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Harmonic Analysis on the Space
of p-adic Unitary Hermitian Matrices,
Mainly for Dyadic Case
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Abstract. We are interested in harmonic analysis on p-adic homogeneous spaces based on spherical functions.
In the present paper, we investigate the space X of unitary hermitian matrices of size m over a p-adic field £ mainly
for dyadic case, and give the unified description with our previous papers for non-dyadic case. The space becomes
complicated for dyadic case, and the set of integral elements in X has plural Cartan orbits. We introduce a typical
spherical function @ (x;z) on X, study its functional equations, which depend on m and the ramification index e
of 2 in k, and give its explicit formula, where Hall-Littlewood polynomials of type C,, appear as a main term with
different specialization according as the parity m = 2n or 2n + 1, but independent of e. By spherical transform, we
show the Schwartz space S(K\X) is a free Hecke algebra (G, K)-module of rank 2", and give parametrization of
all the spherical functions on X and the explicit Plancherel formula on S(K\X). The Plancherel measure does not
depend on e, but the normalization of G-invariant measure on X depends.

0. Introduction

We have been interested in harmonic analysis on p-adic homogeneous spaces based
on spherical functions. We have studied on the space of p-adic unitary hermitian matrices,
mainly for odd residual case in [HK1] and [HK2], and in the present paper we study mainly
for dyadic case and give the unified description including odd and even residual case. All the
results for odd residual case have been proved in [HK1] (resp. [HK2]) for even (resp. odd)
size matrices. When the matrix size is even, the space has a natural close relation to the theory
of automorphic functions and classical theory of sesquilinear forms (e.g. [H3], [HS]), where
we need not to distinguish the dyadic case.

We fix an unramified quadratic extension &’ of p-adic field k, and consider hermitian and
unitary matrices with respect to k'/k, and for a € M, (k") we denote by a* € M,,, (k') its
conjugate transpose. Let  be a prime element of k and v, () the additive valuation on k and
k’. Denote by j,, € GL,,(k) the matrix whose all anti-diagonal entries are 1 and others are 0,
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where and henceforth m is an integer such that m > 2. Set

G=U(n) ={9€GLuw(K) | ¢ jmg = jm} ,
X={xeG|x*=x, &,0) =20},
g-x=gxg*, (9€G, xeX),

where @, (7) is the characteristic polynomial of matrix y. We note that X is a single G (k)-
orbit over the algebraic closure k of k. We fix K = G N GL,,(Oy), which is a maximal
compact open subgroup of G satisfying the Iwasawa decomposition G = KB = BK with
Borel subgroup B of G consisting of all the upper triangular matrices in G.

For dyadic case, i.e. v;(2) > 0, there are K -orbits in X which have no diagonal element
(cf. Theorem 1 below); while for the space of unramified hermitian matrices in G L, (k’), each
G L,,(Oy)-orbit has a diagonal representative ([Ja]). It is known in general that the spherical
functions on various p-adic groups I' can be written in terms of the specialization of Hall-
Littlewood polynomials of the corresponding root structure of I' (cf. [M2, §10], also [Car,
Theorem 4.4]). For the present space X, the main term of spherical functions can be written
by using Hall-Littlewood polynomials of type C, with different specialization according to
the parity of m, independent of the residual characteristic (cf. Theorem 3 below). By using
spherical functions we study the Schwartz space S(K\X), and show its H(G, K)-module
structure, parametrization of all the spherical functions on X and Plancherel formula and
Inversion formula on S(K\ X)(cf. Theorem 4 below).

We will explain the results in some more details. Set

n= [%] e =v,(2) (= 0) 0.1)

and denote the corresponding groups G, B, K and space X with subscript and superscript if

necessary, as G,(f"), Xffv) for m = 2n, and G;Od), X,(,"d) form = 2n + 1, etc. According to
the parity of m, G has the root structure of type C, for even m or type BC,, for odd m. We

1+

fix a unit € € k for which the set {1, zﬁ} forms an Og-basis for Oy, where v; (1 — €) = 2e

(cf. [Om, §64]). Set

A ={heZ | M=tz 20> —e), 02)

A,j:{xeA;

Az 0},

where A;lIr = A;l|r ife =0. For A € A;l|r such that A, > 0 > A,41, define

xie”) = Diag(x™, ... o™, yiev), ah My e X
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] ifr =n
arr+1(1 — €) N
n = T(l—e) —ye if
NG Zhn ifr <n,
\/g n_)‘r-H
x)(f)d) = Diag(x™', ... o™, y)(\Ud), a7 My e XD
1 ifr=n
arr+1(1 — €) —Je
(od) _ (1 =€) e
Y 1 if r <n,
Je T
\/g ]T_)‘V+l

and understand x; = y, if r = 0, where and henceforth we write simply as x; or y,, if there
is no danger of confusion. Here empty entries in matrices should be understood as 0.

THEOREM 1. (1) The map AF — K\X, A — K - x, is surjective. Further, it is
bijective if m is even,m = 3, 0ore = 1.
(2) There are precisely two G-orbits in X represented by x) with A = 0 and (1,0, ...,0).

Eachx;, A € A,J{, gives a different K -orbit, since it gives a different G L,, (Oy/)-orbit in
the space of hermitian matrices in G L, (k’), where m = 2n or 2n + 1. Hence, when e = 0,
it is enough to show that any K-orbit has a representative of the shape x;, A € A,J{, which
has been done in [HK1] for even m and [HK?2] for odd m. For e > 0, we have to prove also
the non-redundancy within the above representatives, which will be done as a corollary of the
explicit formula of spherical functions on X forn > 2,i.e., m > 4 (cf. Theorem 3).

A spherical function on X is a K -invariant function on X which is a common eigenfunc-
tion with respect to the convolutive action of the Hecke algebra H (G, K), and a typical one
is constructed by Poisson transform from relative invariants of a parabolic subgroup. We take
the Borel subgroup B consisting of upper triangular matrices in G. For x € X and s € C”,
we consider the following integral

w(x;s) = / l_[ |d; (k - x)|% dk , (0.3)
K
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where | | is the absolute value on k normalized by |7| = q_l, q = §(Or/(1)), di(y) is the
determinant of the lower right i by i block of y, 1 < i < n, and dk is the normalized Haar
measure on K. Then the right hand side of (0.3) is absolutely convergent for Re(s;) > 0, 1 <
i < n, and continued to a rational function of ¢*!, ..., ¢*, and we use the notation w(x; s) in
such sense. Since d; (x)’s are relative B-invariants on X such that

di(p-x)=vi(p)di(x), ¥i(p)=Np,(di(p)) (peB, xeX, 1<i=<n),
we see w(x; s) is a spherical function on X which satisfies

frox;s)=r(Holx;s), [feH(G,K)
A (f) = fB £ [T = 8(prdp.
i=1

where dp is the normalized left invariant measure on B with modulus character 5. The Weyl
group W of G relative to B acts on rational characters of B, hence on s. It is convenient to
introduce the new variable z € C" related to s by

w4/ —1
si=—zi+2ziy1— 1+ , I=<i=z=n-1
logg
1 .
—zn—i ifm=2n
Sp = 0.4)
V=1
14 Z ifm=2n+1,
2logg

where, for the case m = 2n, we have slightly changed the relation between s and z from that
in [HK1] (cf. Remark 2.1). Then W = (S, t) acts on z by permutation of indices as for the
elements of S, and 7(z1,...,2,) = (21,...,2n—1, —2Zn)- Keeping the above relation (0.4),
we denote w(x; z) = w(x; s) and A, = A;. Then X, gives the Satake isomorphism

Ko i H(G, K) —> C[q*, ..., g% ]V (= Ry, say) . (0.5)
We will give the functional equation of w (x; z) with respect to W. We set
Tt=3fuz/,
E;rz{e,'~|—ej, ei—ej| 1§i<j§n}, E;:{Zeil 1<i<n},

where ¢; € Z" is the i-th unit vector, and define a pairing
n
(,):Z"xC" — C, {a, Z>=Zai2i~
i=1

THEOREM 2. Assume e < 1 ifm is odd.
(1) For any o € W, one has

wx;2) =T wkx;o@2).



HARMONIC ANALYSIS ON THE SPACE 521

where

1 — —1+(a, 2)

q(a,qz) — q—l o€ Zj_

rP@=[]rn@, v2@ =1 g¢«? wes), m=2n
o ( )1 _q—1+(a, 2) .

e\, z —

q 7q(a,z)_q—l aeX, ,m=2n+1,
and o runs over the set {o« € £ | — o (a) € TT}.

(2) The function q_<e’ 9G(2) - w(x; z) is holomorphic and W -invariant, hence belongs to
(C[qiz‘, ol qiz"]w. Here

1 +q(01, )

(e. )y =e@i+ - +z). G@=]] T_g @

o

and o runs over the set T form = 2n and £F form = 2n + 1.

As for the explicit formula of w(x; s) it suffices to give for x; by Theorem 1 (1).

THEOREM 3 (Explicit formula). Assume e < 1 if m is odd. For each A € A,J,“, one has

(A, z0) q<e’ i
. — ,20) . - {t
w(X;2) =cngq G OQite(z: {1},
where G(z) is given in Theorem 2, ¢ is the value in z-variable corresponding to s = 0,
1 — —2\n
Do ifm =2n "
W (—¢q ,
o (1m+ “1y(] — g2 wn () =[]0 =1,
el _161 ifm=2n+1, i=1
Wi (—q~")
1 —tuq@?
. — —{u, z) — o
Qu@ =Y o (" Ie ). ccin= ] 4 et
oeW aext
—q7" ifaexf
(1} ={to} with ty = ¢q~! ifaeXf, m=2n
—q7% faeXf, m=2n+1.
We see the main part Q1.(z; {t}) of w(xy; z) belongsto R = Clg*=, ..., gT ¥ by

Theorem 2. It is known that Q,,(z; {t}) is a constant multiple of Hall-Littlewood polynomial

P,(z; {t}) and the set { P, (z; {t}) | n € A7} forms a C-basis for R (for more details, see
Remark 3.2). Hence we see the non-redundancy for the representatives in Theorem 1-(1). The
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influence of the residual characteristic of the base field k in the explicit formula of @ (xy; z)
appears as shifting A + e in Q; or Py and the factor ¢ 2.

We modify the spherical function by using the value at x(_.), (—e) € A} as

W(x;z) = M eClg™,....¢*"(=R),
a)(x(—e)v Z)

and define the spherical Fourier transform on the Schwartz space S(K\X) by
TS(K\X) — R, o 9(z) = / @(xX)W(x; 7)dx
X

where dx is a G-invariant measure on X. Then it satisfies

(f*9) =4:(NP. [ eHG.K), g € SK\X),
where A, is the Satake isomorphism given in (0.5).
THEOREM 4. Assume e < 1 ifm is odd.

