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LOCAL ISOMETRIC EMBEDDING OF SURFACES
WITH NONPOSITIVE GAUSSIAN CURVATURE

QING HAN, JIA-XING HONG & CHANG-SHOU LIN

Abstract

In this paper, we prove the existence of an isometric embedding near the
origin in R3 of a two-dimensional metric with nonpositive Gaussian curva-
ture. The Gaussian curvature can be allowed to be highly degenerate near
the origin. Through the Gauss-Codazzi equations, the embedding problem
is reduced to a 2 X 2 system of the first order derivaties and is solved via
the method of Nash-Moser-Hérmander iterative scheme.

1. Introduction

Given a smooth n-dimensional Riemannian manifold (M, g), can we
find its smooth isometric embedding in the Euclidean space RP? This
is a long standing problem in Differential Geometry. As is well-known,
the necessary condition is p > s, = n(n + 1)/2. For this problem there
are two aspects. One is global and another is local. The result on the
existence of global smooth isometric embedding is first due to Nash in
[14]. For a simplified proof and an improved result, see [3]. For the local
embedding, we are interested only in the case p = s,,. The first general
result was obtained by Janet and Cartan.

Janet-Cartan Theorem. Any analytic n-dimensional Rieman-
nian manifold always has a local analytic isometric embedding in RS».

The smooth case remains open in general. The following conjecture
was posed by Schlaefli in 1873, and also recently reposed by Yau in
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[17] and [18]: any smooth surface always has a local smooth isometric
embedding in R3.
Suppose a metric g defined in an open set U C R2 is given by

2
g= Z gijdr;dx;.
ij=1

Isometrically immersing ¢ in R3 is equivalent to finding a function r=
(X1, X2, X3) : U — R3 such that

dXi +dX3 +dX3 =g,

or

3
0X, 0X, .
1.1 . = g;; =1,2.
( ) 0;1 dr; d:Bj Gij, 1] )

This is a first order differential system of three equations for three un-
known functions. However, such a system cannot be covered by the
general theory of first order differential systems. In order to study
this system, we change it to an equivalent differential equation. By a
straightforward calculation, one can check that the solvability of (1.1)
is equivalent to the solvability of the following equation:

(1.2) det(V2u) = Kdet(gi;)(1 — |Vul?),

with |Vu| < 1, where V denotes the covariant derivatives with respect
to g and K is the Gaussian curvature. Then (1.2) can be written as

det(u;; — Ffjuk) = Kdet(gi;)(1 — g% uuy),

where Ffj is the Christoffel symbol and (g%) is the inverse of (g;;).

Equation (1.2) is called the Darboux equation. It is a fully nonlin-
ear equation of the Monge-Ampere type. We are interested in a local
solution in a neighborhood of any given point p € U. The type of Equa-
tion (1.2) is determined by the sign of the Guassian curvature K. It is
elliptic if K is positive, and hyperbolic if K negative. It is degenerate
if K vanishes.

In the case that the Gaussian curvature K does not vanish at 0 € U,
(1.2) can be solved easily in a neighborhood of 0. The difficulty arises
if K vanishes. In this direction, Lin made an important breakthrough
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in [8] and [9]. By a delicate analysis, he obtained the existence of local
solution of (1.2) and hence the sufficiently smooth isometric embedding
for the following two cases: K(0) = 0 and dK(0) # 0, or K(0) =0 and
K nonnegative in a neighborhood of the point 0. Later on, Nakamura
[12] proved the local isometric embedding if K(0) = 0, dK(0) = 0
and HessK(0) < 0. Evidently, K is nonpositive near point 0 and the
leading part of K is an irreducible quadratic polynomial. For the case of
nonpositive Gaussian curvature, Hong [5] also proved the local isometric
embedding in a neighborhood of 0 if K = hg?™, where h is a negative
function and g is a function with g(0) = 0 and dg(0) # 0. All these
results are based on the careful study of (1.2).

In the present paper, we shall study the local isometric embedding
of metrics with nonpositive curvature. We first present the main result.

We make the following assumption:

(A) For some positive integer I, some small constant § > 0 and some
coordinate system (x,t) around the origin, there is a neighborhood
N of 0, such that the following holds: for any C' function u with
|U|01(N) < 8, N is separated into finitely many subdomains by C*
curves y; 1 t = t;(x), i = 1,...,1, with t;(0) = 0,£;(0) # ;(0) for
i # j, and the function 0;K + ud, K changes its sign only across
Y1,...,Y. Moreover, none of the curvesv;, 1 = 1,...,1, is tangent
to the t-axis or x-axis.

Although the assumption (A) looks complicated, it has a simple
geometric interpretation. It means that the zero set of 9;K consists
of finitely many curves meeting nontangentially at the origin and that
such a picture is preserved under the perturbation of the directional
derivatives of K. As we will show in Section 7, the assumption (A)
covers a large class of Gaussian curvature, including the cases in [12]
and [5].

The main result we will prove is the following:

Theorem 1.1. Suppose a given C" metric g, with K <0, satisfies

(A) for some r > 2l + 12. Then g admits a C"~'=5 local isometric
embedding in R3.

Now we present two results which are the special cases of Theo-
rem 1.1.
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Theorem 1.2. Suppose g is a C" metric whose Gaussian curvature
K is nonpositive and given in a neighborhood of 0 by

(1.3) K=~ (z,)* - (- (2,1)°Q(x,t) + h.o.t.,

where Q(z,t) is a homogeneous polynomial of degree | —2k with Q(x,t) >
0 for (z,t) # 0 and v1, ... v are distinct unit vectors. If r > 21 4+ 12,
then g admits a C™~'=5 local isometric embedding in R3.

An important case in (1.3) is given when the square of the linear
functions are not present. In other words, K is given by

K = —Q(z,t) + h.o.t.,

where Q(z,t) is a homogeneous polynomial of degree | with Q(x,t) > 0
for (z,t) # 0. Another special case is given if the leading polynomial is
quadratic.

Theorem 1.3. Suppose g is a C" metric whose Gaussian curvature
K is given in a neighborhood of 0 by

k
(1.4) K = h(z,)Q(z,t) [ [ (v - (z,t) — ¢j(x,))*™,
Jj=1

where h is a function with h(0) < 0, Q(x,t) is homogeneous polynomial
of degree | — 2k with Q(x,t) > 0 for (z,t) # 0, ni,...,ng are positive
integers, v1,. .., are distinct unit vectors and c1,. .., c, are C' func-
tions with ¢;(0) = 0 and V¢;j(0) = 0. If r > 21l 4 12, then g admits a
CT™'=6 local isometric embedding in R3.

For a nonpositive function K, its least vanishing order is two. The
condition (1.3) means that the leading polynomial of K vanishes with
the least order along its zero set. In this case, the leading polynomial is
decisive and the higher order term does not play any role. If the leading
polynomial of K vanishes at the higher order, we need more precise
description of K itself. The condition (1.4) implies in particular that K
vanishes at the same order along each curve in its zero set except at the
origin. If n; =--- =mny =1 1in (1.4), it reduces to (1.3).

Now we describe our method to prove Theorem 1.1, which is differ-
ent from all methods employed before. We begin with Gauss-Codazzi
system, instead of Darboux equation (1.2). The Fundamental Theo-
rem of Surface Theory reduces an embedding of an abstract surface to
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the construction of a smooth solution of the Gauss-Codazzi system. If
the Gaussian curvature is negative, a differential system equivalent to
Gauss-Codazzi system was derived first by Rozhdestvenskii [16] when
the metric is in the geodesic form, and then by Poznyak in the general
case. This system is quasilinear of the hyperbolic type, whose character-
istics are the integral curves defined by simple ordinary differential equa-
tions. However, such a system cannot be employed directly in our study
because the Gaussian curvature is allowed to vanish. To overcome this,
we change the Rozhdestvenskii-Poznyak system into another equivalent
system, with no restriction on the Gaussian curvatures. In fact the new
system can be derived directly from the Gauss-Codazzi system. We shall
do so in the present paper. We mention the Rozhdestvenskii-Poznyak
system because its simple characterization of the characteristics is the
basis for our a priori estimates. For discussions of the Rozhdestvenskii-
Poznyak system and its applications, see [15] and references there.

The new system is a 2 x 2 quasilinear differential system of the first
order in R% = {(x,t)}. In order to solve this system, we need to study
its linearized system. The linearized system is hyperbolic if Gaussian
curvature K is nonpositive, and is degenerate while K vanishes. So far,
there is no general result on the solvability of the Cauchy problem for
the degenerate hyperbolic systems. We have to take advantage of the
special features of our system. In general, an efficient method to study
first order differential systems is to symmetrize the system and then
attempt to derive energy estimates, as in [2]. However, symmetrization
would destroy the special feature of our system. In our case, an es-
sential quantity is the derivative of Guassian curvature K in the time
direction, i.e., 0; K. In the region where the time derivative is positive, a
priori estimates for the linearized equation can be obtained by relating
this system to the linearized equation of the Rozhdestvenskii-Poznyak
system, for which we can follow the characteristic curves easily. In fact
we compare our solution with a solution to a single differential equa-
tion and the difference is the solution to the Rozhdestvenskii-Poznyak
system. The case when the time derivative is negative is tricky. If we
follow a similar process for the case of positive time derivative, we can
only get estimates on one component of solutions, which are vectors of
two components. To continue, we need to differentiate the linearized
equation and study the resulted equation satisfied by the derivatives of
solutions. It turns out this equation has the same property of the orig-
inal equation. Now we have an estimate on one component of solutions
and its derivatives. From this extra information on the derivatives of
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one component, we can get estimates on another component (itself).
Last we need the assumption (A) to put all these estimates together.

