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Sufficient and necessary conditions
for local rigidity of CR mappings
and higher order infinitesimal deformations

Giuseppe della Sala, Bernhard Lamel and Michael Reiter

Abstract. In this paper we continue our study of local rigidity for maps of CR submanifolds
of the complex space. We provide a linear sufficient condition for local rigidity of finitely nonde-
generate maps between minimal CR manifolds. Furthermore, we show higher order infinitesimal
conditions can be used to give a characterization of local rigidity.

1. Introduction

Let M cCN and M’ cCN’ be real submanifolds, and consider the set (M, M’)
of holomorphic mappings H defined in a neighborhood of M in CV and valued in
CN' satisfying H (M)cM’. The (holomorphic) automorphism groups of M and M’
act on H(M, M') in the natural way, leading to an action of G=Aut(M) x Aut(M")
defined for (p,%)eG by

(o) H=yoHop™".

A particularly interesting question about this action is under which conditions the
image of a map H: M — M’ in the quotient space is isolated; in this case we say
that the map H is locally rigid. The same setup applies in the local setting to
germs of manifolds (M, p)c(CN,p), (M’,p')c(CN',p), and their automorphism
groups Aut(M, p) and Aut(M’,p’), respectively. A typical example of maps which
are totally rigid are maps of hyperquadrics of positive signature, as in the “super-
rigidity” encountered by Baouendi, Ebenfelt and Huang [2]; while typical examples
of maps which are not totally rigid are maps of spheres with big codimension, such
as the so-called “D’Angelo family” (see the survey of Huang-Ji [29]) connecting the
flat and the Whitney map S®—S7, given by (2, w)— (2, sin(8)w, cos(8)zw, cos(0)w?)
for 610, 7/2].
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We have started an investigation of H((M,p), (M’, p")) for general germs (M, p)
and (M’,p’) in previous articles [19] and [20]. Local rigidity, both in the global and
local CR settings, is again going to be the focus of this paper; our inspiration here
draws mainly from the analogous notion of stability of smooth maps of smooth
manifolds as introduced by J. Mather in a series of papers starting with [39] and
[40] in the framework of singularity theory. Mather concluded that stability is
equivalent to its linearized notion, called infinitesimal stability. In our previous
work we have given linear obstructions to local rigidity similar to those of Mather.
However, we also showed that the notions of infinitesimal rigidity and local rigidity
are not equivalent (see [20]) in the local CR setting. In order to overcome this
problem, the present paper introduces higher order infinitesimal deformations (for
more details see Section 2.4 below), which will be shown to encode necessary and
sufficient infinitesimal conditions for local rigidity. In addition to this, we improve
the sufficient conditions given in [19] and [20]. Namely, our new approach (exploiting
the analytic structure in a deeper way) allows us to avoid studying the topological
properties of the group action of automorphisms and thus to prove our results under
more general conditions.

One of the main technical tools dealing with maps of real-analytic CR manifolds
and infinitesimal deformations is provided by jet parametrization results. Such
results were obtained for many classes of manifolds and maps in the literature
([4], 5], [8], [30]—-[32], [34], [35] and [47]) and can be of a very technical nature.
In our work we will define the notion of a class of maps which satisfy the jet
parametrization property, which we will take for granted in many results, and also
provide an example of an interesting large class of mappings for which it is satisfied
(for more details see Section 3).

Our first main result is a sufficient condition for local rigidity in terms of
infinitesimal deformations. Given H €M (M, M'), we say that the restriction V of a
holomorphic section of H*TMOCN" to M, i.e. V of the form

)

H(Z)

V=>» Vi(Z
Z )3 Z/
is an infinitesimal deformation of H if ReV is tangent to M’ along H(M). More

precisely, this means that for any point p€ M and any real valued real-analytic
function o(Z’, Z") defined near H(p)€ M’ and vanishing on M’ it holds that

(ReVo)(Z ZReV Joz; (H(Z),H(Z))=0, ZeMnU,

for some open ne1ghb0urhood U of p. We denote the collection of all infinitesimal
deformations of H by hol(H). For the special case that we are dealing with the
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identity map in CV or CV /, respectively, we use the classical notation hol(M):=
hol(idas) and hol(M'):=hol(idps ). We also define aut(H)=H.(hol(M))+bol(M')| g
to be the subspace of hol(H) of trivial infinitesimal deformations of H; we shall
assume throughout this paper that it can be identified with the tangent space of
the orbit G-H at the identity. This is in particular the case if hol(M) and hol(M')
are the respective Lie algebras of Aut(M) and Aut(M') (given that those are Lie
groups), which in turn can be guaranteed if M and M’ are compact [36] (however,
the question when this is actually true is quite subtle, a sufficient condition less
stringent than compactness is provided in [18]).

Before discussing the main result in its most general form, we wish to state a
corollary applying to an important subclass of maps. Recall that a map H:M — M’
is called finitely nondegenerate at a point p if the spaces

Ey(p) =span {L“QZ,(H(Z), (2)) caeN" 0<a| < k} cc,
Z=p

(where L, ...,L, is a local basis of CR vector fields around p, and L ma™) =
L' .L") stabilize at Ej, (p)=C"’ for a certain ky€N. One of the main geometric
consequences of our work here is:

Corollary 1. Let McCV, M'cCN" be compact, generic real-analytic sub-
manifolds with M minimal, and let H: M — M’ be a CR map which is finitely non-
degenerate at all points of M. If hol(H)=aut(H), then H is locally rigid.

Actually we show that the infinitesimal criterion for local rigidity holds in any
class of maps that can be suitably parametrized. Corollary 1 is a direct consequence
of the following more general result.

Theorem 2. Let M CCN and M'cCN' be real-analytic submanifolds. Assume
G is a Lie group with Lie algebra hol(M)@®hol(M') and let FCH(M,M’) be a class
of holomorphic mappings satisfying the jet parametrization property. If H:M—M’,
HeF, satisfies hol(H)=aut(H), then H is locally rigid.

The proof is carried out through a careful analysis of an analytic set A, con-
tained in an appropriate finite dimensional jet space, which parametrizes the maps
in F.

In our setting, the topology of Aut(M) is the induced topology of the space of
real-analytic CR diffeomorphisms from M into itself, which carries the real-analytic
compact-open topology.

A statement analogous to Theorem 2 for germs of maps is also true, with the
same proof, and therefore improves the results in [19]. More precisely, let hol,(H)
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and aut,(H) be defined as above, with the additional condition that V vanishes at
p. Then

Theorem 3. Let (M,p)CCY and (M',p’)C(CN/ be germs of real-analytic sub-
manifolds. Assume G is a Lie group with Lie algebra bol,(M)®hol, (M) and
let FCH((M,p),(M',p")) be a class of germs holomorphic mappings satisfying the
jet parametrization property. If HEF satisfies hol,(H)=aut,(H) then it is locally
rigid.

Comparing with [19, Theorem 2] we have relaxed the assumptions on M and
M’ considerably: it is for instance enough to assume M to be minimal and holo-
morphically nondegenerate, and M’ to be generic. The stronger assumptions in our
earlier paper allowed us to prove that the action of G on the set of maps is free and
proper, which was needed in the proof given in [19], while in the approach of the
present paper we are able to avoid the reliance on the topological properties of G.

Also remark that Theorem 2 provides a counterpart of [40, Theorem 1] in the
setting of CR manifolds. However, the infinitesimal stability is in fact a neces-
sary and sufficient condition for stability (see [41, Theorem 4.1]), while we stress
again that the infinitesimal condition given in Theorem 2 is only sufficient, but not
necessary for local rigidity.

Our second main result addresses this problem and provides a characteriza-
tion of local rigidity in terms of higher order infinitesimal deformations of H. An
infinitesimal deformation of order k of H is represented by a curve of maps in
H(M, (CNl), which is tangent to H(M, M') up to order k at H, or equivalently by
holomorphic maps Fi, ..., Fy €H(M,CN ') with the property that for any real-valued
real-analytic function ¢’ defined in a neighborhood of a point in M’ and vanishing
on M’ we have that

k k
o (H(Z)+Z FuZ)t' H(Z)+) Fg(Z)#) =O(tFh),  ZeM.
=1 =1

The set of infinitesimal deformations of order k of H is denoted by hol*(H). The
projection of hol*(H) on the first j components we denote by bo[? (H). The subset
of hol* (H) of the trivial k-th order infinitesimal deformations is denoted by aut®(H)
(for more details see Section 2.4).

Theorem 4. Let M, M’ and F be as in Theorem 2. Suppose that G is a Lie
group with finitely many connected components with Lie algebra hol(M)@dhol(M').
Then for each HoE€F there exists a neighbourhood Uy, and a function j—£(j) such
that HelUy, is locally rigid if and only if autj(H):holg(j)(H) for all jeN.

The proof is achieved by extending the jet parametrization results to higher
order infinitesimal deformations and making use of tools from real-analytic geome-
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try. In particular, it relies heavily on Artin’s approximation theorem, especially in
the strong approximation form first given by Wavrik. Approximation theorems and
their uses in CR geometry are an interesting topic in itself; for a very good survey
on the state-of-the-art in this area, we refer the reader to Mir’s survey [42].