(1) The above spherical Fourier transform is an H(G, K)-module isomorphism and S(K\ X)
becomes a free H(G, K)-module of rank 2".

n
(2) All the spherical functions on X are parametrized by 7 € ((C / zfo‘g/?) / W through A;,

and the set {\I/(x; z4+u) | u e {0, ﬂlg/g?}”} forms a C-basis of spherical functions corre-

sponding to z.

(3) (Plancherel formula) Set a measure du(z) on a* = [«/ —1 (R / lggq Z) }n by

N (a1
PR B 1 e U e S m/z[””“},

7 . dZ1
21p) (14+g—1m le(z, {thI? 2

where dz is the Haar measure on a*. By the normalized G-invariant measure dx on X (ex-
plicitly given in Lemma 4.3), one has

fX ()Y ()dx = / P@QIV@ARE) (. € S(K\X)).
(4) (Inversion formula) For any ¢ € S(K\X), one has
p(x) = /* 0@V (x;2)du(z), xeX.

The spherical function W (x; z) and the G-invariant measure dx on X depend on m and e =
vz (2), while the Plancherel measure du(z) depends only on m. A key point to establish
Theorems 2, 3 and 4 for e > 0 is the functional equation of w(x; z) forn = 1,1i.e.,m = 2 and
3 (cf. Proposition 2.3 and Proposition 2.4). If (2.14) in Proposition 2.4 is true for ¢ > 0, then
Theorems 1, 2, 3 and 4 hold for the same ¢ (cf. Remark 2.5).
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1. The space X

1.1. Let k' be an unramified quadratic extension of a p-adic field k and consider
hermitian and unitary matrices with respect to k’/k, and for a € My, (k') we denote by
a* € My, (k) its conjugate transpose. Let 7w be a prime element of k and ¢ the cardinality
of the residue class field Ok /(r), and we normalize the absolute value on k by || = g !

and denote by v () the additive valuation on k, and on k" simultaneously. We set e = v, (2).

We fix a unit € € (’)kX for which the set {1, 1+2ﬁ} forms an Oy-basis for Oy (cf. [Om, §64]).

Then vy (1 — €) = 2e. We denote by N the norm map Ny, and set

1
jm: €My,
1

where and henceforth empty entries in matrices should be understood as 0.

We consider the unitary group for m > 2
G=G(jm) = {9 €GLn(K) | g"jmg = jm} .
and the spaces of hermitian matrices in G
X={xeG|x*=x}, X={xeX|dy, =20}, (1.1)

where ®,(¢) is the characteristic polynomial of a matrix y, and we see det(x) = 1 for any
x € X. The group G acts on X and X by

g-X=9xg* = gXjmg ' jm, 9€G, xeX. (1.2)

This action can be extended to the algebraic closure k of k, and the set X (k) is decomposed
into G (k)-orbits as follows (cf. [HK1, Appendix A]) :

O =| |{xeX® | 0,0 =0 Dia+1""]. (1.3)
i=0

Then X (k) is a single G (k)-orbit containing 1,, and corresponding to i = [’”T'H], and X =
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X (k) N G. Itis easy to see the following:
Ifm=2then X = {jplU{—jp}UX.
Ifm:3,then§={j3}|_|{—j3}|_|X|_|(—X). (1.4)
We fix a maximal compact subgroup K of G by
K=GNM,Op),

(cf. [Sa, §9]), and take a Borel subgroup B of G consisting of all the upper triangular matrices
in G. Then the group G satisfies the Iwasawa decomposition G = BK = K B.

We are interested in Cartan decomposition of X, i.e., K-orbit decomposition of X. To
state the results we prepare some notation. We set

=[2]

and denote the corresponding groups G, B, K and the space X with subscript and superscript

if necessary, as G\, X form = 2n, and GY?, X? form = 2n + 1, etc. We set
A ={reZ' | mzr= =k =—e}, (e=v:(2)

A,T:iAeA,J{

on zo}(:ﬁifezo), (1.6)

and for each A € A,J[ such that A, > 0 > A,41, define xiev) € X,(f”) for m = 2n and

xi"d) € X,(f’d) for m = 2n + 1 as follows

o = Diag(r™, ... .o,y T T, (7
p ifr=n
n)tr+1 (l — 6) _\/g
(ev) _ =y l—¢) —
X il - e itr <n,
Ve o o
\/g n_)"r+1
" = Diag(rh, . wtr y0D ), 19
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1 ifr=n

7-[)\r+l(l —€) —Je

(od) _ (1 —e) —Je
Ya 1

Je T

ifr <n,

\/g T —Ar1

and understand x; = y, if r = 0, where and henceforth we write simply as x, or y,, if there
is no danger of confusion.

THEOREM 1.1. (1) The map A;l|r —> K, \X,, A —> K, - x, is surjective.
(2) The above map is bijective if m = 2n,m = 3,0re = 1.
(3) There are precisely two Gy-orbits in X, represented by xo = 1, and x; =
Diag(m, 1,2, n_l). For A € A;f,xx € G- 1, ifandonly if |A| = 2?21 Ai s even.

We recall some classical results on unramified hermitian forms (cf. [Ja]). The group
GL,, (k') acts on the space H,, (k') = {x € GL,y (k') | x* =x} by g-x = gxg*, and

Ho (k') = |_| GLy(Op) 7" = GLp () - 1,y U GLy(k) - 7100 (1.9)
HEA

where A, = {w € ZM | w1 > -+ > up}, 7 = Diag(mH', ..., 7Hm), and t* € GL,, (k) -
1,y if and only if || = Y /L, p; is even.

REMARK 1.2. As for (1), we have shown for even m in [HKI1, §1] and for odd m
with e = 0 in [HK2, §1]. In §1.2 (resp. §1.3), we will show the statement (1) for m = 3
(resp. general odd m). The non-redundancy of the representatives for e = 0 follows from
(1.9). For e > 0, we see there are K-orbits without any diagonal element by Proposition 1.3
below, and non-redundancy for m = 2, 3 follows from this and the value £(x — j,,) (cf. (1.11)
below). We will see the non-redundancy for general m as a corollary of the explicit formula
of spherical functions in §3 (See Remark 3.3). The property (3) is independent of the residual
characteristic and we may prove in a similar way as in [HK1] and [HK?2], so we omit the proof.

We note here the stabilizer of G (k) at x = 1,, is isomorphic to U (1,) (k) x U(1,,/)(k), m’ =
[’”“] and explicitly given as follows ([HK1, (1.5)], [HK2, Proof of Theorem 1.1]):

{(ij Ja1> € GLan(h)

c
€ GLyy41(k)
JC] Jb ]AJ

a+bj,a—bje U(1n)(E)}, or (1.10)

a-cievand. (L) e U(1n+1>®; ,
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where j = j, and v € k such that vv* = 2. Here, we may take v within k&’ if ¢ = 0, while for
e > 0, we understand * as an extended automorphism of k.

PROPOSITION 1.3. Ifx € X N M,,(Oy) satisfies x = j,, (mod (), then the orbit
K - x has no diagonal element.

PROOF. If K - x contains a diagonal element, it must contain 1,,. On the other hand,
since any k € K fixes jy,, we have 1,, = j,, (mod (7)), which is a contradiction. d

Fora = (a;j) € My (k'), a # 0, we set
—t(a) = min{vg(a;j) | 1 <i, j <m} , (1.11)
and say an entry of a to be minimal if its v -value is —£(a).

LEMMA 1.4. (1) Leta € M,,(Oy) and b € M,, (k") such that ab # 0 and ba # O.
Then, one has

t(ab) < £(b), t(ba) = £(D),

and the equalities hold if a € G Ly, (Oy).
(2) For any g € G, one has €(g) > 0, and the equality holds if and only if g € K.

PROOF. (1)Leta = (a;j) € M;u(Oy) and b = (b;j) € My, (k"). Then, we have

—¢(ab) = min { ve (Y ainbij)

k

1§i,j§m] > min { vy (aixbyj) | 1 < i, j, k < m}

>min {vr (b)) | 1 < j.k <m}=—t(b),

hence £(ab) < £(b), and similarly we have £(ba) < £(b). If a € GL,,(Oy), we have the
opposite inequalities and then £(ab) = £(b) = £(ba).
The statement (2) follows from the fact det(g) € (’)kx, and K = M,,(Op)NG. O

1.2. In this subsection we consider the case m = 3 and prove the following proposition.

PROPOSITION 1.5. The set RT LR, is a set of complete representatives of K1\ X1,
where

T
R ={x= 1 £>0¢,
n.—l
7 "(1 —¢€) —J€
Ry =1x—= 1 l<r<e
NG "

The set R| is non-empty only if e > 0. In that case, for x € X1, K| - x has a representative
in Ry ifand only if x = j3 (mod (r7)).
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We write down the group K1 = K 1(0'1) explicitly for convenience.
LEMMA 1.6.
Ki=Ki1uKyp2,

K11 1=[g€Blj3BlﬂK1 ‘ 931 EOkX/] = [QEKl ‘ 931 EOkX/]

o 1 —d* f 1 anlj,, ueOi,
= u 1 d 1 -b* b,c,d, f € Op )
a1 1J\1 b ¢ N®b)+c+c*=Nd) + f+f*=0

Kip:={ge€Ki| g3 €@}

o 1 1d f aeOF, ue0)}
= u b 1 1 —-d* b,cenOy, d, feOp .
o* 1) \e —b* 1 1 NbB) +c+c*=Nd) + f+ f*=0

PROOF OF PROPOSITION 1.5. The strategy is similar to [HK2, §1.2]. We take an ele-
ment x € X, write it as

a b c
x=|b* d f], a, d,gek, b,c, fek, (1.12)
c ff g

and show that the orbit K| - x has an element x;, with £ > —e as in the statement.

By the fact x € G and @, (1) = (t> — 1)(t — 1), we obtain the following equations

ag+bf+c?=1, (1.13a)

af*+b(c+d)=0, (1.13b)

a(c+c*) +bb* =0, (1.13c)

b*¢+(c+d)f =0, (1.13d)

bf +b*f*+d* =1, (1.13¢)

(c+cMHg+ ff*=0, (1.13f)

and

=D —1) (1.14)

=t—-c)t—cNt—-d) — @t —)b*f -t —c"bf —(t —d)ag—aff* — bb*g.
We recall that N(O}5) = O; and Tr(Oy) = Ox.
[Case 1] a # 0 and v, (a) < vz (b),or g # 0 and v; (g) < v (f).
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By the action of j3, it suffices to consider the case a # 0. By the action of an element of K
of type

1 0 0
A 1 0] eKky, A, ek suchthatar +b* =0, NO) +u+u*=0, (1.15)
wo =A* 1

we may assume b = 0 in (1.12). Then, by (1.13) and (1.14), we have
f=0, ag+c?=1, c+c*=0, d=1.