It would be desirable that the condition (A) be removed. We are
unable to achieve this in the present paper. We should mention that
in general a degenerate hyperbolic system may have no local solutions.
For such an example, see Egorov [1].

Recently, Nadirashvili [10] constructed a smooth metric in the unit
disc B; € R? with no smooth isometric embedding of (B,,g) in R3
for any » > 0. The Gaussian curvature of g changes its sign. Nadi-
rashvili and Yuan [11] also constructed examples of non-embeddable
metrics with nonpositive Gaussian curvature. Those examples clearly
show that certain conditions are needed for the isometric embedding of
2-dimensional metrics in R3, even locally.

The paper is organized as follows: In Section 2, we derive a differ-
ential system equivalent to the Gauss-Codazzi system. In Section 3,
we study an auxiliary linear system and obtain a priori estimates for
its solutions. Such a linear system is in fact related to the lineariza-
tion of the Rozhdestvenskii-Poznyak system. In Section 4, we study
the linearization of our new system in a region where some directional
derivative of Gaussian curvature has a fixed sign. This is the main part
of the paper and the analysis is rather delicate. In Section 5, we study
the Cauchy problem of the linearized system. With the assumption (A),
we can put each individual region, discussed in Section 4, together to
cover the whole space. In Section 6, we will use Nash-Moser-Hormander
iteration to solve our differential system and hence prove the existence
of the local isometric embedding. In the last section, we shall give a
brief discussion of the assumption (A) and illustrate it covers a large
class of Gaussian curvature.

Acknowledgement. The project in this paper was initiated while
the first two authors visited the National Center for Theoretical Sciences
in Taiwan in the summer, 2000. They wish to thank NCTS for the
hospitality.

2. The fundamental equation

The Fundamental Theorem of Surface Theory reduces an embed-
ding of an abstract surface to the construction of a smooth solution
of the Gauss-Codazzi system. In this section, we will derive a system
equivalent to the Gauss-Codazzi system.
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We denote points in R? by (z,t) € R x R and identity d; and 0
with 0, and 0;. Suppose the metric is given by

I = Eda? + 2Fdtdz + Gdt?,

where F, F,G are C" functions in a neighborhood of the origin. We
assume that in the coordinate system {(x,t)} the Gaussian curvature
K satisfies the assumption (A) in a neighborhood of the origin.

Assume that the second fundamental form of the expected isometric
embedding is given by

11 = Ldz? + 2Mdtdx + Ndt>.

Gauss-Codazzi system takes the following form:

(2.1) Ly — M, = LT}y + M(I'}, —T'};) — NT},
(2.2) M; — N, = LT, + M(T3, —T},) — NT3,,
and

(2.3) LN — M? = K(EG — F?),

where Ffj is the Christoffel symbol and K is the Gaussian curvature.
As usual, we set ¢ = VEF — G2.

To derive a differential system equivalent to Gauss-Codazzi system,
we introduce a pair of unknown functions (u,v) with v > 0 and set

2

2 K 2
(2.4) L=Z2g M=-_Y% y=2tav
v v

2v

With (2.4), (2.3) is satisfied automatically. Substituting (2.4) in (2.1)-
(2.2), we obtain

g.

~ 1 1
(2.5) Fi(u,v) = 0w+ iuawu + iKvaxv + 2T},

1
+ (2T, — T5)u + <2F%1 - F%Q) u?

1 1
+ 5(F}IK + 0, K)v? — Zrﬂ(ﬁ + Kv?)u = 0,

~ 1 1
Fy(u,v) = 0w + iuamv - ivaxu —TZv —T2uv
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This is based on a straightforward calculation. We omit the details and
only indicate the process. By substituting (2.4) in (2.1), we get F} first.
To get F, we substitute (2.4) in (2.2) and use F» = 0 to replace d;v.

Suppose u and v are solutions to (2.5) with v > 0. Then L, M and
N defined in (2.4) satisfy the Gauss-Codazzi system (2.1)-(2.3).

Our goal here is to solve (2.5) for (u,v) with v > 0 in a neighborhood
of the origin. First we intend to find an approximate solution to the
system (2.5)

F(u,v) = (Fy(u,v), Fa(u,v)) = 0.

Since t = 0 is not the characteristics of the system (2.5), by the Taylor
expansion in ¢ we can find an approximate solution U = (4, 9) to (2.5)
with the initial data

(2.6) @(z,0) =0 and v(z,0) =1,

such that U € C™3 and

(2.7) F(a,0) = tEFy(x,t),

for some Fo € C™*. In fact, we can choose % and 9 to be linear functions
in t in the following form:

1
a(x,t) = — <2F%2 + §(F%1K + O%;K)) |(z70)t,

. 1
o(x,t) =1+ <F§2 + 41“%1K> |20

Introduce new variables (z,t) — (ex,et) and (u, v) — (U+eu, D+ev).
Still denote the new independent variables by (x,t). The system (2.5)
is equivalent to

(2.8) F(u,v) = F(t+ eu, v + ev) =0,
with
(2.9) F(0,0) = F(a,) = etFy(ex, et).

By choosing € small, the system (2.8) is well defined in (—1,1) x (—1,1).
We may also assume that K satisfies the assumption (A) in (—1,1) X
(—1,1), for any C! function u in (—1,1) x (—1,1) with small |u|c.



LOCAL ISOMETRIC EMBEDDING OF SURFACES 483

Now we extend the system (2.8) to the region
Q={(z,t); v € R,|t| <1}

Without loss of generality we may assume that all the known functions
involved in (2.8) are defined in ¢ € (0,e¢],t € [-1,1],z € R, for some
small ¢, and independent of x outside a compact set of R. We still use
the same notation 4, 0, K, etc to denote the extended functions. For 1,
0 and Ffj, we may simply use a technique of the cutoff functions. For
instance, @ is replaced by x@ + (1 — x)@(0, -), where x(x) € C°(R) is
a cutoff function with y = 1 as |z| < 1/2 and x = 0 as |z| > 1. For
the Gaussian curvature K, we require the following after the extension:
For some positive integer [, some small constant 6 > 0 and for any C*
function w in Q with |u|c1 < 0 and uw = 0 for |z| > 1, the region € is
separated into finitely many subdomains by C! curves v; : t = t;(x),
i=1,...,1, with ¢;(0) = 0,#;(0) # #}(0) for i # j and #;(z) is constant
for large |z|, and the function 0; K + u0, K changes its sign only across
Y1,-.-,7. Moreover, none of the curves v;, i = 1,...,[, is tangent to
the t-axis or z-axis.
Let us compute the linearized operator of F' at (u,v), namely,

L(u,v) = m% (F(ii + Mi, B+ M) — F(@,5)) = (L1 (u, 0), Lo(u, v).

Then L has the following form:
(2.10)

Li(u,v) = ((“)t + %(2} + 56)835) u+ %K(”D + &0)0,v + ar1u + ajov,
(2.11)
Lo(u,v) = (at + %(a + ea)ax> v %(@ - £5)0uu + asiu + agaw,
where
(2.12) ay = %Bwu* +e(2I'}, —T%)
Fe(Th — 2T, — e (30 + Ko?),
ayy = %K&Ev* +e(TH K + 0:K)v, — %EF%KU*U*,
as1 = iﬁxv* — eI‘%Qv* - %el‘%lu*v*,

1 1
agy = —§8$u* — I3, — eTu, — 15F%1(U3 + 3Kv?),
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and

Uy = U+ EU, Vs =V + €D.

Here we write

0K = 0z K (7,)] 3.1

T,t)=(ex,et)"
We need to emphasize that in (2.12) all I‘fj and K are evaluated at
(ex, et).
The following result plays a crucial role in the later development:

Lemma 2.1. Suppose K < 0. Then the following hold for all u,v
with |u|y, |[v]1 < 1:

~_ 1
(2.13) 0+ ev > > for (z,t) e R x (—1,1), € € (0,0,
and
|a12| _
(2.14) ] < C, for(z,t) e Rx (=1,1), € € (0,ep],

where €9 and C' are two positive constants.

Proof. Since 0(x,0) = 1, it follows that v(x,t) > 3/4 as (x,t) €
R x (—1,1) and € € (0,g¢] for some small positive constant g9 < 1/4.
Hence (2.13) follows immediately for v with |0|c < 1. In view of the
second identity in (2.12), we have

|azo] ( Wﬂ) ,
<C|VIK|+ <,
VIK] VIEK]

for some constant C' and C’, since K is nonpositive. q.e.d.

Next, for each wu, introduce a transformation of coordinates
T: (xvt) - (5)77) = (w(xﬂf)vt)?
where 1) is a solution of the following problem:
e .
(2.15) Yy + i(u + eu)yp, =0, with ¢(x,0) = =.