The paper is organized as follows. In Section 2 we establish some of the main
notation and recall some basic facts about maps of CR manifolds and the action
of CR automorphisms. In Section 3 we discuss one of the main technical tools of
the paper, that is, a jet parametrization result for certain classes of maps of CR
manifolds. Such results are well established in the literature, so we only give more
detailed proofs for less standard aspects of our formulation of the results. Section 4
is devoted to the proof of the main results. Finally, in Section 6 we show how to
apply the results in the paper to some concrete examples.
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Bernhard Lamel and Michael Reiter were supported by the Austrian Science Fund,
Projects 13472 and P28873, respectively. Giuseppe Della Sala was supported by the
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2. Preliminaries

Let McCN, M'cCN" be closed generic real submanifolds of class C* (see
Section 2.5 below).

2.1. Spaces of maps and local rigidity

We will be interested in studying the set of real analytic CR maps from M to
M’, which will be denoted as H(M, M’). Furthermore we denote by #(M,CN')
the set of real analytic CR maps M —CN'. Each element of H=H(M,CN") ex-
tends holomorphically to a neighborhood U (depending on H) of M in CN. In
general, given a neighborhood U of M in CV, we denote by H(U,C¥ /) the space
of holomorphic maps from U to CV'. Thus, choosing a fundamental system of
neighborhoods U, of M in CV, we have H(M,CN)=U,enH(U,,CN"); we usually
endow H(M,CN') with the natural inductive limit topology. If M is compact, the
resulting space is a (DFS) space.

We will denote by Aut(M) (respectively Aut(M')) the group of CR automor-
phisms of M (M’); furthermore we define G=Aut(M) x Aut(M’). In the paper we
will assume that G is a Lie group (in particular, that it has finitely many connected
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components) with Lie algebra hol(M)®hol(M'). The group G acts on H(M,M’)
as follows: given g=(o,0’)€G we define a map H(M, M')—H(M,M’) by

H(M,M')>H—g-H=0"cHoo ' cH(M,M).

The set H(M, M') and the action of G on it have been studied in several papers by
many authors ([7], [10], [11], [13], [14], [16], [17], [22]-[24], [27], [28], [37], [44] and
[46]), most notably in the case when M and M’ are spheres. We recall from [19]
and [20] the property of local rigidity, which roughly states that all the maps close
enough to a given HeH (M, M’) are equivalent to H under the action of G.

More precisely, the definition is as follows:

Definition 5. Let M CCN, M'cCN" be closed generic real submanifolds of
class C¥, and let HeH (M, M'). We say that H is locally rigid if H projects to an
isolated point in the quotient H(M, M /)/G.

Equivalently, H is locally rigid if and only if there exists a neighborhood U
of H in H(M,CN') such that for every HeH (M, M')NU there is geG such that
H=g-H (cf. [20], Remark 12).

2.2. Jet spaces

In order to work in finite dimensional spaces, we will use jet parametrization
results to identify maps with the collection of their derivatives at some point. To
that aim it will be convenient to set up the appropriate notation.

We define

’

= C{Z}N/mkﬂ,

o
where m=(Zy, ..., Zx) is the maximal ideal, the space of the k-jets at 0 of holomor-
phic maps CN —C»’, with the natural projection j&. Given peC¥ it is straight-
forward to give an analogous definition for the space lef of jets at p. For a given k,
we will denote by A the coordinates in J§.

As in [20] it is possible in this setting to define an induced Aut,(M)x
Aut(M')-action on the jet space JF, where Aut,(M) is the subgroup of elements of
Aut(M) which fix pe M (i.e. Aut,(M) is the stabilizer of pe M).

To define an induced G-action on Jllf is decidedly more involved, and we will
need to make use of the jet parametrization property; we thus will only do this later
in Definition 24.
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2.3. Spaces of curves of maps

Our main strategy for studying the set H (M, M’) (and the action of G on it)
is to use appropriate parametrization results, which allow us to regard H(M, M')
— or a particular subset of it — as a real-analytic subset A of a finite dimensional
space. The reduction to an analytic setting in turn leads us to the study of analytic
curves on A, or tangent to it to high enough order, and allows to make use of the
tools of real-analytic geometry. We will start by introducing convenient notation
for curves of maps.

For technical reasons we also need to introduce the following objects:

Definition 6. For HeH(M, M') and F a suitable space of maps (or jets) we
define Fp{t} as the space of convergent power series in ¢ with coefficients in F
with constant term H. Furthermore we denote by Fy[t] (resp. F[t]) the space of
polynomials in ¢ (resp. polynomials in ¢ of degree less or equal to £) with constant
term H and coefficients belonging to the space F. Note that F&[t]C Fy[t]C Fu{t}.
Furthermore given an integer /€N we define the truncation map m,: F{t} — F*[t] as

¢
Ty Z Epth | = Z Fyt*.
k=0

k>0

Moreover we define the tautological map 7,:F*— F§[t] as

4
To(Fy, ..., Fy) =H+Z Fytk.
k=1

If the identification of F* and F4t] is evident from the context we avoid the appli-
cation of 7, notationally.

Definition 7. Let H(t)CH(M,CN') be a smooth curve such that H(0)e
H(M, M'"). We say that H(t) is tangent to H(M, M) to order r at H(0) if for any
local parametrization Z(s) of M and any real-analytic function ¢’ defined in a neigh-
bourhood of H(Z(0)) in CN" and vanishing on M’ we have that p/(H(Z(s),t))=
O(t"*1). We denote the set of such parametrized curves by B” (or B%; if we need
to emphasize that H=H(0)).

2.4. Infinitesimal deformations of higher order

Assume that M cCY and M'cCY" are closed generic real-analytic subman-
ifolds, and that H:M—CY is a CR map with H(M)CM’. Denote by I'y=
Cer(H*(CT(CN'))) the space of real-analytic CR sections of the pull back bun-



220 Giuseppe della Sala, Bernhard Lamel and Michael Reiter

dle of CT(CN") with respect to H. Let V €', that is an expression of the kind

V= ZV 82,

where each V;(Z) are real-analytic CR functions on M.

Definition 8. We say that V is an infinitesimal deformation of H if the real
part of V' is tangent to M’ along H(M), that is if for every p€ M and every real-
analytic function p’ defined in a neighbourhood of H(p) and vanishing on M’ we
have

(1) ReZV )0z (H (2),H(Z))=0, Y ZeMnU,

for some open neighbourhood U of p. We denote this subspace of H*((CT((CN/)) by
hol(H). (cf. [12], [20])

Remark 9. If M is assumed to be connected, it is enough to assume that V is
an infinitesimal deformation for (M, p) for some p€ M, by the real-analyticity of the
equation defining an infinitesimal deformation and standard connectivity arguments
using the identity principle for real-analytic functions.

Remark 10. Let H: M — M’ be a CR map and ¢ and ¢’ biholomorphisms de-
fined in open neighbourhoods U of M in CN and U’ of M’ in CV', respectively. The
space of infinitesimal deformations is biholomorphically invariant in the sense that
if H=¢'oHop™!, then there is an isomorphism between hol(H) and hol(H). More
precisely, one has the following transformatlon rule for infinitesimal deformations
under biholomorphisms: Let V(Z)= ZJ 1 Vi( >az’ €hol(H), then we have

V =(Dg'V)opt ehol(H).
In particular if H and H have spaces of infinitesimal deformations of different

dimensions, then one map cannot be contained in the G-orbit of the other.

Definition 11. We say that X €[5, =z x ... x g belongs to hol*(H) if 7,(X )€
Hy[t)NPE. In this case we call X €%, an infinitesimal deformation of H of order
k. Furthermore, for j <k we define the projection m;:hol*(H)—hol/(H), where we
use the same symbol as in Definition 6 by an abuse of notation, as

ol (H) > X = (X1, ..., X)) — 7, (X) = (X1, ..., X;) € hol (H)

and we put bo[?(H):ﬂ'j(ho[k(H)).
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Similarly to Definition 8, if M is assumed to be connected, we can equivalently
ask for Definition 11 to be satisfied only near a single point p€ M. This is going to
be clear after we introduce defining equations for ho[k (H), which are very suitable
for applications.

Remark 12. There are universal polynomials P;, depending on (V1,...,Vk~1)
and their complex conjugates as well as the derivatives of p’ w.r.t. Z' and Z' of
order at most k (evaluated along the map H), whose coefficients are combinatorial
constants determined by the Faa-di-Bruno formula, such that

o d*h
0 (0 (0 =2Re (Gt

—— dh dih_|a|+|8|<k
dti’ dti T j<k—1

+ P, <plz,az,ﬁ(h(t)’h(t))’ ati ) dti

We will use these polynomials in order to facilitate defining equations for the space
of infinitesimal deformations of order k. To this end we drop the dependence on
the derivatives of the defining function notationally.

