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Abstract. This paper discusses a holomorphic nonlinear singular partial differential equation (19;)"u =

F(t, x, {(ta,)-i 0% u} j+a<m,j<m) that is of nonlinear totally characteristic type. The Newton Polygon at x = 0
of the equation is defined, and by means of this polygon we define a generalized Poincaré condition (GP) and a
condition (R) that the equation has a regular singularity at x = 0. Under these conditions, (GP) and (R), it is proved
that every formal power series solution is convergent in a neighborhood of the origin.

1. Introduction

Weset N = {0,1,2,...} and N* = {1,2,...}. Letm € N* and set I, = {(j,®) €
NxN; j4+a <m,j <m} Let (t,x) € C x Cy, 2 = {Zja)(jwel. € CVN (with
N =#I,, = m(m+3)/2),and F(t, x, z) be a function defined in a polydisk A centered at the
origin of C; x C, X CQ] . In this paper, we consider the nonlinear partial differential equation

(LD (t90)"u = F (8, x, {(t9)) 0F u} (j.wrer,,)
under the following assumptions:

Aj) F(t,x,z) is holomorphicin A, and
Ar) F0,x,00=0inAg=AN{t=0,z=0}.

We set I,,,(+) = {(j, @) € I, ; @ > 0}. Then the situation is divided into the following three
cases:

Case 1: (0F/03z;,4)(0,x,0) = 0 on Ag forany (j, @) € Ln(+),
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Case 2: (0F/03z;,4)(0,0,0) # 0 for some (j, @) € Ln(+),
Case 3: the other case.

In Case 1, the equation (1.1) is called a nonlinear Fuchsian type partial differential equa-
tion and it was studied quite well by Baouendi-Goulaouic [1], Gérard-Tahara [6, 7], Madi-
Yoshino [9], Tahara-Yamazawa [15] and Tahara-Yamane [14]. In Case 2, a kind of Goursat
problem appears. Gérard-Tahara [8] discussed a particular class in this case and proved the
existence of holomorphic solutions as well as singular solutions of (1.1).

In Case 3, the equation (1.1) is called a nonlinear totally characteristic type partial dif-
ferential equation. The main theme of this paper is to discuss this case under the following
condition:

Az) (0F/0z,4)(0,x,0) = O(x%) (as x — 0) forany (j, ) € I, (+).

Under A3) and a Poincaré condition, the unique solvability in the space of holomorphic func-
tions was proved by Chen-Tahara [5] and Tahara [13]. Similar equations were studied by
Chen-Luo [2, 3], Chen-Luo-Tahara [4], Miyake-Shirai [10, 11] and Shirai [12].

Let us recall the main result in [5]. By the condition A3), for any (j, @) € I,,(+), we
can express (0F/02;)(0,x,0) = x%; (x) for some function c; «(x) holomorphic in a
neighborhood of x = 0 € C. We set

LOup)=2"= Y cja®Mplp—1-(p—a+1),

(J,a)€lp
Ln(X) = X" — Z cja0X/ .
Jjroa=m,j<m
Denote by A1, ..., Ay the roots of the equation L,,(X) = 0. Consider the following condi-
tions:

(N)(Non-resonance condition). L(k, ) # 0 for any (k,l) € N* x N.
(P)(Poincaré condition). A; € C\ [0, 00) fori = 1,2,...,m.

THEOREM 1 (Chen-Tahara [5]). Suppose A1), Az) and Az) hold. If the non-
resonance condition (N) is satisfied, the equation (1.1) has a unique formal solution u(t, x) €
Cl[t, x]1] satisfying u(0, x) = 0. In addition, if the Poincaré condition (P) is satisfied, this
unique formal solution is convergent in a neighborhood of (0,0) € C; x C,.

In this paper, we will define a generalized Poincaré condition (GP) (see Section 2) by
means of the Newton polygon at x = 0 of the equation (1.1), and then we will show the
convergence of the formal solution under (GP) and the condition that (1.1) has a regular
singularity at x = 0.

Throughout this paper, C[[x]] denotes the ring of formal power series in x, and C[[¢, x]]
denotes the ring of formal power series in (, x).
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2. Main Theorem

Suppose the conditions A1), As), and A3) hold. Let L(A, p) be as in Section 1. Set
Cja(x) =cja(0) +xbj o (x). Then the equation (1.1) can be rewritten in the form

Q1) L. xdu= Y xbja(x)(td)! (xd)(xds — 1)+ (xds —a + Du
(oeln

+a()t + Rao(t, x, {(t3:)7 9%u} (j.wer, ) »

where R>(t, x, z) is a holomorphic function on A whose Taylor expansion in (¢, z) has the

form
Ro(t,x, )= Y ain@) ] zja"*,

i+v|>2 ()€l
where v = {Vj,a}(j,oz)elm S NN and v| = Z(j,a)elm Vja-
Set ¢y 0(x) = —1 and

(22 Ao ={(m,0)}U{(j, @) € In; ¢ja(0) #0}.

Let us define the Newton polygon Ny at x = 0 of the equation (2.1). For (a, b) € RZ, we
write C(a, b) = {(x,y) € R?; x < a, y < b}. The Newton polygon Nj at x = 0 is defined
as the convex hull of the union of the sets C(j, a) ((j, @) € Ag) in R?, that is,

N = the convex hull of U C(j,a).
(J,a)€A

A picture of the Newton polygon N is in Figure 1.