It is easy to see that the following result holds for ¢ and T
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Lemma 2.2. Ifu € C" 3 in R x (—1,1), then ¢ € C"3 in R x
(—=1,1) and
1 ~
(2.16) (i B and |Y|—3 < C(1 + |ulr—3),

for some constant C independent of € € (0,eq]. Moreover, T is a C"—3
diffeomorphism in R x [—1,1].

In the new coordinate system n = t¢,£ = ¢(x,t), we have by (2.15)

1 ~
(2.17) O + 5(11 +eu)0y = 0y and O = ;0.
With the new variables (£,7), the system (2.10)-(2.11) becomes
1
(2.18) Opu + §K08§v + a11u 4+ ajov = g1,
1
(2.19) 87711 — 50’85”& + a21u + a2V = g9,
where
(2.20) o= (0+e0)y

is a positive function for small ¢ by Lemma 2.1 and Lemma 2.2. The
coefficients a;j, i, j = 1,2, are given in (2.12).

The system (2.18)-(2.19) is a linear hyperbolic system since K < 0
and is degenerate where K = 0. In the next three sections, we will study
the corresponding regularized system and derive a priori estimates for
the Cauchy problem. By regularizing (2.18)-(2.19), we consider a new
system with K = —|K| replaced by K —d = —(|K|+d) in (2.18)-(2.19),
for small constant d > 0. We will derive a priori estimates independent
of d.

3. A priori estimates on an auxiliary system

In the following three sections, we shall derive a priori estimates for
solutions associated with (2.18)-(2.19). For convenience, we shall write
(x,t) instead of (§,n).

In this section, we shall study the following 2 x 2 system, defined on
(xz,t) € R x (0,1):

~ 1
(31) Ll(wl,wg) = Ggwl — 586 111 k‘(wl — wg) — Bllwl — B12w2 = J1,

~ 1
(3.2) La(wi,wq) = Oqwy — 58(1 In k(wy — wy) — Bojwy — Boawy = ¢ga,
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where o and k? are sufficiently smooth functions with o > 0 and 0 <
k <1 for some positive constant og, and

(3.3) Oo = 0y — ko0, and 03 = 0y + ko0,

Let X4: t4 () € CY0, +00) be two curves through the origin satis-
fying

(3.4) 0<t_(x) <ty(x)<1forax >0,
t+(z) = const. for large x.
Set
(3.5) Q={(z,t); >0, t_(z) <t <ty(z)}
and
(3.6) S (S_) = {(x,t) e R x (0,1); &:k*>0(<0)}.

We also write
w(z, t)[* = [wi(z,1)[* + |wa(z, )%,

and sometimes denote it by |w|? if no confusion occurs.
In the following two results, we always assume w is identically zero
if |x| is large.

Lemma 3.1. Let (wy,ws) € CY(Q) be a solution to (3.1)-(3.2). If
t =ty(x) is space-like, i.e.,

(3.7) 1 —ko|t ()| >0 on X4,

and Q C S_, then there holds for any constant A > 1,

(3.8) / e)‘t|w]2+)\/e>‘t|w\2
ol 0

sof [ b+ [l + 1) |
_ Q

where C' is a positive constant independent of A and depending only on
two positive constants ng given by

- 1+ kot (x) and CF — su 1+ kot' ()
(39) G = zf{ 1+ [t;(x)]z} o zp{ 1+ [ (2)] } ’
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and

2
(3.10) > Bijloo + 100kl + [kD20 |00 + 1.
i,j=1

Proof. Multiplying both sides of (3.1) and (3.2) by 2e~*w; and
2¢ Mw,y respectively, adding them together and integrating by parts
over the domain €2, we get

R AR HHGEF

+ )\/ e M w|?dxdt — / e Mo In k(w — ws)?
Q Q

6—)\15 |’U)2|

= / e_>‘t|w1|2Lt/_(x) + e—M|w2|2Lt/—(x)
- L+ [t (x)]?  Js_ 1+ [t (2)]?

1
+ 2/ e)‘t{ <8xk:a + 21{:8960) (w} —w3) + Bryw?
Q

+ (B12 + Ba1)wiws + ngw%} + 2/ e M(grwy + gows).
Q

In view of the hypothesis Q C S_, the fourth term in the left-hand side
of (3.11) is nonnegative. Moreover, the third term in the right-hand
side of (3.11) is controlled by

C/ e—)\t|w|27
Q

for some constant C' depending only on the quantities in (3.10). By
noting the definition of C5 in (3.9), we obtain

Cy efM|w]2+ ()\—C)/ ef/\t]w|2
Q

P
<oy /Z e Mul? + /Q e (|1 + |g2]2)

where C' is a positive constant independent of A and depending only on
(3.10). Thus (3.8) is proved if we rename A. q.e.d.
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Lemma 3.2. Suppose that Q C S, and all the remaining assump-
tions in Lemma 3.1 are fulfilled. Then the following holds for any con-
stant A > 1:

2 w2
12 g e [ e ]
(3.12) /&e o e [ e

SC{/Z_ eAt’Z‘QJr/QeM Z’Q},

where C' is a positive constant depending only on the quantities in (3.9)

and (3.10).

Proof. From (3.1)-(3.2), w; = w;/k, i = 1,2, satisfies the following
system:

_ 1 IO ~ ~ 1
(313) 3/3101 + 586 ln k’('LUl —+ U)Q) — Bllwl — B12w2 = %gl’

~ 1 ~ - - — 1
(314) Oa W2 + 5801 In k?('lUQ + ’lUl) — Bojwy — Boswsy = %92_

Multiplying both sides of (3.13) and (3.14) by 2e*Mw; and 2e™ M,
respectively. Then proceed as in the proof of Lemma 3.1 to get (3.12).
We omit the details. q.e.d.

4. A priori estimates on the linearized system

In this section, we will study the following linear system, defined in
(z,t) € R x (0,1):

(4.1) L1 (u, 1)) = atu — k%@mv +anu+ ajpv = g1,
(4.2) LQ(’LL, 1)) = 8{[) — U&B’UJ + a21u + agv = g2,
with

u|27 = Uuo, 1}’27 = 9.

Here k and o are assumed as in Section 3. And we also use the notations
of (3.4), (3.5) and (3.6). Our goal in this section is to derive estimates
for solutions in €2 independent of infk. Again, we assume solutions
(u,v) are zero for large |z|.

The characteristic equation of (4.1)-(4.2) is given by

2
det (A ok > — X2 k252 = 0.
oA
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Hence its eigenvalues are A+ = +ko and the corresponding left eigenvec-
tors are (1, —k)! and (1, k). Denote its Riemann invariant by wy = u—kv
and we = u+ kv. Computing L1 F kLy we derive that wy and wo satisfy
a 2 X 2 system

- 1 _
(4.3) Li(wi,w2) = Ogw; — 58@ In k(wy — we) — Byywy — Biows = g1,

- 1 N
(4.4) Lo(wy,ws) = Oqws — iaa In k(w2 — w1) — Barwy — Baaws = ga,

where
(4.5) g1 = g1 — kg2, 92 = g1 + kg2,
and
1 a19
(4.6) By = 5 (—a11 + 7 + kagy — a22) ,
1 a2
B = (o =2 4 k),
12 B ail i + Kag1 + a22
1
Bay = 3 (—all + % — kagy + a22> ,
1
By = 5 (—an — % — kagy — (122> .

For U = (u,v), set
U = [uf* + o],

and for s > 1

U= (107uf® +1070)

lv|<s
U0 = (10%ul® + [090]%) .
j=0

Now we derive an estimate of solutions to (4.1)-(4.2) in the region
where 0;k > 0. We compare our solutions with the solution to a single
differential equation. The difference satisfies the system studied in the
previous section.
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Lemma 4.1. Let (u,v) be a C1(Q) solution to (4.1)-(4.2) with a;;,
o, k2 € CY(Q) and k € Lip(Q), with 0 < k < 1 and o > o¢ for some
positive constant og. Suppose Q C Si and (3.7) is fulfilled. Then for

any A > 1,
[ en [ P
o Q

gc{/ e’\t|U%+/eM (|Gy2+axa|2)},
_ Q

where C' is a positive constant depending only on

|a1a|

(4.7 0= [ta(@)]oo + [0kl +sup 22 < o0,
Q
and
2 1 1
(4.8) DD 10 asilee + D (1070]00 + 107K |oc)
1,j=1n=0 n=0
Proof. Consider the Cauchy problem
(4.9) O0pz — (B11 + B12)z = g1 in Q,

Z = ugon X_.
Note By1 + Bis = kago1 — aq1. First we have

(4.10)

/ e—)\t‘z|2+)\/e—/\tz‘2 SC{/ e_)‘t|u]2+/e_>‘t|gl|2},
Y4 Q Yo Q

for some constant C' depending only on the quantities in (4.7) and (4.8).
We obtain (4.10) by multiplying 2e~*z to (4.9) and integrating over
as in the proof of Lemma 3.1. We omit the detail since it is similar and
only easier. Now we differentiate (4.9) with respect to 2 and consider
the equation satisfied by 0,z. Similarly we get

(4.11) /Q e—”|axz|2sc{ /E MU + /Q e—M<|gl|2+|axg1|2)}.

We remark that by (4.1) and (4.9) 9z on X_ can be expressed by a
linear combination of u, v and their derivatives restricted on X_.
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Introducing unknown functions w; + z = w;, by (3.3), (4.5), (4.6)
and (4.9) we obtain
(4.12) Ly (@, W) = —kga,
(413) Eg(wl, U~}2) = k(gz + 200,z — 2&212).
Moreover, w;, i = 1,2, is subject to
1251 = —kvo and 7:172 = kv() on X_.