For example, in the case k=1 we have P;=0 and for k=2 we have:

N’ N’
Py(VY)=2Re | > ol ViIVi+ Y 0z VitV
i,j=1 i,j=1 '

Using the polynomials defined in Remark 12 we can reformulate Definition 11
as follows:

Lemma 13. V=V, .., V*)eT% is an infinitesimal deformation of H of or-
der k if and only if V' satisfies the following system of equations:
N/
(2)  2Re (> Vipy | +P(V', ..,V =0 forall Ze MNU,1<(<F,
J

Jj=1

for any real-analytic function p' defined near H(p), vanishing on M'. The function
p' and its derivatives are computed along H, and U is some neighborhood of (some)
peM.

Proof. Given HeH (M, M’) and k€N, let X be as in Definition 11, fix pe M,
and a real-analytic function p’ as in the statement of the Lemma. Define H(t)=
7w(X) and assume that H(t)€B*, that is

(3) p(H(Z,t),H(Z,1)=O0(t""),
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for all Ze M close to p, where we have written H(t, Z)=H(t)(Z). Differentiating
with respect to t up to order k and using Remark 12 we can write

pI(H(Zv t)7H(Z’ t)) = ZC[#,

>0
where
N otH, OH o 1H
ct=2Re ; 8t/(Z70)p/Z§ .y (E(Z’O)"“’W(Z’O))

Hence (3) is equivalent to ¢,=0 for all Z€ M close to p, 1<¢<k. This means that
7 (H(t)) satisfies (2) and thus X =7, '(H(t)) satisfies our system of equations.
On the other hand let X satisfy the system of equations and put H (t)=74(X), then
¢;=0 for 1</<k. Thus X satisfies Definition 11. [

Definition 14. We define aut®(H)Chol* (H) to be the set of V=(V4, ..., V&) such
that there exists a curve g(t)€G with ¢(0)- H=H satisfying 7, ' (7 (g(t)-H))=V.
We will call aut®(H) the set of trivial infinitesimal deformations of H of order k.

In particular if k=1 a small computation shows that aut!(H)=aut(H)=
H,.(hol(M))+bol(M')|g (cf. Lemma 34 below).

Remark 15. For later reference, we list here some simple facts regarding the
spaces defined above. For all k1, ks, j€N with j<k;<ko we have

® Ty Oy =Tk,

o aut! (H)=m;(aut*? (H)) Chol* (H)Chols* (H) Chol (H)
Note that the inclusion ho[;?"‘ (H)Cf)o[f1 (H) comes from the facts that
T, (hol*2 (H))Chol™ (H) and ;(hot*2 (H))=m;(mx, (hol*2 (H))) Cm;(hol* (H)).

The following lemma shows that the set hol¥(H) is invariant under the linear
action of the subspace aut(H).

Lemma 16. For all k>1, hols(H)=hol¥(H)+aut(H).

Proof. Let Vieholf(H), V€aut(H). We need to show that V;+V eholf (H).
Since Veaut(H) there exist one parameter families ¥(¢)€Aut(M) and ¢(t)€e
Aut(M’) such that ¢(0)e Hotp(0)"t=H and if we write h(t):=d(t)o Hotp(t) "1,

d

pod
dt

h(t)] =0 = $(0) — DH1j(0).

Since V) ehol¥ (H), there exist Va, ..., Vi such that V=(V1, ..., Vi) €hol* (H). Let
h(t)=H+Vit+...4+Vjt*, and write h(t, Z)=h(t)(Z) (with similar notation for all of
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the families appearing). By Definition 11 and Definition 7 we have that for any real-
analytic function r defined near H(p) for some p€ M and vanishing on M’ that, for
some neighborhood U of p,

r(h(t), h(t)) | arn = O(t" ).

The above equations translates into the fact that for any parametrization Z(s) of
M with Z(0)=p and any r as above we have that

(4) r(h(t, Z(s)),h(t, Z(s)) = Y Bi(s)t.

j=k+1

Fix any such p and real-analytic function r(Z’, Z’) vanishing along M’ near
H(p), and denote by p'=(p}, ..., p};)! a defining function of M’ near H(p).
First we claim that if we write h(t):=¢(t)oh(t)ot)(t)~", then

(5) r (B(t 2()), hlt, Z(5))) = 0@ ).

Since ¢(t)eAut(M’), there exists a family of dxd-matrices A(t) such that
r((t, Z"), d(t, Z2"))=A(t)p'(Z', Z") and since (t)€ Aut(M) there exists a mapping
O:R2n+d+1 3 R27+d guch that ¥(t) "1 (Z(s))=Z(0(t,s)). Then the left-hand side of
(5) becomes

~

r(h(t, Z(5)), h(t, Z(s))) = A(D)p (hlt, (¢, Z(5)))) = At)p (A(t, Z(B(t, 5)))
=A(t) Y Bt ) =0(t"),
j=k+1

U

using (4) for r:p}, for j=1,...,d’, and writing § for the corresponding vector of

B’s. Let now ‘Z-:%djﬁgt) |¢=o for 1<j<k. Since p and r were arbitrary, (5) implies
that 17:(1714..., Vk)eholk(H), which establishes the claim. Thus XAflébo[’f(H) and
if we write V=¢(0)— DH1(0) we have

o _ dh(t)| _do(t, h(t, ¥t Z)’l))|

L= g =0 dt =
= $(0)+h(0)—DH(0).
—V1+‘77

which proves the lemma. [l
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2.5. CR geometry

In this subsection we recall some standard notation from CR geometry, for
more details we refer the interested reader to e.g. [6]. For a generic real-analytic
CR submanifold M cC" we denote its CR dimension by n and its real codimension
by d such that N=n+d. In this case it is well-known (cf. [6]) that one can choose
normal coordinates (z,w)€C"™ x C4=C¥ such that the complezification MCC?N of
M in coordinates (2, x,w,7)EC" x C" x C¢xC? is given by

w=Q(z,x,7), (orequivalently: 7=Q(x,z,w)),

for a suitable germ of a holomorphic map Q:C?***+¢C? additionally satisfying

Q(z,0,7)=Q(0, x, 7)=7 and Q(z, x, Q(x, 2z, w))=w.

A basis of CR and anti-CR vector fields, which are tangent to M, we denote
by L; and Ej, respectively, where j=1,...,n.

We also recall the definition of the Segre maps. For any j€N let (21, ...,z;) be
coordinates of C™, where 2,€C™ for =1, ..., j. For better readability we will use the
notation z7i] :=(xj,...,x). The Segre map of order g€N is the map S¢:C"4—CV
defined as follows:

Si(z1) = (21,0), S¢ (m[l;q]) = (xl, Q (xhgg*l (x[2;q]))> ’

where gg_l is the power series whose coefficients are conjugate to the ones of S{ -
and @ is a map satisfying the properties from above. The g-th Segre set SgC(CN is
defined as the image of the map S¢. A CR submanifold M CC¥ is called minimal
at pe M if there is no germ of a CR submanifold MQM of CN through p with the
same CR dimension as M at p. The minimality criterion of Baouendi—Ebenfelt—
Rothschild [3] states that if M is minimal at 0, then S¢ is generically of full rank
for sufficiently large q.

3. The generalized jet parametrization property

In this section we introduce the generalized jet parametrization property which
allows us to prove our local rigidity results. The following definition is inspired by
[35].

Definition 17. Let M, M’ be submanifolds of CV and CV ' respectively, and
let FCH(M,M’) be an open subset. We say that F satisfies the generalized jet
parametrization property of order to€N if the following holds.

GJPP: For every HEF there exist a neighborhood U of M in CN, a neighbor-
hood N of H in H(U, (CN/), a finite collection of points p1, ..., pm €M, a finite collec-
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tion of polynomials qi(A) on Jf°, open neighborhoods Uy =Vj, x Uy of {px} x ji H in
CN x Jto, with {Vy} forming an open cover of M and Uy={qr#0}, and holomorphic

maps ®r: U, —CN', which are of the form

(A
(6) Op(Z,A)= pIEA)gk Z%  p2.qr€C[A], dF eN,
gk
aeNY

such that for every curve PNI(t)G‘BT satisfying PNI(t) €N for allt the following holds:
e R H(t)eUy for allt,
e for all 1<k<m we have

H(Z,t)|v, = ®x(Z, jio H(1))+O(™).

In particular, there exist meighborhoods Wy, of jzt)zH in J;g and (real) polyno-

mials cF, ieN on J;;g such that

70

(7) A= (NNF)=Win{A€J5: qu(A)#0, cf (A, A)=0}.

jpk
Furthermore for any H(t)€B" satisfying H(t)eN for all t, with A(t)=j 20 H( ) w
have

(8) KAL), A1) =0@™), ieN.

Remark 18. We shall say that an open subset FCH (M, M') satisfies the gen-
eralized jet parametrization property if for each H € F there exists a neighbourhood
Uy of H in F and an integer ty such that Uy satisfies the GJPP of order tg.

Remark 19. Applying the GJPP for t=0, we obtain the familiar reproducmg
property H(Z )|Vk (2, gl H) for all HEFNN, and in particular ®;, (x> 7y H)
M’ for all such H. In particular, for any curve H(t)CFNN we get H(Z, t)|Vk:
(2, gl H(t)) (with no error term): in other words, the GJPP also holds for
r=-+00.