DEFINITION 1. We say that equation (2.1) has a regular singularity at x = 0 if the
following condition is satisfied:

(R)(Regularity condition). If ¢; »(0) = 0 and ¢; o (x) # 0 we have (j, o) € No.

If otherwise, that is, if (R) is not satisfied then we say that equation (2.1) has an irregular
singularity at x = 0.

As seen in Figure 1, the vertices of N are the p points
(mlanl):(mao)a (m27n2)7”' a(mp—lamp—l)a (mpanp)a

and the boundary of A consists of the vertical half-line Iy, the (p — 1)-segments
I, I, ..., 'y, and the horizontal half-line I',. Obviously, I; (0 < i < p) are closed

subsets of R2. We denote the slopeof I; by —s; i =0,1,2,..., p). Then we have
S0=00>581 >8> ->5p1>5,=0.

If p = 1 and the regularity condition (R) is satisfied, we have c;4(x) = 0 for any
(j, ) € I, with @ > 0. This means that the equation is nothing but a nonlinear Fuchsian
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FIGURE 1. Newton polygon A at x = 0

type equation and so every formal power series solution is convergent (by Gerard-Tahara [6]).
Thus, from now we may discuss only the case p > 2.
Suppose p > 2. For1 <i < p — 1 we set

P(X)= Y cja0)x/Tmi
(J.@)eAoNT;

= Cmj,n; (O)Xmi_miH +oee 4t Cmiy1,nipy 0)

and call this P;(X) the characteristic polynomial on I;. We denote by A; , (1 < g < m; —
m;+1) the roots of P;(X) = 0 which are called the characteristic roots on I;. In the case
i = p, the characteristic polynomial on I', is defined by P,(X) = 1 if m, = 0, and by

Py(X)= Y jaOX) =cppn, X" 4o, ifmpy > 1.
(j.)eAoNTy

In the case m, > 1, theroots Ap 4 (1 < g < m) of P,(X) = 0 are called the characteristic
roots on I',. We define a generalized Poincaré condition as follows:

(GP)(Generalized Poincaré condition)
(D) Xig €C\[0,00)foralll <i<p-—1landl <g <m; —mjyy,
(i) Apy € C\N*for1 < g <m.

Then we have the following result:

THEOREM 2 (Main Theorem). Suppose A1), Az), and Az) hold. If the additional
conditions (R) and (GP) (in the case p > 2) are satisfied, every formal power series solution
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u(t, x) € C[[t, x]] of equation (2.1) satisfying u(0, x) = 0 is convergent in a neighborhood
of (0,0) € C; x C,.

COROLLARY 1. [Inaddition to the assumption in Theorem 2, if the non-resonance con-
dition (N) is satisfied, the equation (2.1) has a unique holomorphic solution u(t, x) in a neigh-
borhood of (0, 0) € C; x Cy satisfying u(0, x) = 0.

EXAMPLE 1. Letus consider
(2.3) (13) u + (x0,)u = a(x)t + c(x)(19;)*(xdy)*u

+ Ro(t, x, {(t9:)7 9%u} jraza j<a) . k=0,1,2

where a(x) and c(x) are holomorphic functions in a neighborhood of x = 0, and R, (¢, x, 2)
is the same as in (2.1). This equation does not satisfy the usual Poincaré condition (P); but we
have the following results (the proof is given in Section 5).

(1) fk=0wehave p =2, Nop = {(x,y); x <4,y <2,x/4+ y/2 < 1}, (R), (GP)
and (N). Hence, equation (2.3) has a unique holomorphic solution «(¢, x) in a neighborhood
of (0,0) € C; x C, satisfying u(0, x) = 0.

(2) fk=1wehave p =2, Ny = {(x,y); x <4,y <2,x/4+ y/2 < 1} and (R). In
this case, (GP) is equivalent to the condition c(0) ¢ [2, 00): moreover, if c(0) ¢ [2, oo) holds,
we have (N). Hence, if k = 1 and ¢(0) ¢ [2, 00), equation (2.3) has a unique holomorphic
solution u (¢, x) in a neighborhood of (0, 0) € C; x C, satisfying u(0, x) = 0.

(3) Ifk =2andc(0) #O0wehave p =2, Np = {(x,y); x <4,y <2,x/4+y/4 <1}
and (R). In this case, (GP) is equivalent to the condition c(0) ¢ [0, co): moreover, if c(0) &
[0, c0) holds, we have (N). Hence, if k = 2 and ¢(0) ¢ [0, 00), equation (2.3) has a unique
holomorphic solution u(¢, x) in a neighborhood of (0, 0) € C; x C, satisfying u(0, x) = 0.

(4) If k = 2 and ¢(0) = O (with c(x) # 0) wehave p = 2, V) = {(x,y); x <4,y <
2,x/4 + y/2 < 1}, and the equation (2.3) satisfies (GP) and (N), but not (R). In this case,
(2.3) has an irregular singularity at x = 0, and the formal solution is not convergent in general
(see Lemma 10 in Section 6).

The remaining part of this paper is organized as follows. In Section 3, we give an inter-
pretation of the condition (GP), and then in Sections 4 and 5, we give a proof of Theorem 2,
by using the result in Section 3. In the last section, we will discuss the results in Example 1;
in particular, we will show the divergence of the formal solution of (2.3) by means of a very
special example.