An application of Lemma 3.2 to (4.12)-(4.13) in  yields

[ o
PN

<c { [l [ (il +1af + raﬁzP)} .
_ Q

With the definition w; + 2z = w; = u £ kv, we get
(4.14)

/ e (Juf? + [uf?) + A / e (Juf? + [uf?)

o Q

<C {/ e*)‘t|v\2 +/ e”"ﬂz[2 +/ e M (\92\2 + )\|z]2 + ]8352\2)} .
s o Q

We finish the proof by substituting (4.10) and (4.11) in (4.14). q.e.d.

2

512
— +)\/€)\t
Q

w

k k

Now we study the case when 0k < 0. For our solution (u,v), the
u component is good and there is a degeneracy in the v component.
In order to get an estimate on v, we need information of u and its x
derivative.

Lemma 4.2. Let (u,v) be a C1(Q) solution to (4.1)-(4.2) with a;;,
o,k? € CYHQ) and k € Lip(Q), with 0 < k < 1 and 0 > og for some
positive constant oq. Suppose Q C S_ and (3.7) is fulfilled. Then for
any A > 1,

/ e—)\t|U|2+)\/ e—)\t|U|2

R Q

go{/ eM|U|§+/eM(G|2+|axG|2)},
y_ Q

where C' is a positive constant depending only on the quantities in (4.7)
and (4.8).
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Proof. From (4.3)-(4.4) and Lemma 3.1, it follows that
(4.15) / e (Jul? + [kof?) + )\/ e (Juf? + [kvf?)
D Q

<ol [ e e ml)+ [ P + i)}
Y Q

In order to get an estimate without the weight k£, we have to return to
the original system (4.1)-(4.2). Differentiation of (4.1)-(4.2) in x yields
the system satisfied by w1 = u, and v = v,

(4.16)

Oruy — k00,01 + anur + (a12 — (K*0)z) v1 = dug1 — Opariu — Brarav,

(4.17)
01 — 00, u1 + (a21 - a:cU) u1 + aguy = 8192 — Oga21u — Opanov.

The system (4.16)-(4.17) has the same structure as (4.1)-(4.2). A similar
result as (4.15) holds for (u1,v1). Hence, we have

(4.18) / e M (lur|* + kv |?) + )\/ e (Jur* + kv ?)
N 0

<C {/ e M (|u1|2 + |/~€U1!2) + / e M (|3:c91|2 + |8:v92|2)}
5 Q
+ C/ e M (Jul® + ]v|2) .
Q

We remark that ui|y,_ and vi|y_ can be estimated in terms of ug, vg
and their tangential derivatives along ¥_, with the help of (4.1)-(4.2).
Multiplying (4.2) by 2e M, we get

(4.19)

(e*)‘tv2> + A+ 2a22)e*’\t02 = 2¢ Mgov + 20¢ Mugv — 2a91e Muw.
t

Integrating (4.19) over Q and using the Cauchy inequality, we get

(420) / —At 2+)\/ )\tUZ
Xy

s/ -t 2+c/ (2 + ul? + gal?) |
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for any A > 1, after renaming it if necessary, and some constant C
depending only the quantities defined in (4.8). Summation of (4.15),
(4.18) and (4.20) yields

[oeMur e [ e

Yy Q

sc{/ e_)‘t\U]%—f—/e_)‘t(GIQ—i—]@mG\z)}.
_ Q

This finishes the proof. q.e.d.

Remark. The results in Lemma 4.1 and Lemma 4.2 have simi-
lar forms. However, they are established by totally different methods.
Lemma 4.1 is proved by a straightforward application of Lemma 3.2.
For Lemma 4.2, we need to apply Lemma 3.1 to the system satisfied by
(u,v) and the system satisfied by x-derivative of (u,v) in order to get
the estimate on (u,v) itself.

In the rest of this section we intend to establish the estimates for
higher order derivatives of solutions to the system (4.1)-(4.2). With
us = 03u and vs = JJv, s-times differentiation of (4.1) and (4.2) yields
(4.21)  Li(us,vs) = Opus — k*000s + an1us + d12vs = g1s + 951,
(4.22)  La(us,vs) = Opvs — 00zus + 21Us + 2205 = gas + 0592,

where
a1z = a1z — $0,(k*0), Gz = a1 — s9,0,
and
(4.23)
gs= >  C {(i — 1) (K20) 0L+ o — (8Lan L u + a;ama;’v)}
i+i'=s,1>1
(4.24)
gps= Y, G {(i — 1000 Ty — (Ohan O u + 8;a228§v)} .
i+l =s,i>1

Notice that _
fial _ Joss
k- — k
for some constant C; depending only on 6. Hence the requirements
on ai2 in Lemma 4.1 and Lemma 4.2 are fulfilled. We also note that
in (4.23) and (4.24) the highest derivatives of v and v are 95 'u and
03~ 1u. This fact will be used in (4.28).

+Clv
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Lemma 4.3. Let s > 1 be an integer and (u,v) be a CST1(Q)
solution to (4.1)-(4.2) with a;j, o,k* € Ct1(Q) and k € Lip(Y), with
0 <k <1 and o > oy for some positive constant og. Suppose Q C Sy
(or Q C S_) and (3.7) is fulfilled. Then for each A > 1,

(4.25) / e—M|U|§+A/e—M|U|§
b Q

< cs{ [k [ eer
_ oy
-\ 2 2
+/Qe ! (|G‘(O,s+1) +)\‘G’s—1) }7

where Cy is a positive constant depending only on 6 in (4.7) and

2 s+1 s+1
(4.26) SN 10aile + Y (107000 + [07E|) -
i.=1 |1|=0 |v/=0

Proof. We shall prove (4.25) by induction. (4.25)q is just Lemma 4.1
(or Lemma 4.2). Assume (4.25); is true for all j <s—1and s > 1. An
application of Lemma 4.1 (or Lemma 4.2) to (4.21)-(4.22) in € yields

(4.27) / e_)‘t\Us\2+)\/ e MU,)?
i Q

go{/ e‘*tlUs|%+/e‘“ (IGsl2+le+1!2)}
> Q

+ C {/ ei/\t (|gls‘2 + ‘925’2 + ’axgls|2 + |8x925|2)}
Q

:Il+12a

for some constant C' depending only on the quantities (4.7) and (4.8).
It suffices to evaluate Io. From (4.23) and (4.24), it is easy to see

(4.28) I < C/ e MU,
o0

for some constant C' depending only on the quantities in (4.26). Com-
bining (4.27) and (4.28), we have

[ ek aa [ e
oy 0

co{ [ eMuB+ [0 b re [,
Y_ Q Q
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for some constant C' depending only on the quantities in (4.26) and 6
in (4.7). By renaming \, we obtain

(4.29)
[ ek [ e
o 0

<o{f MR+ [ MG} 10 [
3 Q Q

It remains to evaluate the L’-integral of Gg 8£_j Uforl<j<s.
From (4.1)-(4.2) it follows that

0105w = 957N (k2 00,v) — 05 Hagu) — 057 (arv) + 05 Lg1,
;05 v = 957 (00,u) — 05 Hagiu) — 05 (arav) + 05 Lgs.
Hence, we get
0Us1? < € (U ) + 1Goma )

for some constant C' depending only on the quantities in (4.26). And
similarly, by induction we obtain for j =1,...,s

U2 < € (U +1G12) -

This implies

CEUNEED O B U TANEER ol Rl LA
j=1"%+ j=1"9

< c{ [oeata | e—”|G§_1}
o Q
—i—C{/ e*)‘t|U]?0’s) —i—)\/ eM|U]%0’S)}.
ol Q

Combining (4.29) and (4.30), we get
(4.31)

S [ e eaYs [ eipiup

=072+ j=079

sof [ Mot [ eMGR+ [ 6 oy + NGE L}
s oy Q

+ C/ {/ e_At|U|(2O,s—1) + )\/ 6_>\25|Uv|%0,s—1)} )
pINE Q
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Notice that .
U= 10{as 7 UP + > |03
=0 =0
It follows
(4.32)

(/ e_”ﬂﬂ§+mx/ﬁ€“ﬂU@

o Q

gc{ [t [ e | e-”<|G|%o,5+1>+A|G|§_1>}
b s, Q

+C{/ eﬁw@1+A/eAMﬁl}.
oy Q

We finish the proof by the hypothesis on induction. q.e.d.
Remark. If ¥_ = {t = 0}, then in (4.25) the term

/ U2,
t=0

Ul ooy
t:oy |(0, +1)

can be replaced by

This follows by checking the proof of Lemma 4.1, 4.2 and 4.3. This fact
will be used in the next section.

5. A priori estimates for the Cauchy problem

In this section, we proceed to study a Cauchy problem, defined in
(l‘,t) € R Xx (_17 1)7

(5.1) Li(u,v) = du — k 00,0 + alu + av = g1,
La(u,v) = 0w — 00zu + ag1u + axv = go,

with
u(z,0) = up(z), v(z,0) =vo(x).