Thus, we may assume

0 —
4 c1ve a,g,c €k, ag~|—c%€=1,
X = 0 1 0 , £0, vr(a) > vr(g) (1.16)
Cl\/g O g ag ) m a i m g )
where g # 0 follows from € ¢ k*2. We consider two cases according to vy (g).
@) If vz (g9) <0, we may assume g = 7t £ > 0. Then (w%c))? =72 — ag_l € O, and

1 0 nmlcife a 0 —cife

Ki-x>|0 1 0 1 o 1 0
0 0 1 cie 0 gt
7t 0 0
=0 1 o
0 0 n¢

(ii) Assume that v, (g) > 0. Since an element of k square modulo 477 Oy is a square in k, the
relation c%e = 1(7""“9DOy) yields e > 0 and v, (g) < e. Further ¢; = 1 (mod (7)), since
€ € 1 +40Og. Thus we see

a 0 —(1+b)/e 1<r<e,
Ki-x>x' = 0 1 0 ,  a,beOgvz(a)>r, (1.17)
(1+b)Je O n” vz (b) <rorb=0,

By the equation
t—DE* =1 =0u;0) = — D] — (1 +b)* —n"a)
and € € 1 +40; = 1+ (%), we have

2b+b>+7"a € n*0,
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which yields b = 0 and a = 77" (1 — €). Hence

7" (1—¢€¢) 0 — /e
x' = 0 1 0 (=:x—), 1<r<e. (1.18)
JE 0 ="

We note x_, appears only if e > 0 and cannot be diagonalized by Proposition 1.3.

[Case 2] ag = 0. We may assume a = 0.
By (1.13) and (1.14), wesee b =0, c =1, d = —1,and 2¢g + ff* = 0. Hence we see

0 0 1
Ki-xs3x'=[0 -1 h |, h=0orz’, (teZ). (1.19)
1 h —in?

If v; (h) < e, then x’ satisfies the assumption of Casel, and we have done. If & # 0 and

vy (h) > e, then %h € O. Taking ¢ € Oy such that g + ¢+ ¢* = 0, one has

1 00 0 0 1
Ki-xs|-4% 1 0o)-x=]0 -1 0
c 41 1 0 0

Hence we have only to consider 27 = 0 in (1.19). i.e.

1 0
x = -1 =j3—2yy", y=1]1 (1.20)
1 0
For an element k in K; given by
—1+./€
1 -1 3
k= 1 1 1 1
1 -1 =
Y e N N G EaV O
2 2 1+4[
— €
- 1 0 IT\/— b
— + €
1 —1 —

one has
k-x'=j3s—k-Qyy") = jz—2(ky)(ky)*
—1—\/c
2
=pi3-2| o (‘1+ﬁ 0 —1)
-1
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Lo — e
=1 0 1 0 )
Je 0 =2

which is K1-equivalent to
7 ¢(l—€) 0 —fe
X_oe = 0 1 0
N 0 ¢

If e > 0, the above x_, cannot be diagonalized by Proposition 1.3 and one of the required
representatives. If e = 0, x_g reduces to Case 1-(i), and actually one has

1 0 /e (1—€¢) 0 — €
Ki-xo9>|0 1 0 ]- 0 1 0 =13.
0 0 1 Je 0 1

[Case 3] ag # 0, vy (a) > vy (D) and v (g) > v7(f). We may assume

vg(a) = vz (g). (1.21)
By (1.13b) and (1.13d), we have aN (f) = N(b)g, which implies
U (a) — vz (9) = 2(vz (b) — vz (f)) = 0. (1.22)

We show v (¢) > 0. If it was not, by (1.13a) and the assumption of Case 3, we had
vy (bf) =2vz(c) <=2, hence v;(f) <O0.
Then
(f ™ =f=@fDHgfH—bfT € Op (by(1.13a),
hence cf !, ¢* f~! € Op and so
@) 3 (ef T+ g T = e+ N T = =1 (by (1.13D)

which is a contradiction. Hence v, (¢) > 0, and again by (1.13f) and the assumption of Case
3, we have

vz (f) < vz(g9) <2v:(f), hencev,(f)>0.

Then, by (1.13e), d € O and x € M2, 4+1(Op) N X, hence £(x) = 0. Setr = v;(f) > 0.
Then

c+c*+d=1, (by(l.14)
ctd=c*"+d=0 (mod ('), (by(1.13d)
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hence

c=c*=1 (mod (x'tY), c+c*=2 (mod (x" ).

Then by (1.13f)
2r =vz(c+c*) +vr(g) > minfe,r + 1} +r +1,

hence we see
r>e, vp(ct+c)=e, vi(g)=2r—e>r.

Setting v (b) = m(> r), one has vy (a) = 2m — e by (1.13c). We may take the unit part of a
off, and assume x becomes

m>r>e
ﬂ2m—e My c ‘ = OX OX
— m. *x d r C?”!ve k/,d,we k 123
X aMmu a"v , 9 o1 11, (1.23)
y ok 2r—e c=c*=1 mod (#""), d=—-1 mod ("),
c a’v* w w «
c+c*t+d=1,
and the set of equations (1.13) becomes
n2(m+r—e)w +7Tm+ruv +C2 — 1’
c +d — _n,m+r—eu—1v>k
c+c* = —muu*,
c+d=—-a""" v,
" v+ uv) +d> =1,
c+c* = —mvvw !,
Then together with (1.23), we have
w= (uu*)"vv*, c+c* = —muu*,
d=1—(c+c*)=1+nu™,
c=1—(*4+d)=1+a""ey 1y,
Now we have
l/l_l R,Zm—e(uu*)—l T c
x = 1 X = T d 7 uv
u* c* T utu* n2r—evv*
» n.Z(m—e) Tm—eyu* n.m+r—2euv
=j3+ Myt (uu*)2 nr—eMZM*U

uu* _ _ _
gmtr 2eu>kv>k il euu*2v>k n.Z(r e)uu*vv*
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nm—e
e
—_ * _ *
=j3t oyt oy = uu
nr—eu*v*

We will show there exists some k € K; for which the second entry (ky); of ky is 0. Then
0

k- x’hastheshape [0 1 0 |, which reduces to Case 1 or Case 2 (if ¢ > 0, x is equivalent
0

to some x_¢, 1 < £ < e, by Proposition 1.3). Set

I —a* B\ /0 O 1 . . .
k=10 1 « 01 —py*l=]a l4+ay ad—y*], (1.24)
0 0 1 1y . . .
and solve

((ky)2 =)an" ™ + (1 +ay)uu* + (@8 — y*)n" " u*v* =0 (1.25)

under the condition @, 8, ¥,8 € Oy and N(a) + B + B* = N(y) + 8 + 8* = 0, which is
equivalent that k of (1.24) becomes an element in K.

If (1.25) is satisfied, we see | + @y € (7" 7¢) C (7),and @, y € (’)kx,. Writing 1 +ay =
A" "¢x with A € Op, we have § = a~1y* — 2" (w*v*) ™' — o~ " Auv*~! by (1.25). Then,
since o # 0, the condition N(y) + § 4+ 8* = 0 is equivalent to

N@N@) +ay +a*y* —a" " N@)((uv) "' + @*v*) ™) — " ruv* ™ —aru*v™! =0,
then, since 1 + oy = 7" ~¢A, it becomes
72TTONQ) — 7™ N (@) ()~ + @) T — e — artfuto! = 1.(1.26)

Setting A = au”'v*u with € Oy, (1.26) is equivalent to
N@ (P ON@T NN = 7" (@)™ + @) = ) =1.(1.27)

Since r > e, we may choose u € Oy for which the latter factor in the left hand side of (1.27)
becomes a unit in O, then for suitable @ € (’):, we establish the identity (1.27). Finally taking
B such as N(«) + B + f* = 0, we obtain k € K| for which (ky), = 0, which establishes
(1.25).

Thus we have shown that any Ki-orbit in X has a representative in RT UR; and Ky -x N
Ry # @ifand only if e > 0 and x = j3 (mod (;r)). It is known that each x;, £ > 0
gives a different GL3(Oy)-orbit in {x € GL3(k') | x* = x}, hence it gives a different K-
orbit in Xy. Forx_,, 1 <r < e, —r = £(x_, — j3) is an invariant of K; - x_,, since
h-(x—y —j3) =h-x_, — j3forany h € K1 (cf. Lemma 1.4 (1)). Hence Rfr U R, formsa
set of complete representatives of K1\ Xj. O
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1.3. In this subsection we will show Theorem 1.1-(1) for the case m = 2n + 1 with
n > 2. Our strategy is similar to [HK2] (we have to be careful for e > 0.)

LEMMA 1.7. Letn > 2. Then every x € X, has a minimal entry except the n+1, n+
1)-entry.

PROOF. Assume x had unique minimal entry 7%, ue O,f at(m+1,n+ 1) and
denote by E’ the (n + 1, n + 1)-matrix unit in M, 1 (k’). Then 7‘x € M2, 1(Oy) and
7ot = (%) janp1 (0 x) jonr1s = w?E" mod (),
which is impossible. o

The following lemmas can be shown in the same way as in [HK2], so we omit the details
of proofs.

LEMMA 1.8. Letn > 2 and assume that
(Al,n) : x € X, has a minimal entry in the diagonal except the (n + 1, n + 1)-entry.
Then K - x contains a hermitian matrix of the type

ztlo] o
0o0|x"t

OUTLINE OF A PROOF. By the action of W, we may assume that the (2n + 1, 2n + 1)-
entry of x is minimal, and then we may arrange it into the above shape by a suitable K-
action. d

LEMMA 1.9. Letn > 2 and assume one of the following conditions hold:

(A2,n) : x € X, has a minimal entry outside of the diagonal, the anti-diagonal, the
(n + 1)th row, and the (n 4+ 1)th column.

(A3, n) : x has a minimal entry and a non-minimal entry in the anti-diagonal except the
(n+1,n 4+ 1)-entry.