3. Interpretation of (GP)

We denote by I" the boundary of Ay, and by Vj the set of the vertices of A, that is,
r=I1purnu...urly,

Vo= {(m1,n1),...,(mp,np)}.
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Recall that we have set (m1,n1) = (m, 0) and ¢, 0(x) = —1. Let L(A, p) be as in Section 1,
Ag be as in (2.2), and set
Lrup)=— Y caOMp*=2"+ -,
(j,c{)EA()ﬂF
¢()\.,p): Z Ajpd:)hm_i_)hmzpnz_i_.“_i_)hm,,pnp'
(J,@)eVp

PROPOSITION 1. The following three conditions (P1), (P2) and (P3) are equivalent.
(P1) The generalized Poincaré condition (GP) is satisfied.
(P2) There are ¢ > 0 and a finite subset S of N* x N such that

(3.1 |Lrk,D)| = cp(k, 1) forany (k,1) € N* xN\S.
(P3) There are ¢ > 0 and a finite subset S of N* x N such that
(3.2) |Lk,D)| > cp(k,l) forany (k,1) € N* xN\S.

3.1. Somelemmas. Letus present some basic lemmas which are needed in the proof
of Proposition 1.

LEMMA 1. (1) Lets > 0,0 < j <aand0 < b < «a be suchthat (a« —b)/(a—j) <.
Then for any ¢ > 0 and § > 0 we can find an N € N* such that

(3.3) K1 < ek on Wy = {(k,]) e N* x N; k > ['F8 [ > NJ.

) Lets > 0,0 <a < jand0 < a < b be such that (b — «)/(j — a) > s. Then for
any e > 0and0 < § < s we can find an N € N* such that

(3.4) k1% < ek’ on Wa={(k,l) e N* xN; k <% k> NJ.
(B) Let0< j <aand0 <« < bbe suchthat j/la+a/b < 1—§ for some § > 0. Then

for any ¢ > O we can find an N € N* such that
(3.5) K% < e(k®+1°) on W3 =Wz UWs,
with Wa,1 = {(k,]) e N* x N; k* > 1%,k > Nyand W3 = {(k,]) e N* xN; k¢ <[°,1 >
N}.
PROOF. Letus show (1). Fore > 0 and § > 0 we take N € N* such that N > 2 and
—loge
logN > ———.
25w
Then the condition (3.3) is verified in the following way.

Take any (k,I) € W and fix it. Let us show that k/I¢ < ¢k®®. By setting
d =logk/logl,wehavek =% andd > s + 8. Since § <d —s <d — (« — b)/(a — j), by
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using the definition of N we obtain

—b —b
55xlog1v5(d—“—,>1ogN5<d—“—,>1ogl,
a—j a—j

—loge
(a—J)

that is,

1 —b
%8¢ (d - “—) log!
(a—1J) a—j
which is equivalent to /9% < g1%4+P_Since k = 14, it follows that k/[% < £k“[”. Thus, the
condition (3.3) is proved.
The proof of (2) is as follows. Take any ¢ > 0,0 < 6 < s, and §; > O such that

1/s + 81 = 1/(s — §). By interchanging k and [ in the proof of (1), we have the result that if
N € N* satisfies N > 2 and log N > (—loge)/(81(b — )) then

K 1% < ekl onW = {(k,]) € N* x N*: [ > k'S0 k> N}.

This proves (3.4) since 1/s + 81 = 1/(s — 9).
Let us show (3). If (k, ) € W31 we havel < k%/% and so

kjl(x < kj—i—(x(a/h) — (kj/a+a/h)a — (kl—ﬁ)a < k¢

provided that log N > (—loge)/da. Similarly, if (k,I) € W35 and logN > (—loge)/8b
then we have k'/% < &I?. This proves (3.5). O

The second lemma is as follows. Let a, b € N*. We denote by I"° the segment in R?
connecting the two points (a, 0) and (0, b), and by —s the slope of the line containing I"°.
Then we have s = b/a. Let J = {(j,&) € N?; (j, @) € I'°}, ¢cj o € C ((j,®) € J), and
suppose cq,0 # 0. We also set

LG p) = Z Cjar p* = ca 0 + -+,
(j,)ed

(J.)ed

Since s = b/a, it is easy to see that Lo, p)/p? = PO(1/p®). Denote by A1, ..., A4 the
roots of P2(X) = 0. Then we have the following:

LEMMA 2. (1)Let0 < d; < b/a < da, and let N € N* be sufficiently large such that
1% > 19 holds for anyl > N. Set W = {(k,1) € N*; 192 > k > [?1 [ > NY. If the estimate

(3.6) Lo, )| > c(k® +1°) on W

holds for some ¢ > 0, we have Ay € C\ [0, 00) forq =1,2,...,a.
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(2) Conversely, if .y € C\ [0,00) forq =1,2,...,a, we have the estimate
(3.7 ILOCk, )| > c(k® +1°) on N* x N
for some ¢ > 0.

PROOF. Let us show (1). Suppose the condition (3.6) holds. Then by setting s = b/a
and X = k/I° for (k,1) € W we obtain

Lok, 1)
lb

(3.8) |PY(X)| = ‘ > c((k/I*+1) = c(X* +1).