We shall derive estimates of solutions independent of inf k. Again, we
assume all solutions have compact supports in x. We set

Q={(z,t); xR, te(-1,1)}
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In the following, we always assume ¢ is so small that Lemma 2.1
and 2.2 hold. For convenience, we still use (z,) instead of (&,7).
For any function U = (u,?), we assume a;; is given in terms of U in
(2.12), with
K = —k?,

and o is given in (2.20). It is easy to see for s = m the quantities in
(4.26) is bounded if |U|y,42 < 1.
We first consider ¢ > 0 and set

Qt=an{t>0}.
Suppose that there are I, +[_ curves: t; € ClY(~00,0],i=1,...,1_,
and tj € C'0,00), j = 1,...,14, subject to t; (0) = 0 and t;(()) =0,

equal to constants outside a compact set of R and

0<t(z)<ty(x)<---< tlt(x) as x>0,

0<t](z) <ty(x)<---<t; (x)asz<O0.

We assume for some positive constants ¢; and co

e [y @ L+ [ko(t) @)

n < sup < cg,
t=t (z) 1+ [(tf)/(x)]Q t=t7 (z) 1+ [(t;t)/(gj)]Q

for any j =1,...,l+. By denoting

tE(z) =0 and ti+1(m‘) =1,
we set for 0 < j < min{ly,[_},
+

(@) <t < ti_j+l(x),

>0
+_ +. xz > 0,
Q; —{(m,t)eﬁ ; tl_j($)<t<tl_j+l(:n)71:§0}

and
E;‘ = {(:U,t) et t= tl‘:_j(m), z>0andt = tl_j(m), x < 0}.

For the case I_ # [, we assume [, > [_ without loss of generality.
Then we set for I < j <l

ot = {(x,t) et (@) <t<tf ;i (2), x> o},
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and

Ej = {(g;,t) €Ot t= tl':_j(x), x> O}.

The case [, < [_ can be discussed similarly. Therefore, with m*™ =
max{l;,l_}, we have the decompostion

m+
Ot = U Qr.
j=1

For ¢ < 0, we assume we can decompose 2~ = QN {¢t < 0} in a similar
way

-

o =Ja;.
j=1
We assume the following alternative for j = 1,...,m*:

(5.3) QFcS, or Q7 CS,
where

Si(S2) = {(2,t) € Q; Ok*>>0(<0)}.

Define for A > 0

m™t m-
Y _
IR, =3 [ MUl + Yo+ [ ek,
i=07% i=0 7%

mt m-
2 -\ —\
|HUH|,\,(0,S) = E :/+€ t|U‘?0,s+j) + E :/e t|U|%0,s+j)'
i=07% =07

For A = 0, we shall simply write ||| - |[|s and [[| - [[|(0,s)- We use || - [|s
to denote the usual Sobolev H*-norm. For A = 0, there holds for any
s>0

Ul < [UT[ls < [1U]ls4m

where
m = max{m*,m”}.

Lemma 5.1. Let U = (u,v) be a C™ solution to (5.1)-(5.2) in
with k* € C™1(Q) and k € Lip(Q), with 0 < k < 1. Suppose (5.3) is
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satisfied. Then for any U in Q with \(,7|m+2 <1, and any A > 1,
—A|77(2 2
| er NIV
t=

<C </t_0 (!U\?o,mH) + |G|3H) dx + [[|G]13 0.1y + A!\IGlli,(J) :

where C' is a positive constant depending only on 6 in (4.7).

Proof. We only consider ¢ > 0. The case for ¢ < 0 can be discussed
in the same way. For simplicity, we write m = m™, Q = Qt, Q; = Qj
and ¥; = E;r.

We first claim that for j = 0,1,...,m there holds for any A > 0

(5.4) /Z e—”yU@H/ e MU?

i1 i

écj{ /E N, + / MG

j Yj1

Y 2 2
+/Qj € (|G‘(O,j+1) + A‘G’j1>} 5

where C; is given in Lemma 4.3. Here we denote |G|_; =0 and ¥_; =
{t=1}. For j =0,1,...,min{l_, [}, we have
Q= Qn{z>0}H)U(Q;nN{z <0}

By (5.3), we simply apply Lemma 4.3 with s = j to get (5.4). If [_ # 4,
we may assume [, > [_ without loss of generality. Then Q; C {z > 0}
for all - +1 < j < I;. Therefore by means of Lemma 4.3 over the
domain ; we can still get (5.4) for all [_ +1 < j <14,

Multiplying (5.4)9, (5.4)1, ..., (5.4),, respectively by 1, Cy, ...,
CoC1 -+ - Cpp—1, and summing them together, we obtain

(5.5) / e_’\t|U\2+)\Z/ N
t=1 =
m—1
<0d [ W+ X [ eMiGE
t=0 =0 Zj

+Z/ eiAt<‘G|%o,j+1)+)\’G\?71> )
§=0 "
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for some constant C' depending only on 6 in (4.7) where s = m. In
getting (5.5), we have used the remark at the end of Section 4. For
integrals of G over X;, we consider

e MG (x,1)
t

< |G} (,0) +/ e (2/Gj1 (2, 7)|Glj(@, 7) + A|G[} (2, 7)) dr,
0

which implies

(5.6)
[eiai< [ (6Bar+ > [ e @Ghal6l+ NGE)
2 t=0 i=j+1 7%

<c / GRdz+A S / MG |
t=0 i=j+1 7

for some constant C' > 2. By substituting (5.6) in (5.5), we finish the
proof. q.e.d.

Next we shall establish the estimates for the higher order derivatives
of solutions to (5.1)-(5.2).

In the following two results, we use ||u||s to denote the H*® norm of
win  and ||u(0)||s the H® norm of u(-,0) in ¢ = 0.

We should note that both ||| ||| and the standard Sobolev norm ||-||
appear in the next result.

Lemma 5.2. Let s > 0 be an integer and U = (u,v) be a C™Fs+l
solution to (5.1)-(5.2) in Q with k* € C™*1(Q) and k € Lip(Q), with
0 < k < 1. Suppose (5.3) is satisfied. Then for each U € C™4(Q) with
|ﬁ|m+4 <1, and any A > 1,

(5.7)

AT s

gcg(/ Ul2yimaont) + 1Gl2ss d:c>
| (10T omsasn +1GT i)
+ OG0 + ANGIIR..

L (||U||§_1 + (5= 2 (1T + Dsup(UF + G|3n_2>) ,

where Cy is a constant depending only on 6 in (4.7) and s.
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Proof. As in the proof of Lemma 5.1, we only consider ¢t > 0. As
before, we write m = m™*, Q = QF, Q; = Q;r and X; = E;r. In the
definition of ||| - ||| and || - ||, we simply discard the the expressions in
{t < 0}.

(5.7)¢ is just Lemma 5.1. We may obtain (5.7); and (5.7), easily by
modifying the following argument, if we have ]I~] |m+4 < 1. Now suppose
that (5.7); is true for all j < s—1 with s > 3. In what follows, we shall
prove (5.7)s.

An application of Lemma 5.1 to the system (4.21)-(4.22) yields

(5.8)
AR <€ [ (10 +10:GE 1) o

+C (112G 0.y + MG o)

2
+C> (/t_o |Gis |71 d + (|||gis|||§\7(071) + )\H|gi5]||§\70>> ,
=1 =

It suffices to estimate terms involving g¢;s. From (4.23) we note

(5.9)
grs = 3 Ciy {(i - 1)0"6;(k20)aﬁ’a;’+1u}
n+n'=v,i+i’'=s,1>1
+ 3 Cin {aﬂa;;ana"’a;’u + ana;auan’a;’v} .
n+n'=v,i+i'=s,i>1
We write

Ng1s =11 + I,

where I is the sum over all 1 <+ || < m+ 2 and [ is the remaining
part. Since |U|mt2 <land ||+ +1=s—i+|y|—|n| <s—1+],
it follows that

(5.10) /Q

and

ML <C /Q MNP,y as |yl =
J

J

(5.11) / e M2 < c/ e MU jre as 07 =001
2y

J
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For terms in I, we shall use an interpolation inequality. To do this, we
first need to extend the integral to the whole region. Under the present
circumstance, || +¢+1 < s+ |y| —m —2 < s—2 as |y| < m. Hence,
an interpolation inequality yields, as |y| = 7,

(5.12)
1 00 -
[ oenP< [0[RP <o (IR, + (101 + DIVR).
and as 0% = 5{%“,
613 [ MIRE <O (I (01 e+ DIVE)

J

Similarly we get the same estimates for gos. It remains to estimate

2
Qs = Z/ |gis’$nfldx'
i=1 t=0

In (5.9), we consider |y| < m — 1. We shall use the interpolation in-
equality along ¢ = 0. The maximal order for ¢ derivative is m — 1. In
(5.9), we shall keep the t-derivative of a;; and k%c. We shall use the
system (5.1)-(5.2) repeatedly to replace the t-derivatives of u and v by
their z-derivatives and also the (mixed) derivatives of g; and go. The
maximal order of t-derivatives of g1 and go is m — 2. In the resulted
identity, we treat t-derivatives as individual functions. Now we may
apply the interpolation inequality to get

<0 ([ Whpan+ ([ Bmdo+1) sup i)
t=0 t=0 t=0
e ( | 16Rs+ ( 102 e+ 1) sup \Grfnz) |
t=0 t=0 t=0

We may use the trace theorem to replace the integrals of U along t =0
by integrals over §2. Therefore we obtain

G1) Q= C [ (U + G o)

O s + D sup(UP + (G -2).
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Now combining (5.8) with (5.11)-(5.14) we have

515 Ao < C | (0 ymsann) +1GE 1) do

+ OGN (0,51) + MG &) + CUNTIZ 0 + ANUNE s-1)

Lo <\|U||§_1 + (101 Braso + 1) sup(U? + \G|3n_2>> .