Remark 20. Let MCCN, M’cCN" and F be as in Definition 17. For any t;, (€
N, if F satisfies the GJPP of order t1, then it also satisfies the jet parametrization
property of order t1 for £-th order infinitesimal deformations, which the reader can
check by expanding in terms of powers of ¢:

For oll HEF, there exists a finite collection of points qi,...,qn €M, a neigh-
borhood Q of H in H(M,CN"), continuous functions ry, ;:; x (JE)f—=C, ieN,
rk7i:(r,£,i, ey réi) with ri,i(ﬁ, A, A) weighted homogeneous of degree j polynomial in
(A1, ..., Aj), and continuous maps Kpy=(K}, ..., K},):Q1 x (J& Y= (C{Z}N')E, where
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the j-th component of Kk(fLA, Z) depends on Ay, ...,\; and is a weighted homo-
geneous polynomial in these variables, satisfying the following statement. For any
given He, there exists a solution V=(V?, ...,Ve)EF% to (2) whose t1-jet at gy
is A for all 1<k<m if and only if

(9) ri(H,A,A)=0 for all 1 <k<m, i€N.

In this case, for all 1<k<m the (unique) solution V is given by V(Z)=Ky(H,A, Z)
in a neighborhood of qi in CN.

Remark 21. Since (JE)f2(J4)4 [t] and (C{Z}N')'=H},[t], then K}, can be
interpreted as a map €y x (JE1)5 [t] = H [1].

Remark 22. Clearly, the statements in Definition 17 and Remark 20 remain
true if one adds more points to the py (resp. the gx). In particular we can take the
union of the p; and the g, so that both statements are satisfied at the same time:
we will still denote the union by {p1, ..., pm }

We next state a couple of remarks and some simplifications to the preceding
notation.

Remark 23. 1t is convenient to elaborate further on the GJPP. To simplify the
statements, we use the following notation:

® P=(P1; -, Pm);

o V=ViX..X Vi, Hly =H(V1,CN') X ... X H(Vp,, CN');

o ryH(U,CN' Y= H|y is defined as ry (H)=(Hl|v,, ..., H|v,);

o Jho=Jbox . xJE s U=Uy X ... XUy, (U is a neighborhood of px j& (rv (H))
in (CN)™x Jk)

o jioH |y — Jf is defined as 5 (Hu, ..., Hyn) =50 H1, .oy 50 Hp);

o &:U—(CN')™ is defined as ®=(P1, ..., ®,,), so that for any AeJg we have
that ®(-, A)eH|v;

e A=A; x...x Ay, (Ais an analytic subset of a neighborhood of ji° (rv(H)) in
JE)

o For A€ A we have ®(-,A)ery (F).

With this new notation the GJPP (cf. also Remark 21) can be summarized in
the following diagram. Fixed (€N,

Faft) s M) — s (M)ar{t) T () (1)

C T R

hol'(H) ——— Hy[t] —— (Hlv)ult] 772 (J°)}[t]
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For better readability we have made ® defined on all of (J£)x{t} instead of U. The
diagram above is commutative if we remove the dashed arrows. Furthermore, the re-
striction of j& to ry (Fg{t}) and ry (re(hol“ (H)))=ry (HY; [t]NPY) is injective, and
Do (ry (H(1)))=rv (H(1)) for all H(H)EFu{t}, and K<j% (ry (X(1)))=ry(X (1))
for any X (t)=7,(X)€re(hol’(H)) =S [t]NP".

Next we provide the definition of the induced group action in the jet space.

Definition 24. Suppose that F satisfies the jet parametrization property from
Definition 17 and let H € F. Consider p1, ..., pm € M according to Definition 17. For
1<k<m denote by Ag :jng, and let Vi be a small neighborhood of Ay in J;g. Let
W}, be a neighborhood of p;, in CV such that ®;(A) is defined over Wy, for all A€ V.
For any g=(0,0')€G we have that g-®4(A)=0"c®p(A)oc ™! is defined on o(W}).
We denote by G' the set of g€G such that pp€o(Wy); note that G;k_ contains a
neighborhood of the identity in G. We define an action of G}, in V}; as follows:

g-A ::j;z (9-Pr(A), A€V

Note that we are using the fact that elements of Aut(M) and Aut(M’) extend
holomorphically to small neighborhoods of M and M’ respectively, and ®j(A) maps
the neighborhood in M into the other neighborhood in M’ if A is close enough to
Ag.

We define G; as the intersection of the sets G;k for 1<k<m. Of course the
set G;) still contains a neighborhood of the identity in the group G.

We will need the following result concerning the structure of the G,-orbit of A
close to A.

Lemma 25. Let Gy,...,Gy be the connected components of G, with G1 being
the connected component of the identity. For k=1, ....£ let G’ k:G’ NGy. For any
A€ A and 1<k</{ we have that the connected component of G’ -A\ containing A is
a real-analytic embedded submanifold Wy of a neighborhood U ofA mn JtU

Proof. Since a neighborhood of the identity in G acts on U it makes sense to
define an infinitesimal action a:g—TU. Let no=dim G and ey, ...,e,, be a set of
generators of g. Then each f;:==a(e;)eTU for 1<j<ng is a real-analytic vector
field over U. By Sussman’s and Nagano’s theorem, the local orbit W; (in the sense
of [6, §3.3]) of {fj:1<j<ng} through A is a real-analytic submanifold of U such
that TA\W;=ax(g). Then any connected component of G, ;-A is contained in a
local orbit; in particular there is only one such connected component containing A,
namely W7. To conclude the proof of the Lemma, we repeat the same argument by
considering the pushforward of W and g by any choice of elements g, ..., g¢ which
belong to the intersection of the stabilizer of A with G}, o, ..., G;),z respectively. [



228 Giuseppe della Sala, Bernhard Lamel and Michael Reiter

The general strategy in proving local rigidity results will be to work with jets
of maps rather than actual maps, by using the parametrization properties given in
Definition 17 and Remark 20. What makes the arguments work is the fact that the
jet parametrization commutes with the action of the group G on the space of maps
and on the space of jets, as was remarked in [20, Lemma 19] (note that the second
part in the proof of the lemma can be applied in this situation as long as it makes
sense to apply automorphisms to elements in the jet space; the definition of G;, was
given in such a way that the same proof works.) An important consequence of the
equivariance under the G-action is the following

Lemma 26. Let M CCY and M'cCN' be real-analytic submanifolds for which
FCH(M,M') satisfies the GJPP. Let us fit HeF. For FeF we have that ji°F e
Gp-jw H if and only if FEG-H.

Proof. By assumption there exists gEG; such that j}t)OF =g- j{;"H . Lemma 19
of [20] and Definition 17 imply that

F(Z)=%(Z,j5' F)=®(Z,9j H)=g-®(Z, j;' H) = g-H(Z),

forall ZeU. O

4. Necessary and sufficient infinitesimal conditions for local rigidity

The higher order infinitesimal deformations introduced in Definition 11 can be
used to provide a characterization of local rigidity. More precisely we can state the
following result:

Theorem 27. Let McCN and M'cCN' be real-analytic submanifolds for
which F CH(M, M’) satisfies the GJPP, and let Hye F. Then there exists a neigh-
bourhood Uy, and a function j—£(j) such that for HelUpy, the following hold:

(8) Nz, hols () =hol\) (H) for all jeEN;

(b) Assume in addition that G is a Lie group with finitely many connected
components with Lie algebra hol(M)@®hol(M'). Then H is locally rigid if and only
if autd (H)=hol;") (H) for all jeN.

In the following theorem we will prove at the same time Theorem 27 (a) and
the necessary condition for local rigidity in Theorem 27 (b):

Theorem 28. Let MCCN and M'cCN' be real-analytic submanifolds for
which FCH(M,M') satisfies the GJPP. Let HyeF. Then there exists a neigh-
bourhood Ug, and a function j—£(j) such that for HeUp, Then for each HyeF
there exists a neighbourhood Uy, and a function j—£(j) such that HelUy, we have
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N> bo[?(H):ho[f(j)(H). Furthermore, if H is locally rigid then for all j€N we
have aut! (H)=hol{V (H).

Proof. Let jo€N, and let £=F(jo) be the integer given by Wavrik’s Theorem
(see [45]) applied to the system of equations {¢f=0} appearing in (7). Let X'€
bo[ﬁo (H)=m;,hol’(H), i.e. there exists X chol‘(H) such that X'=m; (X). Write
X=(Xy, ..., X¢); by Definition 11 we have that the curve of maps H(t)=H + X1t+
...+ Xt belongs to B*.

Write now j&0 X =(Aq,..., Ag)€(JE)". Then we can define a curve A(t)CJ as

A(t)=jE H+Ayt+..+ At

note that m,(A(t))=jr° X and (jlt)“orv)(ﬁ(t)):A(t). Furthermore, write A’(t)=
G H+Aqt+...4Aj,t7°. From Definition 17 and (8) we have that A(t) satisfies the
system of analytic equations {¢;=0} up to order ¢ in ¢. Applying now Wavrik’s
theorem and Artin’s Approximation Theorem (see [1]), we obtain an analytic curve
/AX(t)CJIt)D which satisfies the system {¢f=0} — that is, A(t)€ A for all £ — and coin-
cides with A’(¢) up to order jg in ¢.