Then K - x contains a hermitian matrix of type

)
’B ]fe 0 0
Y€ Xu—2, £ =4L(x) =2 £(y) if n >3,
0 y 0 , .
—T y=1if n=2.
0 0
0 =t

OUTLINE OF A PROOF. Write £ = £(x). Under the condition (A2, n), such minimal
entries appear in pair, since x is hermitian. Then, through the action of W and G L2(Oy/), we
—t

may assume that the lower right 2 by 2 block of x is <T[O

0 .
rr_e)’ then we may arrange it
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into the above shape by the suitable K-action. As for y, it is clear that y = y* and £(y) < ¢.
Considering the characteristic function of xj2,+1, we see y € X, ifn > 3and y = 1 if
n=2.

As for the condition (A3, n), together with the action of W, we may assume the upper

right 2 by 2 block of x is <Ia) i) such that v;(§) = —€ and a, b, c € 71_”1(9;(/. Then, by

the action of

I 1
0 1 0 0
h = O 12}1—3 O )
I -1
0 0 0 1

the (1, 2n)-entry becomes a + b — ¢ — &, and its vy -value is £ = £(x). Thus it reduces to the
case (A2, n). d

We have to consider the remaining case, which is the assumption (A4, n) below. The
statement for the non-dyadic case is a refinement of [HK2, Lemma 1.9].

LEMMA 1.10. Letx € X, withn > 2. Assume that

(A4, n) : any minimal entry of x € X, stands in the anti-diagonal, the (n + 1)th row, or
the (n + 1)th column, and that all the anti-diagonal entries except (n + 1, n + 1) are minimal.
Then £(x) = 0, and
(i) if k is non-dyadic, then K - x contains 12,+1;
(i) if k is dyadic, then K - x contains

a1 —€) —J€

1 , (1.28)

ﬁ ]T_,ul

where 0 > iy > o > -+ >[4y > —e.
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where ¢ = 0 or vy (@) < vr(k). Write £ = £(x). Since xjon+1Xjon+1 =
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By the action of W and suitable K -action, we may assume x has the shape

(1,2n + 1)-entry and (2n + 1, 1)-entry, we have

o &1
0 *
*
én
ot O |ulO 0 «* 1, (1.29)
10
* 0 *
&l K

l2n+l’ by its

ae* =kk* =0 (mod (x 2t

hence o nor « is not minimal, which means any entry outside of the anti-diagonal is non-

minimal. Setting u; = nféi IS (’)kx,, 1<i<n,andug = 7tu € O, we have

2 2 . . €N £y
7 1 =T X jont1 X jon1 = (7 X) jon1 (U7 X) jong1

= Diag?, ..., uZ,ud, u, ..., ut*) (mod (1)),
hence
=0, &=¢g>=u"=1 (mod (1)),
and
&1
&n
x = u (mod (7)),
&n
&1
=& =+1 (mod (7)), u==+1 (mod (7)).

First we consider the non-dyadic case, where 1 £ —1 (mod (7)). By the characteristic
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polynomial, we have

@ -D"c+D=0-w][]e-&7 (mod (), n=2,

i=1

hence we may assume & # & (mod (7)), after suitable W-action if necessary. For

h = 12n-3 €K,

we have

&
&
h-x= C (mod (7)),
& &1 —&
&1 §1—&

where Cjy,—3 = Diag(&, ..., &, u,&,, ..., &) and & — & # 0 (mod (7)). Since & - x
satisfies (A2, n) with £ = 0, we see

10| 0
K-x> 0ly| O , yE€Xu 0, L(y)=0,0r y=1.
01101,

Then, we see inductively K - x contains 17,41.

Now we assume k is dyadic. Then x = jp,+1 ( mod (7)) and x is not diagonalizable,
by Proposition 1.3.

[Case 1] We assume that there is a non-zero entry of x outside of the anti-diagonal, (n + 1)-th
row and (n + 1)-th column, i.e. within *-places of (1.29). Let £ be the minimal v, -value
within those entries. Then, after suitable K -action, we may assume the (2n + 1, 2n + 1)-entry
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of x is ¢, Further, after suitable K -action, we may assume

c o &1
* 0 * .0
*
0| & 0
x=]| «* 0 O|lulO 0 «* ,
=170 0
*
= % * 0
g 0 -~ 0|k|O - 0 =t

where vy (c) < £, “a = 0 or vz () < vz (k)", and “6 = 0 or v; (k) < £". Looking at the
@i, 1)-entry with i # n + 1 of xj2,4+1Xj2n+1 = l2s+1, since x is hermitian, we have

c 0 -+ O0|la|O --- 0 &
0 0 * .0
: * : . * :
0 01&, 0
x=] a* 0 0|ul|O 0 «*
0 10 0
* *
0 .- % 0 0
g 0 -+ 0]k|0O - 0 7t
From the above x, we set
c a &
z=|a* u «* (1.30)
& kot

and see z or —z is an element of X with £(z) = O (cf. (1.4)). By the action of K1 =
U (j3)(Oy) through the embedding

K, — K =K,,

h=(hij) +—> h=|hy hao hys | °

h3y h32 h33
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we may change z in x of (1.30) into :i:x(_lr) for some r with 1 < r < e, where the superscript

. . 1
(1) indicates the size (m,n) = (3,1). When —x(_,)

U (j2)(Oy) (tentative naming) through the embedding

appears as z, by the action of Ko :=

Ko — K =K,,

_ hi hiz
h = (hlj) [ — h = 12}1—1 ’
h21 h2
we may change 7 = —x(__,l) of x into
a1 —e€) —J€
-1 ,
Ve '
where r1 might be changed from r but still 1 < r| < e. Anyway, we see
—r (] — _
K. x> T ve I=r=e
e ) y=y e Ma @0, y= e (mod ().

Since @y, () = #* - D®yj,,_,(2), wesee y € X,—1, and y satisfies (A4,n — 1). By an
inductive procedure, we see the K-orbit of x contains a matrix of type (1.28).

[Case 2] We consider the remaining situation of Case 1, i.e. any entry of x-places of x in
(1.29) is 0. Then @ = « = 0 follows from x j2,,4+1Xj2n+1 = l2n+1, and we have

&1
71 = u . =& =+£1, u==1,
&1

in stead of z of (1.30). By the same procedure as Case 1, we see K - x contain a matrix of type
(1.28). O

By Proposition 1.5, Lemma 1.8, Lemma 1.9 and Lemma 1.10, we see for every x € X,

K - x has a representative of shape x; for some A € A;l, which completes the proof of
Theorem 1.1-(1). d

2. Spherical function on X

2.1. Weconsiderm =2nor2n+1,andwrite X = X,,, G=G,, B=B,, K =K,,.
For g € G, we denote by d;(g) the determinant of the lower right i by i block of ¢g. Then
di(x), 1 <i < n, are relative B-invariants on X associated with rational character v; of B,
where

di(p-x) =¥i(p)di(x), ¥i(p) =Ndi(p)), xeX, peB).
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We set
XP ={xeX|dix)#0, 1<i=<n},
then X°P (k) is a Zarisky open B(k)-orbit. For x € X and s € C", we consider the integral

[T il ify € XP

0 otherwise 2D

otxis) = [ 1ol dk. AP = {
K

where | | is the absolute value on k normalized by |7| = q‘l, dk is the normalized Haar
measure on K. The integral in (2.1) is absolutely convergent if Re(s;) > 0, 1 < i < n,
and continued to a rational function of ¢!, ..., ¢*, and we use the notation w(x; s) in such
sense. We call w(x;s) a spherical function on X, since it becomes an H(G, K)-common
eigenfunction on X (cf. [H1, §1], [H2, §1]). Indeed, H(G, K) is a commutative C-algebra
spanned by all the characteristic functions of double cosets K gK, g € G, by definition, and
we see

(f * o $)(x) (=/G F@w(g™" - x: 9)dg)
=i (Nos),  (f € HG.K)), 22)

where dg is the Haar measure on G normalized by || xdg = 1, and Ay is the C-algebra
homomorphism (Satake transform) defined by

As tH(G,K) — C(q,...,q%),

2.
fo— /B FO) W) 8(p)dp. 23)

Here [ (p)|™* =[]/, I¥i(p)|™*, dp is the left-invariant measure on B such that meK dp =

1, and §(p) is the modulus character of dp (d(pq) = S(q)_ldp).
It is convenient to introduce a new variable z = (z;) € C" which is related to s by

/-1
si=—zi+ziy1 — 1+ I<i<n-1
logg
1 .
_Zn_i ifm=2n
S}’l: _1 (2.4)
a1+ 2T tm=2n 41,
2loggqg

and denote w(x; z7) = w(x; s) and A, = A;.

REMARK 2.1. For the case m = 2n, we have slightly changed the relation between

—1
nlqu
of w(x; z) (Theorem 3.1), we will see the present w(x; z) takes the same value as before on

G - xo and the multiple by (—1) on G - x1, and we will explain the reason of this change in
Remark 3.4.

s and z from that in [HK1], where we set s, = —z, — % + . By the explicit formula
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Keeping the relation (2.4), we see

itm =2n )

b T iy 1
Wl =81 [TINGDI x( (1P PP ifm = 20 4 1

i=1

At H(G, K) —> Clg™?, ..., ¢tV (2.5)

where p; is the i-th diagonal entry of p € B, 1 < i < n, and W is the Weyl group of
G with respect to the maximal k-split torus in B. Then W = §,, x (£1)" acts on s and
z through rational characters of B, where W is generated by S, and 7, S, acts on z by the
permutation of indices and 7(z) = (21, ..., Zn—1, —2n). The functional equation with respect

to S, is reduced to the case of unramified hermitian forms as follows. Define an embedding
Ko=GL,(Oy) — K =K, by

. x—1 s
<J"h In h) ifm = 2n

Koshv+—— h = jnh*_ljn ek.
1 ifm=2n+1
h

Then, as is considered in [HK1] and [HK2], we have
w(x;s):/ dh/ |d(k - x)|* dk
Ko K

:/ /|d(ﬁk-x)|“dkdh

Ko JK

:/ cM(D(k - x); s)dk
K

where D(k - x) is the lower n by n block of k - x, and ;“*(h)(y; s) is a spherical function on

hermitian matrices H,(k"). Since the behaviour of ;k(h)(y; s) is independent of the residual
characteristic (cf. [H1]), we may quote the the following from [HK 1, Theorem 2.1] and [HK2,
Theorem 2.1].