We move the term |||Us||3 , in the second line in (5.15) to the left side
and rename \. Such an inequality illustrates the estimate of 9;U. For
other s-derivatives, we proceed as in the proof of Lemma 4.3. Then we
get

510 AV, <€ ([ (WFhminin + 6B ) o)

£ CUIGIR gosn) + AIGIE.) + CAINUNBos
e (||U||§_1 (01 + ) sup (U7 + (G _2>) .

Therefore, we obtain (5.7)s by the hypothesis of induction. q.e.d.
Now we state Lemma 5.2 in terms of the usual Sobolev norms.

Theorem 5.3. Let s > 0 be an integer and U = (u,v) be a C™F5+!
solution to (5.1)-(5.2) in Q, with k* € C™*1(Q) and k € Lip(Q),
0 < k < 1. Suppose (5.3) is satisfied. Then for each U € C"™*(Q) with
|U|m+a < 1, we have

(5.17) [|U]]s < Cs(llU(0)||m+s+1 + |Glls4m+1

+ (5= 2 (1Tl lmtss2 + DIIGImes),

where Cy is a constant depending only on 6 in (4.7) and s. Moreover,
ifU=0 att=0, we have

(5:18) [1U1ls < Cs (IGlstms1 + (s = 2 (Tllmssrz + DG bmss ) -

Proof. By fixing a A > 1 and using the usual Sobolev norm in (5.7),
we obtain

U3 < Cs (/t—o (’U|%O,m+s+1) + ‘Gﬁnﬂ—l) dx + HGH§+m+1>

0 (1B + (5 = 2 (101 + Dsup(UF + G
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This holds for any s > 0. By induction on s, we have

1018 < ([ (08 iy + 6B o+ Gl i)

+Cs(s = 2) (U2 oo + 1) sgp(\wz +1GR o).

Then (5.17) follows from the trace theorem and Sobolev embedding.
q.e.d.

As (5.17) and (5.18) show, there is a loss of derivatives in the solu-
tion. This is due to the degeneracy of our system. The loss is related
to how many times 0;k changes its sign.

6. The proof for the main theorem

Now we shall use the Nash-Moser-Hormander procedure to prove the
existence of sufficiently smooth local isometric embedding for metrics
satisfying the assumption (A). We set

Q={(z,t); x € R, t e (-1,1)}.

Here {(z,t)} is the coordinate system we used in Section 2. In particular,
the Gaussian curvature K satisfies the assumption (A) in {(z,t)}.

For any natural number ¢, by a standard technique, we have a linear
operator

(6.1) P : HY(Q)) — HY(R?) such that P(U) = U in €,

with the property

1 ~ - -
(6.2) MUk < NP ey < CllU ke
for some universal constant C' and all £ = 0,1,2,...,q. For details, see
[8] or [6]. Moreover, if ¢ > m + 6, we may assume this operator has the
additional properties

(6.3) P : C"™(Q) — C™(R?) such that P(U) = U in Q,
and

< o|0|

1 ~ ~
(64) 6’U| S |P(U)|cm+4(R2) — cm+4(§)'

Cm+4(§)
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Consider also the smoothing operator Js : H_o(R?) — H*(R?) for
0 € (0,1) as used in [6]. Then we have

1
(65) sl < e (;

(6.6) |lu— Jsulls, < Csy5,0°T %2||ulls, as u € Hsl(Rz) and s1 > s9,

S1—S2
)" il s we m R a1 >

and
(6.7) |lu — Jsulls, — 0 as 6 — 0.

Next we proceed to solve (2.8) by the Nash-Moser-Hérmander pro-
cedure. Suppose B
Up =0,
and

(6.8) Upir =Up + Uy, forn=0,1,...,

where U, is a sufficiently smooth solution to the Cauchy problem for
the regularized system

(6.9)

1 - -
O + §(u0 + et)Opu — (k2 + dp)(vo + €0)0zv + ar1u + a12v = x(gn)1,

1 - -
(6.10) O + §(U0 + eu)0zv — (vo + €0)0pu + ag1u + azev = X(gn)2,
with
(6.11) u(xz,0) =0, v(z,0)=0.

In (6.9)-(6.10), x is a cutoff function equal to zero as |z| > 1/2 and
equal to 1 as |z < 1/4, k* = —K, a;; is as in (2.12),

U = J,(PU,), withJ,=Js, and 6, = 27",
(6.12) dp = sup {|F(U,)(x, 1)},
j2[<1/8

and g, is determined by the following procedure. The key point is
to make the accumulative error not increasing as n increases. More
precisely, we set with J_; =0

(6.13) gn = (Jp_1 — Ju)PF(0) + Jy_1PE,_1 — J,PE,,
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where .
En= e, Ey=0,e, =€, +cl+e,
=0
and
(6.14) en = (F'(T) = F'(Ju(PTL)) ) U,
(6.15) o (dn(vo + €Jn(P5))8mvn>
. n - 0 )
(6.16) en = F(Unt1) = F(Un) = F'(Un)Un,

and F’ (l?n) is the linearized operator of F' at ﬁn Consequently, we have

(6.17)

F(Uns1) = F(Un) + Xgn + €, + €, + €/
=(1—-x)(F(0)+ E,) +en+x(I—J,)P(F(0) + E,).

Let m = max{l4,[_} be the integer introduced in the previous sec-
tion. For any r > 2m + 12, wefix g =[r] =3 and p=r —m —5 — rg,
where g = & + r —[r] € (0,1) by choosing an appropriate € > 0. Hence
p>m+6and p <|[r] —m — 5, since r > 2m + 12.

In the next result, we write U_; =0,T_1 = I.

Lemma 6.1. Suppose r > 2m + 12. Then there is a positive con-
stant €4 such that if

HE(O)||ptmt1 = 4 < e,
then for all nonnegative integers s,
(6.18) [[Uj1]s < p20 PP 0 <5 < [r] -3,

(6.19) { HﬁjH& Hjjgﬁsz < 01/1,2].(5*?)'*'7

. 0<s<[r]—3
(L = ) POy, < Cop2ti-Ds—n), OS5 =1

(6.20) |lej_1llsams1 < Cyu?20 DGR 1 < s < [r] —m —5,
(6:21) [[gj|lstmir < Cap®2CP) . —m -1 <5 <[r] -3,

(6.22) |dj| < u2/®P),

for some positive constants C1,Ca, C3 and Cy independent of j and pu.
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Proof. We denote ¢ = p?. First introduce a transformation of coor-
dinates

T, : (=) (mvt) = (5777) = (%(%t)at) € ﬁ)

where
(6.23) 1y, is a sufficiently smooth solution to (2.15) with u = Js, Uy,

In the sequel we always assume that ¢ is so small that Lemma 2.1 and
Lemma 2.2 hold. Therefore the problem (6.9)-(6.10) is reduced to

Li(u,v) = Opupn — (k2 + dy)00evn + a11un + a12v, = X(9n)1,

La(u,v) = Oyvn — 00gun + ag1un + az2vn = X(9n)2,

where o is given by (2.20), with v = J;, v,,. For convenience, we denote
UnoT Y, gnoTit, ... by Up, gn, . ... Thisis a strictly hyperbolic system
with C"~3 coefficients if d,, > 0, and hence always admits a solution in
H1(Q), ¢ = [r] — 3, to its Cauchy problem with (6.11). Moreover, by
the property of the propagation at finite speed, the above solution is of
compact support in €. More precisely, its support is contained in

L 1
{(5777);—2 - |77|SUP‘U\/m <¢< 5t || sup ‘U\/M)}

c[-1,1] x [-1,1],

if € is small. After pulling back to the original coordinates it is still in
H1(Q2) and of compact support in z. By (2.17), we have

Ok -+ 5 (0 < (Piin)) Ok = Oy

By the extended assumption (A), all the hypotheses in Theorem 5.3 are
satisfied as long as B
’Jn(PUn)’m—f—ﬁl <1

Therefore, by Theorem 5.3 we obtain for s < [r] — 3

(6.24)
”Uan <Cs (HXgan-i-m—i-l + (5 - 2)+(‘|JnPUn||m+s+2 + 1)”X9n”m+3> .

Such an estimate holds in the coordinate system {(£,7)}. By Lemma 2.2
and the interpolation inequality, it is easy to see that it also holds in

{(z,1)}.
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In what follows, we shall prove Lemma 6.1 by induction on j.

If j =0, (6.19)0-(6.22) are trivial for any positive constant p. Note
Up=e_1 =0and go = —Jo(PF(0)). Then (6.21)y comes from (6.5)
and (6.6). Also dy = sup |F(0)] < Cp? < p,if Cu<1.