Define H(-,t)=®(-, A(t)). By Definition 17, H (t)€F for all t and H(0)=H. Let
X" =mj, (H(t))ebhol° (H). We claim that X”=X'. Indeed, by using the commuta-
tivity of the diagram below, we have that jioory o7, (X")=jk0 ory o7y, (mjo H(t)=
joodp orv (H (1) =N (t)=jp orv o7jo (X):

. d(A(t)= v o to
HOETH I = giyenyqy —a— MOt
“%
. n(X)= B ()=
H(t)eMy[] Kk At e (T )i lt]
JgerveTy, Tjo (A(t )

o (H (£))=
X" ehol°(H)
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On the other hand, as observed in Remark 23, the restriction of jto oryoTj, to
hol°(H) is injective by Remark 20. It follows that X’=X" as claimed. Thus we
have

X' =y, H(t) = mjo (miH (1))
for all k>jo. Since m,H(t)€hol* (H) it holds that X'em;,hol*(H)=ho!} (H). This
shows that X' €~ [)0[?0( ), and since X' is an arbitrary element of ho[e(jO)(H)

we conclude that bo[ﬁéjo)(H)Cﬂkzjo ho jo( ). Since the other inclusion is trivial,
it follows that hol:\) (H)=(,,, otk (H).

We turn now to the second statement in the theorem. Suppose that there exists
jo€N such that aut’* (H)#£hol'") (H), and let X' €hol,* (H) with X'¢autio (H).
Let H (t) be the curve of maps obtained by applying the argument above to X'.
Since X' Zaut’*(H) and Wjoﬁ(t):X’, we deduce that the curve of maps H (t) does
not come from the action of G (cf. Definition 14). Thus, H is not locally rigid,
contradicting the assumptions. [

The statement about the sufficiency of the condition for local rigidity in The-
orem 27 (b) can be actually slightly refined:

Theorem 29. Let McCN and M'cCN' be real-analytic submanifolds for
which FCH(M,M') satisfies the GJPP. Let HyeF and suppose that G is a Lie
group with finitely many connected components with Lie algebra hol(M)@&hol(M').
Let Uy, and £(j) be given in Theorem 28, and let HEUy,. If there exists jo€N
such that for all j>7jq it holds that autj(H)zholﬁ(j)(H) then H is locally rigid.

Remark 30. In particular if there exists jo €N such that hol/ (H)=aut/ (H) for
all 7> jo then the sufficient condition of Theorem 29 is satisfied.

The following fact we need in the proof of Theorem 29.

Lemma 31. Let AGBCR"™ be real analytic sets, and let p€ A be such that
pEB\A. Then there exists a real analytic curve v:[—1,1]=R"™ such that v(0)=p,
yCB but v¢ A.

Proof. By Hironaka’s resolution of singularities [26] there exists a regular,
real analytlc manifold B and an analytic surjection m: B—B. In particular we
have that A= 7r’1( )C B is an analytic subset of B. Let geA such that m(q)=p;
choosing a chart B>U—VCR™ for B around g, since A is a proper analytic subset
of U we can consider it as a proper analytic subset of VCR™. Let 7:[-1,1]=V
be the parametrization of a straight segment such that 5(0)=¢ and ¥ A (such a
straight segment must exist since AGV). Then y=mo7 satisfies the conditions of
the Lemma. 0O



Local rigidity and higher order infinitesimal deformations 231

Proof of Theorem 29. We show that if H is not locally rigid then for all joeN
there exists j>jo such that hol/ (H)#aut/(H). In the following we will refer to the
notation of Definition 17. What we are assuming amounts to the fact that there
exists a neighborhood V' of A=j (ry (H)) such that ANV is strictly larger than
(G, A)NV (see Definition 24). Therefore by Lemma 31 there exists an analytic
curve v:[—1,1]—=V such that v(0)=A and the image of ~ is contained in A but is
not contained in Gy,-A.

Consider the map T':CVN x[—1,1]—=CN" defined by ryT(-,t)=®(-, y(t)).
cause of the analyticity of ®, the map T is also analytic and we can write I'(Z,t)=
>0 Te(Z)th. Note that, since ;) (I'(Z,t)) €hol (“)(H), it holds that i (T(Z,1))

. o
73 (o) (D(Z, 1)) €y (oD (H)) =hol [\ (1),

Assume by contradiction that 7;(I'(Z,t))caut! (H) for all j. By Definition 14
for all j there exists a curve g;(t)€G}, such that m;(g;(t)-H)=m;(I"). Then

Be-

i (95 (t)-A) = m;(Gp v (g5 (t)-H) = g rv (i (g5 (8)-H)) =
=JjprvTi(mi(D(t))) = mjg (rvL(t)) =75 (v(t))
where we have used the commutativity of the following diagram:

'tO

. S 3 _
(D) ehol (H) —— Hy[t] —— (Hlv)ult] 7= m () €(J5*) 3]

gi(1) HEFir{t) > Ha{th " (HIv)n{th o 0;(0)-A€(IE)m (1)

This means that the curve ¢+ g;(t)- A€G- A is tangent to order j to the curve
t—(t). With the notation of Lemma 25, we have that for any j€N the curve g;(t)
is contained in G’p,k(j) for a certain k(j), and thus g;(t)-A is contained in Wjy;.
Hence there exists a k such that k(j)=Fk for infinitely many j€N. Consequently, for
arbitrarily large j such that k(j)=Fk the curve t—~(t) is tangent to order j to the
real-analytic submanifold W, hence yCWj CGJ,-A, which is a contradiction. [

We will now examine more in detail the case of infinitesimal deformations of
order 1. This case has been studied in [19], [20] in the situation where (M, p) and
(M',p') are germs of submanifolds and H is a germ of CR map sending p to p’. In
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what follows, we will provide a stronger version of Theorem 2 in [19] and extend
the statement to the case of global maps of (compact) submanifolds. We will state
our results only in the latter situation; however, the corresponding statements for
germs of maps can be deduced with the same arguments, using the parametrization
property for germs of maps rather than Definition 17.

Theorem 32. Let MCCN and M'cCN' be real-analytic submanifolds for
which FCH(M,M’) satisfies the GJPP as in Definition 17 and assume that G
is a Lie group with Lie algebra hol(M)@®hol(M'). Let H:M— M’ be a holomorphic
mapping in F satisfying hol(H)=aut(H), then H is locally rigid.

Note that in Theorem 32 there is no assumption about the freeness and proper-
ness of the action of G; furthermore both hol(M’) and hol(M) are involved rather
than just hol(M’). The assumption taken in Theorem 2 of [19], on the other hand,
imply automatically that H.(hol(M)) is contained in hol(M’)| g (ar)-

We will need the following statement, which can be deduced from the jet
parametrization property from Remark 20 in the same way as [19, Lemma 14].

Lemma 33. Suppose that dim hol(H)={. Then there exists a neighborhood U
of Ag in JIt)O such that any submanifold X CA with XNU#Q satisfies dim(X)</.

For any AeJf° close enough to ji°(H) and FeF with A=ji°F we define
aA:G;)HJf)O resp. bp:G—F as ap(g)=g-A resp. bp(g)=g-F. The infinitesimal
action of G at A resp. F' is the differential of ap resp. bp at the identity ideG,
which we denote by ax:g—Ta(J5) resp. fr:g—TrF.

Lemma 34. Under the assumption of Theorem 32, G,-Ao is an immersed
submanifold of A of dimension Lo=dim(aut(H)).

Proof. The statement that G;~A0 is an immersed submanifold comes directly
from the fact that the action of G, is smooth, see e.g. [21, section 2.1]. Moreover
we have the following: There exists AEG;-AO arbitrarily close to Ag such that
the differential of ® at A is injective. This can be proved along the same lines
as in [20, Lemma 23]. It follows that in a neighborhood of A in G, Ao the map
@:G;)-A0—>G-H is a regular parametrization, i.e. a smooth map of maximal rank.
Hence in a neighborhood of ®(A) the set G-H is a submanifold of (C{Z})N" of the
same dimension as Gp,-Ao.

By [21, Lemma 2.1.1] we have that for any AcJ{ the dimension of Gj,-A
is equal to the rank of a. Since ap,=jioby we have ap,=ji’fr (note that
jto:(C{Z})N — Jto is linear).

Next we show that the image of Sy is equal to aut(H), which implies that the
rank of By is £y. Let V=(X, X')eg=hol(M)®hol(M’) and let ¥ (t)=(p=1(t), ¢’ (t))
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be a smooth curve in G with ¥(0)=id and £ (0)=(X, X’). Then

811 (V) = b (1)) om0 = (0 (1) H o0 (1)) oo
—{ e oo e o) (Y o),
= X'+ L (X),

which shows that the image of Sy agrees with aut(H).
Let H=®(A). The map ji*:T;(G-H)—T5(G},-Ao) is injective, since it is the
inverse of the differential of ® at A.

Since aut(H)CTx(G-H) and j° is injective on Tx(G-H), we have

rk(az) =1k(j% o B7) = k() = dim(aut(H)).