To show (1), it is enough to prove the following:
(3.9) Ay #0forg =1,2,...,a;
(3.10) Ay €(0,00) forg =1,2,...,a.
Let us show (3.9). Suppose A, = O for some g. Then we have P*(X) = X9(X —
Aj) (X —Aj,_,)withd > Tand Aj; #0,...,4;,_, # 0. Combining this with (3.8) gives

X941
G.11) x4 > X+ D with X = k/1I°,
X+ 2D - (X + 1A, D

for any (k, 1) € W. Here for any sufficiently large [ (> N) we set k; = [I¥1] + 1 (where [x]
denotes the integer part of x). Then we have 9 < 194+ 1 =k <% +1 <1 and so
(k;, 1) € W. Moreover, if we set X; = k;/I° we have

ki 1941
X =— < + — 0 (asl — 00).
lS lS
Thus, by substituting X = X; into (3.11) and letting [ — oo we obtain
c
O Z . i~ 9
|)\']l | T |)\’ja7d|

which is a contradiction. Thus, we have proven (3.9).
Let us show (3.10). Suppose A; > 0. By (3.8) we have

c(X*+1)

(3.12) | X —Ar] >
X +122]) - (X 4 [Aal)

with X = k/1I°

for any (k,[) € W. We note here that 190 < M5 < 12if 1 (> N)is sufficiently large, and so
we can take k; € N* such that 14 < ki < 192 and |k; — Aq1l°| < 1. This means that (k;,]) € W
and |k;/I° — M| < 1/1°. Moreover, if we set X; = k;/I° we have |X; — A1] —> 0 (as
| —> 00). Thus, by substituting X = X; into (3.12) and letting /| — oo we obtain

c(A)*+ 1
T2+ D
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which is a contradiction. Thus, we conclude that A1 ¢ (0, 00).

By the same argument, we can show also that A; & (0, 00) forg = 2,...,a, whichis
condition (3.10). This completes the proof of (1).

Next, let us show (2). Suppose that 1, € C\ [0,00) forg =1,2,...,a. Let (1, —Ay)
be the segment that connects the two points 1 and —A, in the complex plane C. Since —A, ¢
(=00, 0] is assumed, we have 0 ¢ I(1, —A,). This means that the distance d, from O to
[(1, —Xg4) is positive.

Take any (k, ) € N* x N. Then we have

m el(l, —rq)
k + 18 C

and consequently
lk = Aql| = dy(k +1°).
Therefore, we have
(3.13) |k — M| k=205 = (dy -+ -dg)(k+1°)" on N* x N.
Since s = b/a, we have (k + [°)? > k* + 1? and

k
|k—)xllsl"'|k—)\.als| = l_S Y SIEEE l_s — g th — |P0(k/lv)| le
LO(k,1
= M X lb — |L0(k,l)|
1b
Thus, by (3.13) we arrive at the desired inequality (3.7). 0

Let us give a generalization of Lemma 2. Let (a1, b1), (a2, b2) € NxN* witha; > ap >
0 and by > b1 > 0. Denote by I" the segment in R? connecting the two points (a1, b1) and
(az, by), and by —s the slope of the line containing I". Then we have s = (by —b1) /(a1 —a3).
SetJ ={(j,a) € N2, (j,a) e I'}. Letcjq € C((j, @) € J) and suppose ¢4 5, 7= 0. We
also set
LO.p)= D cjah!p" = carmhp" + -
(J,a)ed
PX)= Y cjaX) ™ =cum X1
(J,a)ed

We denote by A, ..., Aq;—q, the roots of P(X) = 0. Then, we have the following:

LEMMA 3. (1) Let N e N*,0 < dy <s < do, and set W = {(k,]) e N?: [©2 > k >
191> N}. If the estimate

(3.14) |L(k,D)| > c(kIP" + k1" on W

holds for some ¢ > 0, we have Ay € C\ [0, 00) forq =1,2,...,a1 — as.
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(2) Conversely, if .y € C\ [0,00) forq =1,2,...,a1 — a2, we have the estimate
(3.15) IL(k,D)| > c(k™IP" + k®1P2)  onN* x N.
PROOF. Set
LG p) = Y cjat ™" = p AT+
(et

Then, the condition (3.14) is equivalent to
(3.16) Lok, )| = c(k“1 ™% +1227P1) on W.
By applying Lemma 2 to (3.16) we obtain the desired result. d

3.2. Proof of Proposition 1. In this section, we give a proof of Proposition 1. In our
Newton polygon A at x = 0 we have

Aonn:{(misnl')v"'s(mi+17ni+1)}s 151517_11
AoN Ty ={(mp,np),...}

and I' = IpU I U---U T, Recall also that —s; denotes the slope of the line containing I5.
For1 <i < p, welet N; € N* and define the sets £2; as follows:

21 ={(k,)) e N* xN; k> 1% and [ > Ny},
Qi ={k,]) e N* xN; 51T <k <5170 and [ > N;}, 2<i<p-—1,
2p={(k,) eN* xN; k <1'7° and k > Np}.

By applying (1) and (2) of Lemma 1 to the above situation we obtain the following:

LEMMA 4. (1) Foranye > 0and § > 0 we can find an N; € N* such that for any
(j,a) € AgN (I" \ I'1) we have

K1% < k™0™ on £2;.

2) Let2 <i <p—1. Foranye > 0and 0 < § < s;_1 we can find an N; € N* such
that for any (j, @) € Ao N (I" \ I;) we have

K1Y < e (kM1 4 KM on 2.

(3) Forany e > 0and 0 < 8 < s,_1 we can find an N, € N* such that for any
(j,a) € AgN(I"\ I'y) we have

k1% < ek™ " on £2,.
For1 <i < p we set

Lr(x, p)= Z ja(OA p% = cpy ny (WA " 4 -
(.)€ AN
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Then we have the following consequence on Lemma 4.