The proof for (6.18);. By (6.24), we have

1Dolls < Cl[xgolls+m+1 + (s = 2)*|Ixollm+3([|Ul|s+m+2 + 1))
< CC4H2 < 22

if CCyp < 1. This proves (6.18);.
Now let us assume (6.18),, and (6.19),_1-
n > 1. We shall prove (6.19),-(6.22),, and (6.
The proof for (6.19),. First note

6.22),,—1 are valid for all
8)n+1 successively.

(
1

n—1 n—1
||Un|‘s < Z ||U]||S < MZQJ(S—P)
J=0 =0

p2mUs=p) Z;’,‘;l(%)j(sfp) if s > p,
<

Mz?io(%)j{p—[zﬂ]} if s < p.

This implies the first part of (6.19),, if we take Cy = 1/{1 — 2=}, The
second part of (6.19),, is the immediate consequence of (6.5). And (6.6)
yields

(2 = Ju)PUalls < Csp2" 9| PT, ]|, < C1Cap2" .

Hence we get the last part of (6.19),, by taking Co = C1C5.
Throughout the following argument we always assume €, so small
that

|ﬁn|m+4a ‘JnPﬁn|m+4 S 1.

This is possible because p=r —m —5—19g > m + 6 and
‘ﬁn|m+4 < C||ﬁn||m+6 < CCI,U < 001\/5

The proof for (6.20),,. We shall estimate each three terms in the sum
en_1 =€, 1 +e' | +e” . First by (6.14)

€ 1= (F'(Up_1) = F'(Jy_1PU, 1)Uy 1,
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we have from (2.10)-(2.11)

1 o~
¢ :/ Ty + M = Jo s PYTn 1) Un s (I oy P) T 1))dN
0

F
1 I Jn 1 Pun 1 K(I— Jn_l)P:Jn_l
25< (I = Jy )P (I —Jy1)Piiny )OUn1

[a11 a12
+ )
([am [aga] Un-1

where [a;;] is given by

o [ Oay
il =, aw)

(Un—1 4+ AT = Jy_1 P)Un—1)[(I = Jn_1P)Un_1]dA.

By the interpolation inequality as done in proving (5.12) and (5.13), we
get for all —-m —1<s<|[r] —m —5,

(6.25)  |len_1lls+m+1
< Co|[Un-1lstms2ll(I = Jn-1)PUp 1|2
+ Co||[Un-1l3/|(T = Jn-1)PUp1|s4ms1
+ Co[Un—all3l| (T = Jn1) PUn—a|l2([Tn-1[lsms1 + 1)
< 2060102u2(2(”-1)(8+m+4—2p) + 2(”-1)[5—2p+(8+m+1—p)ﬂ)

< 4CCH Cop?2n D)
if p > m + 6. Next, recall from (6.16)
= / [ (Tt + \Un_1) — F'(Tn1)]Un_1dN
0

1
un—laxun—l—*kzvn—law”n—l [[an]], [[alz]]
- ? +<nagln, [[a22]]> Unts

Up—107Vp—1 — i'vn—laﬂcun—l

where

1 18(11-- _
il = [ [ GO + 70U

In a similar argument we can also derive ||e ||s controlled by the
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right-hand side of (6.25). Analogously, we have by (6.15)

Helriles—i-m—&-l
< Crdp1[10vn-1lsrm41 ([ Jn-1PUn1]2 + 1)
+ C7dn*1‘|a:vvn71”2(||ﬁnfl|’s+m+l + 1)
< C70,Copl? (Q(n—1>(s+m+4—2p> + 2(n—1>[5—2p+<s+m+1—p>+1)

< 20701 Cyp?2n=D=P)

since p > m + 6. Combining the above estimates soon gives (6.20),, if
we take C3 = 40102(06 + 07)
The proof for (6.21),. Note

n—2 n—2
| En-allpg—a < > _llejllp—a < Cap® Y _ 20rI=m=5=7)
pur =0

< 2C5p22(n=2[rl=m=5-p)

since [r]| —m —5—p=1rg—r+[r] =& > 0 by the choice of £&. With the
aid of (6.5) or (6.6), it implies
(Jne1 = Jn) En—tl|s4mar < Cg2nDltm ==l g )00
< 0803M22(n_1)(s_p),

for all =m —1 < s < [r] — 3. Now we have by (6.13)

gnlls+m+1 < [(Jn—1 = Jn) PF(0)[|s+m+1
+ H(Jn—l - Jn)PEn—le—i—m-&-l + HJnPen—le—l-m—&-l
< Cg2"CP)|F(0)]|prmar + CsCp22n=P) 4 CCap22m(s=P)
< C(Cs + 205)u?2"P),
since p+m+1=r—4—ry >r—>5> 0. This implies (6.21),, if we take
Cy= C(Cg + 203).
The proof for (6.22),. By the definition of d,, in (6.12) and (6.17),
we have
dn < sup |6n71| + sup ‘(I - Jnfl)P(F(O) + Enfl)‘
< 20C3(i° + ||F(0)||2)2" DE) < 40" Cap?2" 7P,

for some constant C’. This implies (6.22),, if 4C'Csu < 1.
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The proof for (6.18),+1. By (6.24), we have

HUan < C9(‘|Xgn‘|s+m+1 + (3 - 2)+HX9nHm+3"JnPﬁnHS-i-m—i—?)
< Co(Cy + C2)M2(2n(s—p) + 2n[(—4—p)+(s+m+2—p)ﬂ(s _ 2)+)
< 2C9(Cy + Ca)p?2"P),

since p > m+6. Then (6.18),41 is proved if p is so small that 2Cq(Cs+
Cy)p < 1. We have completed the proof of the present lemma. q.e.d.

Now we finish the proof of our main result, Theorem 1.1.

Proof. From the assumption (A) it is easy to see m = max{l;,l_} <
l. So we take ¢ = [r] =3 and rg = &+ r — [r] € (0,1) with & > 0, such
that p=r—1l—-5—rg>l+6andp<q—1—2=1[]—5—1. Thisis
possible by the assumption r > 2] + 12. Therefore all the requirements
in Lemma 6.1 are fulfilled. By (6.18), it follows

S Ul < py 27 < oo,

This implies, by the definition of U; in (6.8), that U; — U in HP!/(Q)
as well as in C[")=2(Q). Moreover, we have
F(U) = lim F(U;) in CPI=3,
Jj—0o0
and for |z| < 1/8
|[F(U)| < lim d;j = 0.
j—00

So U = (u,v) is a CP)=2 solution to (2.8) for |z| < 1/8 and |t| < 1. In
fact, U is a CP~9~2 solution for small § > 0. To see this, we use the
interpolation inequality to get by (6.18)

1U;llp—s < CITNEH 24 0y o7 70 < o2,
By (2.4) and (2.13) we can find L, M and N in CP~279 satisfying the
Gauss-Codazzi system near x = t = 0. Finally, by the Fundamental
Theorem on Differential Geometry we can find the expected CP~%
C" 5~ isometric embedding near z = t = 0, by choosing § small. This
ends the proof for Theorem 1.1. q.e.d.
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7. Remarks on the hypothesis

In this section, we shall discuss the hypothesis in the main result.
Let us recall the assumption (A). We make a slight change in the pre-
sentation.

For a fized positive integer 1, some small constant § > 0 and a pair of
orthogonal unit vectors (n,v), the following holds in a neighborhood N
of 0: for any C' function u with lulc vy < 6, there exist finitely many
curves v;, 1 = 1,...,1, meeting at the origin nontangentially, such that
N is separated into finitely many subdomains by ~;, 1 = 1,...,1, and
0, K +u0,K changes its sign only across v1,...,7. Moreover, none of
the curves v;, 1 = 1,...,1, is tangent to n and v.

As mentioned in the introduction, the assumption (A) has a simple
geometric interpretation. It means that the zero set of 0,K consists
of finitely many curves meeting nontangentially at the origin and that
such a picture is preserved under the perturbation of the directional
derivatives of K.

Now we give several classes of Gaussian curvature satisfying (A).

7.1 The Gaussian curvature vanishes at finite orders and
leading polynomials are decisive

If K vanishes at a finite order, then 19, K is a small perturbation of the
lowest order of 0, K. We let

K =—P(x,t) +o|(z,1)]"),

where P is a homogeneous polynomial of an even degree n. We know
the zero set of J, P consists of finitely many straight lines intersecting
at 0. We need to check whether this picture is stable.

Lemma 7.1. Suppose K is given in a neighborhood N of 0 by
(7.1) K=—(v-(z,0))* - (v - (2,1))°Q(x,t) + h.o.t.,

where Q(xz,t) is a homogeneous polynomial with Q(z,t) > 0 for (x,t) #
0 and vy, ...,v; are distinct unit vectors. Then K satisfies the assump-

tion (A).

Remark. Note v; - (z,t) is a homogeneous linear function for each
i = 1,...,k. Hence (7.1) means we do not allow linear factors with
the higher order in the leading polynomials. On the other hand, linear
factors may not be present at all.
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Proof. Let P be the homogeneous polynomial of an even degree n
given by
(7.2) P(x,t) = (1 - (z,8)* - (v - (2, 1))?Q(x, 1).
We may write
K = —P(z,t) + R(z,t) = —P(z,t) 4 o(|(z, )["),

where R consists of higher order terms.
We first claim there exists a unit vector v such that

(7.3) O P(t,x) = (11 - (z,t)) - (V- (2,1))Qo(t, x),
for some distinct unit vectors vy, ..., and some homogeneous polyno-
mial Qo(z,t) of an even degree, with Qo(x,t) # 0 for (x,t) # 0.