PROPOSITION 2.2. The function G1(z) - w(x; 2) is invariant under the action of S,, on
z, where

1+ zit+zj
Gi(z) = 1_[ B

_ g2i—zj—1"
l<icjen 174

2.2. In this subsection we study w(x; s) for the case (m,n) = (2,1) and show the

following. As a result, we see again the set X{" = [xA ‘ A€ Afr} forms a set of complete

representatives of K1\ X1, since w(x,; z) takes different value for each A for generic z.
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PROPOSITION 2.3. For x; € X{, one has

q_%qez <q—()\+e)Z(1 _ q2z—1) q()\+e)z(1 _ q—2z—1))
+ .

. (ev)
In particular, for any x € X| ',

¢ “o(x;2) €Clg* +q¢7°1, o2 =¢*Fw(x; —2). (2.6)

We have proved for e = 0 in [HK1, Proposition 2.4], but we give a unified proof for
e > 0 here. It is easy to see

Ki=K;1uK,

ko= l(e 0 1 v/ €
L= o) \uye 1+uv
K1’2={< 0 )(TL’M\/E 1+nuv)‘a€0,§, M,UGOk},
1

*—1 1 U/\/g
andvol(K1,1) = 1+1T and vol(K12) = # with respect to the measure on K1 normalized
by vol(K1) = 1.

ae0), u,ve(’)k},

(=)

S R

o

(1) The case x; = Diag(nl, 7 =) with A > 0.

Forh=< ! U/\/g)eKll,wehave
uye 1+4uv ’

dith-x3)=—-7*u’e + (1 + uv)> = 7N + uv — 7u/e)
1
— n_)‘N<l +uv + Thu — Zn)‘u%\/g) .

Ifu € 7O, then 1 +uv + n*u € OF . Foru € O and r > 0, we have

vol ({v eOk| 14+ uv+7'u =0(z")}) :vol([v e(’)k‘ v+ 7t E—M_l(ﬂ'r)}) =q ",

and forr >0

vol({(u,v) € OF x O | vr(1 +uv+n'u)y=r})=10-q "H2q".
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Hence we see
/ \dy(h - x3)|* dh
K1
S e+i—1

q _ _ i _ i ;
— l+ - q 1 + Z (l _ q I)Zq r—2rs + Z (l _ q 1)2q r 2(e+),)b
q r=0 r>e+A

As —1,2 —(e+A)—2(e+M)s
q 1, U=¢g")d—-g¢q ) iy — ,
= q_l <q 1 + - q_l_zs + (1 —q l)q (e+1)(1+2s) ) (27)

wu/e 1+ muv

On the other hand, for 4 = < ) € K1, we have

N
—A,2 -
dl(h-xx):n)x_ A :—n—'N(U—i—n)‘\/E)
€ €
:_N—'N<U—7r)‘+2n’\+7\/g).
€ 2
Hence we see
/ |dy(h - x;)1* dh
Ki»
q—1+As e+r—1
= 1+q_1 Z a _q—l)q—r—2rs + Z (1 _q_l)q—r—2(6+l)s
r=0 rze+i

q—1+xs <(1 _ q—l)(l _ q—(e+A)—2(e+A)S) N

T1gg! | —o—1-2s q

_(€+)\)—2(€+)\)S> ) (28)
q

By (2.7) and (2.8), we obtain for s = —z — % eC

—)\z—%

q
I+q D1 —g%) (1-4

q—% <q—Az(1 — g%y gQethz=l _ q(26+)»+2)z>

0 s) = 221y g2ethz=l _ qz(e+;\+1)z>

Ta+gH\ T-g% I—g%
q—%qez q—(A+e)Z(l _ q2z—1) q()\+e)z(l _ q(—2z—1)
= . 2.9
1+q—1 1_q2z + l_q—2z ( )
A 1 — _
(2) The case x; = <7T i/g €) n‘/f) with —e < A < 0, only when ¢ > 0.
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Setr:—k,thenlﬁrﬁe.Forh:( ! v/\/g>eK11,wehave
uye€ 1+ uv ’

di(h-x) = (r7"u(l — )€ + (1 + uv)Ve) (—u/e) + (—ue + 7" (1 + uv)) (1 + uv)
=77 (¥ (1 + uv)* = 27" (1 + uv)ue + u*(e — 1)e)
=" - N@"(1 + uv) — ue — u/e)

:n_r.N(rr’(l—{-uv)—i-u(l—e)—2u1+2\/g).

Since e > 0 and v; (1 — €) = 2e, we see

o (N(n’(l )t u(l— ) — 2ul +2*/g)) — 2min{r + vy (1 4 uv), € + vy ()} .

We have

vol ({ . v) € OF | vr (1 +uv) =0

= vol(i (u,v) € O,% ‘ uv € (n)}) + vol(i (u,v) € (’)kxz ‘ VE — u_l(rr)}>
=27 =g+ (1 —q U -2¢")=1-¢""+47,
and, for j > 0,
voz({ w,v) € OF ‘ Ve (1 + uv) = J}) = vol({(u, v) € 02 ‘ vr(l + uv) = ]})
=(1-q"%7.
Hence, for A = —r < 0,

/ \dy (h - x)l° dh
K1

jze—r

rs e—r—1 ) ) )
_ 1-Z — ((l_q—l+q—2)q—2rs‘+ Z (l_q—l)Zq—]—Z(r+j)A‘+ Z (1_q—l)2q—j—2e‘\')
q :
j=

rs

__4
1+¢7!

N a1- q—l)Z(q—l—Z(r—H)x _ q—(e—r)—Zex)
1— q7172s

((1 _ qfl +q72)q72rs +(1— ql)q(er)2es> )

(2.10)

On the other hand, for & = Tuy/e 1+ muv € Ko, we have
NG ’

dith-x)=@"(1 —€)+v) — (/e +n"v/e)v/ /e
= —jTT_r(JTZ’v2 —27"ve + (e — 1))

T

—_r —r {
.N(nrv_g_ﬁ)z_n .N(n’v+1—e—2 +ﬁ),
€ € 2
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Ve (di(h - x))) = —r 4+ 2min{v; (v) +r, e} .

Hence we obtain
f i (h - ) dh
K12

—I+4rs e—r—l

q Z (1 — g 1yg=i=2+is | g=(e=r)=2es
j=0

_ q—l+rs (1 _ q—l)(q—er _ q—(e—r)—ZeS) +q—(e—r)—2es (2 11)
1 _|_q—1 1 — q—1—2s : :
By (2.10) and (2.11), we obtain for A = —r with 1 <r <eands = —z — % eC,
w(x;s) = q—rz—§ ( 2rz4r _ q2(r+l)z+r—1 + q261+r—1 _ q2(e+l)z+r)
(14+¢=H(1 —¢%)
— qez+z (q(r—E)z _ q(r—6+2)z—l + q(—r+e)z—l _ q(—r+e+2)z)
(14+¢=H(1 —¢%)
q—%qez q—(A+e)Z(l _ q2z—1) q()\+e)Z(1 _ q—2z—1)
= + . (2.12)
1+q—1 1 _q2z 1 _q—2z

We have established the explicit formula of w(x; s) by (2.9) and (2.12), from which the
property (2.6) follows. O

2.3. In this subsection we study w(x;s) for (m,n) = (3, 1) under the assumption
e < 1 and show the following. The odd residual case (e = 0) has been proved in [HK2,
Proposition 2.3]. As a result, we see again the set Z{’l’d = {xA ‘ A€ AT} forms a set of

complete representatives of K1\ X1, since w(x,; z) takes different value for each A for generic
Z.

PROPOSITION 2.4. Assume e < 1. Then, for x) € %% one has

Y o i€ et WO i ettt WO Mt e B
w(xy;2) = + :

(14+¢73)1 +¢%) 1—g¢% 1—g2
(2.13)

. (od)
In particular, for any x € X,

q—ez(l +q2z) 1— q—l+2z

g co(x;2) €Clg*+q97%], wh;z)= q2eZ7qzz — co(x; —z).(2.14)
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REMARK 2.5. We expect Proposition 2.4 holds for every e > 0. If the property (2.14)
holds for e > 0, then all the statements in this paper hold for the same e. At the moment,
since the calculation of (2.13) is troublesome, we have established only for e = 0, 1.

Recall the expression of K; given in Lemma 1.6. We see
the condition “b, ¢ € Oy with N(b) 4+ ¢ + ¢* = 0" is equivalent to

. . #
“b € Oy, c1 € O with N(b)+c1 € 20;", where ¢ = —¥B)te1 | ¢ IEJ/E, )

LEMMA 2.6. We normalize the Haar measures on k' by vol (Oy) = 1.
(1) Forr € Nand c; € O with vy (c1) < r, one has

0 if vy (c1) is odd

vol({b € Op (1+q¢ DHg™ ifve(cr) is even.

N®b)+ci € n"O}) = {

(2) For any c1 € Ok, one has

vol({b € Op | vx(NB) +¢1) =r))

0 foroddr < vy (c1) and odd vy (c1) <r
q" forevenr < vy (cy)

={ ¢g=0+Dh foroddr = vy (c1)
(1—qg'—q g™ forevenr = vy(cy)

A—qg g™ for even vy (c1) <r.

PROOF. (1) Set S(c;,r) = {beOp| Nb)+ci =r}. When vy(c;) is odd,
S(c1,r) = @ and its volume is 0. When ¢; € O, S(c1,r) C O. Since the norm map
induces the surjective group homomorphism

0% /(x") — OF J(x"),

which is (1 + ¢~ "g" : 1)-map, we see vol(S(c1,7) = (1 +qg DNg"qg " =1 +qg g™
When v; (c1) = 2t > 0, we see

vol(S(er. ) =vol({x's € 7' | N@©) +77%c1 € 704 )
=g (l+q Hg " = +4Hg ™.
As for (2), the result is clear except for the case r = v (c1) is even. We see
vol({b € Oy | vz (N(b) +c1) =r})
=vol(x"*1Op) + vol(inr/zs € nr/Zka, NE) —7m7"c ¢ n(’)k})
=q" g0 —q =g ' A+q7)

—r

=(1-q'-q¢ g
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]
LEMMA 2.7. By the Haar measures on k and k' normalized by vol (Oy) = vol (Oy) =
1, one has
vol({ (b, c1) € Oy x O | N(b) +c1 €20k} =q~°,
vol({ (b, c1) € TOp x O | N(b) + 1 € 21O} = ¢~ B+
and by the Haar measure on G normalized by vol(K1) = 1, one has
-3
vol(K1,1) = 7 +q_3’ vol(K12) = = .
PROOF. By Lemma 2.6, we obtain
vol({ (b, c1) € Op x Ok | N(b) + ¢; € m°Ox})
(550 . .
=(1—¢ H0+q7 g™ + Z (1=g" g (1 +q7 g™ +47¢ x { Y i ; }

-2 —e ; - i
3 9 e e g % —q if2]e —e q if2]e
=(1-qg g “+q " x { q—2 _ q—(e+1) if2 fe taq "~ x q—(e+l) if 2 fe

—e

=q9

z([ (b, c1) € O x 7O, ‘ NOb) + ) € ne+10k])

—

51

—(e+2)  if2
RS g, > “1y —(e+1) |, —(e+1D) q if2]e
t;(l e (R Y +q X{ —D it e }

_gten [ a2 maT i e | e [T if2 e
g 2 —q et if2 fe g€t if2 fe

— q—(e+3) .
Now we see the volume of K1 and K> as above, by the explicit description of K; in
Lemma 1.6. O
In the rest of this subsection we assume ¢ = 1, i.e., 2 is a prime element in k. As for the

calculation of |d;(h - x3)|, A > —1, only the third row of 4 € K is concerned.

