proof. Fix tg € [0, T'). A sphere of radius
r(to) = (6(T = t0))"/* (1 + (T — t0)'/°)

at time tg, centered at ¢(tp) as defined in Proposition 7.1, which evolves
according to (1.1), will enclose M; for all ¢ty < ¢ < T. Thus, its radius
at time ¢ = T is an upper bound for |q(t9) — Q|. According to Lemma
6.5, the radius of that sphere evolves as follows

0= (6 (G - (e~ m))w.

Therefore, we get
1/3

3
o(t0) = Q1 < (1) = (O = 1)+ ( (17— 1)) 1)
and the claimed estimate follows. q.e.d.
We wish to check, that we can apply a Harnack inequality [6, Theo-
rem 5.17]. For F = F(\;), \; > 0, we define
O(k;) :=—F (H;l) .

We say that @ is a-concave, if & = sgna - B for some B, where B is
positive and concave. The function ® is called the dual function to F'.

Lemma 7.4. The dual function to F = |A|> = X2 + )3 is a-concave
for a < —2.

Proof. 1t is convenient to use [6, (5.4)]. We leave the details to the
reader. q.e.d.

We are now able to improve our velocity bounds.
Lemma 7.5. Under the assumptions of Theorem 1.1, we obtain
26(T — )7 (1= ¢ (T - )!/1?)
SMFSQ@GH%DQB'O+CKT—ﬂUu>
everywhere on My for (T —t) sufficiently small.

Proof. We may assume that T'—t¢ > 0 is so small that we can use the
results obtained before. Parameterize M; by S? such that the normal
image of M; at X (z, t) equals z € S?. Let us define the support function
s of M; as

s(z, t) = (X(z, t), 2).

Its evolution equation, see e.g., [6], is

(7.3) %q%w:—mm@o
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The a-concavity proved in Lemma 7.4 allows us to use [6, Theorem 5.17].
We obtain for 0 < ¢; < t3 < T and z € S?, for two points (z, t1) and
(z, t2) with the same normal,

\A[Q(z, tg) tl 2/3
(74) ez (i)

Let us assume that ¢(¢) is the origin for some fixed time t. As M; lies
between 0B, ;y(0) and 0B, _((0), My, lies outside B(ri(t)_&r)l/?) (0)

forany 0 <7< T —t, so
(7.5) r_(t) <s(,t) <ry(t) and (r® - 67')1/3 <s(-, t+7).

Set 7 = ri/Q(t) c(rye(t) — 7“_(t))1/2 and observe that ¢t +7 < T, if

(ry —r )2 < %7’1_/2 (by Lemma 6.6), or, if T' — ¢ is sufficiently small
(by Lemma 7.2). We estimate

=\ 2/3
IA%(z, t) < inf {(” ) .\A|2(z,t+%)} by (7.4)

T 0<F<LT t

< <tJ;T>2/3 | % 7]A|2(27 7)d7

< (1 + %)2/3 % “(s(z,t) = s(z, t+ 7)) by (7.3)

< <1+ %) . % . (r+(t) — (B (#) —67)1/3> by (7.5)
141

The maximal existence time T is bounded below in terms of the radius
of a sphere enclosed by Mj. So, we may also assume that ¢ is bounded
below by a positive constant. A very crude estimate gives

Tgriﬂ-r}r/zgrigc-(T—t),

so we obtain

1+ %

)

< (BT - 1) (14 (T =),

Observe that for || < 3, we have

—1-z)P <14 tr+ %1‘2.



SURFACES CONTRACTING WITH SPEED |A|? 361

We conclude for small (7" — t)

1/2
ARG, ) < (6T )2 (14 - (T — )19) <2 () )

r_
<2 (6(T —1t)2/3. (1 e (T— t)1/12) .
For the lower bound on |A|?, we proceed similarly and use 7 = r/? (t) -
(ra (8) = r—(t)'/2,
(r® + 67’)1/3 <s(z,t—7) and s(z,t) <ry(t).
q.e.d.

We have the following estimate for the principal curvatures
Lemma 7.6. Under the assumptions of Theorem 1.1, we obtain
6T -0 (1= (T-1)"/12)
<A1, Ao < (6(T —t)~43. (1 +¢- (T - t)1/12)
on My for small (T —t).
Proof. As H? = 2|A|> — (A1 — \2)?, we obtain
A1 = %()\1 + A2) + %()\1 —A2)
= 3V 2IAP — (A = A2)2 + 5 (A — X2).

Combining Lemmata 6.3 and 7.5, we get [A\ — Ao| < ¢- (T —1t)~1/6. We
use Lemma 7.5 and (7.6). The claimed inequality follows. q.e.d.

(7.6)

Proof of Theorem 1.1. Lemma 7.6 implies, that, everywhere on My, the
quotient A;j/Ag tends to 1 as ¢ T T'. Then we can apply known results,
see e.g., [3, Theorem 2|, to conclude that the rescaled surfaces converge
smoothly to the unit sphere S C R3. q.e.d.

A standard way of rescaling [5] is to consider the embeddings X (-, t),

X(z, t) == (6(T — 1)) *(X (2, 1) = Q)
with @ as in Theorem 1.1. Define the time function 7(t) := logT —
%log(T —t). Then we have, using suggestive notation, the following
evolution equation

d -~ ~12 -

L ‘A‘ b+ 2X

dr

and our a priori estimates imply, that, for 7 — oo, M; converges expo-

nentially to S2.
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8. Finding Monotone Quantities

8.1. The Algorithm. We use a sieve algorithm and start with sym-
metric rational functions of the principal curvatures as candidates for
test functions, e.g.,

_ p1(A1, A2) _ (A1 + X2) (A1 — o)
p2(A1, A2) A1 A2 .

Here, p1 # 0 and ps # 0 are homogeneous polynomials.

In the end, we want to find functions w such that W := sup,, w is
monotone and ensures convergence to round spheres.

We check, whether these test functions w fulfill the following condi-
tions.

1) a) pi(A1, A2), p2(A1, A2) >0 for 0 < Ay, Ag,
b) pl()\l, )\2) =0 for Ay = X9 > 0.
2) degpi > degps.

3) Lwéi’;‘z) < 0for 0 <Xy <1and %)\’;‘2) > 0 for Ay > 1.
4) %w—F”w;ij <0

a) for terms without derivatives of (h;;),
b) for terms involving derivatives of (h;j;), if w.; =0 for i =1, 2.

8.2. Motivation and Randomized Tests. For all flow equations
considered, spheres contract to points and stay spherical. So, we can
only find monotone quantities, if degp; < degps or p1(A, \) = 0.

If deg p1 < deg ps2, we obtain that W is decreasing on any self-similarly
shrinking surface. So, this does not imply convergence to a sphere. The
counterexamples in [3] show for normal velocities of homogeneity larger
than 1, that the pinching ratio sup,,, A2/A1 (for A2 > A1) will increase
during the flow for appropriate initial surfaces. Therefore, we require in
step (2), that degp; > deg po.

Condition (3) ensures that the quantity decreases, if the eigenvalues
approach each other.

In step (4a) and (4b), we check that we can apply the maximum
principle. Here, we have to use various differentiation rules.

In all these steps, inequalities are tested by evaluating both sides at
random numbers. After enough testing, all candidates for which the
above inequalities, evaluated at random numbers, were not violated,
could be used to prove convergence to a round point.

Alternatively, for surfaces, we can avoid using random numbers, com-
pute evolution equations algebraically, and use Sturm’s algorithm to test
for non-negativity.

We expect that similar algorithms will be used to find (monotone)
test functions for other (geometric) problems.
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