Now, we have that dim(aut(H))=~y, because the dimension of the G-stabilizer is
constant along orbits and thus the rank of 8g is equal to the rank of 85. Hence
the rank of a5 is equal to £y, which shows that dim(G;-AO):&). O

We recall some notions from real-analytic geometry. Given a semi-analytic set
SCR™, the regular set Syeq of S is given by the collection of all p€ S for which there
exists a neighborhood U CR™ of p, such that SNU is a real-analytic submanifold of
U of dimension k(p)€N. The dimension d=dim S of S is the maximum of all k(p)
for peSyeq. We denote by S;ieg the set of all points g€ .S, such that k(q)=d and
define Sying=5\Sg,, as the singular set of S. By [38, section 17] and [9, section 7]
Ssing 18 a semi-analytic subset of S’ of dimension strictly less than d. Consequently

we deduce the following observation:

Remark 35. Let S be a semi-analytic set of dimension d, if X is a semi-analytic
subset or a smooth submanifold of dimension d of S, then XNS% #@: Indeed

reg

suppose that X C Sy, then d=dim X <dim Sy, <dim S=d, which is not possible.

Proof of Theorem 32. Let HeF and denote Ag=ji(ry(H)). Since @ is a
G-equivariant homeomorphism by Lemma 26, H is locally rigid if and only if there
exists a /A\EG;)oAO and a neighborhood V of A in JE such that VNA=VN(G},-Ao).

By Lemma 34 there exists a neighborhood U of Ag such that the connected
component C of Ag in UN(GL-Ag) is a submanifold of dimension £o.

We claim A is an analytic subset of dimension ¢y;. Indeed, by Lemma 33 we
have that dim A</, and since C C A it follows that fp=dim C'<dim A</j.

Thus by Remark 35 CﬂAf‘ég;«ég. Let AGC’ﬂAf‘ég. Since A belongs to Af‘ég
there is a neighborhood W such that WNA is a submanifold of dimension ¢3. On
the other hand by shrinking W we can assume that WNC is a submanifold of
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dimension ¢y3. Moreover since CCG; -Ag C A we have that WNCCWNA. It follows
that WNC=WnNA by [25, p. 22, Prop. 2.8] or [43, Prop. 7, p. 41]. Then we have

WN(G,-Ao) CWNA=WNC CWN(Gy-Ao),
and hence WNA=WN(G},-Ag), which is what we needed to prove. [

Remark 36. In particular the proof of Theorem 32 shows that for any map H
satisfying hol(H)=aut(H) its orbit is a (locally closed) embedded submanifold of F.

5. A class of maps satisfying the GJPP

We now turn to the definition of an important class of maps which satisfies
Definition 17.

Definition 37. Let M’ be a generic real-analytic submanifold. Given a holo-
morphic map H=(Hy,...,Hx/)eH(M,M'), a point p€ M, a defining function p'=
(s s Pl )E(C{Z' —H (p), ¢’ —H(p)})* for M’ in a neighborhood of the point g=
H(p)eM’, and a fixed sequence t=(t1, ..., ty+) of multiindices ¢,,, ENfj and N'-tuple
of integers £=(¢*,....¢N") with 1<¢7<d', we consider the determinant

LL1P21721(H(Z)aF(Z>) LLlP}l,Z;V,(H(Z)vﬁ(Z»
(10)  s%(Z) =det :

L~ (H(Z),H(Z)) ... L'~ (H(2),H(Z))

péN’,Z{ p;”’,Z]’V,

We define the open set Fy(p) CH (M, M’) as the set of maps H for which there
exists such a sequence of multiindices t=(t1, ..., tnv) satisfying k=maxi<m<n [tm]
and N'-tuple of integers /=(¢,...,¢N") as above such that S}’Ié(p);é(). We define
Jk, as the set of all pairs (¢, ), where t=(t1,...,tn) is a sequence of multiindices
with ko=max1<m<n’ |tm| and £=(£1, ...,EN/) is as above. We will say that H with
H(M)CM'is ko(p)-nondegenerate at p if ko(p)=min{k: HE Fi(p)} is a finite num-
ber, and that H is ko-nondegenerate if kg=max{ko(p): p€ M} is a finite number.
We write Fy, for the (open) subset of H(M, M’) containing all ko-nondegenerate
maps.

Theorem 38. Let MCCN, M'cCN' be generic real-analytic submanifolds
with M compact and minimal. Fiz kg€N and let t be the minimum integer, such
that the Segre map S;‘, of order t associated to M is generically of full rank for all
peM. Then Fy, satisfies Definition 17 with to=2tko.
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In the next results, we will fix j€Jg, and take p=0, so that all the functions
and neighborhoods involved will implicitly depend on these choices.

The following proposition is a version of the implicit function theorem in our
setting.

Proposition 39. Let (z,y) eER"xR™, F:R" xR™—R™ and let r>1 be an in-
teger. Suppose there is (xg,yo) ER™ XR™ such that F(xq,yo)=0 and Fy(xo,yo) is
invertible. Let U be a sufficiently small neighborhood of xo in R™ and g:U—R™
be a function such that F(x,g(x))=0 for all teU. Denote by (x(t),y(t)) eR"xR™
a curve with (2(0),y(0))=(zq, yo) which satisfies F(xz(t),y(t))=0(t"). Then y(t)—
9(x(1)=0(t").

Proof. We write h(t):=g(z(t)), denote z(t):=y(t)—g(z(t)) and f(t):=F(x(t),
y(t))—F(x(t),h(t)). Note that f(t)=F(z(t),y(t))=0(t"). Taking the first deriva-
tive at t=0 we get 0=f"(0)=Fy(xo, y0)2z'(0), hence 2'(0)=0. Inductively for k<r
we obtain

O(t"™*) = J M (1) = Fy (w(t), y(0)y™ (1)~ F, (@(0), ()P (1) + .,

where the dots ... represent a suitable polynomial in the derivatives of F' and =
of order <k and derivatives of y of order strictly less than k, minus the same
polynomial with h in place of y. Putting {=0 we obtain that

0= f®(0) = Fy (0,90) =™ (0),
where all other terms vanish by the induction assumption, thus z<k>(0):0. (]

The following results follow from Proposition 25 and Corollary 26 from [33]
using Proposition 39 instead of the implicit function theorem in [33]; note that the
proof of those results does not depend on the assumption that H sends 0 to a fixed
point (cf. [19]).

Lemma 40. For all (€N there exists a holomorphic mapping ¥,:CN x CN x
CEEH+ON" CN" such that for every H(t)eP" we have

(11) O'H(Z,t)=Vy(Z,(, 0" H(C, 1) +0(™ ),

for (Z,¢) in a neighborhood of 0 in M, where 0° denotes the collection of all deriva—
tives up to order £. Furthermore there exist polynomials P B Q¢ and integers e’ "
such that

(12) V(2,6 W)= > wzacﬂ
ﬁENNQe ( )
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Next, we need as usual to evaluate the reflection identity along the Segre sets.
The proof of the following corollary is very standard: it uses Lemma 40 (instead of
the version with t=0) and we refer to [5] and [30].

Corollary 41. For fized geN with q even there exists a holomorphic mapping
pq:CI" x CK(ako)N' L CN" such, that for every H(t)€B", we have

(13) H(S§ (@), ) = pq (B9, g H (1)) + O(¢™).
Furthermore there exist (holomorphic) polynomials R1, S, and integers mi such that
. RI(A)
(19 palaltl A= 37 2L (gl
’yeNgn S‘I (A)

Proof of Theorem 38. By the choice of t <d+1, the Segre map S; is generically
of maximal rank at any point pe M. Fix any p€ M and choose coordinates such
that p=0. By Lemma 4.1.3 in [5], the Segre map SZ* is of maximal rank at 0. Using
the constant rank theorem, there exists a neighborhood V of SZt in (C{z!%2t1})N
and a map T:V—(C{Z})**" such that A-T(A)=1Id for all A€V.

We now define the holomorphic map

¢:Vx (CfatIPN — (c{zpN

(15) P(A, ) =4 (T(A)).

Thus we have that ¢(A, ho A)=h(A(T'(A)))=h for all A€V for all he(C{Z}HN'. We
define ®(-, A)=¢ (53, p2t(-, A)). Now, if we apply (53¢, ) to both sides of equation
(13) with g=2t we get

H(t)=¢(S3*, H(t) > S3%) = (S3¥, 2e (- 43 H (1)) +O(t™))

1 = B(, 2R H (D) +O( ).

Recall now that Corollary 41 is based on a fixed choice of j€J and peM,
p=0. In what follows, instead, we write explicitly the dependence of the objects
on j and p. By setting qj)p(AJ\):Sgt)j’p(A), where Sa j p is given in (14), a direct
computation using (14) and (15) allows to derive the expansion in (6). Let U, be
a neighborhood of {0} xU;,, in CN such that ®;, is convergent on ;.