(1) The case A > 0.
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1 1 d f
Forh=|b 1 1 —d*| € K12, we have
c —-b* 1 1

di(h-x;) =n"N(c)+ N(cd — b*) + 7 *N(1 + cf + b*d*)
=77 (PPN () + T N(ed = b) + N1+ of +b7d") e 7*OF,

hence we obtain

q—3+As
ldy(h - x;3)|" dh = . (2.15)
/Ku 1+473
1
For h = 1 —b*| € K11, we have
1 b c
dith-x)=n"+bb*+ 7 %cc* =@ + 7" N®B) + N(0)).
Here, since we have by (#)
1+ /€ N c
c=co+c f=— ()+—1«/E (co, c1 € Oy),
2 2 2
1
N(c) = Z(N(”)Z —cfe). (2.16)

we see

N 2
dith-x;)=n"" ((n)‘ + %)2 — %)

N

:ﬂ_A'N<7T)L+L—C1£)
2 2

N 1

:n_)‘.N<7t)‘+ ()+C1—c1 _4_\/?)
2 2
By Lemma 2.7, we have
1+As

— > uGarg T,

r>0

dith-x)| dh =
/Kum Dl 1+q

where

uw,r) =vol({(b,c1) € Op x Or | N(b) +c1 € 20, ve(ya) =1},

_a N®Fa 1+
y=rn"+ > —C ) .
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For simplicity of notation, we set t = ¢ ~! and X = ¢~*. We calculate the value (A, r) case
by case by using Lemma 2.6.
The case evenr withO <r <1 —1:

pwQ,r) = vol({(b,c1) | vr(cr) =r, vx(N(b)+c1) =r+1})
+vol({ (b, c1) | vz(c1) = v (N(b) +c1) =r +1})
— (-nf-( —|—t)t'+1 +d- t)tr+1tr+2 = (- t3)t2r+1 )
The case odd r withO <r <A —1:
Q. r) = vol({(b,c1) | vr(c1) = va(N(b)+c1) =1+ 1})
+vol({ (b, c1) | va(c)) 27 +2, va(N(b) +c1) =r+1})
= A=A ==+ Q=2 = — ¥+,
The case r = A is even:
w@,2) = vol({(b,c1) | vx(c) = A, va(N()+c1) =1+ 1})
+vol({ (b, c1) | valc1) = vr(N(b) + 27" +c1) = A+ 1})
+vol({ (b, c1) | valcr) = A +2, va(N(b) +27") =1+ 1})
= (1- t2)t2A+1 +(- 2t)t)‘+1t)‘+2 A2 (1— t3)t2A+1 )
The case r = A is odd:
1w, n) = vol({ (b.c1) | valcr) = vr(N(B) + 21" +¢) =1+ 1))
+vol({ (b, c1) | vrlcl) = A +2, vz (N(b) +27*) =1+ 1})
= (- 2t)t”1(1 i tz)tHl + tx+2(1 3 tz)tHl + tx+2(1 P tz)tHl
= (- t)tzx+2'
The case r = A + 1 and X is even:
pGur) = vol({(byen) | valer) =+ 1, va(N®) + 21" +c1) = A +2})
+vol({ (b, c1) | valc1) = A +2, vr(N(b) + 27" +¢1) = 2 +2})
— tH_th_z 4+0= t2)n+4 .
The case r = A + 1 and X is odd:
w1y = vol({ (b, c1) | velcr) = A+ 1, vr(N(b) + 21" +¢1) = A +2})
+vol({ (b, c1) | valcl) = A +2, vr(N(b) + 27" +¢1) =1 +2})
_ (t)‘+2t)‘+3 +d _2t)tx+1(1 +t)tx+2) +tx+2(1 _tz)tx+2
= (- 2 t3)t2)\+3'

The case r > A 4+ 2 and A is even: u(A,r) = 0.
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The case r > A + 2 and A is odd:

1)y = vol({(b,c1) | valer) =r, vr(N(b) + 21" +¢1) =7+ 1))
+vol({ (b)) | valer) =1+ 1, va(N(b) + 21" + c1) =r + 1))
= A=A+ + 7 =2t
= (14+01 =2t

By these data, we obtain the value le  ldi(h - x)I° dh as follows:

If A is even,

X—)» a- 13)(1 _ t2l+4x2).+4) N (1- l)([3X2 _ t2l+3x2)»+2) N t2A+3X2).+2 .

1+ 1 —r4x4 1 — x4 ’
if A is odd,

X 1- t3)(1 _ t2)»+2X2)»+2) 1- l)(l3X2 _ t2)»+5x2k+4)

143 < 1 —r4x4 + 1 —r4x4

(1 + t)(l _ t2)t2k+4x2k+4)
1 — 2 _ 32 +2 2042 '
+( ) + = 2x2
Together with (2.15), we continue the calculation, where we recall the relations = —z — 1 +

/=1

Tlogg> [ = g 'and X = ¢S, If A is even,

A+3xXHx*

cg) = 432 | 2044 32042 2
a)(xx,s)—(1+t3)(1_t4x4){1—tX X2 - X))
(I—g ") W=Drq _
= (1+q—3)(1_q4z) {1+q 2+2z_q 2+(2)\+2)Z(1+q2+22)} (217)
(V=Drq g7 (1 — g=1122) | g=O+Dz(] 4 g=2425)  4O+4Dz(] 4 =272
T U+ H 4% - g% L g
(2.18)
If X is odd,
. (1 +xHx* 42 254432042 2
w(xA,S)=(1+t3)(1_t4x4){1—tX P Gas (D &)

B (1 _ C]_H_ZZ)(\/__I)AQ_)L_)LZ
T (I4+g7HA —gq%)

which is the same with (2.17), and we obtain the same expression (2.18) for odd A. Thus we
have proved the formula (2.13) fore = 1 and A > 0.

{1 + q—2+21 _ q—2+(2)~+2)Z(1 + q2+21)} ,
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(2) We consider the remaining case fore = 1,i.e. A = —1, w = 2, and
NG
X_1 = 1
J€ 2
1 1 d f
Forh=|b 1 1 —d*| € K12, we have
c —-b* 1 1

dith-x_1) = I%GN(C) + (1 +b*d* +cf)c* e + N(b — c*d*)

+(—~fec +2(1 + b*d* + cf))(1 + bd + c* f*)

1—c¢

= TN(C) + N — c*d*) + (¢* — ) /e + (b*c*d* — bed)A/e

+N () (f/e — f*VE) +2N(1 +bd + c* f*).

Since b, ¢ € m Oy satisfying N(b) 4+ ¢ 4+ ¢* = 0, we see v (c —¢*) > 2 and v, (h - x_1) =
vy (2N(1 4+ bd + ¢* f*)) = 1. Hence
q—3—s

—. 2.19
1+¢73 @19

/ (di (- x)I dh =
K

1
For h = 1 —b*| € K1.1, we have
1 b c

1 —
dih-x_1) = Te +(c—c*)e+ Nb) +2N ().
Here, since we have (2.16) and

(c — Ve =cie,

we see
1
di(h-x-1)=S{(NB) + 1) = (1 = D}
1
=S NIN®) +1 = (1 = DY)
1 1
=SN(N®) +a -2 - D) +2‘/g) .

By Lemma 2.7, we have

; _ q —@2r—1s
/K ldy(h-x_1)|* dh = 547 > g~
L1 r>1



HARMONIC ANALYSIS ON THE SPACE

where
u@r) =vol({(b,c1) € O x Or | N(b) +c1 € 20k, vz (y) =r1}),

1
V= Nb) + 1 — 201 — 1) *2*/5.

Then we have

,u(l):vol({ (b, c1) | c1e€OF, c1 ¢ 1+ 70k, v (NMb)+cp) = 1})
+vol({(b,c1) | c1 € 1 + 7Ok, vz (N(D) +c1) =1})
4vol({(b,c1) | c1 € Ok, b € TO})

=1 =200+t +1(1 — >t + 11>
=1--
and for r > 2,
w(r) = vol({ (b, c1) ‘ crel —i—rrr_l(’),j, v (N(D) +¢1) > r})
+vol({ (b, c1) | c1 € 1+ 7" Ok, v (N®b) +c1) =r})
=A=""A+ 0>+ —D)t"
=1+ -2t

Hence we have

A+ —13)r2x3 }

di(h-x)|°dh= 1—2—)x
fKHn( o) {( x4+ S

1+
and together with (2.19), we obtain

(1 -1 +3XHX

551

CU-18) = T T 2x
1— -2 -1 -1 14z 1 — —1+2z
_ -9 )3 q (2 q )7 (2.20)
(I+4¢7)A+g%)
which coincides with (2.13) for e = 1 and A = —1. Thus we have established the explicit
formula of w(x; s) by (2.18) and (2.20), from which the property (2.14) follows. |

2.4. In this subsection we give the functional equation with respect to 7 for general n.

THEOREM 2.8. Assume e < 1 if m is odd. For general size n, the spherical function

satisfies the functional equation

1 ifm=2n
2ezy

w(x;z) = q 1— q—l+21n X w(x;1(2),
q=" —q
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where T(2) = (21, ..., Zn—1, —Zn)-
For n = 1 the statement has been shown in Proposition 2.2 and Proposition 2.3. Hereafter

we assume n > 2,1i.e.,m > 4, and set

ln—l
we = Jr €K, r=m—-2(n—1)€c{23}.
Ip—1

Then the standard parabolic subgroup P of G attached to 7 is given as follows, keeping r as
above,

P=BUBw:B
A € B, (k)
A ln1 @jr Bjnoi heG =U()
= h 1, _a*jn—l a e Mn—l,r(k/) s
Jn1A* Lu—i B € Mu_ (k')
B+ B* +aj,a* =0

(2.21)

where B,_1(k’) is the Borel subgroup of GL,_1(k’) consisting of all the upper triangular
matrices. Here d; (x) is a relative P-invariant for 1 <i < n — 1, but d,(x) is not. We enlarge
the group and the space and consider the action of P’ = P x GLi(k’) on X’ = X x V with
V=M (k/):

(p.*(x,0)=(p-x, p(pt™"), (p.1) € P, (x,v) € X',
where p(p) = h € U (j,) for the decomposition of p as in (2.21). Set

v*j
g(x,v) = det |:< Jr T > : x(n—1+r)i| )
e

where x(,—14,) is the lower (n — 1 4+r) x (n — 1 + r)-block of x, and the matrix inside of
[ ]is of size n. Though we have slightly changed the definition of ¢g(x, v) when m = 2n, we
have the following similar results as in [HK1] and [HK2].