Suppose (7.3) holds. Then consider a unit vector n orthogonal to v
and any function v with small |u|o1. We have

0, K +udyK = —9,P + Ry = —0,P + (—udy, P + 8,R + ud,R).

Compared with 9, P, 0, R+ u0, R is a higher order term, and —u0,P is
a small term, since |u|c1 is small. So we need to study the zero set of

(74) @ @) @ (@0)Qolt @) — Rolt,x) = 0.

We can see easily that its zero set consists of [ curves through the origin
and close to lines ;- (z,t) = 0,7 = 1,...,[, and that across these curves
the expression 0, K + ud,K changes its sign. To see this, we fix an 4
and assume v; - (x,t) = ¢;(t — a;z) for some constants ¢; # 0 and a;. Set

t =a;x + xz(x).

Substitute in (7.4) and cancel 2”1 from both side. We then use the
implicit function theorem to get a solution z(z) with small C*-norm of
z. This would finish the proof.
Note (7.3) means that d, P has no multiple linear factors. We allow
irreducible quadratic factors to appear and even to have higher orders.
Next we prove (7.3). We introduce the polar coordinates (z,t) =
(rcos@,rsinf). For the unit vector v = (cos 1), sin1)), we have

0, P = cosy0, P + sin 0y P

1
= 0, P(cost cosf + sinesinf) + —0p P(— cos1psin 6 + sin ) cos 6)
r

= 0P cos(6 —¢) — %89P sin(f — ).
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Suppose P = r" f(6) in polar coordinates. Then we get
P =1 (nf(0) cos(0 — ) — f'(8) sin(6 — ) .

Set

(7.5)  g(0) = g(0;¢) = nf(0) cos(f) — ¥) — f'(0) sin(6 — v)).

Here we view 1 as a parameter. Now we claim that by choosing v
appropriately the algebraic equation g(f) = 0 does not have multiple
roots.

To see this, we first calculate

(7.6)  g'(0) = (n—1)f'(0) cos(0 — ) — (f"(6) + nf(0)) sin(0 — ).
Note (7.2) implies that if f(6p) = 0, then f'(6y) = 0 and f"(6y) # 0.
Hence for such a 6y, g(6p) = 0 and

g'(60) = —f"(60) sin(6 — ).

Therefore by choosing v appropriately 6 is not a double root of g(#) =
0. In fact there are only two choices of ¥ to make 8y a double root. Now
consider the case g(fp) = 0 and f(6p) # 0. Then we have by (7.5)

_ f'(6) .
(7.7) cos(fp — ) = = 7 000) sin(fy — ).
Substituting (7.7) into (7.6) we get
/ _ _ (f’(go))Q e “n sin(fn —
o60) = (0= 0L 700) = s 00) ) sint - ),

Note sin(fp — ) # 0. Otherwise g(6p) = nf(6y) cos(6p — ) # 0, which
is a contradiction. Now we study the algebraic equation

(7.8) nf(0) (£(6) +nf(6)) — (n—1) (£(6)* =0.
Equation (7.8) is independent of 1. It is easy to see that the left side in
(7.8) is not identically zero and hence (7.8) has at most finitely many
roots 61,...,045. We may always choose ¢ so that 61,...,60; are not
roots to

f'(9)

cos(f — ) = )

sin(f — ).
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In other words, 61, ...,0; are not roots to g(f) = 0.
In conclusion, we have proved that by choosing 1 appropriately if
g(6p) = 0 then ¢'(Ay) # 0. This finishes the proof. q.e.d.

Remark. An important case is given when the linear factors are
not present, i.e., the leading polynomial P(x,t) is a homogeneous poly-
nomial such that P(z,t) > 0 for (z,t) # 0. Another important case
is when the leading polynomial P is a homogeneous quadratic polyno-
mial. This is because a nonnegative homogeneous quadratic polynomial
is either the square of a linear function or an irreducible quadratic poly-
nomial. The isometric embedding correspoding to the latter case was
discussed by Nakamura [12].

7.2 The Gaussian curvature vanishes at finite orders and
leading polynomials are not decisive

In some cases when K vanishes at a finite order, we cannot simply look
at the leading term. We need to consider the complete expression of
K. This is the case when the leading polynomials have linear factors of
order more than 2.

Lemma 7.2. Suppose K is given in a neighborhood N of 0 by
k
(7.9) K = h(z,)Q(z,t) [ [ (v - (2,t) — ¢j(x,))*™,
j=1

where h is a function with h(0) < 0, Q(x,t) is homogeneous polynomial
with Q(x,t) > 0 for (z,t) # 0, ny,...,nk are positive integers, vy, ...,V
are distinct unit vectors and c1, ..., c, are Ct functions with c¢;(0) =0
and Vc;j(0) = 0. Then K satisfies the assumption (A).

The assumption (7.9) also has a simple geometric interpretation.
The zero set of K consists of finitely many curves nontangentially meet-
ing at the origin and along each curve K preserves its vanishing order
except at the origin.

In (7.9), if ny = --- = ngi =1, then K is reduced to the case we just
discussed, since it has the form given in (7.1).

The proof of Lemma 7.2 is similar to that of Lemma 7.1. For
Lemma 7.1, we showed for some unit vector v that the zero set of 9, K
consists of finitely many curves v;, ¢ = 1,...,[, meeting at the origin
nontangentially and that 9,K vanishes along each curve 7; with the
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order one. In (7.9), if n; > 2 for some 1 < j < k, then clearly 0, K
vanishes with the multiple order along the curve

vi = A{(z,t);v; - (x,t) — ¢z, t) = 0},

for any unit vector v. We will show by choosing v appropriately, these
are the only curves where 0, K vanishes with multiple orders. On all
other curves in its zero set, 0, K vanishes with the order one.

Proof. Writing bj(x,t) = v; - (x,t) — ¢j(x,t), we have

k
K = h(x,t)Q(x,t) H(bj(x7t))2nj'
=1

J

Then for any pair of orthogonal unit vectors (n,v), we get
(7.10)

0, K =hp? ... p! {Q(2n161b2 e bgdyby - -

oh

+2n3b1 - - - by 10Oy bi) + Oy Qbrby - - - by, + -

lebQ"'bk}a

where A indicates the corresponding expression is omitted. Set [; =
vj - (x,t) for j = 1,...,k. Inside the parenthesis {-} in (7.10), the
leading part is the homogeneous polynomial

Pz, t) = Q(2nlila - - lxdyly 4+ - -+ 2nly - - L1 1kl + 0, Qlula - - - Iy,

and the rest consists of higher order terms. Then for any function u
with small |u|c1, we have

O, K +udyK = ab3™ 1. p2! {13 +uP + h.o.t.} ,

where P is obtained from P with 9, replaced by 9,. Note each b; =0
gives a curve through the origin tangent to the straight line L; given by
l;=0.

We claim that P does not have multiple linear factors and that
l1,...,1; are not its linear factors by choosing v appropriately. Then
a perturbation argument as in the proof of Lemma 7.1 shows that K
satisfies (A).
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Now we prove the claim. First it is easy to see that /; is not a factor
of P as long as v is not orthogonal to the line L; generated by [, = 0.
Since l;|r,, = 0, then

which is not identically zero if v is not orthogonal to L;.
Next, we study zeros of P. Since l; cannot be factors for P by
choosing v appropriately, we may write P as

P = 12ni—1 1 Z%Hay(zf”l Q).
1 k
Set
(7.11) F=072m. 2% and Fy = 2mt. 2t
We then have N .
P= FO&/F'

We introduce the polar coordinates (z,t) = (rcos6,rsinf). Set
(7.12) F =7r"f(0) and Fy = r" fo(0).

For the unit vector v = (cost,sint)), we then have as in the proof of
Lemma 7.1

. p—m— 1 , )
P = AR {nf cos(d — ) — f/(0) sin(6 — )} .
Set
9(0) = g(0;¢) = ) cos(0) — 1) — f(0) sin(0 — 1) } .

Here we view 9 as a parameter. To prove that P does not have multiple
linear factors, we will show that the algebraic equation g(f) = 0 does
not have multiple roots.

By (7.11) and (7.12), we have

fo(6o) = 0 if and only if f(6y) = 0.

Hence 1/ f(0) is well-defined and not equal to zero for any 6, which is
not the root to f(#) = 0. We already proved that the root 6y to f(6) =0
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cannot be the root to g(f) = 0 by choosing 1) appropriately. Hence we
only need to discuss the case g(6p) = 0 and f(6p) # 0. Proceed exactly
as in the proof of Lemma 7.1, we conclude that by choosing 1 further
if g(6p) = 0 then ¢'(0y) # 0. This finishes the proof. q.e.d.

In a special case when Q = 1 and [ = 1, the corresponding isomet-
ric embedding was discussed by Hong [5]. In this case the Gaussian
curvature K has the form

K = h(z, t)(g(z, 1))*",

for some functions h(z,t) and g(z,t) with h(0) < 0, g(0) = 0 and
Vg(0) # 0.

7.3 The Gaussian curvature vanishes up to infinite orders

The condition (A) also allows K to vanish to infinite orders. In fact, if
K satisfies (A) with K <0, then

1
K= —exp{~}
K

also satisfies (A).
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