Consider now ﬁ(t) as in Definition 17, let jﬁ““"ﬁ(t) be its 2tkg-jet at pe M, and
for all pe M choose j(p)€J such that (p, j;tkoﬁ(t))euj(p)7p for all ¢ close enough
to 0. Let €2, be a neighborhood of p in C™ and €2 be a neighborhood of jﬁtk"f{(O)
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in Jgtk‘) such that EI;]-(pm is defined on €7 x Q. Since M is compact we can select

finitely many points p1, ..., py, such that MCUlgkng/pk- We define &=, ), -

The derivation of (7) is now an application of standard arguments. In order to
prove (8), let p’, Z(s) be as in Definition 7. By assumption

o (H(Z(s).1)) = O 1);
on the other hand, for all 1<k<m we have
H( 1) =@y, 250 H (1) +O( )
so that
P (@u(Z(s), 2R (1)) = p/ (H(Z(5), ) +O(E"))
= 0 (H(Z(5), ) +O(") = O(™+).

Developing the previous equation as a power series in s, we get a collection of
function ¢} (the same as in (2)), such that, putting A(t)=j2**°H(t), we have

cF(A(t), A(t)=0(t"t1), as desired. O

6. Examples

For later reference we list all infinitesimal automorphisms of S?={(z, w)€C?:
|2]2+|w|?*=1}, which are given as follows:

= 0 = 0
— (y—a2 il Az — Bw?) ——
S1=(a—az Bzw)az+(ﬂ azw—fw )8w
So = —~ £+ i
2T T ow
.0
ngzsz&+ztw%,

where o, 8,7€C, s, teR.

Definition 42. For a map H:M — M’ the infinitesimal stabilizer of H is given
by (S, 5")ebol(M) xbhol(M') such that H.(S)=—S"|g(an). By an abuse of notation
we say that Se€hol(M) belongs to the infinitesimal stabilizer of H if there exists
S'ehol(M') such that H,(S)=—5"|mnr)-

Ezample 43. Let H:S*—S3={(21, 22, 23) €C3:]21|*+|22|?+|23/>=1} be given
by H(z,w)=(z%, 22w, w?), which is 2-nondegenerate in S? and whose infinitesimal
stabilizer is given by Sy and S3 belonging to hol(S?). It holds that dimg hol(H)=27
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and a set of generators of a complement of aut(H) in hol(H) is given by:

aw —az?  —az’w 9

(17) v —?,2’2’[12} bz—_Ez;vQ 0 i
—czw? —cw cz \/58322 ’

0 dw—dz*w —dzw? Oz

where a,b,¢,deC. We would like to refer to the example given in [20, section 8§]
in the case of germs at 0 of the corresponding hypersurfaces and maps in normal
coordinates, which also lists 8 infinitesimal deformations which do not originate
from trivial infinitesimal deformations and were found with a different approach.
To find all elements in hol(H) given in (17) we proceed as follows: An infinites-
imal deformation X =(X7, X, X3)€hol(H) has to satisfy the following equation:
(18) Re(X (z,w)-H(z,w))=0, (z,w)€S?.
We use the techniques developed in [14, section II] and [15, section 5.1.4, Theorem
4] for studying mappings of spheres. Consider the homogeneous expansion of X =
> k>0 X% where XF=(XF, X§ Xk¥) and each XJ’? is a homogeneous polynomial
of order k. Putting this into (18) and introducing (z,w)— e (z,w) for 6€R one
obtains for (z,w)€S?*:

(19) > (XF(zw)-H(z,m))e!*20 3 (X (2,m)- H(z,w))e'*~07 =0.
k>0 >0

It follows that the coefficients of €™ for meZ of the left-hand side of the above
equation have to vanish. By the reality of (19) one needs to consider m>0. For
m>3 one has

(20) X2z w)-H(Z,w) =0,

for (z,w)€S?. Since the expression on the left-hand side of (20) is homogeneous,
(20) also holds for (z,w)€C?, which implies that X™*+2=0 for m>3. Next, consider
me{0,1,2} to obtain the following equations for (z,w)eS?:

XM (2 w)-H(Z,w)+X™(2,w)-H(z,w) =0.

Homogenizing these equations by multiplying each of its second expression with
(|z|24|w|?)2~™ the above equations become:

(21) X4z w)-H(zZ, @)+ X" (2, w)-H(z,w)(|z|*+|w|?)*~™ =0,

for all (z,w)€C?. Solving the system (21) by comparing coefficients of (z,w) and
(z,w) one obtains all infinitesimal deformations of H; the nontrivial ones are as in
(17).
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With a similar approach one can compute infinitesimal deformations in the
following cases:

Ezample 44. Let H:S?—S? be given by H(z,w)=(2, V32w, w>?) which is
3-nondegenerate in S2. Then hol(H)=aut(H) and the infinitesimal stabilizer of
H is given by S3ehol(S?).

Ezample 45. Let M ={(z,w)eC?:|z|*+|z]2|w|*+|w[*=1} and H:M—S? be
given by H(z,w)=(z2, zw?,w) which is 3-nondegenerate in M. Then hol(H)=

aut(H) and the infinitesimal stabilizer of H agrees with hol(M)={S3}.

References

1. ARTIN, M., On the solutions of analytic equations, Invent. Math. 5 (1968), 277-291.
MR0232018.

2. BAOUENDI, M. S.; EBENFELT, P. and HUANG, X., Super-rigidity for CR embeddings
of real hypersurfaces into hyperquadrics, Adv. Math. 219 (2008), 1427-1445.
MR2458142 (2010b:32051).

3. BAOUENDI, M. S., EBENFELT, P. and ROTHSCHILD, L. P., Algebraicity of holomorphic
mappings between real algebraic sets in C™, Acta Math. 177 (1996), 225-273.
MR 1440933 (99b:32030).

4. BAOUENDI, M. S., EBENFELT, P. and ROTHSCHILD, L. P., Parametrization of local
biholomorphisms of real analytic hypersurfaces, Asian J. Math. 1 (1997), 1-16.
MR 1480988 (99b:32022).

5. BAOUENDI, M. S., EBENFELT, P. and ROTHSCHILD, L. P., Rational dependence of
smooth and analytic CR mappings on their jets, Math. Ann. 315 (1999), 205—
249.

6. BAOUENDI, M. S., EBENFELT, P. and ROTHSCHILD, L. P., Real submanifolds in com-
plex space and their mappings, Princeton Mathematical Series 47, Princeton
University Press, Princeton, NJ, 1999. MR1668103.

7. BAOUENDI, M. S. and HuaNng, X., Super-rigidity for holomorphic mappings between
hyperquadrics with positive signature, J. Differential Geom. 69 (2005), 379—
398. MR2169869 (2006k:32022).

8. BAOUENDI, M. S., ROTHSCHILD, L. P., WINKELMANN, J. and ZAITSEV, D., Lie group
structures on groups of diffeomorphisms and applications to CR manifolds,
Ann. Inst. Fourier (Grenoble) 54 (2004), 1279-1303, xiv, xx. MR2127849.

9. BIERSTONE, E. and MILMAN, P. D.; Semianalytic and subanalytic sets, Inst. Hautes
Etudes Sci. Publ. Math. 67 (1988), 5-42. MR972342.

10. CARTAN, E., Sur la géométrie pseudo-conforme des hypersurfaces de I'espace de deux
variables complexes II, Ann. Scuola Norm. Sup. Pisa CI. Sci. (2) 1 (1932),
333-354. MR1556687.

11. CHERN, S. S. and MOSER, J. K., Real hypersurfaces in complex manifolds, Acta Math.
133 (1974), 219-271. MR0425155 (54 #13112).


http://www.ams.org/mathscinet-getitem?mr=0232018
http://www.ams.org/mathscinet-getitem?mr=2458142 (2010b:32051)
http://www.ams.org/mathscinet-getitem?mr=1440933 (99b:32030)
http://www.ams.org/mathscinet-getitem?mr=1480988 (99b:32022)
http://www.ams.org/mathscinet-getitem?mr=1668103
http://www.ams.org/mathscinet-getitem?mr=2169869 (2006k:32022)
http://www.ams.org/mathscinet-getitem?mr=2127849
http://www.ams.org/mathscinet-getitem?mr=972342
http://www.ams.org/mathscinet-getitem?mr=1556687
http://www.ams.org/mathscinet-getitem?mr=0425155 (54 #13112)

240

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

Giuseppe della Sala, Bernhard Lamel and Michael Reiter

CHO, C.-K. and HAN, C.-K., Finiteness of infinitesimal deformations of CR mappings
of CR manifolds of nondegenerate Levi form, J. Korean Math. Soc. 39 (2002),
91-102. MR1872584 (2002j:32036).

D’ANGELO, J. P., Polynomial proper maps between balls, Duke Math. J. 57 (1988),
211-219. MR952233 (89:32032).

D’ANGELO, J. P., Polynomial proper holomorphic mappings between balls. II, Michi-
gan Math. J. 38 (1991), 53-65. MR1091509.

D’ANGELO, J. P., Several complex variables and the geometry of real hypersur-
faces, Studies in Advanced Mathematics, CRC Press, Boca Raton, FL, 1993.
MR1224231.

D’ANGELO, J. P., HUO, Z. and X1A0, M., Proper holomorphic maps from the unit disk
to some unit ball, Proc. Amer. Math. Soc. 145 (2017), 2649-2660. MR3626518.