LEMMA 2.9. (1) The function g(x, v) is a relative P’-invariant on X' associated by
the character

P’ 3 (p,t) —> N(dp—1 (p)I)N®) ™ = Y1 ()N,

and satisfies g(x, vy) = d, (x) where vy ='(1, 0) or (1, 0, 0), according to the parity of m.
(2) For x € X°P, there is D1(x) € X satisfying

g(x,v) = (dp-1(x) D1 (x))[v].

Here, for diagonal x, D1(x) = Diag(xn_1 , Xn) OF Diag(xn_l, X0, Xn), according to the parity
of m, where x,, is the n-th diagonal entry and x is the (n + 1)-th diagonal entry for odd m.
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By the embedding from K; to K = K, defined by

- 1n—1
Kish— h= h )

Wwe s€e

w(x;s):/ dh/ ld(k - x)|* dk
K K

:‘/"/‘kkﬁk~xﬂsdkdh

K JK

:/ nldi(k-x)|‘f/ (i - x)
K K1

i<n

" dhdk .

Since we obtain, for y € X°P
dy(h - y) = g((h, 1) % (v, A" 00)) = g(y, h ™ wo) = due1 () D1(W)[A ™ o]
= dy 1 (N DI 0] = dum1 )1 G k™™ - D1()) = du—1 (0)d1 (hji - D1())

we have

o(x; ) = f [T 1ditk- 0 - ldy-i (k- )" 0O (D (k - x); 50)dk .
K

i<n-2

Hence we obtain, for m = 2n, by the property (2.6), where g ~**w"(y, z) is holomorphic and
T-invariant,

(X3 8) =q* WX 81, .y Sne2,s Su—1 + 285 + 1, =5, — 1)
=¢*w(x;7(2);

-0 (y; z) is holomorphic and

and for m = 2n + 1, by the property (2.14), where ql_e_;lftq;)

T-invariant,

l+q22n
T T2 — T X w(x;s)

14 g 2% m/—1 m/—1
= ZeZnI_quzzn X w(x;s1, ey Sp—2, Sn—1 + 25, +2 + logq , =S, — 2 — logq ),
thus

2ezy 1— —142z,
w(x;S)=q (1-q )a)(x; 7(2)),

q2z,, _ q—l

which completes the proof of Theorem 2.8. O
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2.5. To describe the functional equation with respect to W, we prepare some notation.
Set
T ={teitej, 2¢| 1<i,j<n i#j}, Tt=%fuxn/,
sf={eite,ei—ej|1<i<j<n}, Ef={2e|1<i=<n},

where ¢; is the i-th unit vector in Z", 1 < i < n. We note here that X is the set of roots of
G¥ and X U {e; | 1 <i < n} is the set of roots of G*?. We consider the pairing

7' x C" > (t,2) —> (1, 2) =ZliZi eC,
i=1

which satisfies
(@, 2) =(o(@), 0(2)), (@e€X, zeC" oceW).

THEOREM 2.10. Assume e < 1 if m is odd. The spherical function w(x; z) satisfies
the following functional equation

w2 =TYQ) wkx;o0@), (0eW),
where

o= [] wW@. ste)={eest|-c@ex'},

aeTt(o)
—1+a,
1(](_05%7_:_? ifa € BF,
v =1 q“*? ifae Xt m=2n,
i z>(fxlz)_ q_l:m’ D faestim=mil.
ql*? —q

OUTLINE OF A PROOF. The Weyl group W is generated by {o; = ({i+1) € S, |

1 <i<n-—1}and r. As for the gamma factor, we have F((,f (2) = ye(fleiﬂ (z) by Propo-

sition 2.2, which is independent of e, and F%e) () = )/2(2 (z) by Theorem 2.8. Then, by the
cocycle relation of gamma factors, we obtain the results. (Of course F((,O) (z) is the same as

I's (z) in [HK1] or [HK2], according to the parity of m.) O

The following theorem can be proved in the same way as in [HK1, Theorem 2.7] based
on Theorem 2.10, where the function G (z) below is the same as in [HK1] or [HK2], according
to the parity of m.

THEOREM 2.11. Assume e < 1 if m is odd. The function ¢~‘¢ 3G (z) - w(x; 2) is

holomorphic on C* and W-invariant, in particular it is an element in C[g*%1, ..., gTo V.
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Here (e, z) = e(z1 + -+ + 2) and

l—i—q(a’Z)
G(z) = l_[ T g e
o

where o runs over the set ¥ form = 2n and £ for m = 2n+ 1. In particular, each Gamma
factor in Theorem 2.10 is given as

q'“? G(o(2)

@ () = .
Fe'(@) = G(z) gqleo@)’

cew. (2.22)

3. The explicit formula for w(x; z)

As for the explicit formula of w (x; z), it suffices to determine at a representative of each
K -orbit, hence at x3, A € A;l by Theorem 1.1-(1).

THEOREM 3.1. Assume e < 1 if m is odd. For each A € A,J[, one has the explicit
formula

q(e, 2)
G(2)

where . +e= (A +e,...,hy+e) € AF, G(2) is given in Theorem 2.11 (depending on the
parity of m), zo € C" is the value in z-variable corresponding to 0 € C" in s-variable,

(. z0) |

w(x3;2)=cnq

- Onte(z {t]),

—(n—i+%)+(n—i)”k{; ifm =2n
20,i = (1=<i=<n),
—(n—i+1)+(n—i+%)”k{; ifm=2n+1,
_ ,—2\n
78 (_q _)1) ifm=2n m
a=y wn(®) = [ =1,
(I+qg7)( —1q ) ifm =2+ 1, i=1
wm(_q_ )
. —(u, z) . . 1 - t‘lqw °
0uc D=3 o (¢ e ). e =[] 7w
oecW acxt

—q7" ifaexnf
{t} ={ta} with ty =1 ¢7' ifaeX/, m=2n 3.1
—q? ifaexf, m=2n+1.

REMARK 3.2. We see the main part Q;4.(z; {t}) of w(xy;z) is contained in
R = (C[qizl, ...,qiz"]W by Theorem 2.11, and related to Hall-Littlewood polynomial
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Pi4e(z; {t}) of type C), as follows (cf. [M2], in general):

1
sz{ﬂ)=;ER§5~Qu&Hﬂ% ne A, (3.2)

where W, ({t}) is the Poincaré polynomial of the stabilizer W,, of W at u, and with the present
choice of 7, it is given precisely as follows

IT} (_q_l) / m + l
W, () = ——1__ =21,
u({ D (1_|_q_1)m/ m 5
Wao (D)2 [Ty 1 Way (1) ifn =2m
Tu() = 3 W1 (OWag (1) [Tgny wae (1) ifn=2m+1, ng >0 (3.3)
nezlwne(t) ifn=2m+1, ng=0,

with ny = ne(n) = g{i | ui = £}. It is known (cf. [M2], [HK1, Proposition B.3]) that the
set { Py (z; {t}) | uw e A;f} forms an orthogonal C-basis for R for each 7, € R, [ty < 1, and
Py(z; {t}) = 1; and we will use this property in §4. The explicit formula can be rewritten by
using Py, (z; {t}) as

(l—g7H" g«
wn(=¢~H G

REMARK 3.3. The influence of the residual characteristic of the base field k in the
explicit formula of w(xy; z) appears as shifting A + e in Q; or P; and the factor ¢ ‘¢ 2.

gP O Frie(=qTY) - Prge(zi (1), (A€ ;\E). 3.4)

w(xy;2) =

Since w(x;; z) takes a different value at each A € A, for generic z, we see each x;
represents a different K-orbit in X, which completes the Cartan decomposition of X (i.e.
Theorem 1.1-(2)). As we noted in Remark 2.5, if (2.14) in Proposition 2.4 holds for e(> 0),
one has the explicit formula for odd size m for the same e, and the Cartan decomposition
follows also.

REMARK 3.4. The vector zo in Theorem 3.1 can be regarded as a generalization of
the dual Weyl vector as follows, and this is the reason we changed the relation between s and
z for m = 2n from that in [HK1](cf. Remark 2.1). We remarked about this interpretation
already in [HK2, Remark3.3]. For v € Z", set

ht(v) _ (v.87)/2 v_ _2pB 35
1) ﬂg;jﬂ . B =g (3.5)

This is the generalization of the height of roots when v € ¥ ([M1]), while it can be rewritten
by using zp as

{t}ht(v) — q(v,zo) .
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We prove Theorem 3.1 in the same way as in the case ¢ = 0 ([HK1], [HK2]) by using a
general expression formula given in [H2] (or in [H1]) of spherical functions on homogeneous
spaces, which is based on functional equations of finer spherical functions corresponding to B-
orbits in X and some data depending only on the group G. We have to check the assumptions
there, but it has no problem since it is independent of the residual characteristic, and we omit
it.

Recall X? = {x € X | di(x) # 0, 1 <i < n} and the Borel subgroup B of G consist-
ing of the upper triangular matrices in G. According to the B-orbit decomposition

x?=| | X U=@p2D",
ueld
Xy={xeX?| vadi(x)) =ur+---4u; (mod2), 1 <i=<n},

we define finer spherical functions

5 s [T i ify € X,
wy(x; 5) =/K ld(k - x)[5 dk, |d(y)[5 =

otherwise .