LEMMA 5. (1) Forany e > 0 and 8§ > 0 we can find an Ni € N* such that the
following estimates hold on $21:

|ILp(k,l) — L (k, )| <ek™1",
lp(k, 1) — k™ — K"™20™2| < ek™["2

2) Let2 <i <p—1. Foranye > 0and 0 < § < s;_1 we can find an N; € N* such
that the following estimates hold on $2;:

|Lr(k,l) — L (k,1)| < e(k™ " + ™+t
| (k1) — K™ — KM < g (KM A RN
(3) Foranye > 0and 0 < § < s;_| we can find an N, € N* such that the following
estimates hold on §2:
|Lr(k,1) — Lr,(k, )| < ek™l",
lp(k, 1) — k"PI"P| < ek™pl"P .

Since 0 =5, < §p_1 < --- < 852 < 51 < §9 = 00, we can take § > 0 sufficiently small
so that

(3.17) 21U2U---UR, D{k,]) eN?; k>N and [ > N}

for some N € N* sufficiently large. By using Lemma 5 and (3.17), let us show the equivalence
of (P1), (P2) and (P3).

PROOF OF “(P1) = (P2)”. Suppose the condition (P1) holds. Then we can find a
c¢1 > 0 such that the following conditions are satisfied on N* x N:

(3.18) \Lr;(k, D] Z ey k™ 4 KM 1 <i < p—1,
(3.19) \Lr,(k,D| > cik™r1" .

Note that (3.18) is a consequence of (2) of Lemma 3, and (3.19) follows from the fact that
(3.19) is equivalent to the condition | P, (k)| > c1k™» (for any k € N*) which is easily verified
by the assumption (ii) of (GP).

We take ¢ > 0 and 6 > O sufficiently small. Then by (1) of Lemma 5 and (3.18) with
i = 1 we have

|Lr(k, Dl = |Lr(k,D] —|Lrk, 1) — Lk, D]
> e (K™ + kM22) — k™" > (e — &) (K" + KM1"?)
> (c1 =) (P, D) — ok, 1) — k™ — k"21"2)])
> (c1 — ) (P k, 1) — e(k™ + k"21"))
>(c1—¢e)(l—¢e)p(k,l) on §2;.
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By the same argument, we see that there is a co > 0 such that
ILrk,D| = c2¢(k, 1) on £;, 1<i=<p,
and so by (3.17) there is an N € N such that
|ILr(k,1)| > c2¢(k,1) on {(k,]) e N*xN; k>N and [ > N}.

Thus, to complete the proof of “(P1) = (P2)”, it is enough to prove the following
assertion: there are c3 > 0 and N 0 ¢ N* such that
(3.20) |Lr(k,1)| > c3¢(k,1) for k> N%and0 <l < N,
(3.21) Lk, 1) > c3¢(k,I) for 1 <k < Nandl > N°.

Let us show this assertion.

We note that if ] = 0 we have |Lp(k,0)] = k" = ¢(k,0). If ] (1 <1 < N) is fixed,
Lr(k,I) and ¢ (k,[) are monic polynomials of degree m with respect to k and so it is clear
that |[L(k, )| > (1/2)¢(k, [) for sufficiently large k. This proves (3.20).

Similarly, if 1 <k < N is fixed,

Lr(k,1)=P,(k)I"? +---, and
ok, 1) = k"1™ + ...

are polynomials of degree n, with respect to /, in which P, (k) # 0 by the assumption (ii)
of (GP). Therefore, if we take c3 > 0 such that |P,(k)| > c3k™» for 1 < k < N, we have
|Lr(k,1)| > c3¢(k, 1) for sufficiently large /. This proves (3.21).

Thus, we have proven that (P1) implies (P2) for some ¢ > 0 and a finite subset S of
N* x N. For example, in the case NY > N, we may take S = {(k,/) € N* x N; k <
N° and [ < N9}. O

PROOF OF “(P2) = (P1)”. Suppose that (3.1) holds for some ¢ > 0 and a finite sub-
set S of N* x N. Then, by (1) of Lemma 5 we have

ILr (k, Dl = |Lrk, D] —[Lp(k, 1) — Lk, D]
> cp(k,1) — ek™1" > (c —e)p(k, 1)
> (c—e) (K" + k™0™ — |p(k, 1) — K™ — K"™21")])
> (c— ) (k" +kM1") — e (K™ + K™21"7))
=(c—el—g)&" +k"™I") on £21\5.
By the same argument we can see that there is a ¢; > 0 satisfying
(3.22) L (k, )| > ci (K™I" KM+ on §2;\S, 1<i<p-—1,
(3.23) |Lr,(k,[)| > cik™rl" on £2,\S.
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Then, by applying Lemma 3 to (3.22) we obtain the condition 1; ;, € C\ [0,00) (1 < g <
m; —mj41) for 1 <i < p — 1. This proves (i) of (GP).

Let us show (ii) of (GP) when m, > 1. In this case, by (3.23) we have | P, (k)| > c(k™»
for any k > N, (where N, is an integer satisfying (3) of Lemma 5). This shows that A, , ¢
{keN; k>=Np} (1 <qg=<mp).

For 1 < k < Njp, by directly using condition (3.1) we have |Lp(k,D)|/I"? >
c¢(k,1)/1"» for any sufficiently large /. Therefore, by letting / —> oo we obtain | P, (k)| >
ck™» for1 <k < Np. Thisshows A, 4 € {k e N; 1 <k < Np} (1 <q < mp). Thus, we
have proven (ii) of (GP). d

We denote by int (Np) the interior of the set M. Then, to show the equivalence of (P2)
and (P3) it is sufficient to prove the following lemma.