D’ANGELO, J. P. and LEBL, J., Homotopy equivalence for proper holomorphic map-
pings, Adv. Math. 286 (2016), 160-180. MR3415683.

DeLLA SArLA, G., JuHLIN, R. and LAMEL, B., Deformations of CR manifolds,
parametrizations of automorphisms, and applications, Math. Res. Lett. 22
(2015), 1089-1127. MR3391878.

DEeLLA SALA, G., LAMEL, B. and REITER, M., Infinitesimal and local rigidity of map-
pings of CR manifolds, in Analysis and geometry in several complex variables,
Contemp. Math. 681, pp. 71-83, Amer. Math. Soc., Providence, RI, 2017.
MR3603884.

DeLLA SaLa, G., LAMEL, B. and REITER, M., Local and infinitesimal rigidity of
hypersurface embeddings, Trans. Amer. Math. Soc. 369 (2017), 7829-7860.
MR3695846.

DuisTERMAAT, J. J. and KoLk, J. A. C., Lie groups, Universitext, Springer, 2000.
MR1738431.

EBENFELT, P., HUANG, X. and ZAITSEV, D., Rigidity of CR-immersions into spheres,
Comm. Anal. Geom. 12 (2004), 631-670. MR2128606 (2006¢:53037).
EBENFELT, P., HUuANG, X. and ZAITSEV, D., The equivalence problem and rigidity
for hypersurfaces embedded into hyperquadrics, Amer. J. Math. 127 (2005),

169-191. MR2115664 (2006¢:32047).

FARAN, J. J., Maps from the two-ball to the three-ball, Invent. Math. 68 (1982),
441-475. MR669425 (83k:32038).

GUARALDO, F., MACRI, P. and TANCREDI, A., Topics on real analytic spaces, Ad-
vanced Lectures in Mathematics, Friedr. Vieweg & Sohn, Braunschweig, 1986.
MR1013362.

HIRONAKA, H., Resolution of singularities of an algebraic variety over a field of char-
acteristic zero. I, I, Ann. of Math. (2) 79 (1964), 109-203. bid. (2) 79 (1964),
205-326. MR0199184.

Huang, X., On a linearity problem for proper holomorphic maps between balls in
complex spaces of different dimensions, J. Differential Geom. 51 (1999), 13—
33. MR1703603 (2000e:32020).

HuaNG, X. and Ji, S., Mapping B" into B®" ™!, Invent. Math. 145 (2001), 219-250.
MR1872546 (2002i:32013).

Huang, X. and J1, S., On some rigidity problems in Cauchy-Riemann analysis, in
Proceedings of the International Conference on Complex Geometry and Re-


http://www.ams.org/mathscinet-getitem?mr=1872584 (2002j:32036)
http://www.ams.org/mathscinet-getitem?mr=952233 (89j:32032)
http://www.ams.org/mathscinet-getitem?mr=1091509
http://www.ams.org/mathscinet-getitem?mr=1224231
http://www.ams.org/mathscinet-getitem?mr=3626518
http://www.ams.org/mathscinet-getitem?mr=3415683
http://www.ams.org/mathscinet-getitem?mr=3391878
http://www.ams.org/mathscinet-getitem?mr=3603884
http://www.ams.org/mathscinet-getitem?mr=3695846
http://www.ams.org/mathscinet-getitem?mr=1738431
http://www.ams.org/mathscinet-getitem?mr=2128606 (2006c:53037)
http://www.ams.org/mathscinet-getitem?mr=2115664 (2006c:32047)
http://www.ams.org/mathscinet-getitem?mr=669425 (83k:32038)
http://www.ams.org/mathscinet-getitem?mr=1013362
http://www.ams.org/mathscinet-getitem?mr=0199184
http://www.ams.org/mathscinet-getitem?mr=1703603 (2000e:32020)
http://www.ams.org/mathscinet-getitem?mr=1872546 (2002i:32013)

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

Local rigidity and higher order infinitesimal deformations 241

lated Fields, AMS/IP Stud. Adv. Math. 39, pp. 89-107, Amer. Math. Soc.,
Providence, RI, 2007. MR2338621 (2008g:32059).

JUHLIN, R. and LAMEL, B., Automorphism groups of minimal real-analytic CR man-
ifolds, J. Eur. Math. Soc. (JEMS) 15 (2013), 509-537. MR3017044.

JUHLIN, R. and LAMEL, B., On maps between nonminimal hypersurfaces, Math. Z.
273 (2013), 515-537. MR3010173.

KiM, S.-Y. and ZAITSEV, D., Equivalence and embedding problems for CR-structures
of any codimension, Topology 44 (2005), 557-584. MR2122216.

LAMEL, B., Holomorphic maps of real submanifolds in complex spaces of different
dimensions, Pacific J. Math. 201 (2001), 357-387. MR1875899 (2003e:32066).

LAMEL, B. and MIR, N., Parametrization of local CR automorphisms by finite jets and
applications, J. Amer. Math. Soc. 20 (2007), 519-572 (electronic). MR2276779.

LamMEL, B., Mir, N. and ZAITSEV, D., Lie group structures on automorphism
groups of real-analytic CR manifolds, Amer. J. Math. 130 (2008), 1709-1726.
MR2464031.

LAMEL, B.; Mir, N. and ZAITSEV, D., Lie group structures on automorphism groups
of real-analytic CR manifolds, Amer. J. Math. 130 (2008), 1709-1726.

LEBL, J., Normal forms, Hermitian operators, and CR maps of spheres and hyper-
quadrics, Michigan Math. J. 60 (2011), 603-628. MR2861091.

Lojasiewicz, S., Ensembles Semi-Analytiques, Institut des Hautes Etudes Scien-
tifiques, 1965.

MATHER, J. N., Stability of C°° mappings. I. The division theorem, Ann. of Math.
(2) 87 (1968), 89-104. MR0232401 (38 #726).

MATHER, J. N., Stability of C°° mappings. II. Infinitesimal stability implies stability,
Ann. of Math. (2) 89 (1969), 254-291. MR0259953.

MATHER, J. N., Stability of C* mappings. V. Transversality, Adv. Math. 4 (1970),
301-336.

Mir, N., Artin’s approximation theorems and Cauchy-Riemann geometry, Methods
Appl. Anal. 21 (2014), 481-502. MR3272314.

NARASIMHAN, R., Introduction to the theory of analytic spaces, Lecture Notes in Math-
ematics, No. 25, Springer, 1966. MR0217337.

REITER, M., Topological aspects of holomorphic mappings of hyperquadrics from C?
to C?, Pacific J. Math. 280 (2016), 455-474. MR3453979.

WAVRIK, J. J., A theorem on solutions of analytic equations with applications to defor-
mations of complex structures, Math. Ann. 216 (1975), 127-142. MR0387649.

WEBSTER, S. M., On mapping an n-ball into an (n+1)-ball in complex spaces, Pacific
J. Math. 81 (1979), 267-272. MR543749 (81h:32022).

ZAITSEV, D.; Germs of local automorphisms of real-analytic CR structures and ana-
lytic dependence on k-jets, Math. Res. Lett. 4 (1997), 823-842. MR1492123.

Giuseppe della Sala Bernhard Lamel
Department of Mathematics Fakultat fiir Mathematik
American University of Beirut Universitdt Wien

Lebanon Austria

gd16@aub.edu.lb bernhard.lamel@univie.ac.at


http://www.ams.org/mathscinet-getitem?mr=2338621 (2008g:32059)
http://www.ams.org/mathscinet-getitem?mr=3017044
http://www.ams.org/mathscinet-getitem?mr=3010173
http://www.ams.org/mathscinet-getitem?mr=2122216
http://www.ams.org/mathscinet-getitem?mr=1875899 (2003e:32066)
http://www.ams.org/mathscinet-getitem?mr=2276779
http://www.ams.org/mathscinet-getitem?mr=2464031
http://www.ams.org/mathscinet-getitem?mr=2861091
http://www.ams.org/mathscinet-getitem?mr=0232401 (38 #726)
http://www.ams.org/mathscinet-getitem?mr=0259953
http://www.ams.org/mathscinet-getitem?mr=3272314
http://www.ams.org/mathscinet-getitem?mr=0217337
http://www.ams.org/mathscinet-getitem?mr=3453979
http://www.ams.org/mathscinet-getitem?mr=0387649
http://www.ams.org/mathscinet-getitem?mr=543749 (81h:32022)
http://www.ams.org/mathscinet-getitem?mr=1492123
mailto:gd16@aub.edu.lb
mailto:bernhard.lamel@univie.ac.at

242 Giuseppe della Sala, Bernhard Lamel and Michael Reiter:
Local rigidity and higher order infinitesimal deformations

Michael Reiter

Fakultat fiir Mathematik
Universitat Wien
Austria
m.reiter@Qunivie.ac.at

Received April 30, 2019
in revised form March 6, 2020


mailto:m.reiter@univie.ac.at

	Sufficient and necessary conditions  for local rigidity of CR mappings  and higher order infinitesimal deformations
	1 Introduction
	2 Preliminaries
	3 The generalized jet parametrization property
	4 Necessary and sufficient infinitesimal conditions for local rigidity
	5 A class of maps satisfying the GJPP
	6 Examples
	References