Then, for each A € A; and generic z, we have the following identity:

(@u (s Nt =" Y 7(@@)B(0,2) (4 (25 0 @Dt - (3.6)
oeW

where

c:=2yew [UoU : U] (U is the Iwahori subgroup of K associated with B),

1— q—2+2(a, z) 1 — q—1+(a, z) )
l_[ e l_[ [ ifm=2n
X an;f' aeEZ’
y(@) = 1 — g=2+2e) (1 + g~ 22y — g1+
T— g2 . I ifm=2n+1,
ae):;*' aEZZ’

q(k,ZO)q—(k*@ if x; € X,
3.7

8.0 2) = / A - xS dv = 1)} = |
U otherwise ,

and B(®) (o, 7) is a matrix of size 2" determined by the functional equation

(@u (X35 2)uert = B9 (0, 2) (04 (633 0 (@) uers -

We note here ¢ and y(z) are determined by the group G = U (j,) ([Car, Theorem 4.4])
and y (z) coincides with ¢(1) there for the character A(p) = (—1)vx(P1Pn) [T, IN(p)I,
where p; is the i-th diagonal entry of p € B. We don’t need to calculate the constant c in
advance, since it is determined by the property w(x;s) |s=0= Po(z) = 1. We have to be
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careful the second equality in (3.7) especially when A ¢ A7, where we should consider the
integral associated with the decomposition

U=WUNBUy, Uy={ueU|'ueB, u=1, (mod(n)}.

We explain how B(®) (o, z) is obtained by Theorem 2.10. A character x = (x1, ..., x») of U
, n
can be regarded as a character of (kX /N (k X)) , which is isomorphic to I/ via v; (), and we

may consider the following integral for any x € u

J T e a0 e
K

Then we see the above integral is equal to

Z x@Wwy(x;s) = Z X Wwy(x;2) = w(x; zy),

ueld ueld
where z, ; =z; orz; + ’Tlo—g_ql suitably, and the following functional equation holds by Theo-
rem 2.10
a)(x;zx)zFff)(zX)a)(x;a(zX)), (c e W).
We may take oy € U such that w(x;0(zy)) = w(x;0()ey), Where (ox)u) =

x(o~'(w)), u € U. Thus we obtain
(x@),, ,(@u(x:2)),q = r@(o, D(@0W), ,(@u(x:0@)),qy - (3.8)
where If‘?;) (0, z) is the diagonal matrix with F((,e) (zx) as the x-diagonal entry, and
B90,2) = (xw),,” r@ (o, 2) ((@0W), ., - 3.9)

We set the first row for (x, u) € U x U as the trivial character 1. Then the first entry in the left
hand side of (3.8) is equal to w(x; z), and we note z; = z and (o1)(#) = 1, u € U. Hence
we have by (3.6), (3.8), and (3.9),

o)=c Y Y@y @g"»g* @
oeW

(&, zo) (e, 2)
=1 > Yo (y(z)G(z)q‘“*e’ Z>) (by (2.22))

¢ G@) cew
(h.z0)  gle.z) —t, @)
q q —(te,2) 1 —tag
= . o : — 1, 3.10
¢ G(z) Z q l_[ 1 — gl ( )

oeW aext
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where f, is given as in (3.1). By (3.10), we have, taking A = (—e) and z = zo,

1 1 —t4q @2
=G 2 ° (H I — gl |

oceW o

which is the same as in case ¢ = 0, and ¢~ = ¢, in (3.1). d

4. The structure of the Schwartz space

We keep the assumption that e < 1 if m is odd. We define the Schwartz space
S(K\X) ={¢ : X —> C| left K-invariant, compactly supported} ,

and study H (G, K)-module structure and Plancherel formula about it. Based on the explicit
formula in §3, we modify the spherical function by using the value at x(_,) as

W(x;z) =w(x;z)/wx—e; 2) € R = (C[qizl, e qiz”]w . 4.1)
Then, we have (cf. (2.5) and (3.4))
f*W(x;2) =2(HV¥(x;2), (f € H(G,K)), (4.2)

Az H(G, K) — Ry = C[q*%, '“,q:tzz,,]W,

Ate, 20) Wa+e(=q~")

Tl P ). Ooe A). 43)
wo(—q~")

W(x;;2) =q'

Here the value W (x,; z) for dyadic case, i.e., the case e = v;(2) > 0, coincides with the
value W (x) +.; z) for odd residual case. Hence all the results of this section are parallel to odd
residual case ([HK1, §4] or [HK2, §4]).

We define the spherical Fourier transform on S(K\ X) by

F: S(K\X) — R

6 = F@)@ = [y e dx, (44)

where dx is a G-invariant measure on X, and we fix the normalization of dx later. The Hecke
algebra H(G, K) acts on S(K\ X) by convolution product

f o) = /G F@olg™ -0dg. (f € H(G. K). ¢ € SK\X)).

where d g is the Haar measure on G, and on R through Satake isomorphism A;. Then the map
F is compatible with H (G, K)-action as follows

F(f % ¢)(2) = 2:(f)e(2), (f € H(G. K), ¢ € S(K\X)). 4.5
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The space S(K'\X) is spanned by [ ch;, ‘ re ) }, where ch; is the characteristic function
of K - x;, and we have by (4.3)

Wite(—q™h)

F(chy)(2) = q*Fo ) ————
wo(—g~")

V(K - xp) - Prge(z; (1) (4.6)
where v(K - x;) the volume of K - x; with respect to dx. Since the set { Pu(z; {t}) | [TRS A,J[}
forms a C-basis for R, the map F is an H(G, K)-module isomorphism. Thus we see the
following.

THEOREM 4.1. Assume e < 1 if m is odd. The spherical Fourier transform F gives
an H(G, K)-module isomorphism

S(K\X) = C[¢**,....¢* " (=R),

where R is regarded as H(G, K)-module via A,. In particular S(K\X) is a free H(G, K)-
module of rank 2".
Each spherical functions on X is associated with some A, like as (4.2), and it is deter-
n
mined by the class of z in (C / Z”ﬁZ) / W. The dimension of spherical functions associ-

logqg
ated with the same A, is at most 2" by Theorem 4.1, and we can give a basis as below.

COROLLARY 4.2. Assume e < 1 if m is odd. All the spherical functions on X are

n
parametrized by eigenvalues z € (C / Zfo‘g/?Z) / W through Satake isomorphism X;. The

set { W(x;z4+u) ‘ ue {0, ”lg/g? }" }forms a basis of spherical functions on X corresponding

to z.

We will give the Plancherel formula on S(K\ X). Recall the notation c(z; {t}), P, (z; {t})
and W, (—g~1) given in Theorem 3.1 and Remark 3.2. We define an inner product on R by

(P, Q)r = / P()0@du(z), (P,QeR), (CX))

a*z{\/—1<R 27[ Z)} £
logg
To-g™H 1 / [’”“}
. - dz, = ;
n2n (1+q=H"  |e(z; (1)

where

du(z) =

. (4.8)

and dz is the Haar measure on a*. In the following, for simplicity we write

Pie=Pocz{theR, Wn=i(—qg )eR  (eAf).
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Then, by [HK1, Proposition B.3], we have

wo "‘_T_
Piye, P =0 u=> A, n e, 4.9)
( e He)R wa+e "
and by using (4.6),
(F(chy), F(ch))r =8, q** 1 Re(zo) Dite vk )2 (4.10)

Since there are precisely two G-orbits in X represented by x¢ and x| (Theorem 1.1-(3)), we
may normalize the G-invariant measure dx on each orbit by fixing the volume of K - xo and
K - x1, where xg = 1,, and x1 = x(1) with (1) = (1,0,...,0) € A},

LEMMA 4.3. By the normalization of the G-invariant measure dx on X given as

= o] -1
—2(e. Re(zp)) W0(=¢") v(K.xl)=q—2((1)+e,Re(z0)) wo(—¢ @11

K -xg) = :
VK 50 =4 We(—q~) (te(—q™H"

one has

~ -1

To(— —

V(K - xy) = g 2h+eReGo)) %i((—qq—)l) he AT
(4

PROOF. Forany f € H(G,K)and u € An , We may write

frchy= " al'(fych,, (al(f)€C). (4.12)

veAy
For f € H(G,K) and A € A}, we have

UG D@) = Y W D (Fxchy) () = Y Wy Dal(f)

;1.61,\} MEZ\E
Wyt
— Z q<u+e,zo)gf.fai*(f) Pute, (4.13)
neAf

where we used (4.3) and the summation over X;} is essentially a finite sum, since the support
of f is compact. On the other hand, by (4.2) and (4.3), we have

(f = W (5 2)0) =2 (fHW(xa; 2)

— gre, 20) Whte A (f) Pre - (4.14)
wo
Taking the inner product of (4.13) and (4.14) with P, we have by (4.9)

glte gl (f) = gte ) Aze () Piver Purel (f €H(G, K), A, e ). (4.15)
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Applying the spherical transform F to each side of (4.12), we have

Wy—+e

w
v(K - xu)q<ﬂ+€s 20) —1%;_6 A (f)Puse = Z at*(fHv(K - xv)q(u+e, 20) T Poie,

veAy
taking the inner product of each side of the above identity with P, ., we obtain
wu.+e

V(K - xy)q e (Mz(H)Puse. Poite)rp = al (HHu(K - x3)g*He 0],

(f € H(G,K), h, e AF). (4.16)

Now assume || = |u| (mod 2) and take f; € H(G, K) to be the characteristic function of
K g1 K such that x; = g1 - x,. Then

a (f) #0,  (A(f1)Pres Putelg = (22(f1) Pute, Pitelg » (4.17)

Hence we obtain by (4.15) and (4.16)

VK X)  auizg) Dicke _ 2(u-rReco) Witte e 51— L) (mod 2). (4.18)
v(K - xy,) W).4e W)+e

Since x;, € G - xg if and only if [A| = 0 (mod 2) for A € A;[, under the normalization of dx
as in (4.11), we obtain the volume v(K - x,) by (4.18), which completes the proof. d

We take the normalization as in Lemma 4.3. Then by (4.10), we see

/ ch) (x)ch,(x)dx = & v(K - x)) = /
X

a

Feh)@F (ch)@)dpu@), (1€ M.

Since S(K\X) is spanned by the set [ chy, ‘ re A }, we obtain the following theorem.

THEOREM 4.4 (Plancherel formula on S(K\X)). Assumee <1 ifm is odd. For any
9. ¥ € S(K\X), one has

/X p()Y ()dx = / F@R@FW@du@),

where dx is normalized as in Lemma 4.3, and o* and dju(z) are given in (4.8).

COROLLARY 4.5 (Inversion formula). Assume e < 1 if m is odd. For any ¢ €
S(K\X) and x € X, one has

o0 = [ F)@wesndnc).
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PROOF. Forany ¢ € S(K\X) and x € X, we have by Theorem 4.4

1 -
p(x)= m/xq)(}’)ChK-x()’)dx

1

T (K x) /a F(9)()F (chg ) @)dp(z)

/ F@) QW 0du ()

= /* F(p)(2)W¥(x; 2)du(z) .
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