LEMMA 6. Let (j,a) € I, be such that (j, o) € int(Np). Then for any ¢ > 0 we can
find a finite subset S of N* x N such that

(3.24) k1% < ep(k,I) on N*xN\S.

PROOF. Let (j,a) € int(Np). If ] = 0 and @ = 0, we have k/[¢ = k/ < ek =
e (k,0) for any k € N* satisfying logk > —loge/(m — j). If | = 0 and @ > 0, we have
ki1* =0 < ek™ = e¢(k, 0) for any k € N*. Therefore, to show (3.24) it is enough to prove
the following: for any ¢ > 0 we can find a finite subset S of N* x N* such that

(3.25) K1% <ep(k,1) on N* x N*\ S.
Let us show this assertion. We note that the situation is divided into the following three cases:

Case 1) miyz1 < j < mj,ni < a < njiy; and o < —s;(j — m;) + n; for some
Il<i<p-1

Case 2) mi;z1 <j<m;,0<a <n;jforsomel <i <p—1.

Case 3) 0<j<mpand0 <o <n, (ifmp, > 1).

Take any ¢ > 0. Let us first consider Case 1). Note that —s; is the slope of I; and
y = —s;(x — m;) + n; defines the line containing ;. Since s; = (nj+1 — n;)/(m; — miy1)
holds, we see that @ < —s;(j — m;) + n; is equivalent to the condition
(3.26) J Ml | Ty

mij —mj41 ni+1 —ni

for some § > 0. Thusin this case we have 0 < j—m;t1 < mj—miy1,0 < a—n; < njy1—n;
and (3.26). By (3) of Lemma 1 we can find a finite subset S of N* x N such that, on N* x N\ S,

kM pe—ni < g(KMiTMiL 4 i1
which yields
ke < e(K™i[M 4 R



876 HIDETOSHI TAHARA

We then have (3.25) since k[ + k™i+1]"i+1 < ¢ (k, ).
Now, in Case 2), we have k/[% < k/1" and so by applying the result in Case 1) (with &
replaced by n;) we again obtain (3.25). Finally, in Case 3), we have

K% < ek 1™ ifk > (—loge)/(mp — j)orl = (—loge)/(n, —a)
and this also yields (3.25). g

4. Proof of Theorem 2 under (N)

In this section, we prove Theorem 2 under the additional condition (N). The general case
will be proved in the next section.

Suppose A1), Az) and A3) hold. Let L(A, p) and ¢ (A, p) be as in Sections 1 and 3,
and suppose the conditions (N), (R), p > 2 and (GP) are satisfied. By Proposition 1 and the
condition (N) we have

4.1) |L(k,1)| = cop(k,l) on N*x N

for some ¢ > 0. We set J = {(j, @) € In; bjo(x) # 0}. If ¢j 4(0) # 0, by the definition of
No we have (j,a) € Ny. If ¢j,(0) =0and b 4(x) # 0, we have ¢ 4 (x) # 0 and so by the
assumption (R) we have (j, o) € Ny. Thus, we have J C My. We also set

L) =L0up) = Y xbjaWp(o =1 (p—a+1).
(j.)eJ
Then our equation (2.1) can be written in the form
4.2) L(x, 18, x3)u = a()t + Ro(t, x, {(t3) 8%u) j.wyer,,) -

By the condition (N), as we already know in Theorem 1, the equation (4.2) has a unique
formal power series solution u(¢, x) € C[[t, x]] satisfying u(0, x) = 0. Our purpose is to
show the convergence of this formal solution.

4.1. Some lemmas. First, let us present some lemmas which are needed in the proof
of Theorem 2.

LEMMA 7. (1) Leta,b e N*,0 < j <a,0 < «a < b, and suppose jja + a/b < 1.
Then we have

(4.3) k1% <k®+1° on N*xN.
(2) Let (j,a) € I,. If (j, a) € Ny then we have
(4.4) k1% <¢k,l) on N* xN.

PROOF. Let us show (1). If k% > [” then we have k7% < kJ+e(@/b) — (gilata/bya <
k? < k®+ 1P If k% < I, we also have k/[* < [J®/+a — qi/ata/byb < b < pa 4 b Thjg
proves (4.3).
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By using the result (1) and by the similar argument as in the proof of Lemma 6, we can
easily verify the result (2). O

For a formal power series f(x) = 2130 f;x’ € C[[x]] we define a (formal) norm || f ||,
of f(x) by

£l = 1file".
>0

We have the following Nagumo-type lemma:

LEMMA 8. Let R > 0. If f(x) € C[[x]] satisfies
C
||f||p§m forany 0 <p <R
for some C > 0 and a > 0, we have

- (a+ 1eC

p_m foranyO<p<R.

[0+ £

Since Ip!~! < (p + h)!/h holds forany I > 1, p > O and h > 0, we have [|3; f|l, <
Il f 1l p+n/ . Therefore, by a standard argument we can show this lemma. For details, see the
proof of [Lemma 5 in [13]].

4.2. On the equation .2 (x, k, xd,)w = g. Let k € N* and consider
4.5) ZL(x, k, xdx)w = g(x) € C[[x]].

PROPOSITION 2. There are K > 0 and R > 0 which satisfy the following: for any
k € N* and g(x) € C[[x]], the equation (4.5) has a unique solution w(x) € C[[x]] that
satisfies

K
(4.6) lwll, < k—m||9||p forany 0 < p <R

provided that || gllg < oo. In particular, if g(x) is a holomorphic function in a neighborhood
of {x € C; |x| < R}, (4.5) has a unique holomorphic solution in a neighborhood of {x €
C: x| =R}.

PROOF. We set
w@) =Y wx'. gy =Y gx'. bjax)=Y bjasx".

>0 >0 h>0

Then, by substituting these series into (4.5) and comparing the coefficients of x! in both sides
we obtain the following recursive formulas:

L(k,0)wo = go
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and for/ > 1,

Lk.hw =g+ Y Y bjaskliG—1)( —a+ Duw;.
(j)eJ hti=I—1

Therefore, by the condition (N) we see that w; (! = 0,1, 2, ...) are uniquely determined,
inductively on /. Moreover, by the condition (4.1) we have the estimates

1 1
co(k, 0) [gol = Ck—m|90|

[wo| <

and for/ > 1,
1
cp(k, )

1 kKii—1)-(—a+1)
+- AZ Z 1bjanl X oD |w|
(j,@)eTJ h+i=Il-1

|w| <

lgr]

1 M
s—slalt— 30 3 Ibjenllwil

(jya)eJ h+i=I—1

for some M > 0 which is independent of (j, ), k and /. In the above computations, we used
the condition J C Ny and (2) of Lemma 7. Hence, for any p > 0 we have

1 M
lwllp < ——lgllo +—p 3 Ibjallolwl,-
(j.)eJ

Since bj o (x) ((j, @) € J) are holomorphic functions in a neighborhood of x = 0, by taking
R > 0 sufficiently small we have

M 1
- . < Z
. R(j%j I1bjalle < 5
and so
1 1
lwll, < d{—mllgllerillwllp forany 0 <p < R.
Thus, by setting K = 2/c we arrive at (4.6). O

4.3. Formal solution of (4.2). Note that our equation (4.2) can be written in the form

4.7 Lt xdu=at+ Y a0t [ [(8) %u]",
i+lv[=2 (.)€l
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where a(x) and a; ,(x) (i + |v| > 2) are all holomorphic functions in a neighborhood of
{x € C; |x| < R} for some R > 0 and the series

> laiyligt XM

i+[v|>2

is convergent in a neighborhood of (¢, X) = (0, 0). Take a small R > 0 and fix it. Without
loss of generality we may assume that 0 < R < 1 and that Proposition 2 is valid also for this
R.

Let

(4.8) u(t, x) =Y upt*,  w(x) € ClIx]l (k= 1),

k>1

be the unique formal solution of (4.7). By substituting this into (4.7) and comparing the
coefficients of t* in both sides we obtain the following recursive formulas:

4.9) L(x, 1, x0)u; = a(x)

and for k > 2,

“10) L kxdgu= Y an@) Y. ] [TlKja®) 0%ur ,m)].
2<i+|v|<k i+k)|=k (j,a)ely h=1

where

kW= Y kja(D)+ -+ kjavja)).
()€l
By applying Proposition 2 to (4.9) and (4.10), we can see that ug(x) (k > 1) are uniquely

determined, inductively on k. Moreover, ui(x) (k > 1) are all holomorphic in a neighborhood
of {x e C; |x| < R}.

4.4. Convergence of the formal solution. Let us show the convergence of the formal
solution (4.8). The argument below is almost the same as in [Chapter 5 of [7]]; but for self-
containedness of the paper, we discuss it again here.

Set A;, = |laivllr (i +|v] > 2) and take A > 0O such that

4.11) lofuillg <A forany o <m,

and let us consider the following functional equation with respect to (¢, Y):

K Aiy ,
(4.12) Y = At + § i i (BY)'!,
_ — oynG+v-2)
(R—p)y" At (R — pynith

where B = (em)™ and p is a parameter with 0 < p < R. Since this is an analytic functional
equation, the implicit function theorem implies that (4.12) has a unique holomorphic solution
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Y = Y(¢) in a neighborhood of t = 0 satisfying Y (0) = 0. If we expand this into Taylor
series Y (1) = Zkz 1 Yk, it is easy to see that Y (k > 1) are determined by the following
recursive formulas:

4.13) Y)=A
and for k > 2,

Vja

K Ai,u
(4.14) Y = m Z W Z l_[ l_[(Bij,a(h))'

2<i+|v|<k i+lk(W)|=k (j,a)el, h=1
Moreover, by induction on k we can see that Y} has the form

C
k k>1,

Yi = 7(1% — D , =

where C1 = A and C; > 0 (k > 2) are constants which are independent of the parameter p.
Let us write Yy = Yx(p) to emphasize that Y; depends on p. The following lemma guarantees
that Y (¢) is a majorant series of the formal solution (4.8).

LEMMA 9. Foranyk > 1 we have
4.15) ||kj8x”‘uk||p < BYi(p) forany O <p <R and (j,a) € I, .

PROOF. In the case k = 1, (4.15) is clear from (4.11), (4.13) and the fact B > 1. Let
us show (4.15) in the general case by induction on k.

Let £ > 2, and suppose that (4.15) (with k replaced by n) is true for all n < k. Then, by
applying Proposition 2 to (4.10) and by using the induction hypothesis we obtain

.
K i

(4.16) lallp = = 22 A > [T TT8Y%m®
2<i+|v|<k i+k()|=k (j,a)eln h=1

forany O < p < R. Since 0 < R < 1, by comparing (4.16) with (4.14) we have

(R—p)" Y 1 Ck

o kzk_mi(R—p)m(k_z) forany 0 < p < R.

lurlly =

Hence, applying Lemma 8 to this estimate yields
kI (mk—2)+ 1) (m(k —2) + a)e*Cy
k_m (R _ p)m(k—2)+a

- kit (me)*Cy __ (me"C

- km (R — p)m(k—2)+m ~ (R - p)m(k—l)

Ik 0¥ urllp <

= BYk(p)

forany 0 < p < R and (j, @) € I,,. This completes the proof of the lemma. O
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COMPLETION OF THE PROOF OF THEOREM 2 UNDER (N). By Lemma 9 we have

Y ittt < B Yiltl* = BY (lr)) .

k=1 k>1

If0 < p < R is fixed, Y (|¢|) is convergent in a neighborhood of |t| = 0. This proves the
convergence of our formal solution (4.8). d

5. Proof of Theorem 2 in the general case

In this section, we prove Theorem 2 in the general case without the condition (N). In this
case, we have

(GR)) ILk,1)| > cp(k,l) on {(k,]) eN*xN; k>N or [> N}
for some ¢ > 0 and a sufficiently large N € N* (by Proposition 1). We set
M={(k,l) eN*xN; k>N or [ > N}.
PROPOSITION 3. Suppose A1), Az), Az), (R), p > 2,(GP),and (5.1) hold. Ifu(t, x) €
Cl[t, x]1] is a formal solution of (4.2) of the form
(5.2) u(t,x) = Z uk,lthl ,
(k,l)eM
then it is convergent in a neighborhood of (0, 0) € C; x C,.

PROOF. Since u(t, x) is a formal solution of (4.2), we have a(x) = O(x") (as x —>
0) and a; 0(x) = O(xV) (as x —> 0)for2 < i < N. Therefore, we can apply the same
argument as in Section 4. O

Generally, if
u(t,x) = Z uk,lth[

k>1,1>0

is a formal solution of (4.2) and we set

w(t,x) =ut,x) —gt.x) with p@t,x)= Y wtfx,
1<k<N,0<I<N

then w(#, x) is of the form (5.2) and becomes a formal solution of the equation
(5.3) L(x,t0, x0)w =a(x)t + Rz(t, X, {(tat)ja)’j‘(w + (0)}(]‘,01)61,,,)
— L(x,t0;,x05)¢p .

Thus, by applying Proposition 3 to (5.3), we have the convergence of w(z, x).
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6. Proof of Example 1

Consider the equation
6.1) (1) *u + (x0)%u = a(x)t + c(x)(9,)* (xd)*u
+ Ro(r, x, {(10) 0V u} jra<a j<4), k=0,1,2.

Let us show the results in Example 1.

The case k = 0 can be easily verified.

In the case k = 1, we have P;(X) = X* — ¢(0)X? + 1. Thus, to show the equivalence
of (GP) and c(0) ¢ [2, 00), it is enough to prove that P;(X) # 0 on [0, co) if and only
if ¢(0) ¢ [2, 00), that is, Pi(A) = O for some A € [0, oo) if and only if c(0) € [2, 00).
This can be verified as follows. If P;(A) = O for some A € [0, co), we have A # 0 and
c0) =0 — 1/);)2 + 2 € [2, 00). Conversely, if c(0) € [2, 00), we can find a A € (0, 00)
which satisfies ¢(0) = (A — 1/A)? 4+ 2 and so P;(%) = 0. Since L(k, ) = k* — c(0)k*l + 12,
we have L(k,0) # 0 (for k > 1) and L(k,1)/1*> = (k*/1)? — c(0)(k*/1) + 1 (for [ > 1).
Therefore, we can see the condition (N) under c(0) & [2, co) in the same way.

In the case k = 2 and ¢(0) # 0, we have P;(X) = X? — ¢(0) and P»(X) = c(0)X> — 1.
It is easy to see that P;(X) # 0 on [0, 0o) if and only if c(0) ¢ [0, co) and that P,(X) # 0
on N* if and only if ¢(0) & {1,1/22,1/3%,...}. This shows the equivalence of (GP) and
c(0) & [0, 00). Since L(k,l) = k* — c(0)k*1*> + I, we have L(k,0) # O (for k > 1) and
Lk, )/1> = (k?/1)* — (c(0)])(k*/1)+ 1 (for I > 1). Therefore, we can see the condition (N)
under c(0) ¢ [0, co) in the same way.

Finally, let us show that the formal solution of (6.1) is not convergent in general when
k = 2 and ¢(0) = 0 (with c(x) # 0). Consider the following particular case with a(x) = x,
c(x) = x and Ry = xt?/(1 — ). We have the following result:

LEMMA 10. The equation
(6.2) (10 u + (x9x)u = xt/(1 — 1) + x(19,)*(x0)%u, u©,x) =0

has a unique formal power series solution

k2(l—l)(l _ 1)'2 0
1,x)= t
) k>12;>1 Fr K+ k)

which is divergent.

PROOF. We show that the above formal solution is divergent. Take any 0 < p < 1.
Then if I = k? we have p* > p! and so

KD — 112
u(p.p) = Y o~ p!

4 2\ (4 2N ... (k42
I e (k% + 19)(k* +2%) - - - (k* +[%)
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N k2D — 1)12 ool — =@ —ne 21
= 412 - 212)!
1=k k=1 &=+ 15 1=k k=1 @)
We can see by Stirling’s formula that the last series is divergent forany 0 < p < 1. O
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